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Abstract

This is Part 2 of our work aimed at classifying the long-time behavior of the solution to a free boundary problem with monostable
reaction term in space—time periodic media. In Part 1 (see [2]) we have established a theory on the existence and uniqueness of
solutions to this free boundary problem with continuous initial functions, as well as a spreading-vanishing dichotomy. We are now
able to develop the methods of Weinberger [15,16] and others [6—10] to prove the existence of asymptotic spreading speed when
spreading happens, without knowing a priori the existence of the corresponding semi-wave solutions of the free boundary problem.
This is a completely different approach from earlier works on the free boundary model, where the spreading speed is determined by
firstly showing the existence of a corresponding semi-wave. Such a semi-wave appears difficult to obtain by the earlier approaches
in the case of space—time periodic media considered in our work here.
© 2019 L Association Publications de 1’Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction and main results

This is Part 2 of our work aimed at classifying the long-time dynamical behavior to a class of space—time periodic
reaction—diffusion equations with free boundaries of the form

* This work was supported by the Australian Research Council (DP150101867), the National Natural Science Foundation of China (11571334),
the Fundamental Research Funds for the Central Universities and the Japan Society for the Promotion of Science (17F17021).
* Corresponding author.
E-mail addresses: dingww @mail.ustc.edu.cn (W. Ding), ydu@une.edu.au (Y. Du), xliang @ustc.edu.cn (X. Liang).

https://doi.org/10.1016/j.anihpc.2019.01.005
0294-1449/© 2019 L’ Association Publications de I’Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.


http://www.sciencedirect.com
https://doi.org/10.1016/j.anihpc.2019.01.005
http://www.elsevier.com/locate/anihpc
mailto:dingww@mail.ustc.edu.cn
mailto:ydu@une.edu.au
mailto:xliang@ustc.edu.cn
https://doi.org/10.1016/j.anihpc.2019.01.005
http://crossmark.crossref.org/dialog/?doi=10.1016/j.anihpc.2019.01.005&domain=pdf

1540 W. Ding et al. / Ann. 1. H. Poincaré — AN 36 (2019) 1539-1573

ur =duyx + f(t,x,u), gt)y<x<h(),t>0,

u(t,g()) =u(, h()) =0, t>0,

g'(t) = —puy(t, g(1)), 1>0, (1.1)
W (t) = —puy,(t, h(t)), t>0,

8(0) = go, h(0) =ho, u(0,x) =up(x), go=<x <ho,

where x = g(¢) and x = h(t) are the moving boundaries to be determined together with u(z, x), and d, u are given
positive constants.
The initial function uq belongs to H(go, ho) for some go < hg, where

H(g0. o) = {¢ € CLgo. hoD) : @(0) = $(ho) = 0. $(x) > O in (go. o) }.

The reaction term f: R* x Rt = R is continuous, of class C*/>*(R?) in (¢, x) € R? locally uniformly in u € Rt
(with 0 < & < 1), and of class C! in u € R uniformly in (¢, x) € R?. The basic assumptions on f are:

f(t,x,0)=0 forall (1, x) € R?, (1.2)
there exists M > 0 such that

ft,x,u) <0 forall (r,x) eR*, u> M, (1.3)
and f is w-periodic in ¢ and L-periodic in x for some positive constants @ and L, that is,

f+w,x,u)= f(t,x,u)
f&,x+L,u)y= f(t,x,u)

In this work, we regard (1.1) as describing the spreading of a new or invasive species over a one-dimensional
habitat, where u(¢, x) represents the population density of the species at location x and time ¢, the reaction term f
measures the growth rate, the free boundaries x = g(¢) and x = h(¢) stand for the edges of the expanding population
range, namely the spreading fronts. The Stefan conditions g'(r) = —uu, (¢, g(¢)) and h'(t) = —uuy (¢, h(¢)) may
be interpreted as saying that the spreading front expands at a speed proportional to the population gradient at the
front; a deduction of these conditions from ecological considerations can be found in [1]. When f (¢, x, u) is periodic
with respect to x and ¢ as described in (1.4), problem (1.1) represents spreading of the species in a heterogeneous
environment that is periodic in both space and time.

