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Abstract

The L2 — LP adjoint Fourier restriction inequality on the d-dimensional hyperboloid HY c R4+ holds provided 6 < p < oo,
ifd=1,and 2(d +2)/d < p <2(d +1)/(d — 1), if d > 2. Quilodran [35] recently found the values of the optimal constants in
the endpoint cases (d, p) € {(2,4), (2,6), (3,4)} and showed that the inequality does not have extremizers in these cases. In this
paper we answer two questions posed in [35], namely: (i) we find the explicit value of the optimal constant in the endpoint case
(d, p) = (1, 6) (the remaining endpoint for which p is an even integer) and show that there are no extremizers in this case; and
(i1) we establish the existence of extremizers in all non-endpoint cases in dimensions d € {1, 2}. This completes the qualitative
description of this problem in low dimensions.
© 2018 Elsevier Masson SAS. All rights reserved.
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1. Introduction

The connection between Fourier restriction estimates on smooth hypersurfaces and Strichartz estimates for linear
partial differential equations has been understood for a while. For instance, Strichartz inequalities for the Schrodinger
and wave equations correspond to Fourier restriction estimates on the paraboloid and the cone, respectively. These are
not compact manifolds, but satisfy a scaling symmetry which makes the usual Tomas—Stein argument work. While the
hyperboloid does not possess such a scaling symmetry, it is in some sense well-approximated by the paraboloid and
the cone (see Fig. 1) and it serves as an interesting intermediate case where new phenomena emerge. In this paper, we
explore some of these phenomena in the context of sharp Fourier restriction theory.

Sharp adjoint Fourier restriction inequalities on the hyperboloid were first studied by Quilodréan [35], who further
developed methods from earlier seminal work of Foschi [19] in the context of paraboloids and cones. These works
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Fig. 1. The paraboloid y = 1 + ‘5~ osculates the hyperboloid y = /1 + |x|2 at its vertex. The cone y = |x| approximates the same hyperboloid at

infinity.

serve as motivation for much of the present paper, and we try to follow the notation and terminology of [35] to
facilitate the references. The hyperboloid H¢ c R4+ is defined by'

HY ={(y,y) eR! x R:y' =/1+ |y},

and comes equipped with the Lorentz invariant measure

d A / 2 dydy/
(7()’9)’)—5<y -V 14|yl )\/TW, (1.1)

which is defined by duality on an appropriate dense class via
dy

VI+iyP?

We normalize the Fourier transform in R?*! in the following way:

/ (. y)do(y,y) = / o1+ )

Hd R4

2 = / e~ g(z) dz. (1.2)

Rd+1
With this normalization, the convolution and the L2(R4+! )-norm satisfy
e PN N d+1
gxh=g-h; and |[gll 2@ty = Cr) 2 |Igll2wa+1y-

The Fourier restriction operator on the hyperboloid H? maps a function g on the ambient space R4*! to the restriction
of its Fourier transform to H¢. The Fourier extension operator on H is the adjoint of the Fourier restriction operator,
and is given by

ix-y ity TF I dy
Tf(x,0)= / e VI £ (y) ,
I+ 1P

where (x,7) € R? x R and f belongs to the Schwartz class in R?. Here we are identifying a function f : HY — C
with a complex-valued function on R?. Its norm in L? (H%) = LP (H¢, o) is

R4

P

dy

| [1ror——2_
T R['”'W

LA simple rescaling argument transfers all the results of this paper to the hyperboloid Hg = { v, y)e RYxR: Y =2 4| ylz}.
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With the normalization (1.2) observe that

Tf(x,t)= fo(—x,—1). (1.3)
The classical work of Strichartz [40] establishes that
ITf N a+tty < Ha p I f 1l 2 ay (1.4)

with a finite constant Hy , (independent of f), provided that

6<p<oo, ifd=1,;

2(d+2 2(d+1) .
M < p< B ifd > 2.

(1.5)

For a fixed dimension d > 1, the lower and upper bounds in the admissible range of exponents p given by (1.5)
correspond to the unique exponents for which the extension operator is bounded on the paraboloid and the cone,
respectively, each equipped with the appropriate measure (projection measure on the paraboloid and Lorentz invariant
measure on the cone).

In this paper we investigate sharp instances of the extension inequality on the hyperboloid. More precisely, given a
pair (d, p) in the admissible range (1.5), we study extremizers and extremizing sequences for inequality (1.4), and are
interested in the value of the optimal constant
Hd,p — sup ”Tf”Lﬂ(RfH'l)

o rerrady N2

Quilodran [35] studied the endpoint cases (d, p) € {(2,4), (2, 6), (3,4)}. More precisely, he computed the values
Hy 4= 2in, H; 6= (277)%, and H3 4 = (277)%,

and established the nonexistence of extremizers for the inequality (1.4) associated to these three cases, which are the
only ones for which d > 1 and p is an even integer. The arguments in [35] rely on explicit computations of the n-fold
convolution of the measure o with itself, and these are computationally challenging if n > 3 and d # 2.

Here we answer two questions raised by Quilodran [35, p. 39], regarding: (i) the value of the sharp constant and
existence of extremizers in the endpoint case (d, p) = (1, 6); (ii) the existence of extremizers in the non-endpoint
cases in dimensions d € {1, 2}. Our results below, together with the previous results of Quilodrdn [35], provide a
complete qualitative description of this problem in low dimensions.

Theorem 1. The value of the optimal constant in the case (d, p) = (1, 6) is
H)6=3"7(2n).
Moreover, extremizers for inequality (1.4) do not exist in this case.
From Plancherel’s Theorem it follows that

ITf 6oy = 1Cf0) I 2@y = 1(fo % fo x fo) 2@y = 27l fo % fo * foll 2,

which in particular implies that

B, =27 suwp ||f0*f0*f0||L2(R2)'

3 (1.6)
0+ feL2(H') WA 2

We are thus led to studying convolution measure o * o * o, a task which we will undertake in greater generality in §3
below. The rigidity of the endpoint lies at the heart of the mechanism responsible for the lack of compactness in these
situations (with p even). It would be interesting to investigate if, in all the other endpoint cases (d, p) (now with p
not an even integer), one still has lack of extremizers for (1.4).

On the other hand, recent works of Fanelli, Vega and Visciglia [17,18] indicate that concentration—compactness
arguments may ensure the existence of extremizers in non-endpoint cases for certain families of restriction/extension
estimates. It is important to remark that the problem considered here does not fall under the scope of the methods
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of [17,18], since the hyperboloid is a non-compact surface which lacks dilation homogeneity (although many ideas
from [17,18] shall be useful). Our next result establishes that extremizers do exist in every non-endpoint case of the
one- and two-dimensional settings.

Theorem 2. Extremizers for inequality (1.4) do exist in the following cases:

(@ d=1land 6 < p < cc.
(b) d=2and4 < p <6.

As suggested, our proof of Theorem 2 relies on concentration—compactness arguments. The heart of the matter
lies in the construction of a special cap, i.e. a cap that contains a positive universal proportion of the total mass in an
extremizing sequence, possibly after applying the symmetries of the problem. This rules out the possibility of “mass
concentration at infinity” and is the missing part in [35, Proposition 2.1], which originally outlined the proof of a
dichotomy statement for extremizing sequences. The successful quest for a special cap, carried out in §5, relies partly
on the fact that the lower endpoint p is an even integer in these dimensions, and that the corresponding (p/2)-fold
convolution of the measure o with itself, when properly parametrized, decays to zero at infinity. In this regard, our
argument does not generalize to dimensions d > 3. Other tools (e.g. coming from bilinear restriction theory, as in [8,
22,36]) may be required to address the existence of extremizers in this general non-endpoint setting. In order to present
elementary and self-contained arguments that exploit the convolution structure of the problem, we focus in this paper
on the lower dimensional cases d € {1, 2}. We plan to address the higher dimensional situation in a later work.

