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ABSTRACT

We describe the completed local rings of the trianguline variety at certain points of integral weights in terms of
completed local rings of algebraic varieties related to Grothendieck’s simultaneous resolution of singularities. We derive
several local consequences at these points for the trianguline variety: local irreducibility, description of all local companion
points in the crystalline case, combinatorial description of the completed local rings of the fiber over the weight map, etc.
Combined with the patched Hecke eigenvariety (under the usual Taylor-Wiles assumptions), these results in turn have sev-
eral global consequences: classicality of crystalline strictly dominant points on global Hecke eigenvarieties, existence of all
expected companion constituents in the completed cohomology, existence of singularities on global Hecke eigenvarieties.
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1. Introduction

Let p be a prime number and n > 2 an integer. The aim of this paper is to prove
several new results in the theory of p-adic overconvergent automorphic forms on unitary
groups and in the locally analytic p-adic Langlands programme for GL,. To a definite
unitary group over a totally real number field, one can associate several rigid analytic
Hecke eigenvarieties. A p-adic overconvergent eigensystem of finite slope is a point on
such an eigenvariety and we say that it is crystalline if its associated p-adic Galois repre-
sentation is crystalline at p-adic places. Under standard Taylor-Wiles hypothesis and mild
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genericity hypothesis, we prove, among other results, that any crystalline overconvergent
eigensystem of finite slope and dominant weight comes from a classical automorphic
form. Moreover, we show that such an overconvergent eigenform is a singular point on
its Hecke eigenvariety once its associated refinement is critical enough (in a specific sense).

Finally we address the problem of companion _forms. It is a well known phenomenon
in the theory of p-adic automorphic forms that there can exist several eigenforms of
distinct weight with the same associated Galois representation, i.e. with the same system
of Hecke eigenvalues for the Hecke action away from p. Under the same assumptions as
above we explicitly describe all such companion forms of a fixed classical form (and in fact
we determine the locally analytic representations generated by these companion forms)
in terms of combinatorial data (elements of the Weyl group) attached to the associated
Galois representation. This description was conjectured by one of us (C.B.) in [16].

The key insight is, that the properties of p-adic automorphic forms we are inter-
ested in, are encoded in the geometry of a rigid analytic space that parametrizes certain
representations of a local Galois group. We show that the local geometry of this so called
trianguline variely can be studied in terms of varieties that are familiar from geometric rep-
resentation theory.

We now describe our main results and methods in more detail.

Let F* be a totally real number field, F an imaginary quadratic extension of F*
and G a unitary group in n variables over F* which splits over F and over all p-adic
places of F*, and which is compact at all infinite places of F*. Denote by S, the set
of places of F" dividing p and fix L a finite extension of Q, which is assumed to
be “big enough”. Let S(U, L)™ be the space of overconvergent p-adic automorphic
forms on G of tame level U’, a compact open subgroup of G(A>”), i.e. the space of
locally analytic functions from G(Q)\G(A*)/U’ to L. This is an admissible locally
Q,-analytic representation of G(F* ®q Q) >~ [],, , GL,(F}). Let S be a finite set of

finite places of F* containing S, and the v{p such that U, is not hyperspecial. Let m® be
a maximal ideal of the Hecke algebra such that the localization S(Up L)% is non zero.
Let p : Gal(F/F) — GLn(FI,) be the mod p irreducible representation associated to m®

that we suppose to be irreducible. There is a rigid analytic variety Y(U?, p) over L (called
the Hecke eigenvariety) that parametrizes the systems of Hecke eigenvalues of finite slope
in the representation S(U”, L)¥s.

A point x € Y(U?, p) can be uniquely characterized by a pair (p, §) where p is a
Galois deformation of p on a finite extension of L and § = (§,),, = (SU,Z-)(UJ-)GS/]X{I ,,,,, n) 18
alocally Q ,-analytic character of ((F* ®qQ,)*)", the diagonal torus of G(F* ®eQ,) =
l_[vl 0 GL,(F}). We are interested in points x = (p, 8) that are crystalline generic, by which
we mean that p satisfies the following three conditions for all v|p: first, the local repre-
sentation p, is crystalline, secondly the eigenvalues (¢, ;)ic(1,....,y of @7 (the linearization
of the crystalline Frobenius on D(p,)) satisty Pv,iPy. ]-1 ¢ {1, q,} for 1 #j, where ¢, 1s the
cardinality of the residue field of F}, thirdly the Hodge-Tate weights of p, are regular
(i.e. the Sen endomorphism of p, is separable). Under these assumptions (and in fact
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under much weaker assumptions on p), one can associate to x = (p, 8), for each v|p,
: [F} Q] . . .
two permutations w,, W, , € Sy : the first one measuring the relative positions of the
weights of the 6, ,, ¢ € {1, ..., n} (suitably normalized) with the antidominant order (see
before Lemma 3.7.4) and the second one measuring the relative positions of two flags (see
before Proposition 3.6.4 and Proposition 3.7.1) coming from the p-adic Hodge Theory

of p,. We set:

. . . T
W= (Wy)yes, and  w, 1= Wyy)pes, €S = HS;E 5l
vlp

When w is the longest element wy in S, or equivalently when the algebraic weight of
8 is dominant, we say that x is crystalline generic strictly dominant. Finally, we say that ¥’ =
(p,8") € Y(U?, p) is a companion point of x = (p, ) if §'8 “lisa Q ,-algebraic character.
It is conjectured in [16, Conj. 6.5] that the companion points of x are parametrized by
w’ € S such that w, < w’ where < is the Bruhat order (note that w’ is w'w, with the
convention in loc. cit.). We write x,, for the conjectural companion point associated to w’
(we have x = x,).

Consider the following assumptions, called “standard Taylor-Wiles hypothesis”
above:

M) p>2;
(ii) the field F is unramified over F*, F does not contain a non trivial root /1 of 1
and G is quasi-split at all finite places of F;
(iii) U, is hyperspecial when the finite place v of F* is inert in F;
(iv) ﬁ(Gal(F/F(\p/T))) 1s adequate [66, Def. 2.20].

Remark 1.1. — We thank the referee for pointing out that we forgot the assumption
V1 ¢ F in a first version of this paper. Actually this assumption is also missing in the global
results of [19] and [20]. More precisely the assumption +/1 ¢ F should be added in [19,
Th. 1.5 & Th. 3.5] and all subsequent results, as well as in [20, Th. 1.1] and in the results
of [20, §3 & §5]. Moreover all the results of [19] and [20] remain true under the slightly
more general notion of adequate subgroup of [66, Def. 2.20] instead of [65, Def. 2.3]. We
refer to [66] and especially to Section 7 of loc. cit. for explanations about this assumption.

Theorem 1.2 (Theorem 5.1.3). — Assume (i) to (). If x = (p, 8) € Y(U?, p) is generic
crystalline strictly dominant, then x comes _from a classical automorphic form of G(Ap+). In particular
0 15 automorphic.

We point out that the assumption that x is strictly dominant is a necessary assump-
tion. However, if x = (p, §) € Y(U?, p) is generic crystalline (but not necessarily strictly
dominant) there exists a generic crystalline strictly dominant point ' = (p, §") € Y(U?, p)
(see Remark 5.1.4) and hence our result still implies that p is automorphic (though the
point x itself does not necessarily come from a classical automorphic form).
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Theorem 1.3 (Theorem 5.4.2). — Assume (i) to (iv) and U? small enough. If x € Y(U?, p) is
generic crystalline strictly dominant such that w,wy ts not a product of pairwise distinct simple reflections,
then x is a singular point on Y (U?, D).

Theorem 1.4 (Theorem 5.5.3). — Assume (1) to (1) and U? small enough. If the Galois
representation p :Gal(F/F) —> GL,(L) comes from a generic crystalline strictly dominant point x =
(p,8) € Y(U, D), then all companion constituents associated to p in [15, §6], [16, Cony. 6.1] occur
(up to twist) as G(F* ®q Q,)-subrepresentations of S, L)oslm,]. In particular all companion
points x,y of x_for w, < w' exist in Y(U?, p).

Several cases or variants of Theorem 1.2 and Theorem 1.3 were already known.
In the setting of Coleman-Mazur’s eigencurve Theorem 1.2 was proven by Kisin [51].
When w, = w, Theorem 1.2 was proven by Chenevier [24, Prop. 4.2], and when w,w,
is a product of distinct simple reflections Theorem 1.2 was proven in [20, Th. 1.1] under
slightly more restrictive conditions on the ¢, ;. In the setting of the completed H' of usual
modular curves Theorem 1.4 was proven in [17] (see also [4]). When n =2 Theorem 1.4
was proven by Ding ([30], see also [28]), and when n > 2 a few companion constituents
were known to exist [16, 29].

We now explain the main steps in the proofs of the above three theorems, and in
doing so we also describe our local results.