In the special case that the function f does not depend on x and 7, and is of logistic type, that is,

forall (r,x) € R%, u > 0. (1.4)

f(u) =u(a — bu) for some positive constants a and b,

such a problem was first studied in [4] for the spreading of a new or invasive species. It is proved that, when

ug € C%([g0, hol), uo(go) = uo(ho) =0, ug(x) > 0 in (go, ho),

there exists a unique solution (u, g, k) with u(¢, x) > 0, g’(t) <0 and h'(¢) > O forall t > 0 and g(r) < x < h(z), and
a spreading-vanishing dichotomy holds, namely, there is a barrier R* on the size of the population range, such that
either

(i) Spreading: the population range breaks the barrier at some finite time (i.e., £ (f9) — g(f9) > R* for some ¢ty > 0),
and then the free boundaries go to infinity as t — oo (i.e., lim;— o h(#) = 00 and lim;_, 5, g(#) = —00), and the
population spreads to the entire space and stabilizes at its positive steady state (i.e. lim;— oo u(¢, x) = a/b locally
uniformly in x € R) or

(i1) Vanishing: the population range never breaks the barrier (i.e. h(¢) — g(¢) < R* for all ¢ > 0), and the population
vanishes (i.e. lim;_, o u(z, x) = 0).

Moreover, when spreading occurs, the asymptotic spreading speed can be determined, i.e.,

lim —g(t)/t = lim h(t)/t =c,
t—00 t—00
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where c is the unique positive constant such that the problem

dqxx —cqx +q(a—bgq) =0, g(x) >0 forx e (0,00),
q(0)=0, ugx0)=c, g(oo)=1

has a (unique) solution g. Such a solution g (x) is called a semi-wave with speed c.

These results have subsequently been extended to more general situations in several directions. But as we men-
tioned in the Introduction of Part 1 ([2]), in all the previous works on this problem, the spreading speed is determined
by the corresponding semi-wave solution which, in our current space—time periodic case, appears difficult to establish
by adapting the existing approaches.

In this paper we use a different approach to determine the spreading speed for the space—time periodic case of prob-
lem (1.1) with a monostable f. This approach is based on recent developments of Weinberger’s ideas first appeared
in [15], where the existence of spreading speed for the corresponding Cauchy problem is proved without knowing the
existence of the corresponding traveling wave solutions. In [15], Weinberger established the existence of spreading
speed for a scalar discrete-time recursion with a translation-invariant order-preserving monostable operator. Such a
method was generalized in [10] to systems of discrete-time recursions, and then in [16] to scalar discrete-time re-
cursions in spatially periodic habitats. The theory in [10,15] was further developed in [8] to the investigation of both
discrete and continuous semiflows with a monostable structure, and then was extended to time-periodic semiflows in
[71, to space-periodic semiflows in [9], and recently to space—time periodic semiflows in [6].

However, to adapt these ideas to treat our free boundary problem here, it is necessary to firstly extend the existence
and uniqueness theory for (1.1) with C? initial functions (see [4]) to the case that the initial functions are merely
continuous, which has not been considered before and requires new techniques. This step has now been carried out in
Part 1 of this work. Moreover, in Part 1, we have also proved the continuous dependence of the solution to the initial
function, and established some comparison principles and a spreading-vanishing dichotomy for (1.1).

With these preparations, we are now able to establish the existence of asymptotic spreading speed for (1.1), by
further developing the techniques of Weinberger [15,16] and several other recent works [6—10]. To do this, we assume
that the associated nonlinear term f admits a monostable structure, characterized by the following assumption (H).

Assumption (H):

(i) The following problem

pr=dpxx + f(t,x, p) in (t,x)e]R2, (1.5)
p(t, x) is w-periodic in t and L-periodic in x, '

admits a unique positive solution p(t, x) € CH2(R?);
(i1) for any vo € C(R) N L°(R) with inf,cr vo(x) > 0, there holds
v(t+s,x;v9) — pt+s,x) > 0ass—> o0 (1.6)

uniformly in (¢, x) € [0, 00) x R, where v(t, x; vo) is the solution of the Cauchy problem

{v,:dvxx—i—f(t,x,v), xeR, t>0, (17)

v(0, x) = vo(x), x eR.

By comparison principle, one easily sees that Assumption (H) (ii) is equivalent to the following: for any positive
L-periodic vy € C(R), there holds

v(nw, x; vg) — p(0,x) - 0 as n — oo uniformly in x € R,

where v(¢, x; vg) is the solution of (1.7). Thus, our monostable assumption coincides with that given in [6] for
space—time periodic semiflows. Under this condition, it is recently proved in [6] that, the Cauchy problem (1.7)
has a rightward spreading speed ¢ and a leftward spreading speed ¢* . More precisely, for any nonnegative non-null
compactly supported initial datum v with vg < p(0, x) for x € R, there holds
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1imy— 00 SUPy e[ —cyr 1] |v(t,x, Vo) — p(t,x)| =0 when —¢* <—cy<cp<cy,
limy 00 SUP (0o, — ¢4 r1Ue} 1,00y V(- X5 00) =0 when ¢ > ¢* and ¢} > 7.