1.1. Klein—-Gordon propagator

As already pointed out, estimates for Fourier extension operators are related to estimates for dispersive partial
differential equations. In our case, the operator T is related to the following Klein—Gordon equation

BfuzAxu —u, (x,t) eRY x R;

(1.7
M()C,O):M()(x), alu(-xvo)zbtl(-x)'
The connection comes from the following operator, the Klein—Gordon propagator,
eil‘ I—Ag(x) = /:g\(s)elx%‘ eil\/l"l‘lglzds‘
(2m)d
R4
Indeed, one can see that solutions to (1.7) can be written as
1/ . )
w20 =3 (¢ Ruo() = iV TAWT=H) T () +
1 . 4
5 (eiltﬂu()(') + ie*ll\/l*A(m)flul(.)) ,
and that
Tf(x, 1) =Qm)? ™ R (x), (1.8)
where
- f )
8y = —— (1.9)

NSENTTES

This relation implies that the estimate (1.4) is equivalent to

it /1-A —d
lle g”L,’:J(R"xR) <(@2m) Hd,p “g”H%(Rd)’

where H® (Rd ), for s > 0, is the nonhomogeneous Sobolev space defined by
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H'RY) = (g € L’ R : 18135 ga) == / BE)IP(1+ 157 d§ < oo).
R4
This equivalent formulation will be very useful in this paper. In our concentration—compactness arguments, we explore

the fact that convergence of an extremizing sequence { f,} in L2(HY) is equivalent to convergence in H 5 (R?) of the
sequence {g,} determined by (1.9), and, once on the Sobolev side, we may use local compact embeddings. Observe

. 1
also that, for each ¢ € R, the operator ¢/’Y!~2 is unitary in H2 (R?).

Historical remarks. Our results complement the recent, vast and very interesting body of work concerning sharp
Fourier restriction and Strichartz estimates. Sharp Fourier restriction theory has a relatively short history, with the
first works on the subject going back to Kunze [29], Foschi [19] and Hundertmark—Zharnitsky [25]. These works
concern extremizers and optimal constants for the Strichartz inequality for the homogeneous Schrodinger equation
in the lower dimensional cases. These are the cases for which the Strichartz exponent is an even integer, and one
can rewrite the left-hand side of the Strichartz inequality as an L2-norm, and invoke Plancherel’s Theorem in order
to reduce the problem to a multilinear convolution estimate. This subject is becoming increasingly more popular,
as shown by the large body of work that appeared in the last decade, and in particular in the last few years. We
mention a few interesting works that deal with sharp Fourier restriction theory on spheres [11,12,14,15,20,22,39],
paraboloids [2,10,13,23,37], and cones [6,7,34,36]. Perturbations of these manifolds have been considered in [17,
27,30-32]. Sharp bilinear Fourier restriction theory is the subject of [4,5,26,33], whereas other instances of sharp
Strichartz inequalities [3], sharp Sobolev—Strichartz inequalities [18] and sharp Airy—Strichartz inequalities [24,38]
have been considered as well. Finally, we mention a recent survey [21] on sharp Fourier restriction theory which may
be consulted for information complementary to that on this Introduction, including a discussion on delta calculus, and
further references.

Structure of the paper. The paper is organized as follows. In §2 we discuss Lorentz transformations and their rele-
vance to the problem. In particular, we decompose the hyperboloid as a disjoint union of caps, and study how these
interact with certain Lorentz transformations. In §3 we study properties of the n-fold convolution of the measure o
with itself, explicitly computing some particular instances. In §4 we prove Theorem 1. The first step is to exhibit an
explicit extremizing sequence. Once this is done, we appeal to geometric properties of the convolution measure to
guarantee that extremizers do not exist. Finally, §5 and §6 are devoted to the proof of Theorem 2. In §5 we proceed
with a detailed construction of a special cap which contains a non-negligible universal amount of the total mass in
an extremizing sequence (properly symmetrized). Once a special cap is available, in §6 we feed this information into
the concentration—compactness machinery of Fanelli-Vega—Visciglia [17,18] to ensure that extremizers exist. It is
interesting to note that this latter part of the argument works in all dimensions.

A word on forthcoming notation. If x, y are real numbers, we will write x = O(y) or x < y if there exists a finite
constant C such that |x| < Cly|, and x >~ y if C~!|y| < |x| < C|y| for some finite constant C # 0. If we want to
make explicit the dependence of the constant C on some parameter o, we will write x = O, (y) or x <y y. As is
customary, the constant C is allowed to change from line to line. The set of natural numbers is N :={1,2,3,...}.
Real and imaginary parts of a complex number z € C will be denoted by i (z) and J(z), respectively. The usual inner
product between vectors x, y € R? will continue to be denoted by x - y, and we define (x) :=+/1 + |x|2. Given a finite
set A, we will denote its cardinality by |A|. Finally, 1 will stand for the indicator function of a given set E.

2. Lorentz invariance

The measure o defined in (1.1) has been referred to as the Lorentz invariant measure on the hyperboloid. This
section is meant to explain and expand on this terminology. The Lorentz group, denoted by L, is defined as the group
of invertible linear transformations in R?*! that preserve the bilinear form

B(x,y) =X441Yd+1 — XdYd — --- — X1)1.

In particular, if L € £, we have |det L| = 1. We denote the subgroup of £ that preserves the hyperboloid H? by £+ .
The measure o is likewise preserved under the action of LT, in the sense that
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ffoLda:/fda,
Hd H4

for every f € L'(H?) and L € £*. This can be readily seen by writing

do(y,y)=28(y"% = |yl* = 1)Ly=o(y. y)dydy".

Now, given ¢ € (—1, 1), define the linear map L : R9*t! — R4+ yja

& +1t T+ 1§
L'(&,....60,7)=2—n,89,..., &, .
631 §4,7) (m & &4 m)

The family {L'};e(—1,1) defines a one-parameter subgroup of £T. In particular, the inverse of L is L™". Further notice
that, given an orthogonal matrix A € O(d), the transformation (£, 7) — pa (£, T) = (A&, 7) belongs to L.

As already observed in [35, §3], given (§, 7) € R4+ satisfying t > |£|, a suitable composition of transformations
of the form L and p4 as defined above produces a map L € LT, such that

L, 1) =(0,/7* — [§1).

This observation will simplify several computations involving convolutions of the measure o with itself, which we
explore in the next section. Given p € [1,00], L € £t and f € L?(H?), define the composition L* f = f o L. The
considerations made so far imply that

||L*f||Lp(Hd) = ||f||Lp(Hd)7 and ||T(L*f)||Lp(Rd+1) = ”Tf”L/?(]Rd-H)- (2.1)

In particular, if { f,},en is an extremizing sequence for inequality (1.4) and {L,},ey C £, then {L fulnen is still an
extremizing sequence for inequality (1.4).

The Lorentz invariance just discussed will be crucial in several of our arguments, as it allows to localize the action
to a fixed bounded region. We now detail this principle in the lower dimensional setting d € {1, 2}.

2.1. One-dimensional tessellations

Let us define a one-dimensional cap to be a set of the form

Cr :={(¢,7) e H' : sinh(k — 1/2) < & < sinh(k + 1/2)}

) ) 2.2)
= {(sinh(u), cosh(u)) e R“:k —1/2<u <k +1/2},

for some k € Z. The following simple result already illustrates the main point (see Fig. 2).