The first step is that one can replace in all statements the representation S, L) o
by the patched locally Q ,-analytic representation I3 of G(F" ®¢ Q) constructed in
[23] and the eigenvariety Y(U’, p) by the patched eigenvariety X,(p) constructed in
[19, §3.2] (these objects only exist under hypothesis (1) to (iv)). Recall that X, (p) is ob-
tained from I1% in the same way as Y(U?, p) is obtained from S(U?, L)Y (see loc.
cit.). It was shown in [19, §3.6] that X,(jp) is a union of irreducible components of
Xy x 1, » Xai(py) x U where X is the rigid analytic generic fiber of the framed de-
formation space of p at the places of S\S,, U is an open polydisc and X;(p,) is the
so-called trianguline variety at v|p, i.e. the closure of points (r, §) where 7 is a triangu-
line deformation of 0, and § a triangulation on D, (r,) seen as a locally Q ,-analytic
character of the diagonal torus of G(F}) >~ GL,(F).

We say that a character § of ((F)*)" is generic if 81-8]71 and 8i§771| |, are not
Q ,-algebraic characters of (F)* for i #j, where | |, is the norm character of F/. Our
main local result is the following theorem.

Theorem 1.5 (Corollary 3.7.10). — Let x = (1, 8) € Xyi(p,) such that § s generic locally
algebraic with distinct weights, then the rigid variety X (p,) ts normal (hence irreducible) and Cohen-
Macaulay in an affinoid neighbourhood of .

The proof of Theorem 1.5 follows from the key discovery that the formal com-
pletion X;(0,), of Xyi(p,) at the point x can be recovered, up to formally smooth
morphisms, from varieties studied in geometric representation theory. It follows from
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our assumption on the Sen weights of » that this representation is almost de Rham in
the sense of Fontaine [37]. As an extension of almost de Rham representations is still
almost de Rham, every deformation of 7 on a nilpotent thickening of L is almost de
Rham. Let rd+R = BSLR ®q, r and 7qr := Bqr ®q, 7 be the B:{R and Bggr-representations
associated to 7. A result of Fontaine tells us that there exists an equivalence of categories
Wi (Dpar (W), vy) between the category of almost de Rham Bgg-representations and
the category of pairs (D, N) where D is a finite dimensional Q ,-vector space and N a
nilpotent endomorphism of D. The set of Galois stable By -lattices in W is then in natu-
ral bijection with the set of separated exhaustive filtrations of Dyqr (W) stable under vy.
Moreover, when the Sen weights of the By -lattice are multiplicity free, the correspond-
ing filtration of Dpqr (W) is a complete flag. Let Sp A C X,;i(0,) be a nilpotent thickening
of the point x. Then the representation 7, is almost de Rham, and we can use a key re-
sult of Kedlaya-Pottharst-Xiao [49] and Liu [55] on global triangulations to construct a
complete flag of Dpqr (7a,qr) stable under v,, ... These constructions give us two natural
flags in Dpqr (7a,4r) that are stable under the same endomorphism v,, ;. of Dpar (7a,qr)- It
is therefore natural to consider the following construction.

Denote by g = gl *! (resp. b) the L-Lie algebra of G := (Resgs sa, GL kL
(resp. of the Borel subgroup of upper triangular matrices) and let:

g:={(B.¥)eG/Bxg|Ad(g")y €b} SG/Bxg.

Then g is a smooth irreducible algebraic variety over Spec L. of dimension dim G and
the projection g —> g is called Grothendieck’s simultaneous resolution of singularities.
The fiber product X := g X4 g is equidimensional of dimension dim G and its irreducible

components X,, are parametrized by w’ € S,EFj:Q"’ ] (the Weyl group of G). Under our
hypothesis on x, the L. ®q, I -module Dpgr (rqr) is free of rank n and equipped with
a nilpotent endomorphism N and with two flags: the first one D, comes from the tri-
angulation on D, (7), the second one Fil, being the Hodge filtration associated to 7gr.
These two flags are preserved by the endomorphism N, so that we can define a point
%par = (D, Fil,, N) of X(L) (modulo a choice of basis on D¢ (r)). In fact, we obtain a
map:
Sztri (ﬁu)x — sicde
and we can show that it factors through )/Zw,xde (and that x,gr € X,,(L)) where w €

F: . C. . . .
S,E v heasures the relative positions of the weights of the §;, 7 € {1, ..., n} with the

antidominant order. It remains to prove that this map is formally smooth to deduce the
first of the following two statements, which themselves imply Theorem 1.5.

Theorem 1.6 (See (3.33 )) — Let x as in Theorem 1.5, up to_formally smooth morphisms the
Jformal schemes Xm(,o ), and Xw par @1 LSOMoOTphic.
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Theorem 1.7 (See Section 2.5). — The algebraic varieties X,y are normal and Cohen-Macaulay
Jorany w' € S,EF;r:Q'/'].

The Cohen-Macaulay property in Theorem 1.7 was already known and due to
Bezrukavnikov-Riche [12] but the normality (see Theorem 2.3.6) is a new result (to the
knowledge of the authors). Theorem 1.2 then follows almost immediately from Theo-
rem 1.5 using [20, Th. 3.9] (we refer to the introduction of loc. cit. for some details on
this implication).

Theorem 1.6 has many other consequences on the local geometry of X,;(p,). For
instance we can deduce that the weight map is flat in a neighbourhood of x and, when
7 1s de Rham, one can give an explicit bound for the dimension of the tangent space of
Xui(p,) at x, generalizing [20, Th. 1.3], see Section 4.1. When x is moreover crystalline
and strictly dominant, one can also completely describe the local companion points of
x on Xyi(P,), i-e. those &' = (r,8') € X;i(p,) such that §'6 7" is Q ,-algebraic. We obtain
the following result, which is a purely local analogue of Theorem 1.4.

Theorem 1.8 (Theorem 4.2.3). — Let x = (1, 8) € Xyi(p,) as in Theorem 1.5 and w, €

rr:Q, . . .. . . . .
Si] measuring the relatwe positions of Dy and ¥il,. Assume x crystalline strictly dominant, then

Fv+ ZQJ,]

the local companion points of x are parametrized by w' € St with w, < w'.

The existence of companion points on X;(p,) for w, < w’ is proven by a Zariski-
density argument which doesn’t involve Theorem 1.6. But the fact that there can’t be
others (for other values of w’), i.e. that these points exhaust a// companion points of x on
Xui(p,), relies on the geometry of X, via Theorem 1.6 (see Lemma 2.2.4).

The description of the local geometry in Theorem 1.6 allows us to derive another
result about the geometry of X,;(p,). Denote by R, the complete local ring parametrizing
(equal characteristic) framed deformations of r over local artinian L-algebras of residue
field L and by Z(SpecR,) the free abelian group generated by irreducible closed sub-
schemes of SpecR,. If A is quotient of R, define:

(1.1) [SpecA] := Z m(p, A)[Spec A/p] € Z(SpecR,)

P minimal

where the sum is over the minimal prime ideals p of A and m(p, A) € Z is the length
of A, as an Ay-module. For any rigid variety Y, denote by Oy, its completed lo-
cal ring at y € Y. When § is generic, the projection (v, 8") > 7’ induces a closed im-
mersion Spec Ox,,z,).¢.5) <> SpecR,. The projection (v, §") — §’ induces a morphism
from X;(p,) to the rigid space of locally Q ,-analytic characters of the diagonal torus
of G(F) and we let X,;(p,)s be the fiber above §. We obtain a closed immersion
Spec @Xm(ﬁv) 5.n8) <> SpecR,. The quite striking result is that, though X,;(0,,) is reduced,
the fiber X,,;(,)s can be highly nonreduced, even “contain” Kazhdan-Lusztig multiplic-
ities! The following result was inspired by Emerton-Gee’s geometric “Breuil-Mézard”
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conjecture [35, Conj. 4.2.1]. Its proof uses Theorem 1.8 and relies (again) on the geom-
etry of X,, via Theorem 1.6 (see Section 2.4).

Theorem 1.9 (Theorem 4.5.8). — For any crystalline generic deformation v of p,, with distinct
Hodge-Tate weights and any absolutely irreducible constituent I1 of a locally Q ,-analytic principal series
of GL,(F}), there exists a unique codimension [F; Q_ﬂ@—cyclg C,.n in Z(SpecR,) such that,
Jor all locally Q ,-analytic characters 8, we have:

[Spec Oxpsem] =D mnCon in Z(SpecR,)
I

where [Spec 6Xu-i(ﬁv)g.,(r,§)] =0, 90) ¢ Xui(p,) and ms 1y 1s the multiplicity (possibly 0) of T1
i the locally Q y-analytic principal series representation obtained by inducing the character § (suitably
normalized).

Examples. (i) Yor instance consider n =2, F7 =Q, and » = x; @ x» where x; :=
Z"anr(g;) and & < hy (= the Hodge-Tate weights of 7). Let §, := thEnr(gal) and &y 1=
Z"unr(gy), then X,i(p,) is smooth at the point (7, (81, 83)) but Spec Oxiz, )4, .. 61.52))
is reduced with two irreducible components of dimension 3. Forgetting the 2 framing
variables, one irreducible component corresponds to those crystalline deformations of
7= X1 @ xo coming from the unique nonsplit (crystalline) extension of x; by x», the other
corresponds to those trianguline noncrystalline deformations of 7 coming from the unique
nonsplit extension of xy by x;. The locally analytic principal series obtained by inducing
31 @ d9¢ (see (4.10)) also has two irreducible constituents IT,, ITy where IT, is locally alge-
braic and Il is isomorphic to the locally analytic principal series obtained by inducing
X1 ® x2¢. Then C, i, is the cycle associated to the crystalline irreducible component and
C, n, the cycle associated to the noncrystalline component. The locally analytic principal
series obtained by inducing xs ® x;€ has irreducible constituents I'T; and the locally an-
alytic principal series IT; obtained by inducing §; ® §,¢, and this time we have C, , = 0.
Let us point out that the fact that Spec 6Xm(ﬁ,,) (51,89, (61,82)) 18 not Irreducible in this case
implies that the canonical projections X;(p,) = T" and X;(p,) — W" are not smooth
at x = (r, (81, 82)) (here T resp. VW denotes the space of continuous characters of K*
resp. of Og).