In this current work, we show that under the same condition, whenever spreading occurs, the free boundary problem
(1.1) also has a leftward and a rightward spreading speed. More precisely, we have the following theorem.

Theorem 1.1. Suppose that (1.2), (1.3), (1.4) and (H) are satisfied. Then there exist constants C:M > 0 and Ci,u >0
such that for any given ug € H(go, ho) with ug(x) < p(0, x) in R such that lim;_ o h(t) = lim;_, oo —g(t) = 00 and

Jim |u(t, x) — p(t,x)| =0 locally uniformly in x € R, (1.8)

the following conclusions hold:

lim  sup  |u(t,x) — p(t,x)| =0 when —c* , <—cry<ci<ch . (1.9)
=00 _cor<x<cqt ’ ’
and
N (O k)
tl_l)rgo = c tl_l)ngo ; =cl - (1.10)

Here (u, g, h) is the solution to (1.1) with initial datum uy and p is the unique positive solution of (1.5).

The above theorem indicates that ¢, (resp. ¢ ) is the rightward (resp. leftward) spreading speed for problem

(1.1).

Remark 1.2. The restriction ug(x) < p(0, x) in Theorem 1.1 is rather unnatural. We will show that it can be removed
under mild additional assumptions on f near u = p(¢, x); see Section 2.1 below for details.

The proof of Theorem 1.1 is based on ideas in [6-9,16], but considerable technical changes are needed since the
introduction of the free boundary here. As a consequence, the proof of Theorem 1.1 is rather involved.

We now give some examples of nonlinearities f for which the hypothesis (H) can be easily checked. The simplest
example is the logistic nonlinearity

e, x,u)=u(a(t,x) —b(t,x)u) (1.11)

where a, b are of class C%/>* which are w-periodic in ¢ and L-periodic in x, and there are positive constants k1, k>
such that k1 < a(z, x) < kp and k1 < b(t, x) < Ky for all (¢, x) € R2. It is well known that, with such a nonlinearity f,
problem (1.5) admits a unique positive solution p(t,x) € C'?(R?), (1.6) holds and for any nonnegative bounded
non-null initial function vg € C (R), there holds

v(t +s,x;v9) — p(t+s,x) — 0 as s — oo locally uniformly in (¢, x) € R?,

where v(z, x; vg) is the unique solution of the Cauchy problem (1.7). In fact, these existence, uniqueness and stability
results hold for more general f satisfying (in addition to the basic assumptions (1.2), (1.3) and (1.4)),

V(t,x) e R?, the function u — f(t,x,u)/u is decreasing for u > 0, (1.12)

and the generalized principal eigenvalue of the linearized problem (at u = 0) is negative (see [11,13]).
An example satisfying (H) but not (1.12) is

ft,x,u)=a(t, x)u*(1 — u) for some k > 1, (1.13)

where a(t, x) is a positive function of class C*/>®, and is w-periodic in ¢ and L-periodic in x. It follows from [12,
Proposition 1.7] that p(z, x) = 1 is the unique positive solution for problem (1.5) with nonlinearity (1.13). A simple
comparison argument involving a suitable ODE problem shows that (1.6) holds for such a nonlinearity.

Regarding sufficient conditions for spreading to happen for (1.1), when f is of type (1.11), the spreading-vanishing
dichotomy proved in Part 1 shows that there exists a positive constant R (independent of uq) such that 7o — go > R
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implies spreading. When f is of type (1.13), sufficient conditions for spreading can be found in [14, Theorem 1.1 and
Remark 2.4].

Finally, let us consider the behavior of the spreading speeds for problem (1.1) as u increases to co. We have the
following theorem.

Theorem 1.3. Let ¢}, be the spreading speeds obtained in Theorem 1.1. Then %, are nondecreasing in j > 0, and
lim ¢*  =c¢* and lim ¢ =c*,
u—oo M - p—oo TH +

where ¢’} (resp. c*) is the rightward (resp. leftward) spreading speed for problem (1.7).

The general strategy in proving Theorems 1.1 and 1.3 can be summarized as follows. We will first show the
existence of rightward spreading speed for the following free boundary problem

ur =duyx + f(t,x,u), —oco<x <h(t), t>0,
u(t,h(t)) =0, W'(t) =—puy(t, h(t)), t>0, (1.14)
h(0) =ho, u(0,x)=up(x), —00 < x < hy,

with initial data ug € Hy (ho), where
i (ho) = [¢ e C((=00, hol) N L= ((—00, ol) : ¢ (ho) =0, p(x) > 0 in (—o0, ho)}.