Lemma 3. Let k € Z, and let C;, C H! be the corresponding one-dimensional cap. Then:

(@) o(Cy) =1
(b) There exists ty € (—1, 1), such that L™ (Cy) = Cp.

Proof. The proof of part (a) amounts to a straightforward change of variables:

sinh(k+%) k+%
cosh(u)du

dy
o (Cr) = / & oA
¢ JV1+y2 CVI+ sinh(u)?
) k—

sinh(k— %

[Nl

For part (b), let 7z = —tanh(k) € (—1, 1). Then the Lorentz transformation L’* provides a bijection between the
caps Cx and Cy. That L™ (Cy) = Cy follows from
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- ) 2 2 4 6

Fig. 2. The one-dimensional cap movement: a carefully chosen Lorentz transformation interchanges the caps. Here, L! (C_;) = Cg for ¢ = tanh(2).

sinh(x) + 310 cosh(u)  cosh(u) + SMK) ginh ()
L~ (sinh(u), cosh(u)) = cosh®) , cosh®)
__ sinh?(k) __ sinh?(k)
cosh? (k) cosh? (k)
= (sinh(u + k), cosh(u + k)).
This concludes the proof of the lemma. O
2.2. Two-dimensional tessellations
We now define a two-dimensional cap to be a set of the form
27 2 (j+1
Cu,j = {(rcos@,rsin@, (r) eH?: 2" <r <2™ and % <0< %} , (2.3)
for some n € N and 0 < j < 2", and additionally we consider
Coo:=1{(€,7) e H*: |§] <2). (2.4)

Grouping together the caps of the n-th generation, we notice that the hyperboloid H? is partitioned into a disjoint
union of annuli,

o0 2"—1
H? = U A,, where A4, .= U Cu,j- (2.5)
n=0 j=0

See Fig. 3 for an illustration of these decompositions.
Given ¢ € [0, 27), denote by R, the rotation in RR3 by angle ¢ around the vertical T-axis:

Ry (61,82, 7) = (51 cosp + &rsing, =& sing + &2 cos @, T).

The next result is the two-dimensional equivalent of Lemma 3, and in particular shows that any cap can be mapped
into the ball of radius 2+/27 centered at the origin by an appropriate composition of Lorentz transformations. See
Fig. 4 for an illustration of these movements.

Lemmad4. Letn e Ngand 0 < j < 2", and let C, j C H? be the corresponding two-dimensional cap. Then.:

(a) U(Cn,j) ~1.
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o
\©)

Fig. 3. Projection of the tessellation of H2 into caps {Cy, j} onto the horizontal plane t =0.

(b) There exists t € [0, 1) and ¢ € [0, 21), such that

(L™ 0 Ry)(Cn,j) C (&, 7) € H? : €] <2+27).

Proof. Letn € Nand 0 < j < 2". A computation in polar coordinates shows that

it ZGAD
& 2
o (Cnj) = / / de %=2—Z(\/1+4"+1 —VTEA),
“+r
n P

27!
from which one easily checks that
9 _oCu)
10~ 27 —
Moreover, o (Co.0) = 27(v/5 — 1), and so one sees that the o -measure of any two-dimensional cap is comparable to 1.
This establishes part (a).

For part (b), we lose no generality in assuming n > 3, for otherwise we can simply take t = ¢ = 0. Given such n,
and 0 < j < 2", choose ¢ € [0, 277) so that

Ry(Cnj) < {(rcose,rsine, (r) eH?:2" <r <21 and 0] < ;T—n}

Lettr:=1— (2%)2, which is nonnegative since n > 3. Noting that

_ rcosf —t(r) . (ry —trcos6 T
(L tOR(p)(Cn,j) - {<ﬁ,rsm9, ﬁ EHZZZn <r <2n+1 and |9| < 2_11 s

it suffices to check that
rcosf —t(r)

V1-12
Observe that » < (r) and cosf > cos(f—n) >1-— %(5’7)2 > t. We first claim that » cos@ — ¢(r) > 0. In fact, using the
fact that 1 + & > /T + x, we have

cosf  1—3(%)? 1 1 1 ()
; > 1_(2%)2 21+—22n+12 1+ﬁ2 1+r—2=—.

r

<2m, and |rsinf| < 2mx.

Therefore it follows that
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Fig. 4. Projection of the two-dimensional cap movement: a rotation followed by a Lorentz transformation moves the cap inside the set {(§, 1) €

H2: |&] <227}

rcos@ — t(r) - r(cosf —t) - r(l—t) _ 1—1¢

= =r
V1—12 V112 V112 L+1
Noting that S”;ﬁ < 1, we similarly have that
sin(Z
Irsin@] < 2"+ sin (l) = 27rM <2m.
n 7

o
This concludes the proof of the lemma. O

3. Convolutions

<ryT=i <212 o7,

2

In this section, we collect some facts about convolution measures that will be relevant in the sequel. We start
with some general considerations which hold in arbitrary dimensions d > 1. Let ¢ *") = o % ... * o denote the n-fold

convolution of the Lorentz invariant measure o defined in (1.1) with itself. If n > 2, then the convolution measure o */)

is absolutely continuous with respect to Lebesgue measure on R?*!, and it is supported in the closure of the region

Pan={E 1) R xR:7 > /n2+[£]}.
More precisely, if (£, T) € Py, then

oMM (E, 1) =0 (0, /12— [£]D).

The next result establishes some basic convolution properties on the one-dimensional hyperbola (H!, o).

Lemma 5. Let o denote the Lorentz invariant measure on the hyperbola H'. Then, for every (§,7) € R x R,

(a) The convolution measure o *x o is given by

4

@& D) = e L g 610

3.1)

The Lorentz invariance discussed in the previous section implies that o) is constant along certain hyperboloids.
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(b) The following recursive formula holds for n > 2.

Vii—g2-1
x oM (0, x)

VR I E ot

Proof. We start with part (a). By the Lorentz invariance (3.2), it suffices to prove that

a(*(n+l))(%.’ T) =4

n

4
(0 %0)(0,7) = ————=1;>2 (7). 3.3)
On=mmae (
This can be obtained as follows: first of all,
d v d
y y
(6*0)(0,r)=f6 T —2(y) —:2]6 T—2y))—=.
/ (r =205 J (= =205

Changing variables u = (y), and then v = 2u, we have that

[e¢]

(G*U)(O,T)zZ/S(r—M)%i _ /81 v)dv
2

1

4;

This implies (3.3) at once, and finishes the proof of part (a).
We now turn to the proof of part (b). Again by Lorentz invariance, it suffices to establish

)0, x)
D) (0, 24/ x o™ (0, dx. 3.4
O R AU L .

We proceed by induction on n. Since o *™ is a function by hypothesis, the (n + 1)-fold convolution can be obtained
by convolving that function with the measure o, as follows:

oD (0, 7y = / (0, 7) — (v, y') do (y. ')

Hl
d
= [y —tm
(
R
_27 (*n) 2 dy
= o O,y 77 =2t(y)+1)—,
, (»)

where the Lorentz invariance (3.2) was again used in the last identity. Changing variables u = (y) as before, we have
that:

7:2+1—n2
[ o0, V2= 2tu+1)
S (O 1) =2 / g ’ 12 1” du,
o

where the upper limit in the region of integration is due to support considerations involving (3.1). Changing variables
v =12 —27u + 1, we continue to compute:

(z-1? (sm)
n
oD (0 7y =2 o0V

V@2 —v+ 12— (1)

I‘lz

A final change of variables x = /v yields the desired formula (3.4). This finishes the proof. O
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Identities (3.3) and (3.4) for n = 2 imply the following integral formula for the 3-fold convolution measure which
should be compared to [11, Lemma 8]: If 7 > 3, then

7—1
1 dx
(x3) _
a™(0,71)=16 / .
) Va DT =222 -2 Va2 -4

(3.5)

This integral representation is amenable to a robust numerical treatment with Mathematica, see Fig. 5 below. It is also
the starting point for the study of the basic properties of the convolution measure o, which are summarized in the
following result.