(i) There 1s a global counterpart to this observation as follows. Let / be a modular
form of level prime to p and weight £ > 2 that has complex multiplication by a CM field
E in which p is split (so that the restriction of the associated Galois representation to a
decomposition group at p 1s the direct sum of two characters). In [3, Th. 4] Bellaiche
shows that the eigencurve of Coleman-Mazur is smooth at the point associated to the
critical p-stabilization of f, but that the weight map ramifies at this point. As in this paper
we work in the context of a unitary group, we can not directly recover this result. But
we note that the method explained in Section 5.4 proves that the eigenvariety is singular
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at a given point if its local avatar X,;(p0,) 1s singular, and similar arguments imply that
the weight map of the global eigenvariety is ramified at a given point if the projection
Xui(p,) = W" is not smooth at (the image of) that point. However, the converse is not
true: not all phenomena in the local geometry of global eigenvarieties can be explained
by the corresponding phenomenon for X,;(p,). For example there exists a singular point
on an eigenvariety such that its image in the trianguline variety lies in the smooth locus,
see [20, Rem. 5.19].

We now sketch the proof of Theorem 1.4 (see Section 5.3). The key idea is to
define another set of cycles [£(w’)] on the patched eigenvariety X,(p) that satisfy the
same multiplicity formula as in Theorem 1.9 and such that:

[ﬁ(w/)] #0 — HomG(F+®QQ_/,)(nw’a HZZ[mp]) #0

where the IT,, are the locally analytic principal series representations that conjecturally
occur in ’s‘(Uﬁ L) [m,,].

Roughly, the uniqueness assertion in Theorem 1.9 then should force these cycles
to agree with the cycles C, r , which then will imply Theorem 1.4. Unfortunately we can
not directly conclude like this, as the cycles [£(w’)] are defined on a space X,(p) that
is only known to be a union of irreducible components of X;(p) (or rather of Xz x
l_[u| s Xui(p,) x U#). As this problem causes the proof of Theorem 1.4 to be a bit involved,
we sketch here some of the main inputs in more detail for the convenience of the reader.

Fix p as in Theorem 1.4. For each x = (p, 8) € Y(U’, p) — X, (p) (generic crys-
talline) strictly dominant and each w’ > w, write x,, = (p, 8,,) and let IT,, be the (irre-
ducible) socle of the locally Q ,-analytic principal series obtained by inducing §,,, (suitably
normalized).

Fixing x, we hence need to prove that HomG(F+®QQ/,)(Hw/, 132 [m,]) # 0 for
w, < w'. Since x = x,,, is known to be classical by Theorem 1.2, we already have:

Homg+9q0,) (Mu,» TT[m,]) # 0

(note that IT,,; is the unique locally Q ,-algebraic constituent among the IT,,).

Denote by X, (0)ws) the fiber of X,(0) over the weight wt(8) of § seen as an
element of the Lie algebra of the torus of G(F* ®¢ Q,) and let Xy 1= Xz X %p/ X
U¢ where X;, is the rigid analytic generic fiber of the framed deformation space_ of p
at the places of S,, then we have a closed immersion Spec OXp(p)m@) « <> Spec (93500 o
similar to the one above with X;(p,)s. For any OXP(K))M) ,~module M of finite type,
we define [M] € Z(Spec Oggw ») asin (1.1) but summing over the minimal prime ideals
p of @\Xp(ﬁ)wt@,x and replacing m(p, A) by the length of the ((/Q\Xﬁ(ﬁ)m@,x)p-module M,.
Recall that there is a coherent Cohen-Macaulay sheaf M, on X,(p) [20, Lem. 3.8].
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Taking its pull-back M oo, wi(8),x ON Spec @Xp(ﬁ)m@w we first prove that we have a formula
in Z(SpecOx_, ,):

(1.2) [Macaw@] = D Prugw (D[Lw))]

wy=w’

where P, , for x,y € l_[vlp Sr[LFUJr:Qp] are the Kazhdan-Lusztig polynomials and L£(w’) are

certain finite type Ox, ), s.«-modules such that:
E(w/) ?é 0 <— HomG(F+®QQp)(Hw/, H(olg[mp]) ;é 0.

Formula (1.2) essentially comes from representation theory (in particular the structure of
Verma modules) and doesn’t use Theorem 1.6. By an argument analogous to the one
for Theorem 1.9 (using Theorem 1.6), we have nonzero codimension [F* : Q]@

¢(w') in Z(Spec O, ,) such that:

-cycles

<1.3> [(’9\){[;(5)“@),9{] = Z Pl»wow/(l)et(w/)'

wy=w’

Moreover we know that the cycle €(wy) is irreducible and that [L(wy)] € Z-o&(wy)
(roughly because the support of the locally Q ,-algebraic vectors lies in the locus of
crystalline deformations). Consequently we can deduce Theorem 1.4 from the fact that
Py wou (1) # 0, if we know that €(w’) is contained in the support of L(w’) for w, < w’'.

We prove this last assertion by a descending induction on the length of the
Weyl group element w,. Assume first that lg(w,) = lg(wy) — 1. In that case x 1s
smooth on X,(p) and then M is locally free at x. Hence Moo = O% 5,001
for some 7 > 0 and we can combine (1.3) (multiplied by the integer ») with (1.2). Us-
ing C(wy) # 0, C(w,) # 0 and [L(wy)] € Z5y&(wy), it is then not difficult to de-
duce [L(w,)] # 0, hence L(w,) # 0 and then Homgr+gqq,) (Tw,, [Tg[m,]) # 0 and
f, €Y (U, ).

By a Zariski-density argument analogous to the one in the proof of Theorem 1.8,
we can then deduce [L£(w’)] # 0 for any w’ > w, such that lg(w’) > lg(w,) — 1 and any
w, such that lg(w,) <lg(wy) — 1. In particular we have the companion points x,, on
Y(U?, p) for w' > w, and lg(w’) = lg(wy) — 1 and formulas analogous to (1.2) and (1.3)
localizing and completing at x,, instead of x = x,.

Assume now lg(w,) =lg(wg) — 2, we can repeat the argument of the case lg(w,) =
lg(wy) — 1 but using the analogues of (1.2), (1.3) at x,; = (p, §,,) for w’ > w, and Ig(w’) =
lg(wy) — 1 =1g(w,) + 1. The results on the local geometry of the trianguline variety imply
that X, () is smooth at the points x,, with Ig(w’) > Ig(w,) — 1 and hence:

o~ o~

Moo,wl@w/),x ’

~ r
w T OXP(E)M@W,),XW/
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with 7 in fact being the same integer for all the w’ (including x = x,,,). Combining equations
(1.2), (1.3) for the points x,, with lg(w’) > lg(w) — 1 we can deduce that [L(w,)] # 0.
Moreover, by a Zariski-density argument [L(w")] # 0 for w’ > w, such that lg(w’) >
lg(wy) — 2 and w, such that lg(w,) <lg(w,) — 2. By a decreasing induction on lg(w,),
we finally obtain (using a very similar argument) all predicted companion constituents.

Finally, once we have Theorem 1.4, in particular once we have the companion
point x,, of x in Y(U?, p), the argument of the proof of [20, Cor. 5.18] can go through
mutatis mutandis and yields that the tangent space of X, () at x has dimension strictly larger
than dim X, (p) under the assumption on w, in Theorem 1.3 (in loc. cit. we assumed the
crystalline modularity conjectures essentially because they guaranteed the existence of
xy, on Y(U?, p) by [19, Prop. 3.27]).

Notation. ~ We finish this introduction with the main notation.

If K and L are two finite extensions of Q ,, we say that L splits K when Hom(K, L)
(= homomorphisms of Q ,-algebras K — L) has cardinality [K : Q,] and we then set
¥ :=Hom(K, L) = {r : K< L}. If L is any finite extension of Q, we denote by Oy, its
ring of integers, by A, its residue field and by Cj, the category of local artinian L-algebras
with residue field isomorphic to L. If A is a (commutative) local ring, we let m, be its
maximal ideal.