Then we will prove that this speed is indeed the rightward spreading speed for problem (1.1), and that it converges
to the rightward spreading speed for the Cauchy problem (1.7) as  — oo. Similarly, to obtain the existence and
convergence of the leftward spreading speed for (1.1), it suffices to prove these for the problem

ur =duyx + f(t,x,u), g(t) <x<oo, t>0,
u(t,g(t)) =0, g'(t) =—upuy(t, g@), t>0, (1.15)
g(0)=go, u(0,x)=up(x), 80 <x <00,

with initial data ug € H_(go), where
H(30) == {# € C(180.0)) N L™(1g0,00)) : $(80) =0, $(x) > Vin (g0,) .

Outline of the paper: The remaining part of this paper is organized as follows. In Section 2, we first give a proof for
the statement in Remark 1.2 and then introduce some notations and state some common properties of the solutions to
problems (1.1), (1.14) and (1.15). Section 3 is devoted to the proof for the existence of spreading speeds for problems
(1.14) and (1.15). The proof of Theorem 1.1 is given in Section 4 and the proof of Theorem 1.3 is carried out in
Section 5.

2. Preliminaries

In this section, we prove the statement in Remark 1.2, and then introduce some notations and basic facts to be used
in the subsequent sections.

2.1. On the condition ug(x) < p(0, x) in Theorem 1.1
The statement in Remark 1.2 clearly follows from the result below.

Proposition 2.1. Suppose that f satisfies (1.2), (1.3), (1.4) and (H). Suppose further there exists ey > 0 small such
that for every (t,x) € R2, we have f@t,x,-) e C2(It,x) with I; x :=[(1 —eo) p(t, x), (1 + o) p(t, x)], and

ft,x,u)

———— is nonincreasing in u, fu,(t,x,u) <0 foruel; . 2.1)
u
Let ug € H(go, ho) and (u, g, h) be the unique solution of (1.1). Then there exists ty > 0 such that

u(ty, x) < p(0,x) for x e R.
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Let us note that the functions f given in (1.11) and (1.13) also satisfy (2.1).
To prove Proposition 2.1, we will use the following result on the corresponding Cauchy problem (1.7), which may
have independent interest.

Proposition 2.2. Suppose that f satisfies all the assumptions in Proposition 2.1. Let v(t, x) be the unique solution
of (1.7) with initial function vy € C (R) nonnegative and having compact support. Then there exist to > 0 and 5o > 0
such that

v(tg, x) < p(0,x) — &g for x e R. 2.2)
Proof. Due to (2.1), for ¢ € (0, 9],

(1 —e)pl: —d[(1 —&)plex < f(t.x,(1 —&)p) fort, x €R.
It follows that
Ve (t, x) ;== max{v(t, x), (1 — &) p(t, x)}
satisfies, in the weak sense,
(Ve)r —d(e)yx < f(t,x,ve) fort >0, x eR.
For clarity, we divide the argument below into several steps.

Step 1. Define

we(t, x) :=ve (¢, x) — p(t, x).
We show that for all large ¢ > 0, say ¢ > Ty,
(We)r —d(We)xx < fult, x, p(t,x))w, forall x e R. (2.3)
Clearly
(We)r — d(we)xx = f(t,x,ve) — f(t,x, p).

By (1.6) and a simple comparison argument, for all large ¢, say t > Tp = To(e), v(t,x) < (1 +¢&)p(t,x) forx e R. It
follows that

(1—8)pt,x) <ve(t,x) <A +e&)pt,x)forallx eR, t > Ty.
Hence by the Taylor expansion and (2.1) we obtain, for t > Ty and x € R,

f(tvxv US) - f(t,.x, p)

1

= fult, %, P) (e = P) + 3 fuu(t, %, 0) (v — p)?

S fu(t7-xv p)wé‘
since

0 = 0:(t,x) € [(1 — &) p(t, x), (1 +&)p(t, x)].
This proves (2.3).

Step 2. Comparison via a linear equation.
In this step, we obtain an upper bound for w, by making use of (2.3) and the following eigenvalue problem

¢ —ddex — fu(t,x, pt, x))¢ = r¢ for (t,x) € R?,
¢ > 0 and is w-periodic in ¢, L-periodic in x.
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It is well known that this eigenvalue problem has an eigenpair (A, ¢) = (A1, ¢1) (see [11]). So we have

(@1)r —d(@P1)xx =a(t,x)¢; fort, x € R,

where
a(t,x) = fult,x, p(t,x)) + 1.
Set
V(t, x) =M wp(t, x).
From (2.3) we obtain
Vi—dVyie <a(t,x)V fort > Ty, x € R.
By our assumption on f, there exists K > 0 such that
ft,x,v(t,x)) <Kv(t,x) forallt >0, x eR.
Hence

vy —dvyy < Kv, v(0, x) = vg(x).