Lemma 6. Let o denote the Lorentz invariant measure on the hyperbola H'. Then the function T — o3 (0, 1) is
continuous on the half-line Tt > 3. It extends continuously to the boundary of its support, in such a way that

2w
(*3) _ 5 (*3) _
supo(0,7) =0"(0,3) = —, 3.6)
>3 \/§
and this global maximum is strict, i.e.
21
(*3)
o0, 1) < —, foreveryt > 3. (3.7
73 fereven
In particular, this implies that
Hi¢ <3 12(27)2. (3.8)

Proof. An application of Lebesgue’s Dominated Convergence Theorem to the integral (3.5) establishes that the func-
tion T — o *3(0, 1) is continuous for T > 3. We can appeal to the same formula to crudely estimate:

30, 1) = L(v), forevery t > 3, (3.9)

where L denotes the lower bound
16 I (1)

. Je+ D)2 -2/ a-D+ec-DJa-D+2

and I (7) denotes the integral

L(7)

7—1
1 dx
(@)= 2/ Vo—D—-x/x=-2

Via the affine change of variables x > (7 — 3)x 4 2, we see that /(7)) = 7, for every T > 3. Substituting in (3.9), we
have that

lim isllfa(*3) 0,7) > % (3.10)
Crude upper bounds of similar flavor yield
o390, 1) <U(1), forevery v > 3, (3.11)
where the upper bound U is given by
l6m
Va+ )2 - 12/ =-D+2/2+2

Incidentally, note that this implies o *3 (0, 7) < !, for large values of . It follows from (3.11) that

U(r):=

2
limsupo (0, 7) < 77; (3.12)

T—3+
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4 5 6 7 8 9 10

Fig. 5. The lower bound L(t) and the upper bound U () for the function 7 o 3)(0, 7) on the half-line 7 > 3.

Estimates (3.10) and (3.12) together imply

2
lim 60, 1) = 2L
T3t

Ned
Noting that the upper bound U satisfies U (3) = 3/—7%, and that

2w (2 1
UKI):—M <0 forevery v > 3,

t2(t+1)2
we arrive at (3.7).
Finally, letting &, denote the two-dimensional Dirac delta, we have

150 % o f ey = [ £ F0x2) £ FGa) F055) P 2.
(R2)6

where dX =dX(xq,...,x6) = d2(x1 + x2 + x3 — x4 — x5 — x6)do (x1) ...do (x¢). An application of the Cauchy—
Schwarz inequality leads to

Ifo % fo  folfage, < / |FEDPf @) | f ()] dZ

(R2)S

= [ GO 1P 6P (0 4 ) dr ) o a2) o) G
(R2)3

*3 6

st;gza( @A 1Z @y

Estimate (3.8) now follows from (1.6), (3.6) and (3.13). This completes the proof of the lemma. O

Two-dimensional counterparts of the results from this section were obtained in [35, Lemma 5.1]. We record them
here.

Lemma 7 (cf. [35]). Let o denote the Lorentz invariant measure on the hyperboloid H2. Then, for every (£,1) €
R? x R,

@ @ *0)E ) =ZEs1 . g €0,
®) (%0 x0)E 1) =01 = s ) ey 60
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4. Nonexistence of extremizers at the endpoint (d, p) = (1, 6)

This section is devoted to the proof of Theorem 1. After studying the behavior of o3 in §3, the material in this
section is partly motivated by the outline of [35, Appendices B and C]. The heart of the matter lies in the construction
of an explicit extremizing sequence for inequality (1.4), which is the content of the next result.

Proposition 8. Let o denote the Lorentz invariant measure on the hyperbola H'. Given a > 0, let f,(y) = e~V
y € R. Then:

(a) Foreveryn € N we have

(fa) ™, ) = T " (&, 7).
(b) The function a — ﬁeza | fa ||12(H1) is bounded on the half-line a > 0, and satisfies
lim /a e | fullfa g, = /7. (4.1)
(c) The sequence { fa}aeN Satisfies
lim | fao * fao * fao—”iz(Rz) . 2_]'(
a—00 I fall 2 V3

and is extremizing for inequality (1.4) when (d, p) = (1, 6), as a — oo. In particular,

4.2)

H6=3"7(2n).

Proof. The proof of (a) is analogous to part of the proof of [35, Lemma B.1]. We present the details for the conve-
nience of the reader. Letting g, (&, ) = ¢~ %", we have that ( fa0) M = (g,0)*™  Therefore,

(fa)* (. 1) = (8a0) ™™ (£, 1) = ga(€. )0 " (. 1) =T (E, 1),
where the second identity follows from the fact that g, is the exponential of a linear function.
For part (b), change variables (y) = cosht to compute

oo

alls gy = [ 202 =2 [ e2omtiar —ak 2, 43)
R 0

Here, the modified Bessel function of the second kind K, is given for 3i(z) > 0 by

00
K,(z) = / exp(—zcosht) cosh(vt) dr.

0

Claim (4.1) boils down to the well-known fact

JT

T )

see e.g. [41, §7.34 (1)]. We finish the proof of part (b) by invoking the facts that Ko(x) < [log(x)| as x — 0T (see e.g.

[1, formula (9.6.8) on p. 375]), and that K¢ monotonically decreases on the positive half-axis, which follows directly

from the definition of K. Fig. 6 illustrates these facts.
We next turn to part (c). Part (a) implies

lim ae*Ko(2a) = (4.4)
a—> 00

o a5 o Vo = [ €7 (006,002 de
P13
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1-0f 1'0f
0-8} 0.8}
0.6:— 06
0.4} 0411
0.2:— 02k
e ‘ R S S S R
0 1 2 3 4 5 6 0 1 2 3 4 5 6

Fig. 6. The function x — K¢ (x), and the function x ﬁezx Ko (2x) together with its horizontal asymptote y = 4

where the support region P 3 was defined in (3.1). We perform the change of variables ¢ (&, 7) = (&, VT2 +E2),
which has Jacobian determinant

QS .
J(@)(E. 1) = det W) .
<° e Ve

Asa consequence,

2152 2
1 a0 # fu0 % fa0 122 g, = / o207 (U(*3)(§, /Tz+§2)) deéd,

6-1(P13) vHe
< 72u\/m

_ (+3) ¢

/ (@™ ))( N dg)dr, (4.5)
3 R

where in the last identity we used the Lorentz invariance (3.2) of the convolution o *3, together with the fact that
(o l(731 3) =R x (3, o0). Define H(a) := || f, 12 . Recognizing the inner integral in (4.5) as the quantity H (at),
we have that

| fao * fao *faU”iz(Rz) H(al')
(*3) 2
/ 0.0

L2MHY”

(4.6)

a2 )
We will be interested in the regime where a — oo, for which the approximation
H —2a(t—3)
lim (2290 L @.7)
a—oo \ H(a)3 T T
follows from (4.3) and (4.4). On the other hand, we have noted in the course of the proof of Lemma 6 that
1
a0, 1) < —, fort > 3.
T

From this and support considerations, it follows that the function 7 > /7 (o *¥(0, 7))? is bounded on the positive
half-axis. It is also continuous there, except for a jump discontinuity at T = 3. Given an even function ¢ : R — [0, c0)
satisfying [ ¢ = 1, we have

(x3) -))2 (%3) +\\2
Am, / VR0, )2 aglatc - 3)) dr = v3 C Q3D+ @770, 37)
R

2

_ﬁ02+( RS _an?
_ : T



E. Carneiro et al. / Ann. 1. H. Poincaré — AN 36 (2019) 389415 403

This follows from the fact that {ap(a -)},cN constitutes an approximate identity sequence, as a — 0o. Specializing to
@(t) = e~2I"l and using (4.6) and (4.7), we check that (4.2) holds. From (1.6) and (3.8) it follows that the sequence
{ fa}aen 1s extremizing for inequality (1.4), and

H6=3"17(2m).