For K a finite extension of Q,, we write K, € K for the maximal unramified
extension in K, K for an algebraic closure of K and we set |x|g := ¢~ for x € K
where ¢ : =/, f = [K;: Q,], ¢ :=[K : K] and val is normalized by val(p) = 1.
We set K, := K(uy) C K for n> 1, Ky := U,K,, C the completion of K for | - |,
Gk = Gal(K/K) and Ik := Gal(K,/K). We denote by & : Gx —» I'x — Z the p-adic
cyclotomic character. We let recg : K* — G2 be the reciprocity map normalized so that
a uniformizer of K is sent to a geometric Frobenius and we still write & for € o reck (a
character of K*). Recall that ¢ = NK/QplNK/QﬁlQp where Nk/q, is the norm. If ¢ € L*
(where L is any extension of K) we denote by unr(a) the unramified character of K*
sending a uniformizer of K to a (so | - [x = unr(g™")). When unr(a) extends to g;{b via
recg, we still write unr(a) for the induced character of Gg and gf‘{b.

If A is an affinoid L-algebra, for example an object of Cy, and § : K* — A* a
continuous—or equivalently locally Q ,-analytic—character, the weight of § is by defini-
tion the Q,-linear morphism wt(d) : K — A, x — %S(CXp(tx))l —0. Since
Homg,(K,A) >~ Homg,(K,Q,) ®q, A =~ K ®q, A where the isomorphism
Homg, (K, Q,) >~ K comes from the perfect pairing given by the trace map K — Q,,
we can also see wt(8) as an element of A ®q, K. If L splits K, we can write A ®q, K =

A®L(L®q, K) > @B.esA and see wt(d) as (Wt (8)).ex € BresA.

If A is an affinoid algebra, we write R4 x for the Robba ring associated to K with
A-coefficients (see [49, Def. 6.2.1] though our notation is slightly different) and /Rx when
A = Q,. Given a continuous character § : K* — A* we write R x(8) for the rank one
(¢, I'r)-module on Sp A defined by §, see [49, Cons. 6.2.4].
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If X is a scheme locally of finite type over a field L or a rigid analytic space over
L, we denote by X" the associated reduced Zariski-closed subspace (with the same un-
derlying set). If x is a point of X, we let £(x) be the residue field of x, Ox , the local ring
at x, (’)X ¢ 1ts Mo, -adic completlon and X the affine formal scheme Spf OXx (so the
underlying topological space of X, is just a point). We will often (tacitly) use the follow-
ing: assume L is of characteristic 0 and x is a closed point of X, then seelng x as a closed
point of Xy, := X Xy, k(x) one has (’)X L — OX“ x> in particular (’)X . 1s a noetherian
complete local £(x)-algebra of residue field £(x).

If A is an excellent local ring (e.g A = Ox, where X is a scheme locally of fi-
nite type over a field or a rigid analytic variety) and A its my-adic completion, we will
(sometimes tacitly) use the following equivalences: A is reduced if and only if A s (41,
Sch. 7.8.3(v)], A is equidimensional if and only if A is [41, Sch. 7.8.3(x)], A is Cohen-
Macaulay if and only if A s [40, Prop. 16.5.2], A 1s normal if and only if A s (41,
Sch. 7.8. 3( )]. Moreover the map SpecA —> SpecA sends surjectively minimal prime
ideals of A to minimal prime ideals of A (as it is a faithfully flat morphism).

If g 1s a Lie algebra over a field £, we still denote by g the £-scheme defined by
A g(A) = A®, g for A a k-algebra. We denote by £[¢] := £[Y]/(Y?) the dual numbers.
If G is a group scheme and A 1s a ring, we denote by Rep, (G) the full subcategory of the
category of G-modules [46, § 1.2.7] whose objects are finite free A-modules. If V is an
A-module and I € A an ideal, we denote by V[I] € V the A-submodule of elements of V
cancelled by all the elements of I.

2. The geometry of some schemes related to the Springer resolution

We recall, and sometimes improve, several results of geometric representation the-
ory concerning varieties related to Grothendieck’s and Springer’s resolution of singular-
ities, in particular we prove a new normality result (Theorem 2.3.6). All these results
will be crucially used in Section 3 to describe the local rings of the trianguline variety at
certain points.

2.1. Preliminaries. — We recall the definition of a certain scheme X associated to a
split connected reductive group G and related to Grothendieck’s simultaneous resolution
of singularities.

We fix G a split connected reductive group over a field £. We assume that the
characteristic of £ is good for G, i.e. char(k) = 0 or char(k) > & where % is the Coxeter
number of G (though, for applications, we will only need the case char(k) = 0). We fix
B C G a Borel subgroup and denote by T' C B a maximal torus and by U C B the unipo-
tent radical of B. We write W = Ng(T)/T for the Weyl group of (G, T) and wy € W
for the longest element. We denote by lg(—) the length function on W and by < the
Bruhat order. We write g, b, t and u for the Lie algebra (over £) of respectively G, B, T
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and U and we denote by Ad : G — Aut(g) the adjoint representation. Finally we write
w-A:=w( + p) — p for the usual dot action of W on X*(T), where p denotes half the
sum of the positive roots with respect to B.

We equip the product G/B x G/B = G/B x; G/B with an action of G by diagonal
left multiplication. Let w € W and w € Ng(T) C G(£) some lift of w. Write:

U, :=G(l,w)BxB C G/B x G/B

Then G/B x G/B = U,,cwU,. It is well known that U,, (a G-equivariant Schubert cell)
1s a locally closed subscheme, smooth of dimension dim G — dim B + lg(w).
Let g be the closed k-subscheme defined by:

(2.1) 3:={(B,¥)eG/Bxg|Ad(¢g')y b} SG/Bxg.

It has dimension dim G = dim g and we have a canonical isomorphism of £-schemes:

(2.2) Gx®b— 3, (g, ¥) — (¢B, Ad(9) V)

where G x® b is the quotient of G x b for the right action of B defined by (g, ¥)b :=
(gb, Ad(b~")¢r). We deduce from (2.2) that the morphism § —> G/B, (¢B, ¥) —> ¢B
makes g a vector bundle over G/B. In particular the k-scheme g is smooth and irre-
ducible.

Given a vector bundle over a scheme and its corresponding locally free module of
finite type, recall that a subvector bundle corresponds to a locally free submodule which
is locally a direct factor, or equivalently such that the quotient by this submodule is still
locally free. Using the isomorphism G x® g — G/B x g, (g, ¥) —> (B, Ad(9)¥), we
easily see from (2.2) that g is a subvector bundle of the trivial vector bundle G/B x g
over G/B.

Now recall Grothendieck’s simultaneous resolution of singularities:

7:9—> 9, (@B, ¥) — ¥

or equivalently G x® b — g, (g, ¥) —> Ad(g)¥. Recall that ¥ € g is called regular if its
orbit under the adjoint representation of G has the maximal possible dimension. Let us
write g% (resp. g"*¢™*) for the open k-subscheme of g consisting of the regular (resp. the
regular semi-simple) elements. Similarly, we will write t*¢ C t for the open £-subscheme
of regular elements in the Lie algebra of the torus T.

Proposition 2.1.1.

(1) The morphism q is proper and surjective.

(i) The restriction of q to ¢~ (g™®) is quasi-finite.

iti) The restriction of q o ¢~ (™%~ is étale of degree |[W)|.
qlog 8
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Proof. — Tor (1) and (ii) see for example [50, Th. VI.8.3(3) & Th. VI.8.3(4)] and its
proof. For (ii1) see [50, Th. VI.9.1]. See also [61, §I1.4.7]. U

In the following we will sometimes use the notation §*¢ and §"¢™* instead of ¢~ '(g"®)
and ¢~ (g"¢™*). We finally define the most important £-scheme for us:

(2.3) X:=§x,8={@B. 2B, ¥) €G/BxG/Bxg|Ad(g")¥ €b,Ad(g, )y €b}
where the fiber product 1s with the map ¢. If we want to specify the base field £, we

sometimes write X instead of X.

2.2. Analysis of the global geometry. — We describe the global geometry of the scheme
X. Most results in this section are fairly well known, but we include proofs in order to fix
notation and for the convenience of the reader.

Let us write:

(2.4) 7:X < G/BxG/Bxg-—G/BxG/B

for the projection to G/B x G/B. We write k; : X —> t, 1 € {1, 2}, for the morphism:

(2.5) (@B, &B, ¥) —> Ad(g Dy € b/u=t

where ¥ denotes the image of ¥ € b under the canonical projection b — t. For w € W
let V, :=7"(U,) CcX.

Proposition 2.2.1. — The projection V., —> U, induced by 1 is a geometric vector bundle
of relative dimension dim B — lg(w).

Proof: — We consider the trivial vector bundle:
G/BxG/B xg— G/B x G/B.
This vector bundle contains the two subvector bundles:
Yi:={(@B,&B,¥) € G/Bx G/B x g |Ad(g/ )Y € b}
Yy :={(gB.&B,¥) € G/Bx G/B x g |Ad(g; )Y € b}

(Y; are subvector bundles of G/B x G/B X g for the same reason that g is a subvector bun-
dle of G/B X g, see Section 2.1). By definition X = g x4 g is the scheme theoretic inter-
section of the two subvector bundles Y, and Yy inside G/B x G/B x g. By Lemma 2.2.2
below, it is enough to show that for a given point y = (¢B, gwB) € U,, C G/B x G/B the
dimension of 7 ~!(y) only depends on w € W. We prove this last fact. The two conditions
Ad(g ")y € b, Ad(w™'g7") ¥ € b translate into:

(2.6) Ad(g™")¥ € bNAd(w)b x~ t ® (uN Ad(w)u),



312 CHRISTOPHE BREUIL, EUGEN HELLMANN, AND BENJAMIN SCHRAEN

or in other words:
(2.7 7' () :yxAd(g)(tGB (uﬂAd(u'))u)) cU, xg
which is an affine space of dimension dim B — Ig(w). 0J

Lemma 2.2.2. — LetV —> Y be a geometric vector bundle over a reduced scheme Y which ts
locally of finite type over a field, and W, Wy € 'V subvector bundles. Assume that for all closed points
€Y the intersection of the fibers Wy, "Wy, in'V, (where %, := % Xy Speck(p)) is an affine space
of constant dimension r over k(y). Then the scheme theoretic intersection W, N\'Wo C 'V s a geometric
vector bundle of rank r.