Since vg has compact support, this implies, by the heat kernel expression of v, that for every fixed ¢ > 0,

v(t,x) — O as |x| = oo.

(See Lemma 2.2 in [5] for a simple proof.) Thus we can find Lo > 0 large so that

v(To, x) < %(1 —&)p(To, x) for |x| = Lo.
It follows that

V (T, x) = —e"0ep(Ty, x) for |x| > L.
Therefore we can find § > 0 small such that

V(Ty, x) + 6¢1(Tp, x) < O for |x| > Lo.

We now define

Wo(x) :=max{0, V(Ty, x) + §¢1(Tp, x)}.
Clearly Wy(x) =0 for |x| > Lo. Moreover,

V(t,x):=V(t,x)+¢1(t,x)
satisfies

\7, —dr/xx ga(t,x)v fort > Ty, x € R,
V(Ty, x) < Wo(x) for x € R.

Let W (¢, x) be the unique solution to

W, —dWyy =a@,x)W fort > Ty, x eR,
W (To, x) = Wo(x) for x € R.

Then clearly

M we(t,x) + 81 (1, x) = V(t,x) < W(t,x) fort > Tp, x € R.

This is the estimate for w, we wanted to obtain in this step.

1545

(2.4)
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Step 3. We prove that
tlim W (t, x) = 0 uniformly in x € R.
—>00

If Wo(x) =0, then W(z, x) = 0 and there is nothing left to prove. So assume that Wy = 0. Since Wy € L*°(R),
there exists Mg > 0 such that

Wo(x) < Mog1(t, x) fort, x e R.

It follows that W (¢, x) < My (¢, x) for all # > Ty and x € R. Since Wy (x) has compact support, and a € L% (R?), as
before we have

lim W(z, x) =0 for any fixed ¢ > Ty.

|x]—00

Therefore, for each ¢ > Ty, there exists M (¢) > 0 and x; € R such that
W(tv x) = M(t)d)l (tv x) fOr all X € R? W(t’ xl) = M([)¢1([, xl)'

M (¢) must be nonincreasing in ¢, since if Ty < #; < 2, then from W (t1,x) < M(#1)¢1(t1, x) and the comparison
principle we deduce

Wi(t,x) < M(t;)¢(t, x) fort > 11, x € R.
Hence M () < M (t1). We may then define
Moo := lim M(t).
—00

Clearly My, > 0. If My, = 0 then it follows immediately that lim,_, oc W (¢, x) = 0 uniformly in x € R, as required.
If M > 0, we are going to derive a contradiction. Choose an increasing sequence {#,} such that lim;,_, o, #,, = 00,
and denote x,, := x;,. So we have

W (tn, xp) = M (t2)P1(tn, Xn).

Set

Wa(t,x) =Wty + 1, xp + x),
and write

th = knw + 1y, xn =1, L + 5%, with k,, 1, €N, 1, € [0, w), X, €0, L).
Then

W)t —d(Wp)ax = a(?n +1, %, + X)W,
By passing to a subsequence we may assume that

lim 7, =7€[0,»], lim X, =%€[0, L].

n—oo n—0oo
By standard parabolic estimates and a diagonal argument, we may also assume (by passing to a further subsequence)
that W,, > Wy in C 110’62,(]1% x R). It follows that

(Woo)t_d(Woo)xxza(F‘i‘t,;-i-x)Woo fort, x e R. (2.5)
Since

Wi (t, x) < Mty + )1 (ty + 1, xn + ) = Mty + D)1 (tg + 1,3 + x)

and

Wi (0,0) = M (1)1 (1, %),
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we further have
Woo(t,%) < Moot (T + 1, % 4 x), Woo(0,0) = Moo (7, %).
As Moo¢1 (f +t,% + x) also solves (2.5), the strong maximum principle infers that
Woo(t, x) = Moo (T + 1, % + X).
We now fix ng € N large such that
nol > 2L,
and define, for j, n € N,
Wi (t,x) = W(t,x + jnoL), Wi (t,x) =W (ty +1,x, +x).
Then
W/ —dWi, =a(t,x + jnoL)W/ =a(t, x)W’ (2.6)
and
Wi (t, x) = W (ty + 1, x4 — jnoL +x) = Wi (1, x — jnoL).
Hence, after passing to the same subsequence (independent of j),
Tim W (1, x = jnoL) = Woo(t,X) = Moo T+ 1,5 +x) in Cp5 (R x R).
It follows that

lim W (1, %) = Moot T+ 1,% +x + jnoL) = M1 G+ 1, % + x),

n—oQ

and for each k € N,
lim SE_ W (1 x) = kMoo T+ 1.5 + ).