This completes the proof of the proposition (and of part of Theorem 1). O

To prove that extremizers do not exist, we invoke the useful observation from [35, Corollary 4.3], which we record
here.

Lemma 9 (c¢f. [35]). Let (d, p) satisfy (1.5), and suppose that p = 2n is an even integer. Suppose that
dil 1
Hyp=Qm) 7 16" [ i)

and that ¢ *™ (&, 1) < ||o " | Loo(ra+1) for a.e. (§, T) in the support of o™ Then extremizers for inequality (1.4) do
not exist for the pair (d, p).

Armed with Lemma 6, Proposition 8 (c) and Lemma 9, it is now an easy matter to finish the proof of Theorem 1.

We end this section with the following remark. The extremizing sequence { f,},en defined in the statement of
Proposition 8 concentrates at the vertex of the hyperbola. It is sensible to ask about the behavior of general extremizing
sequences. Following the arguments from [35, §6] or [32, Theorem 1.5], one can show that every extremizing sequence
for inequality (1.4) when (d, p) = (1, 6) concentrates at the vertex of the hyperbola, possibly after applying the
symmetries of the problem and after extracting a subsequence. We omit the details.

5. Special cap

In this section, we seek to locate a distinguished cap which carries a non-trivial amount of L? mass. This is essential
to start gaining some control on compactness properties of extremizing sequences. In the one-dimensional situation,
we establish a refinement of the Fourier extension inequality. In the two-dimensional setting, we reduce matters to the
study of bilinear interactions in the lower endpoint case.

5.1. One-dimensional setting

This subsection in partially inspired by [34, §3] (see also [28, §4]). To study the interaction between the distinct
caps from the family {C }xcz, defined in (2.2), we make use of the following standard result on fractional integration.

Lemma 10 (Hardy-Littlewood—Sobolev). Given r, s € (1, 00) with % + % >1,leta=2— % - % Forany f € L"(R)
and g € L* (R),

(oSl ]

f / LfOx = yI™*gWIdxdy Srs I lr@ g lls @)

—00 —00
The following result shows that distant caps interact weakly.

Lemma 11. Let 2 < g < 0o. For any k, € Z, if supp(f) C Cx and supp(g) C Cy, then
k—¢]
Tf-T N .
ITf g“Lq(Rz) ~q ”f”LZ‘IZ%(Hl)”g”L%(H')
Proof. Define the auxiliary function

h(€1.82) == (f(EDg (&) + [ (62)g (1)) Lz 25 (61, 52),
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for which
dé; d&

Tf-T 1) = ix(E1+82) it ((E1)+ (&) gy
(Tf -Tg)(x,1) / ¢, E)(({E)(Ez)

R2

Following an argument that goes back to early work of Carleson—Sjolin [9], we change variables

(61,8) > (u,v) = (61 + &2, (51) + (62))
in the region of integration {(&1, &) € R? : & > &}. Note that this is a bijective map onto the region {(u, v) € R x RT :
v —u?> 4}. It follows that

ien-v PELE2) du dv

Tf -Tg)(x,t) = (&)
(Tf-Te)x,1) / J(E1, &) (&) (&)

R2

where J denotes the Jacobian of this transformation, given by

d(u, v) ‘5_1_5_2

0ELE) | [E) (&) ]
The Hausdorff—Young inequality on R? implies that, for every ¢ > 2,

J(Sl,éz)='

q—1
q q
q—1

h(é1.6) 1 i do

J(&1,82) 1)(&2)

ITf-Tgllpame =< /‘

Changing back to the original variables (&1, &), we obtain

= ‘

/ hELEITT dE dg

ITf- Tg”Lq(Rz) <
L &, &) EN g &) (&)

In order to invoke Lemma 10, it is convenient to perform another change of variables (1, &) = (sinh(0;), sinh(6)).
Noting that

J (51, 82)(61)(52) = | sinh (01 — 62)],
Minkowski’s inequality yields

g—1
q

q
h(sinh(6y), sinh(6;))| 7T
ITf-Tgllpame = / [ (sinh(61) ( 22' de; do,
2 Isinh(6) — 6y)]7
1 (5.1
. . 4 !
< If(Slnh(Gl))g(Smh(@?))l" ! 46, db,
2 | sinh(6; — 62)|47T
We now use the lower bound
[sinh(@)] = 2L exp (1)),
2 2
which is valid for any 6 € R, together with Lemma 10 with the choices o = q%] and r = 5 = 24 (Wthh are

= 2q
admissible since 2 < g < 00). From (5.1) we get
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q
|.f (sinh(61))g (sinh(62))| 1T

ITf Tgllramey < / REUECT de, do,

R2

161 — 67T e 20D

lk=¢|

Sq e W fIl 2 gl 24 )
L29-3 (Hl) L2493 (Hl)

405

where we have used that |(6; — 6,) — (k — €)| <1, since |6; — k| < 5 and |62 — £] < 5. This completes the proof of

the lemma. O

Lemma 11 is the key ingredient in order to establish the following refinement of the inequality (1.4) in the case

d = 1. In what follows, given f € L>(H'), we shall decompose f = D rez Je with fi:= flg,.

Proposition 12. Let 3 < g < oo. For any f € L*>(H") we have

1

3
1T £l 20 w2y Sq (Z Ifell? ) :
L2q 3 (Hl)

keZ

When 3 < g < 00, note that 1 < 2[12—33 < 2. In this case, the estimates

||Tf||L6(]R2) S ||f||L2(Hl)a and ||Tf||L00(]R2) = ||f||L1(11-111)

can be interpolated to yield

1T e S IS0

Proof of Proposition 12. Writing
(T} = Y Th Tfe-Tfn,

k,t,meZ
Minkowski’s triangle inequality plainly implies that
ITF ey = NP 20 o = D0 WTSi TheThull 2

x
k,l,meZ > R

Given a triplet (k, £, m) € Z>, we lose no generality in assuming that

|k — €] = max{|k — £]|, |[£ — m|, |m — k|}.

(5.2)

(5.3)

(5.4)

Holder’s inequality, Lemma 11 (recall that ¢ < 0o) and estimate (5.3), together with the maximality of |k — £|, imply

ITfi-Tfe- Tfmll % g < WTfi- Tfell Loy 1T fm ll 120 m2)

= ||ka| IIfeII 20 ||f I
243 (H L2473 (H

L2q %(Hl)
k=l Je— mI |m—\
<e % e e G ||fk|| Il fell 24 ||f l
( 1) L2943 (H L2q S(Hl)
Putting together (5.4) and (5.5), we conclude that
_ kbl Jeoml o jm—k]
1T a0y S Do € e e S Uil 20 Nfell 20 Al 2

kb€l L2403 (H') L24-3 (H!) L2403 (H)

Ll __\
=< e ||fk|| ;

k,e.meZ L%t 773 ()

(5.5)
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where the last line follows from the inequality between the arithmetic and the geometric means. Summing two geo-
metric series, we finally have that

ITF 1 20 oy Sq D 1l ,

ke? L2q ’%(Hl)

as desired. This completes the proof of the proposition. O
‘We have the following immediate but useful consequence.