Proof. — Let us write V, W, and W, for the corresponding locally free sheaves
on Y and recall that V/W; is also locally free. We consider the morphism given by the

composition:
O[ZW1 _)V_»V/WQ

The coherent sheaf coker(a) is again locally free on Y: indeed by assumption for all
closed points y € Y the dimension of coker(a), is given by rkV —rk W, — rk W), +r, and
the assumptions on Y imply that a coherent sheaf of fiberwise constant rank is locally free.
This last fact follows from the following classical statement: let A be a reduced noetherian
Jacobson ring and M a finite type A-module such that dimy;n, M/mM is constant for
all maximal ideals m of A, then M is a locally free A-module (which is a consequence
of Nakayama’s Lemma and of the fact that the intersection of the maximal ideals of a
reduced Jacobson ring is 0).
Now consider the sheaf W5 :=kera. Then the sequence:

00— W5 — W, — V/Wy —> cokera —> 0
is exact and all sheaves but WW; are known to be locally free. It follows that W; is locally
free as well. It is easily checked that the geometric vector bundle associated with W;

equals the intersection W; N'Wi. UJ

Defination 2.2.3. — Forw € W, let X,, be the closed subset of X defined as the Zariski-closure
of Vy in X.

If we want to specify the base field £, we sometimes write X,, ; C X} instead of

X C X,

Lemma 2.2.4. — Let w, w' € W, then X, NV, # B implies w' < w.
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Progf: — We first claim that 7 (X,,) 1s the Zariski-closure U,, of the Schubert cell
U, in G/B x G/B. Indeed V,, = 7~ '(U,) € #~'(U,) implies X, = V,, € 7~ '(U,)
and hence 7(X,) € U,. Conversely we have U,, x {0} € V,, € G/B x G/B x g and
hence U, x {0} € V,, = X,, which implies U, € 7(X,). Since 7(V,,) = U, we then
have:

Xy NVy #0 = 71X )Na(Vy)#0 = U, NUy #0 = w <w
the last implication being the well known closure relations for Schubert varieties. U

Proposition 2.2.5. — The scheme X is locally a complete intersection and its irreducible compo-
nents are gien by the X, for w € W. In particular X s Cohen-Macaulay and dm X = dim X,, =
dim g = dimG.

Proof. — It is obvious that the X, cover X (set-theoretically). By Lemma 2.2.1
and the irreducibility of the U,,, the V,, are irreducible. Moreover, the dimension of X,,
equals the dimension of V,, which is equal to dim U, +dim B —lg(w) = dim G = dim X.
As the V,, are pairwise disjoint is also follows that none of the X, is contained in another
one for dimension reasons. We deduce that the X, are the irreducible components of X.

The scheme X € G/B x G/B x g is hence equidimensional (of dimension dim G)
and cut out by 2dimu equations in the smooth scheme G/B x G/B x g. As 2dimu =
dim(G/B x G/B x g) — dim X, it is a local complete intersection. 0

Let us write:

V=X, \ U Xw=x\ [ Xw S V..

w'#w w'#w

Then V,, is an open subset of X and hence it has a canonical structure of an open
subscheme. Moreover X,, is still the Zariski-closure of Vw in X. We define a scheme
structure on X,, by defining X,, to be the scheme theoretic image of V, in X.

For i € {1, 2} we define pr;: X =g x4 — g, (@B, @B, ¥) — (gB, ¥).

Theorem 2.2.6.

(1) The scheme X s reduced. In particular the irreducible components X, (with their scheme
structure) are reduced.

(i) For © € {1,2} the projection pr; : X — § induces a proper and birational morphism
pr; ,, : Xy —> § which is an isomorphism above ¢ = ¢~ ' (g"*) C g.

Proof. — (1) The scheme X is Cohen-Macaulay and hence it is reduced if it is
generically reduced, see [41, Prop. 5.8.5]. We prove that X is generically smooth, i.e.
that each irreducible component X,, contains a point at which X is smooth. Indeed, by
(iti) of Proposition 2.1.1 the morphism pr, : X —> g is étale of degree |[W| over g™,
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as it is the base change of the morphism g'¢™ = g"8™ x, g —> g"*™™ (along itself).
It is hence enough to show that there exists a point x € g"¢™* such that each of the
IW| components X,, of X contains a pre-image of x. However, by (2.6), any point x =
(gB, ¥) € § with Ad(g"")y € ¢ has the property that V,, contains a preimage of x
for any w € W. Moreover, we have the following consequence: let x,, € V,, be such a
preimage of x (which is in fact unique), then pr, is étale of degree 1 at x,,. Finally the
open subscheme V, C X is reduced as X is. Hence the same is true for the scheme
theoretic image X,, of i7w in X. Note that since V,, 1s reduced by Proposition 2.2.1, X,,
is also the scheme theoretic image of V,, in X.

(i) The morphism pr, , is certainly proper since it is the composition of a closed
immersion and the proper morphism pr, (the latter following by base change from (1) of
Proposition 2.1.1). Moreover, we have seen in (i) that X,, contains a point x,, such that
pr,,, is étale of degree 1 at x,,. Since both schemes X,, and g are irreducible, it follows
that pr, , 1s birational. On the other hand base change from (ii) of Proposition 2.1.1
implies that pr;, and hence also pr, ,, is quasi-finite above g*¢. By [42, Th. 8.11.1] it

Lw>
follows that the morphism:

Pryy tPry, () — §

is then finite, being both quasi-finite and proper. Since it is also birational and g™ is
normal, then it is an isomorphism by [42, Lem. 8.12.10.1]. The claim for pr, is proven
along the same lines. 0

2.3. Analyss of the local geometry. — We give an analysis of the local geometry of the
irreducible components X,, of the scheme X. In particular we prove the new result that
they are normal.

We denote by «; ,, the restriction to X,, C X of the morphisms «; : X — t defined
in (2.5).

Lemma 2.3.1. — For i € {1, 2} the fibers of the morphisms «; and Kk ,, are equidimensional
of dimension dim G — dim T..

Proof: — We prove the claim for k;, the proof for the other cases being strictly
analogous. Note first that the scalar multiplication:

(2.8) A- (2B, 2B, %) = (¢B,&B,AY) and A-1=Al

defines an action of the multiplicative group G,, on X C G/B x G/B x g and on t such
that the morphism «, is G,,-equivariant. Moreover, it is important to observe that if ¥ is
a point of g, the orbit map G,, — g deduced from this action extends uniquely to a map
A' - g. As X is a closed subscheme of G/B x G/B x g, it is the same for an orbit map
G, — X and it is clear that such a map sends the point 0 € A in ;' (0).

As the restriction of k) to each irreducible component of X is dominant (even sur-
jective as follows e.g. from (2.7)), we deduce that for ¢ € t each irreducible component of
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k7' () has dimension at least dim G — dim t = dim G — dim T, see e.g. [42, Lem. 13.1.1].
Let E C X denote the set of points x € X such that there 1s a component of k| Yk, (%))
containing x and of dimension strictly larger than dimG — dimT. By [42, Th. 13.1.3]
the subset E is closed and we claim that E = {J. Assume this is not the case and choose a
point x € E. The set E is invariant under the action (2.8) of G,, as k) 1s G,,-equivariant. Let
A! — X be the unique extension of the orbit map associated to x. As E is G,,-invariant
and closed, this map factors through E. From (2.8), we deduce that E contains a point «’
such that ¥’ € Kfl (0). As " € E it is enough to show that Kfl(/q ) = Kfl (0) 1s equidi-
mensional of dimension dim G — dim T, which will then be a contradiction.
We are thus reduced to prove that (the reduced subscheme underlying):

k;'(0)={(gB.2B,¥) € G/BxG/Bxg|Ad(g )¢ € u,Ad(g, )¢ € b}

is equidimensional of dimension dim G — dimT. However, the same argument as in

Proposition 2.2.1 (see (2.6)) yields that:

77 (U) N 0) = (171 (Uy) xx k71 (0) ) — U,
is a geometric vector bundle with characteristic fiber u N Ad(w)u. And hence &, 10)
is a finite union of locally closed subsets of dimension dim(G) — dim(T) (see also the
beginning of Section 2.4 below). 0

We recall a criterion for flatness often referred to as muracle flatness.

Lemma 2.3.2. — Let f : Y — Z be a morphism of noetherian schemes and assume that Z.

us regular and Y s Cohen-Macaulay. Assume that the fibers of | are equidimensional of dimension
dimY — dimZ. Then [ is flat.