On the other hand, we note that due to the choice of ng, {W/ (To, x)} jen is a sequence of nonnegative functions
with disjoint supporting sets, and for each k € N,

=h_ W (To. x) < Mo (To. x) 2.7)
since
W (Ty, x) < Moo (To, x + jnoL) = Mo (Tp, x) for x € [—Lo — jnoL, Lo — jnoL]

and W/ (T, x) =0 for x ¢ [—Lo — jnoL, Lo — jnoL].
By (2.6) we see that le?z 1W/(t, x) and Mo (¢, x) satisfy the same linear differential equation, and so, in view of
(2.7), we can apply the comparison principle to deduce

TE_ W (1, x) < Mog (1, x) < Mol oo for £ > Tp, x €R.
It follows that

S5 Wil (1, %) < Moll¢i [l for £ > To — 1, x €R.
Letting n — oo we thus obtain

kMoo (F+ 1,5 +x) < Moll¢1 s for 2, x € R.

Since 09 := min(, ,)er2 ¢1(Z, x) > 0, the above inequality leads to a contradiction if we choose k € N large enough.
This proves our claim that My, = 0. Thus we always have

tlim W (¢, x) = 0 uniformly for x € R.
—00
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Step 4. Completion of the proof.
Since ¢ (¢, x) > 09, we have

V(t,x)+800 < V(t,x) <W(t,x) fort > Ty, x €R.
Choose T > Ty such that W(z, x) < %600 for x e Rand ¢ > T;. Then

1
Vit,x) < —5800 <OforxeR, t>T).
Therefore, for t > Ty,

-\t

1
we(t,x) =e "MV (t,x) < —58006_)‘” <O0forx eR.

It follows that

-\t

1
v(t,x) <ve(t,x) =we(t,x)+ pt,x) < p(t,x) — E(Saoe fort > T, x eR.

Taking k € N such that #g := kw > T}, and denoting &g := %Baoe_)‘”o, we then obtain

v(ty, x) = v(kw, x) < plkw, x) — 8o = p(0, x) — &g for x e R.
So (2.2) holds and the proof is complete. O

Proof of Proposition 2.1. We use Proposition 2.2 with vg = ug. By the comparison principle we have
u(t,x) <v(t,x)fortr >0, x eR.

By (2.2) we thus have u(#y, x) < v(fg,x) < p(0,x) forx e R. O
2.2. Notations and basic facts

From now on, we always assume that

f satisfies (1.2), (1.3), (1.4) and (H).

For any hg € R and any ug € Hy (hg), the unique solution of equation (1.14) with initial value u4 (0, x) = up(x) in
(=00, ho] is denoted by (u4-(¢, x; uo), hy(t; ug)); for any go € R and any ug € H_(go), let (u—(t, x; ug), g—(t; uo))
denote the unique solution of equation (1.15) with initial value u_ (0, x) = ug(x) in [go, 00); for any finite pair go < hg
and any ug € H(go, ho), we use (u(t, x;up), g(t; ug), h(t; uo)) to denote the unique solution of equation (1.1) with
initial value u(0, x) = ug(x) in [go, ho]. Finally, for any vy € C(R) N L*°(R), we let v(¢, x; vg) denote the unique
solution of the Cauchy problem (1.7) with initial function vg(x).

Let p(z, x) be the unique positive solution for problem (1.5), and let C be the subset of C(R) defined by

C:= {(p € C(R) : there exists gg € [—00, 00) and &g € (—o0, co] with gg < hg such that
0< @) <p,x) for x € (go, ho), and p(x) =0 for x € R\ [go, ho]}.

For the sake of convenience, for any given ¢ € C with gy € [—00, 00) and kg € (—o00, co] such that ¢(x) > 0 if and
only if gg < x < hg, we call gg the left supporting point of ¢, and kg the right supporting point of ¢.

We now define an operator U generated by the Poincaré map of the solution to problems (1.1), (1.14), (1.15) or
(1.7), depending on the nature of ¢ € C in the following way. Suppose that ¢ has left supporting point go and right
supporting point 4.

e If —00 < go < hg < 00, then

u(w,x;p), for g(w; ) <x <h(w;yp),
Ulpl(x) :==
0, for x > h(w; p) or x < g(w; @),

where (u, g, h) is the unique solution of (1.1) with initial function ¢;
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e if —00=gp < ho < o0, then

uy(w,x;9), for x <hy(w;e),

Ulpl(x) :=
Le1(x) { 0, for x > hy(w; @),

where (44, hy) is the unique solution of (1.14) with initial function ¢;
e if —00 < go < hog = o0, then

Ulpl(x) := { u_(w,x;p), forx=>g_(w;¢),

0, for x < g_(w; @),
where (u_, g_) is the unique solution of (1.15) with initial function ¢;
e if gg = —o0 and hy = oo, then

Ulpl(x) :==v(w, x; ¢) forall x e R,

where v is the unique solution of (1.7) with initial function ¢.