Corollary 13. Let 6 < p < 00. Then there exists Cp, < 00 such that, for any f € L2(HDY),
ITflre) = Cp sup ||fk||Lz(H1 A, (5.6)

Proof. Using estimate (5.2) with p = 2¢ we get

1
3
1T o2y < Cp Sup||fk||3 (Z||fk||2173H)> : (5.7)

keZ

for some constant C}, < co. Applying Holder’s inequality, and recalling that o (Cx) =1,

el

5y = < llckIIL%(Hl)llfklle(Hl) = fill 2y

Plugging this into the right-hand side of (5.7), and appealing to the disjointness of the supports of the { f;}, yields the
desired conclusion. 0O

Proposition 14. Ler d = 1 and 6 < p < 0o. Let { fu}nen C L>(H") be an extremizing sequence for inequality (1.4),
normalized so that || fullp2@y = 1 for each n € N. There exists a universal constant n1,p > 0 and no € N, such that
for any n > ny there exists s, € (—1, 1) verifying

1
ICL*™)* full L2 cy) = 7 Sup ICL™)* full L2y = M p-
€

Proof. Let ng € N be such that, for n > ng, we have

H; ,
1T full Lr @2y = o (5.8)

Fix n > ng. Using (5.8) and the cap bound (5.6), we have that

H 3
sup || full 2y = <J> )
keZ 2Cp

where f, 1 := fulc,, and C, is the constant from inequality (5.6). Let k(n) € Z be such that

1 Hlp
1 fn kel L2 ety = m1.p = <2Cp ) '

Choose s, := tanh(k(n)). Since L* (Co) = Cy(n) (recall Lemma 3 (b)), we then have by (2.1) that

supp((L*)* fukny) € Co. and (L") f k) | L2ty = 01.p-

This concludes the proof of the proposition. O
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5.2. Two-dimensional setting

In order to study the interaction between the distinct caps from the family {C,, ;} defined in (2.3) and (2.4), we try
to relate the non-endpoint problem to the lower endpoint problem. Log-convexity of Lebesgue norms readily implies
the following: given p € (4, 6), there exists 6 € (0, 1) such that

ITF @) < NTF NG 1T N o sy (5.9)

In particular, if { f;;},eN is an extremizing sequence for inequality (1.4) when d =2 and p € (4, 6), normalized so that
| full 22y = 1 for each n € N, then both quantities on the right-hand side of inequality (5.9) cannot be too small, in
the sense that there exists a universal constant y,, > 0, depending on p but not on n, and ng € N such that

min{(| 7 full 4 w3y, 1T fnll Lo w3y} = vp, forany n > no.

The idea will be to exploit the convolution structure of the lower endpoint problem (d, p) = (2,4) to derive some
nontrivial information about the non-endpoint case. The crux of the matter lies in the following result.

Proposition 15. Let f € L2(H?), normalized so that I fll 22y = 1. Let € > 0 and assume that
sup ”f”Lz(Cn‘j) =g,
n,j

where the supremum is taken over alln e NU {0} and 0 < j < 2". Then

1T f 11 e sy S €loga(e™). (5.10)

Remark. The relevant feature of the function ®(¢) =¢ logZ(e’l) is that ®(g) — 0, as e — 0. Any other ® with the
same property would serve our purpose equally well.

Proof. Recalling (1.3), the usual application of Plancherel’s Theorem and the Cauchy—Schwarz inequality (the latter
as in (3.13)) yields
T4 ~ 2 < 2 2 dé dn
ITf I agsy = 1fo* folllags) < L FEIIf I~ (o x0)(E +n,(5)+ (n))Em-
RZxR2
Abusing notation slightly, and still denoting by {C, ;} the projection of the caps defined in (2.3) and (2.4) onto the
&-plane, we have that

dé d
T I ey S D ORI P % 0)E +1.(8) + ) = L (5.11)

0.1 ¢, (&) (m)

Here, the sum is taken over all pairs (m, £), (n, j) with0 <n <m,and 0 <€ <2™,0 < j <2". We seek to obtain
some control over the height s, defined via the equation

5% = () + ) = |5 + 0P =201+ () (n) = & - m). (5.12)

With this purpose in mind, we split the sum in (5.11) into two pieces, depending on whether or not the direction of
the caps is approximately the same. In the former case, the bound will be in terms of the distance between the centers
of the caps, whereas in the latter case one obtains an improved bound in terms of the angular separation between the
caps. See Fig. 7 for an illustration of two extreme cases of this separation.

Let S C R. In what follows, we say that x € Smod 1 if x 4+ k € S for some k € Z. Analogously, for m € NU {0},
we say that x € Smod2™ if x 4 k2™ € S for some k € Z. We also define

x|l := min{|x — k| : k € Z} (5.13)

for the distance of x to the nearest integer.
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Case 1. 2Lm — zj—n € [—2%, 2%) mod 1. In this case, we are considering indices £ belonging to
AP ={0<e <2 e[2"(j —2),2" 7" (j +2)) mod2™],
a set of cardinality |A(] )| = 2m=n+2 We seek to estimate the sum

Si=Y_>" > > /f|f<s>|2|f<n>|2(o*o>(s+n,<s> T+ &

(&) (m
n>0m=n0<j<2" ZGA,(7{),, "y C”‘j

Note that x — (x)|x|~! is a decreasing function of |x|. For £ € Cy,j and n € Cy, ¢, we can estimate the height s defined
in (5.12) from below, as follows:

) L M\ 1 omer (@HERMY )
522 (&) (n) Enzléllnl(—mm' 1)242 2 (7%12,%1 1).

Writing 2"+ = sinh(sinh ! (2*+1)) and (2"*!) = cosh(sinh~!(2"*1)), and similarly for m, we have that
5% > cosh (sinh*1 "1y — sinh ™! (2”“)),
Since sinh ! (x) = log(x + VxZ + 1) and cosh(x) = exp(x), we can further estimate
2 coshllog@"* 4 VI 1) ~log@" + /1 1)
> exp(log(2™ ! 4+ /2242 4 1) — log(2" ! + /22142 4 1))
e EERT
ol 4 /222 41

Under the same assumptions on &, n, it follows from the Lorentz invariance (3.2) and Lemma 7 (a) that

(@*0)E+n, (E)+ () =(%0)0,5) Ss7' <272

The sum S; can then be estimated by

I f1%,
Sy > L“”“( > 1, 0)

nz0m=n0<j<2" teAl),

m—n

where the inner sum is trivially bounded by
Y Ifl72, , <min{l,e?2" "),
teA],
It follows that

min{1, g2 2" ~"+2}
SIS 1524, <Z = : (5.14)

n>0 m=n 2

where A, denotes the annulus defined in (2.5). We estimate the inner sum on the right-hand side of (5.14) by breaking
it up in two pieces, according to whether or not the integer k := m — n + 2 satisfies £22¢ < 1, or equivalently x <
2log, (e~1). We obtain

in{1, g2 2" +2 ¢ .
me{ il b Yooty N amiti g
277

mzn k<2log, (e~ 1) k>2log, (e~ 1)

where both geometric sums were estimated by their largest terms. Plugging this back into (5.14), and recalling that
£l .22y = 1 and that the annuli in the family {A,},cN are disjoint, we finally obtain S; S e.