Progf: — Let y € Y map to z € Z and let R (resp. S) denote the local rings of Z at z
(resp. of Y at »), so S is an R-algebra. By assumption the ring R is regular of dimension,
say, d and the ring S is Cohen-Macaulay. Let f;, ..., f; € R be a system of generators
of the maximal ideal of R (which exists since R is regular). The assumptions on the
fiber dimension implies that dimS/(f;, ..., fz)S =dim S — d. As S is Cohen-Macaulay it
follows from [40, Cor. 16.5.6] that the sequence f;, ..., f; is an S-regular sequence. But as

R/(h, ..., [2) 1safield, the R/(f1, ..., fy)-algebra S/(fi, ..., fo)S isflatover R/(f1, ..., f2).
Hence S is flat over R by [40, Prop. 15.1.21] (applied with A=R and B=M=S). [

Proposition 2.3.3. — The schemes X, are Cohen-Macaulay and the morphisms k; and k; ,,
are flat for 1 € {1, 2}.

Progf: — Assume that char(k) > 0. Then the claim that X,, 1s Cohen-Macaulay
1s a result of Bezrukavnikov and Riche, see [12, Th. 2.2.1] (where the scheme X,, is
called Z,, and note that char(k) > % 1s needed in loc. cit.). It is already mentioned in
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[12, Rem. 2.2.2(2)] that it is possible to lift this result to char(k) = 0, nevertheless we
include some details here. It is enough to prove the claim over any field of characteristic 0.

Let p > h be a prime number and let A :=Z,). Then A is a discrete valuation ring
with residue field F, of characteristic p > /4 (recall that / is the Coxeter number of G) and
fraction field £ = Q. As G is a Chevalley group there exists a reductive group G, over A
and a Borel subgroup B, over A which are models respectively for G and B. We denote
by ga (resp. by) the Lie algebra of G, (resp. By) considered as A-scheme. We define a
model X,y of X over A as the closed subscheme (see also [12, §2.1]):

{(gIBA’gQBA’ V) € Go/Ba X Go/By X ga |Ad(gf1)1ﬁ € ba,

Ad(g{l)d/ € bA}

of Go/Ba X GA/Ba X ga and we let wy : Xy —> Go/Ba X GA/Ba be the canonical
projection. Finally we denote by Uy ,, C Gao/Ba X Go/By the Schubert cell defined by
the Gp-orbit of (1, w) € Go/Ba X GA/Bj for w € W.

The same argument as in Proposition 2.2.1 shows that 7' (Us ) —> Uy, is a
vector bundle. We write X, ,, for the scheme theoretic image of 7, ! (Ua.p) In Xy, which
1s also the scheme theoretic image of 7, 1(Uk,w) in X,4. It is easy to deduce that Xy
1s flat over Spec A and that the generic fiber of X, ,, 1s identified with X, ,,. Moreover
[12, Rem. 2.11.1] asserts that (recall our schemes X,, are denoted Z,, in loc. cit.):

XA,w X Spec A SPCC F/) = XFf,,w .

By [40, Prop. 16.5.5] it follows that the A-flat scheme X, , is Cohen-Macaulay as its
special fiber X, ,, 1s. It then follows e.g. from [31, Prop. 18.8] that the generic fiber X, ,,
is Cohen-Macaulay as well.

Finally, we deduce from Lemma 2.3.2 that «;,, 1s flat for ¢ € {1, 2} using the fact
that X, is Cohen-Macaulay and that «; ,, has equidimensional fibers by Lemma 2.3.1.
The proof for «; is the same using Proposition 2.2.5. O

We now state two lemmas which will be used in the main result, Theorem 2.3.6
below. For simplicity we now write w instead of w.

We first compare the maps k, and k5 using the decomposition of G/B x G/B into
Bruhat cells. Recall that t/W := Spec(RY) where Ry is the affine ring of t.

Lemma 2.3.4. — Let w € W, then ko, = Ad(w™") 0k, where Ad(w) : t —> t is the
morphism induced by the adjoint action of W on t. In particular the diagram:

Kl,w
Xy — t

(2.9) o l l

t— /W

where the two morphisms t —> t/W are both the canonical projection, commules.
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Proof. — Tt is enough to show that the equality k9, = Ad(w™") ok, holds on
V, =n""(U,),as V, is dense in X,, and t is affine, hence separated. Let x € ' (U,)(S)
be an S-valued point. After replacing S by some fppf cover, we may assume that there
exists some g € G(S) such that x = (¢B, gwB, ¥) with ¢ € g(S). Then we have in g(S):

Ad((gw) ")y =Ad(w™') Ad(g ")y

The claim follows from the remark that the image of the left hand side in t(S) is by
definition ky(x) while the image of the right hand side equals Ad(w™")x; (x). [

Given w € W we denote by t* C t the closed subscheme defined as the fixed point
scheme of Ad(w) : t — t. It is clear that t* is smooth and irreducible (and in fact isomor-
phic to an affine space over £).

Lemma 2.3.5. — Consider the morphism for 1 € {1, 2} (see (2.4) and (2.5)):
(m, k) : X—> G/BxG/B x t.
Then the restriction of (7, k;) to V., induces a smooth map:
Jfi:Vy,— U, xt,

with vrreducible fibers. In particular V,, N Kl-_l(tw/) = (Vy Xx k; Y yyed g5 drreducible Jor i €
{1, 2} and all w, w' € W.

Progf: — It 1s enough to prove the statement for : = 1. We deduce from (2.7)
that for x = (¢B, gwB, ) € U, x t the fiber ;' (x) is isomorphic to the affine space
t+ (uN Ad(w)u) C b, hence in particular is smooth and irreducible of dimension only
depending on w. It now follows from Lemma 2.3.2 that f; is a flat morphism (note that
both U,, x tand V,, are smooth using Proposition 2.2.1 for the latter). On the other hand
a flat morphism of algebraic varieties over a field is smooth if it has smooth fibers, see e.g.
(43, §III Th. 10.2]. It follows that f; is smooth and has irreducible fibers. It remains to
show that V, Nk (1) = £7" (U, x ) is irreducible. Consider two disjoint open sub-
sets A, B Cfl_l(Uw x ) infl_l(Uw x ). As fi 1s smooth, it is flat, hence open and
/£i(A) and £, (B) are two open subsets of U, x t*. If their intersection is nonempty, there
isx€ U, x t* such that fl_1 (x) 1s not irreducible. Hence f; (A) and f; (B) are disjoint. But
the irreducibility of U,, x ¢ implies that either f; (A) or f;(B), and hence either A or B,
is empty, which proves that £,7' (U, x t*) is irreducible. U

We now prove the main result of this section. We recall that we have defined various
maps: 7 |x, : X, —> G/B X G/B (surjective onto U,), pr; , = pr;lx,, : Xy —> g (proper
birational surjective) and k;,, = k;|x,, : X, —> t (flat equidimensional surjective) where

k; is the composition of pr; with k : § —> t, (¢B, ¥) — Ad(g=) .
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Theorem 2.3.6. — The schemes X, are normal.

Proof. — As X, is Cohen-Macaulay it remains to show by Serre’s criterion [41,
Th. 5.8.6] that X,, is smooth in codimension 1. Both V,, and pr[lu(ﬁreg) are smooth open
subsets of X,,: the first one by Proposition 2.2.1, the second one by (ii) of Theorem 2.2.6
and the smoothness of g*¢ (which is an open subset of the smooth scheme g). Hence it is
enough to show that the complement of the smooth open subscheme V,, U pr;}u(g“g) in
Xy 1s of codimension strictly larger than 1.

Let C be an irreducible component of the closed subset X,,\V,, of X,, such that
C has codimension | in X,,. It is enough to show that C can’t be contained in the
(smaller) closed subset X,,\(V,, U prl_’}u (g"%)). As C is covered by the finitely many lo-
cally closed subsets G NV, for w’ # w, we easily deduce that there exists some w’ such
that C' := C NV, 1s Zariski-open dense in C. It is enough to show that C’ contains points
of pri;(ﬁmg), 1.e. that C’ contains points (g;B, &B, ¥) with ¢ € g*¢. Note that since C is
irreducible so is its open subset C'.

Letx= (gB, 2B, ¥) e C' € X,, N X,/, by Lemma 2.3.4 we have:

(2.10) Ko (x) = Ad(w™" k1 () = Ad(w' ™)y (x).

It follows that k1 (C') C £ where @ := ww'~" € W, hence ¢/ € V,, N, ' (17). As w # w’
we find that t* # t and hence t” C t is a closed subset of codimension at least 1. By
Lemma 2.3.5 the map «,, : V,y —> t is smooth, hence the preimage V,, N« L)
of t C tin V,, has codimension in V,, equal to the codimension of t* in t. As C has
codimension 1 in X,, we have:

dimC'=dimCNV, =dmC=dmX, —1=dimV, — 1
:dime/ —1

and it follows from C' € V,, Nk '®) that V,, N Ky '(¢") has codimension < | in V.
We thus see that t* C t must have codimension exactly 1 in t, and that V,, Nk (t7)
must also have codimension 1 in V.