By the conclusions in Part 1 ([2]) and hypothesis (H) here, it is easy to check that U maps C into itself and has the
following properties:

(A1) U :C — C is order-preserving in the sense that U[p](x) > Ulg2](x) for x € R whenever ¢;(x) > ¢2(x) for
x eR.

(A2) U is periodic with respect to LZ in the sense that Ty[U [cp]] =U [Ty[cp]] for all ¢ € C and y € LZ, where
Ty : C — C is the translation operator defined by Ty[¢] = ¢[- — y].

(A3) U :C — C is continuous in the sense that for any sequence ¢, € C with left supporting points g, € [—00, 00)
and right supporting points 4, € (—oo, c0], and any ¢ € C with left supporting point g € [—00, 00) and right
supporting point i € (—o0, o], if ¢, (x) converges to ¢(x) locally uniformly for x € R as n — oo, and g,
converges to g, h, converges to i as n — oo, then U[g,](x) converges to U[¢](x) locally uniformly in x € R
asn — oo.

(A4) U :C — C is monostable in the sense that 0 and p(0, x) are the only fixed points of U in C. Moreover, if w € C
and w(x) > ¢ for some ¢ > 0, then lim,,, ,c U [w](x) = p(0, x) uniformly in x € R.

Moreover, we have the following comparison principle, which follows easily from the above properties and an
induction argument.

Proposition 2.3. Let Uy and U, be two order-preserving operators defined on C as described above. Suppose that
the sequence (vy)peN C C satisfies vy41(x) > Urlv,](x) for x € R, and that the sequence (u,),eN C C satisfies
U1 (x) < Uslu,1(x) for x € R. Suppose also that Ui[@](x) > Uz[¢](x) for all ¢ € C, x € R and that vy(x) > ug(x)
for x € R. Then v, (x) > u,(x) forallx e R, n e N.

3. Existence of spreading speed for problems (1.14) and (1.15)

In this section, we give a detailed proof for the fact that the free boundary problem (1.14) admits a spreading speed
in the rightward direction. The existence of leftward spreading speed for problem (1.15) follows from the result for
(1.14) with f(¢, x, u) replaced by f (¢, —x, u). Let us recall that f always satisfies (1.2), (1.3), (1.4) and (H).

First, we define a set M consisting of functions ¢ (£, x) in C (R?) with the following properties:

(a) Foreach & e R, ¢ (&, x) is nonnegative and L-periodic in x;

(b) ¢ (&, x) is uniformly continuous in (£, x) € R?;

(c) For each fixed x, ¢ (£, x) is nonincreasing in &;

(d) Forany & € R, there exists a real number Hy = Hy (&) such that
¢(& 4+ x,x) > 0forx < Hy and ¢ (£ + x, x) =0 for x > Hy;

) 0<¢(—o00,x) < p(0,x) forall x e R.

(3.1)
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Foreacha e Rand B8 € (0, 1), let
max{a — &, 0}
T(§):=p :
max{a —&,0} + 1
Clearly the function 7 (&) p(0, x) belongs to M.
The above properties of ¢ € M imply the following one.

Lemma 3.1. For any ¢ € M, there exists Hy > Hy such that ¢(§,-) =0 if & > Hy and ¢ (&,x) > 0 for all x e R if
& < H.

Proof. By property (d) in (3.1), for any &y € R, there exists Hy = Hy(&p) such that ¢ (§y + x, x) > O if and only if
x < Hp. By (c) we have

#(Eo+ Hy— 2L, x) > ¢ (&9 +x,x) > 0 for x € [Hy — 2L, Hy — L].
By (a) this implies that ¢ (§9 + Ho — 2L, x) > 0 for all x € R. Hence, in view of (c),
¢(&,x)>0foréE < H =&+ Hy—2L, x eR.
Similarly,
¢&o+ Ho+ L,x) <¢(o+x,x)=0forx e [Ho, Ho+ L].
By (a) this implies that ¢ (&9 + Hy + L, x) = 0 for all x € R. Hence, in view of (c),
¢E,x)=0foré>Hy: =&+ Ho+ L, x eR.
The proof of Lemma 3.1 is thereby complete. O

For any ¢ € M, and any fixed & € R, by (3.1), the function x — ¢ (& + x, x) belongs to C, with right supporting
point Hy = Hy(&p) € R. Therefore U[¢ (&9 + -, -)](x) is well-defined, and

up(w,x;¢E+-,-), ifx <hi(w;¢&Eo+-,-)),

Ul o+ -, )1(x) := { 0. if x > hy(w; 9o+, ).