Case 2. 2,,, zj—n € [—%, %) \ [—%, 2%) mod 1. Note that this case is non-empty only if n > 3. Let § € C, ; and
1 € Cpy ¢. Setting 6, j 1= arg(£) and 6, ¢ := arg(n), we note that, since n < m,
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6, —6 j £ 1
g — mt (i - —) <. (5.15)
21 2n Qm n
Before we move on, let us make a useful observation. Let

, for0 <k <3,

sz{éeRzzkggarg(S)<(k+%}

be the four quadrants of the £-plane. We may split the function f into four pieces writing f = Z/%:() f® where
f® = f1r,. Since ||Tf||L4(R; <Y ITr® ||L4(R; it suffices to prove (5.10) for each function f® separately.

In particular, throughout the rest of this proof we may assume that our f is supported in one of the quadrants, say I'g.
Note that this yields |0, j — 6,¢| < % in the support of f and hence

1 —c08(On,j = Om,e) 2 16n,j — Om,e|”.
As a consequence,

S22 Em) =& -0 2 15|l = cos@n,j = 6m.0)) 22" 160, j — el
in the support of f. Invoking Lemma 7 (a) as before, we have that

(0 %0)(E + 1. (€)+ (1) S22 160 — Omel ™. (5.16)

We seek to estimate the sum
d¢ d
S:="3"> > //If(E)IZIf(n)IZ(U*U)(§+77,(E)+<n>)—§—n- (5.17)

om0t i ) (€) )
For fixed indices 0 <n <m and 0 < j < 2", we consider the block
BYW ={0<€<2":0e[2"(j +k),2" " (j +k+ 1)) mod2"}, (5.18)
for —2 <k <2" — 3. Note that |B W) — gm—n, Moreover, since Af,{’)n can be partitioned as a disjoint union,
A(J)n — B(]’ 2) U Br(n],’n D U B},{”? U By(yh}) i

the fact that £ ¢ Af,{ n 1s equivalent to £ € B,(,f,’,]f), forsome2 <k <2" -3 Ifl e B(] 5 \ Af,{)n, then condition (5.18)
can be rewritten as

£ j k k+1

——Le|:—, + )modl,
2m. . n n n

and it follows from (5.15) that

k
10, — Om,el 2 ‘ ) (5.19)

2"
where ||x|| was defined in (5.13). Associated to these index blocks, we define the set
k
B(I ). — U Cm ‘
@GB,(,,]J?)
From (5.16), (5.17) and (5.19) we get

2"-3
2500 2 2 D WMl 1 e, 2 160 = Ol

nZ0m=n0<j<2" k=2 y¢ pli

STYY Y ann i e, 2%

n>0m=n0<j<2" k=2

k—l

211

=l

-1
_m+n k
DY (IIfII B<jk>+||f|| (B 1))||f||iz(cn.j)2 (2—) :

n>0m=n0<j<2" k=2
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Fig. 7. For a fixed j, the regions of Case 1 (on the left) and Case 2 (on the right) of the proof of Proposition 15.

In order to make use of the trivial bound

1713, ) < min{l, g2omny (5.20)

we invoke the Cauchy—Schwarz inequality on the innermost sum of

n—1 2 2
2n=t—1 ”f“LZ(BSr{rlf)) + ||f||L2(B(j,2n7k71))

282277 Y WMlize, | 2o —

n>0m=n 0<j<2n k=2
2"-3 3 -1 1 3
< _m—n 2 4 . o
~ Z Z 2 2 Z ”f”LZ(C,l,j)( Z ”f”LZ(B,(,{’,I:))> ( Z k2> .
n>0m=>n 0<j<2n k=2 k=2
Recalling (5.20), and noting that the unions
21 -3
U Cy,j = Ay, and U Bf,{,’,];) CA,
j=0 k=2

are disjoint, we have that
_m=n m=n 2
S5 277 min{l, e 2"} Fll a1 1724,
n>0m>n

We use || fll;2(4,, <1 and estimate the inner sum on the right-hand side of

$25 Y 172 An)<Z 277" min(l, ez'”z"}) (5.21)

n>0 m>n

as before. In more detail, set ¥ := m —n and break up the sum in two pieces, depending on whether or not the condition
€27 < 1 is satisfied. This yields:

ZZ_% min{l,sZ#}f Z 277g27 4 Z 2_%§slog2(£_l).
mzn k<2logy(eh) k>2log, (e~ 1)

Plugging this back into (5.21), we finally obtain that Sy < elog,(¢~!). This completes the proof. O

Proposition 16. Let d =2 and 4 < p < 6. Let { fu}nen C L>(H?) be an extremizing sequence for inequality (1.4),
normalized so that || f; || L2H2) = 1 for each n € N. There exists a universal constant 13, , > 0 and ng € N, such that
for any n > ng there exist s, € (—1, 1) and ¢, € [0, 27) verifying
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(L™ o Ry,)* full L2(Dy = M2.p s
where D :={(§,7) e H? : |£| < 24/27).

Proof. Let ng € N be such that, for n > ng, we have

H>,
I fn ||Lp(]R3) = Tp.

Fix n > no. We claim that there exists y, > 0, depending only on p, such that

sup || fullz2(c,, ) = Vp > 0, (5.22)
m,L '

where the supremum is taken over integers m > 0 and 0 < £ < 2. For otherwise we could appeal to Proposition 15
to ensure

H, B e
—E ST Falleoy S WTFallaa 1T fall o s, S (eloga(e™ ),

which is a contradiction provided 6 > 0 and ¢ > 0 is sufficiently small. Knowing (5.22), it is now a simple matter to
invoke Lemma 4 (b) and conclude the proof of the proposition. O

6. Concentration compactness

In this section, we adapt parts of the work of Fanelli, Vega and Visciglia [17,18] in order to complete the proof of
Theorem 2. We rely on the following key result from [17, Proposition 1.1].

Lemma 17 (cf. [17]). Let H be a Hilbert space and S : H — LP(R%) be a bounded linear operator with p € (2, 00).
Consider {h,},en C H such that

(1) lim,—o0 l1An ly =1,

(1) limy— o0 ISha) o ey = ISl 34— Lr (wa)s
>iii) h, =~ h#0;
@iv) S(h,) — S(h) almost everywhere in RY.

Then hy, — h in H. In particular, |||y =1 and ||S(h) || Lpra)y = S13y— Lr (®a)-

The argument which we will present next works as long as one can produce a special cap, as was done in §5 in the
lower dimensional cases d € {1,2}. We state the next two results in general dimensions d, thereby guaranteeing the
existence of extremizers, conditionally on the existence of a special cap.

Proposition 18. Let d > 1 and let p be such that

6<p<oo, ifd=1;

WD) p < 20ED irg >0,
Assume the existence of two universal constants n =ngq.p > 0 and r =714 , > 0 verifying the following property: for
any extremizing sequence { f,}nen C L2(H?) for inequality (1.4), normalized so that || f,, I 2@y = 1 for each n € N,
there exists ng € N such that

I fallL2py =1

forany n > ng, where D := {(&, 1) e HY : |&| < r). Then there exists (x,, t,) € R? x R such that the sequence {gn}nen
defined by

gn(y) 1= el £, (y)

admits a subsequence that converges weakly to a nonzero limit in L*(H?).
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Proof. We follow the outline of the proof of [17, Theorem 1.1, p # oo]. Setting f,.0 := f,1p we have, for n > no,
1
n=/fuollzmey =1, and || fulga\pllp2gey < (1 — )2, (6.1)

Moreover,

T(f0)(x, 1) = / YO fn<y>

{lyl=r}

)

is a smooth function of x, ¢, satisfying

1T (fa,0)ll oo a1y S N fn0ll L2y < 1 (6.2)
IVt T (fn,0) | oo a+y S 1 fn0ll 2ay < 1. (6.3)
Since 2(‘1;2) < p, the log-convexity of Lebesgue norms, together with the sharp inequality (1.4) and the first upper

bound in (6.1), yields

2d12) dp-2-4 2042 dp-2-4
IT (fa0)llLpra+ty = ”T(fn,O)”Lz(I:HZ) i ||T(fn 0)||LOO(Rd+1) =H, 2(d+2) 17 (fa, 0)||LOO(Rd+1) 6.4)

Since the sequence { f; },¢cn 1s extremizing and L2-normalized, there exists § =64, , > 0, depending only on d and p,
for which

1
IT full Lo a1y = (8 + (1 —n*)2) Hy,p,

for every sufficiently large n € N. Together with the second upper bound in (6.1), this implies

||T(fn,0)||Lp(]Rd+l) = ||Tfn||LP(Rd+l) - ||T(fn ]lHd\D)”Lp(]RdH)
1 1
>+ —nH2)Ha, — (1 —1H)2Hy, =86Hy . (6.5)
From (6.4) and (6.5) we get

R
IT (S0l o qasny = y =877 Hy 9™ H 2(5;2) .