We claim that C' =V, Nk '(#®). Indeed, V,, N K, '(#®) is Zariski-closed of codi-
mension | in V,, and is irreducible by the last assertion in Lemma 2.3.5. On the other
hand it contains the closed subset C' = C NV, of V,, which is also of codimension 1
in V. Hence these two closed subsets of V,,, are the same.

As t% C thas codimension 1, it follows that W = s, where s, is the reflection associ-
ated to a positive root . But ¥ # C' € X, NV, implies w’ < w = s,w’ by Lemma 2.2 4,
hence lg(w’) < lg(s,w’) and [45, §0.3(4)] implies that w'~'« is a positive root. Equiv-
alently the root « is positive with respect to the Borel subgroup w'Bw'™", i.e. we have
go € b N Ad(w')b where g, C g is the T-eigenspace of g for the adjoint action corre-
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sponding to the root a. Applying (2.7) with g =1 yields:
7~ (B, w'B)) = (B, wB) x (t& (uNAd(w')u))
= (B,w'B) x bNAd(w')b D (B, w'B) x (t® ga),
hence we deduce:
C' =V Niy' (t) 277 ((B, wB)) Nk ' () 2 (B, w'B) x (t* @ ga).
The claim then follows as one easily checks that £ @ g, contains elements in g*¢.  [J

We end this section by formulating a general conjecture about the set-theoretic
intersections X, NV, for w, w' € W.

Conjecture 2.3.7. — Let w, w' € W with w' < w and W = ww'™", then we have:

X NV =V Nk (7).

Obviously Lemma 2.3.4 implies that the left hand side is contained in the right
hand side.

2.4. Characteristic cycles. — We show that the fibers KZ-TJ (0) C X,, are related to
Springer’s resolution and have a rich combinatorial geometric structure that will be used
in Section 4.3.

We now assume char(k) = 0. Let g/G := Spec(Rg) where g = SpecRg4 and note
that the natural map t/W — g/G is an isomorphism of smooth affine spaces (see
e.g. [44, (10.1.8)]). We have a canonical morphism k : X —> g/G given by the com-
position of the canonical map X >~ g x, § —> g with the projection g — g/G. Again
for w € W we write k,, for the restriction of k¥ to X,, C X and point out that k,, is the
diagonal map in the commutative diagram (2.9). Note that k,, is surjective as all maps in
(2.9) are. We define the following reduced scheme over :

red

(2.11) 7= (X xg/610}) = (&' (0)™ c X.

The scheme Z is known as the Steinberg variety (see [62]) and we easily check that we have:
7Z~N x N N

where N C g is the nilpotent cone, ~/\7 ={(gB,¥) e G/Bx N | Ad(gH¥ e u} (a
smooth scheme over k) and where ¢ : N' —> N, (gB, ¥) —> ¥ is the Springer resolution of
the (singular) scheme A/. We also have as in (2.2):

(2.12) GxPu—">N,  (¢¥)— (¢B,Ad@Q)Y).

We analyze the irreducible components of Z as we did for X in Section 2.2. For
w € W let us write V/, := 7~ '(U,) N Z (set-theoretic intersection in X) and Z,, for the
Zariski-closure of V! in Z with its reduced scheme structure.
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Proposition 2.4.1. — The scheme Z. 1s equidimensional of dimension dim G — dim T and its
urreductble components are given by the Z,, for w € W.

Progf: — The proof is the same as the proof of the corresponding statements in
Proposition 2.2.1 and Proposition 2.2.5. 0J

Remark 2.4.2. — Contrary to the case of the X,, (see Proposition 2.3.3), it doesn’t
seem to be known whether the irreducible components Z,, are Cohen-Macaulay. More-
over, even assuming this, the proof of Theorem 2.3.6 doesn’t extend, and we do not know
either if the Z,, are normal.

We write Z°(Z) for the free abelian group generated by the irreducible closed
subvarieties of codimension 0 in Z, i.e. for the free abelian group on the irreducible com-
ponents of Z. For w € W we denote by [Z,] the component Z,, viewed in Z°(Z). By
Proposition 2.4.1 the [Z,] form a basis of Z°(Z) (which is thus isomorphic to Z[W]).
Given a scheme Y whose underlying topological space is a union of irreducible compo-
nents of Z we can define an associated class:

(2.13) [Y1:=) " m(Zy. V)[Z,) € Z°(Z)

weWw

where m(Z,,, Y) is the multiplicity of Z,, in Y, i.e. is the length as an Oy ,,, -module of the
local ring Oy ,,, of Y at the generic point n,, of Z,,.
We set for w e W:

Xy =k (0 CX, CX

(note that we do not take the reduced associated schemes). We obviously have X:d cZ
(using Lemma 2.3.4). Moreover, each irreducible component of X,, has dimension at least
dimZ = dimX,, — dimg/G = dimX,, — dimt by an application of [43, § II Exer. 3.22]
to the surjective morphism k1, : X,, —> t. Hence each irreducible component of X,,
has dimension dimZ and is thus some Z,, for w" € W. We are interested in computing
the class [X,,] € Z°(Z), but for this we need some preliminaries.

Let us denote by O the usual BGG-category of U(g)-modules associated to
gD bDt see eg [43, §1.1]. Given a weight w, i.e. a A-linear morphism t — £, let
M(uw) := U(g) Qup) k(t) denote the Verma module of (highest) weight © where U(—)
is the enveloping algebra and k(i) = £ with action of U(b) given by U(b) — U(t) Lk
(where the right hand side is the £-algebra morphism induced by w). We know that M(u)
has a unique irreducible quotient L(u) (see e.g. [45, §1.2]). Let w € W, then the irre-
ducible constituents of M(wwy - 0) = M(—w(p) — p) = M(w - (—2p)) are of the form
L(w'wy - 0) for w’ € W and the constituent L(w’wy - 0) occurs in M(wwy - 0) with multi-
plicity Py, wow (1), see e.g. [45, §8.4]. Here P,,(T) € Z-o[T] is the Kazhdan-Lusztig
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polynomial associated to x,y € W. Recall that P,, # 0 if and only if x < » and that
P, .(1) = 1. In particular L(w'w, - 0) occurs in M(wwj - 0) if and only if wow < wow’ if
and only if w" < w (the last equivalence following from the definition of the Bruhat order,
see e.g. [45, §0.4], and from lg(wow) = lg(w,) — lg(w), see e.g. [45, §0.3]).

We write O(0) for the full subcategory of O consisting of objects of trivial infinites-
imal character [45, §1.12], for instance M(wwy - 0) and L(wwy - 0) are in O(0) for
w € W. The Beilinson-Bernstein correspondence [1, 21] defines an exact functor which
is an equivalence of artinian categories:

(2.14) BB : O(0) — D_MOdgl/BxG/B

to the category D—Mod‘g;‘/ng/B of regular holonomic G-equivariant D-modules on
G/B x G/B (see e.g. [21, Th. 4.1], [44, §6] and [44, §11]). We write M(ww, - 0) :=
BB (M(ww - 0)) and L(wwy - 0) := BB (L(ww, - 0)) for w € W.

Remark 2.4.3. — In fact, in [44, §11] (and in most references on the subject),
it is rather constructed an equivalence BBg : O(0) —> D—Modgl/B to the category of
B-equivariant regular holonomic D-modules on G/B. However, if one embeds G/B
into G/B x G/B via gB — (B, gB), then one can use the left diagonal action of G to
extend a regular holonomic B-equivariant D-module on G/B to a regular holonomic
G-equivariant D-module on G/B x G/B. This yields an equivalence of categories be-
tween D—Modg ; and D—Modg .. p, see [63, Lem. 1.4(ii)]. The composition of BBy
with this equivalence gives the functor BBg.

By [27, Prop. 3.3.4], the Steinberg variety Z is identified with the union in the
cotangent bundle of G/B x G/B of the conormal bundles of the diagonal G-orbits of
G/B x G/B. Recall these diagonal G-orbits are the U,, for w € W (see Section 2.1), so in

particular we have:
TEW(G/B x G/B) CZ CT*(G/B x G/B)

where 17, (G/B x G/B) is the conormal bundle of U, in G/B x G/B and T*(G/B x
G/B) is the cotangent bundle of G/B x G/B. In fact, by [27, Cor. 3.3.5(11)] the irreducible
component Z,, of Z is identified with the Zariski-closure of Tf; (G/B x G/B) in Z.

To any coherent D-module 9t on G/B x G/B one can associate a coherent
Or+G/Bxcp-module gr(9N) on T*(G/B x G/B) (which depends on the choice of a good
filtration on 9M). The schematic support of gr(9) defines a closed subscheme Ch(¥1) of
T*(G/B x G/B) such that each irreducible component of Ch(90) is of dimension greater
or equal than dimZ = dim(G/B x G/B) [44, Cor. 2.3.2]. The closed subscheme Ch(97)
still depends on the choice of good filtration on 99T however the associated cycle in the
group Z(T*(G/B x G/B)) depends only on N (see e.g. [44, p. 60]). The following result
is well-known (see e.g. [63, §1.4]).
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Proposition 2.4.4. — If MM is in D—ModiZ,;,_, 1, then Ch(I)™ € Z € T*(G/B x
G/B).