For (£, y) € R?, we now define the operator Q, on M by
Q+[#1¢.y) =Ul¢(E —y+-.)](y) forany ¢ e M. (3.2

As will become clear below, we will make use of Q4 and its iterations to determine the rightward spreading speed.
We now examine the properties of Q.

Lemma 3.2. Q1 maps M to M, and Q is order preserving in the sense that Q1 [¢1] > Q. [¢p2] whenever ¢p1 > ¢o
in M.

Proof. To prove that O, maps M into itself, it is sufficient to prove that, for any ¢ € M, Q[¢]1(&, y) has the
properties stated in (3.1). In what follows, we divide the proof into five steps, and in each step, we show one property.
Step 1: We prove that QL [¢l(§,y) is nonnegative and is L-periodic in y. The non-negativity is clear from the
definition. It remains to show that it is L-periodic in y.
Since the operator U is periodic with respect to LZ in the sense of (A2), it is easy to check that

Ulp(-+&. )1y +L)=Ul¢(-+L+5§,-+L)](y) forall § eR, yeR.
This together with the L-periodicity of ¢ in the second variable implies that
O+l y+L) =Ulp(-—y—L+E&)](y+L)
=Ul¢(—y+&.-+DIY)
=Ulp(—y+E )10
= Q+[¢l&, y) forall§ eR, y e R.
Thus, Q4 [¢](&, y) is L-periodic in y.
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Step 2: We prove that QL [¢1(€, y) is uniformly continuous in (£, y) € R?. It suffices to show that Q. [¢](€ + v, y)
is uniformly continuous in (£, y) € R?. Note that

| QD11 + v, y1) — Q+[B1(E + y2, 1) |
< [Ul¢pE + - )1 = UlpEr + -, )10 |+ |Ulg 1 + -, )1(32) — Ul (&2 + -, )1()|

forall 1,82, y1, 2 € R.
We first claim that {Q+[¢](§ + v,y): € € R} is a family of equicontinuous functions of y € R. Indeed, for any
fixed £ e R, let (u+(t, y), h+(t)) be the solution of equation (1.14) with initial value

up(0,y) =¢(& +y,y) in (=00, Ho(§)]. (3.3)

It follows from [2, Remark 2.12] that the function u 4 (w, y) is Lipschitz continuous in (—o00, i (®)], and the Lipschitz
constant depends only on w and [|¢||;~ g2y (and hence, it is independent of §). By the definition of O, it is clear
that Q4 [¢](£ + v, y) is Lipschitz continuous in y € R with the same Lipschitz constant. This in particular implies the
equicontinuity of { Q4 [#](§ +y,y): £ €R}.

Therefore, for any ¢ > 0, there exists §; > 0 such that

ULp &1 + -, )101) — Ulp &1+, ()| < %

for all |y — yp| <81 and & e R.

On the other hand, since ¢ (&, y) is uniformly continuous in (£, y) € R?, it is easily seen that |¢ (& + &, y) —
¢ (& + &, y)| converges to 0 as |&; — & | — 0, and this convergence is uniform with respect to (£, y) € RR?. Therefore,
it follows from the (uniform) continuous dependence of the solution of the free boundary problem on its initial function
that, for the above ¢ > 0, there exists §, > 0 such that

|UL9 &1 +KL++102) = Ul (62 + KL+ 20| < 3

for all & — & < 8, y» € [0, L] and k € Z. Furthermore, by the property (A2), we obtain
|UL9 1+ 02+ kL) = Ul (62 +-, )1 02 +kL)| < 3

for all |£] — &| <62, y2 € [0, L] and k € Z. In particular, we have
VL8 ++.9102) = Ulg(E2 ++9102)| < 3

forall |§; — &] <82, y2 €R.
Choosing § = min{, 8>} and combining the above, we obtain

|Q4[1E1 +y1, 1) — O1[91(E2 + y2. )| < &

for all &1,&,y1,y2 € R with |y; — y| + |§1 — &| < §. This immediately gives the uniform continuity of
Q4[#1(€ +y,y) in (&, y) € R2. The proof of this step is thus complete.
Step 3: We prove that Q1 [¢1(&, y) is nonincreasing in &. By (A1), we have

O+[11(5, y) > Q4[h2l(&, y) forall (£, y) € R?,

whenever ¢ > ¢, in M. This together with the property that ¢ (¢, x) is nonincreasing in & implies that O [¢](&, y)
is also nonincreasing in &.

Step 4: We prove that for any & € R, there exists H € R depending on & such that Q [¢]1(& + y,y) =0 if and only
if y > H. As a matter of fact, for any given £ € R, let (u+(t, y),