This readily implies the existence of (x,, ;) € R4 x R, for which

IT (o) Gons 1) = 5. (6.6)
Setting

Bn(y) i= e £ (), 6.7)
we have that ||g, || 2@y = I fnollL2qe). Moreover, T(g,) amounts to a space-time translation of the func-

tion 7 (fy,0). From (6.2), (6.3) and (6.6), it then follows that
IT @)l oo a+ty S 1, Vi T (@)l Looa+ty S 1, and |T(g,)(0, 0)| > 5 (6.8)

The implicit constants in the first and second estimates in (6.8) are independent of 7, and so the sequence {T () }neN
is uniformly bounded and equicontinuous on the unit cube [—%, %]‘”1. The Arzela—Ascoli Theorem on R?*! then
implies that the sequence {T(g,)},en has a subsequence which converges uniformly to a limit. That this limit is
nonzero follows at once from the third estimate in (6.8).

Now, since the sequence {g, },<n is bounded on Lz(Hd), it has a weakly convergent subsequence. In other words,
we may thus assume, possibly after extraction, that there exists a function g € L>(H?), such that g, — g weakly
in L2(HY), as n — oo. Since the operator T' is bounded from L2(H?) to LP (R4, it follows that T'(3,) — T(3)
weakly in L? (R?*1), as n — oo. From the previous paragraph we conclude that 7'(g) is nonzero, and so the function g
is itself nonzero.
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This implies that the sequence {g,},<n defined by

gn(y) 1= e el £ (y),

where the parameters (x;,, t,) are those from (6.7), has a subsequence which converges weakly to a nonzero limit.
Indeed, if g € L2(H?) is such that g, — g weakly in L*(H?), as n — oo, then g,1p — glp weakly in L2(H?), as
n — oo. Therefore, in order to prove that g is nonzero, it suffices to show that it has nonzero mass inside D. This
follows from the fact that g is nonzero, which we checked in the last paragraph. The proof of the proposition is now
complete. O

Proposition 19. Let d € N, and let p be such that

6<p<oo, ifd=1,
A2 < p< 2R ifd = 2.

Let {fu}nen C Lz(Hd) be an extremizing sequence for inequality (1.4), normalized so that || f,, ||L2(Hd) =1 for each
n € N, which converges weakly to a nonzero limit f € L>(H?). Then, possibly after passing to a subsequence,
Tf(x,t) > Tf(x,t), asn— 00,

for almost every (x,t) e R? x R.

Proof. We follow the outline of the proof of [18, Theorem 1.1]. For each n € N, define the auxiliary functions

fn(y), and also g(y) := M
() (v)

As it has been pointed out in (1.8), the extension operator on the hyperboloid and the Klein—Gordon propagator are
related by

§n(y) =

Tfu(x, 1) = Q2m)" ™12 g, (x),
and it suffices to show that, pointwise for almost every (x, t) € RY x R,
VITh g (x) = V1T g(x), asn — oo,

possibly after extraction of a subsequence. For t € R and R > 0, we define

Fu(t, R) == / V12 (g, — 2)(x)dx,
{lx|<R}

and we claim that

lim F,(t,R)=0 (6.9)
n—oo

In order to prove this claim, first recall that {g,},en is bounded on the Sobolev space H 5 (R?), with
I8l 3 oy = Ml 2y =1. (6.10)
Let Bg C R? denote the ball centered at the origin of radius R. The hypothesis f, — f weakly in L>(H?) can be

. . 1
1=A is unitary on H 2 (R%),

equivalently restated as g, — g weakly in H > (R%). Since, for fixed 7 € R, the operator e’
it folllows that ¢/'V1=2g, — ¢"V1=A¢ weakly in H? (R), which in turn implies that /V1=2 g, — ¢'V1=A g weakly
in H2(Bg). As a consequence of (6.10) and of Rellich’s Theorem, see e.g. [16, Theorem 7.1 and Proposition 3.4], we
find

itv/1=A

e gn — €"V1=8 ¢ strongly in L?(Bg), as n — oo.

In other words, (6.9) holds as claimed. We further note, since the operator e’/ =4 g unitary on L2(R?), that
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i _ 2
Fult, R) < [ €172 (g0 = ) |72ty = & — 8120y S ||gn—g||f1%(w)51.

This justifies the applicability of Lebesgue’s Dominated Convergence Theorem which, together with (6.9), implies

R R
lim / Fy(t, R)dr = lim / / V=2 (g, — g)(x0)|* dx dr =0,
n—oo n—oo
—R —R{|x|<R})
As a consequence, up to a subsequence,
PURY 1*A(gn —g)(x) —> 0, asn — oo, forae. (x,7) € Bg X (—R, R).

The extraction of the subsequence depends on the radius R. To remedy this, repeat the argument on a discrete sequence
of radii {R}en satisfying R; — 00, as j — 00, to conclude, via a standard diagonal argument, that there exists a

subsequence {gy; JkeN C {gn}nen such that
el 17A(gnk —2)(x) > 0, as k — oo, forae. (x,1) e R? x R.

This concludes the proof of the proposition. O
It is now an easy matter to finish the proof of Theorem 2.

Proof of Theorem 2. Let us start by considering the case d = 1 and p € (6, 00). The strategy is to invoke Lemma 17
with S =7 and H = L2(H'). With that purpose in mind, let { f,,},en be an extremizing sequence for the inequality

||Tf||Lp(R2) < Hl,p”f”LZ(Hl)» (6~11)
normalized so that || f || L2y = 1 for each n € N. In particular, conditions (i) and (ii) from Lemma 17 are automati-
cally met. We will be done once we check that conditions (iii) and (iv) hold as well. By Proposition 14, the sequence
{(L*")* fu}nen, wWhich is still extremizing for (6.11), verifies

I full L2cyy = m1,p > 0,
for every n € N. By Proposition 18, the sequence {g;},cn defined by

gn(y) = eI (L f) (),
which is still extremizing for (6.11), is such that

gn — g # 0 weakly in L*(H"Y, asn — oo,
possibly after passing to a subsequence. By Proposition 19, we then know that

T (gn) — T (g) pointwise a.e. on Rz, asn — 00,

again possibly after passing to a subsequence. By Lemma 17, we finally conclude that g, — g in L>2(H!), as n — oo.
In other words, g is an extremizer for inequality (6.11). This concludes the proof of the one-dimensional case. The
two-dimensional case d =2 and p € (4,6) can be handled in an analogous way. One just invokes Proposition 16
instead of Proposition 14, the rest of the argument being identical. This concludes the proof. O
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