Proof. — We only give a sketch. First, we have an isomorphism of £-schemes:

(2.15) Z—Gx"¢ '™, (@, ), (@, ¥0) — (21, (g 2. ¥))

where we have used (2.12) for N and its subscheme ¢ ()™, and where B acts on
G x ¢ "W by (hy, (hy, ¥))b := (h1b, (b~ hy, ¥)). Secondly, the k-scheme N can be
identified with T*G/B (see e.g. [44, §10.3]) and if 9 is in D—Modg‘/B, then we have
Ch(O)™ € ¢ '(w)™! and not just Ch(M')™d C N = T*G/B (see e.g. [63, §1.3]).
Thirdly, if 91 is in D—Modg]/BxG sp and if M is the associated D-module in 'D—Mod?;/B
by the equivalence of Remark 2.4.3, then one can check that Ch(9) >~ G x® Ch(90V).
In particular Ch(9)™? is in Z by (2.15). O

Let 91 be in D—Modgl/BxG /8> then from Proposition 2.4.4 and what is before we
deduce that Ch(91)™! is a closed subspace of Z whose underlying topological space is a
union of irreducible components of Z. We set (see (2.13)):

[901] := [Ch(M) | € Z°(2)

(the so-called characteristic cycle of 901) and recall that the map 9T —— [90] 1s additive
by [44, Th. 2.2.3].

Remark 2.4.5. — It was conjectured by Kazhdan and Lusztig in the case G = SL,
(and £ = C) that [£(ww, - 0)] = Z,,, equivalently that the characteristic cycles [£(w - 0)]

for w € W are irreducible. It turned out that this is wrong for n > 8 (but true for n < 7),
see [47].

Proposition 2.4.6. — For w € W we have [X,,] = [DM(wwy - 0)] in Z°(Z).
Proof: — This is [12, Prop. 2.14.2], see also [12, Rem. 2.14.3]. U
The following theorem is well known.

Theorem 2.4.7.

(1) The three classes:

([ZW])U)EW" ([m(wwo ’ 0)])w6\\' and ([S(U)u)o ’ 0)])11)6“'

are a basis of the finite fiee Z-module 7" (Z.).
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(i) For w € W we have:

[9(wwo - 0] =) Pugwupw (D[L(w'wy - 0)] € 2°(Z).

(i11) There are integers ay, .y € Z=q only depending on w, w' € W such that:

[Swwo- 0] = awwlZul €Z°(2).

w’

Moreover, ay, ,, = 1 and Gy, =0 unless w' < w. Finally if w" < w and U,y s contained in the
smooth locus of the closure U,, of U, in G/B x G/B, then ay, ,v = 0.

Proof. — Using Proposition 2.4.6 we have [D(ww, - 0)] = X,]= Y bww [ 2]
for some by, v € Z-. If by, # 0 for some w' € W, then Z,, C X;}ed which implies
Xy NVy)NZ # @ since V,y NZ C Z,y, which implies w’ < w by Lemma 2.2.4. More-
over one easily gets b, ,, = 1 using that the restriction of x| ,, : X,, —> t to V,, is smooth
by Lemma 2.3.5. It follows that the matrix (b, ) w.w)ewxw 1s upper triangular with en-
tries 1 on the diagonal and hence invertible. This implies that ([9M(wwg - 0)])yew 1Is a
basis of Z°(Z). (ii) is a direct consequence of the fact L(w'wy - 0) occurs in M(wwy - 0)
with multiplicity Py u wouw (1). As Py (1) = 0 unless w’ < w and Py uww(l) =1,
it follows that the matrix (Pyjw wouw (1)) w.w)ewxw 1s also invertible, and hence that
([L(wwg - 0)])wew is also a basis of Z°(Z), which finishes (i). The first two statements
in (i11) follow from the fact the matrix (ay ) w.w)ewxw 1s the product of two upper trian-
gular matrices with 1 on the diagonal. The last statement is [63, Lem. 1.3(1i1)]. UJ

By Proposition 2.4.6, (i1) of Theorem 2.4.7 and the fact Py w,u (1) # 0 if and only
if w’ < w, we see that X,, is in general far from being irreducible as it contains all the Z,,
for w’ < w, possibly even with some higher multiplicities than the Py, wou (1).

We end this section with a last result on the cycles [£(ww, - 0)] for w € W that will
be used in Section 4.3.

Fix w € W. As in the proof of [58, Lem. 3.2], the left action of b on L(ww; - 0)
induced by that of g comes from an algebraic action of B. Let us write P,, € G for the
largest parabolic subgroup containing B with Levi subgroup M,, such that wwy - 0 is
dominant with respect to the Borel subgroup M,, N B of M,,. Note that P,, = G if and
only if w = wy. Then the argument of [58, Lem. 3.2] shows that the action of B on
L(ww, - 0) extends to P,,.

Let P, act on G/B x G/B x g by the left multiplication on the first factor and
the trivial action on the two other factors. We identify Z°(Z) with a subgroup of the
free abelian group Z%™%(G/B x G/B x g) generated by the irreducible subschemes of
G/B x G/B x g of codimension dim G, equivalently of dimension dimZ. Any element
of P,, (k) induces an automorphism of Z4™m%(G/B x G/B x g) by the above action of P,,
on G/B x G/B x g.
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Lemma 2.4.8. — For w € W the charactenistic cycle:
[L(ww, - 0)] € Z°(Z) C Z"™(G/B x G/B x g)
is tnvariant under the action of any element of P, (k).

Proof. — Denote by £'(ww, - 0) the D-module on G/B associated to the ob-
ject L(wwy - 0) of O(0) by the equivalence BBy of Remark 2.4.3. As the action of B
on L(wwy - 0) extends to P,, we get that £ (ww, - 0) is in fact P,-equivariant (and
not just B-equivariant). Hence if we pass from B-equivariant D-modules on G/B to
G-equivariant D-modules on G/B x G/B as in Remark 2.4.3, we get that the D-module
L(wwy - 0) on G/B x G/B is equivariant for the action of P,, by left multiplication on
the second factor G /B, in addition to being equivariant for the action of G by diagonal left
multiplication on the two factors.

This action of P, on G/B x G/B induces an action on:

T*(G/Bx G/B)~§x g G/BxgxG/Bxg

which 1s itself induced by the action of P,, on the right hand side given by the left multi-
plication on the third factor G/B and the adjoint action on the fourth factor g (and the
trivial action on the first two factors). The projection:

G/BxgxG/Bxg—»G/BxG/Bxg,
(ng9 WI »gQBa 1//2) > (ng9 gQBa wQ)

is obviously P,-equivariant for the action of P,, on G/B x G/B x g given by the left
multiplication on the second factor G/B and the adjoint action on the third factor g.
Since the composition:

Z < T(G/Bx G/B)—> G/BxgxG/Bxg—G/BxG/Bxg

is still injective, all this implies that [£(wwy - 0)] € Z°(Z) is invariant under the action of
P, (k) on Z9mS(G/B x G/B x g) induced by this last action on G/B x G/B x g.

But as [£(ww - 0)] is also invariant under the action of G on G/B x G/B x g
given by the diagonal left multiplication on the first two factors and the adjoint action
on the third, it follows that it is also invariant under the action of P, (k) induced on
79mG(G/B x G/B x g) by the left translation on the first factor of G/B x G/B x g (and
the trivial action on the second and third factors). This is exactly the assertion of the
lemma. 0

Remark 2.4.9. — Let i € P, (k), since h(Z,) € G/B x G/B x g 1s isomorphic to
Z, inside G/B x G/B x g if and only if w" = w” (look at the respective projections
in G/B x G/B), it follows from Lemma 2.4.8 and (ii1) of Theorem 2.4.7 that whenever
ay.w 7# 0 we have (Z,,) =7, for any h € P, (k) (in particular /(Z,,) = Z,,).
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2.5. Completions and tangent spaces. — We prove some useful results related to com-
pletions and tangent spaces on the varieties X and Z. These results will be used at several
places in the rest of the paper.

It follows from (2.9) that the induced map (x1, k) : X —> t x t factors through the
fiber product t xw t. We denote by T := 1t Xy t this fiber product (though both have
the same dimension, there should be no confusion with the torus T of G which won’t
directly appear).

Lemma 2.5.1. — The irreducible components of T =t X ¢w t are the (1) yew where:
T, = {(z, Ad(wil)z), z € t}
and X, 1s the unique vrreducible component of X such that (ky, k9)(Xy,) = T).

Proof. — The first half of the statement is clear since the T, are irreducible closed
subschemes of T with the same dimension. The second half follows from Lemma 2.3.4
and the surjectivity of «; ,, (Lemma 2.3.1). U

For w € W denote by nx, € X (resp. 1, € T) the generic point corresponding to
the irreducible component X,, (resp. T,), then it follows from Lemma 2.5.1 that the map
(k1, k) : X —> T is such that («y, k9)(nx, ) = nr, for allw e W.

Let x be a closed point of X, w € W such that x € X, C X and recall that T(K] K
(resp. Tw,(,q,,q)(x)) is the completion of T (resp. T,,) at the point (k|, k2)(x). We have a
commutative diagram of formal schemes over £:

Xy —— X,

| |

T = Twwe-
In Section 3.5 we will use the following lemma.

Lemma 2.5.2. — Let x, w be as above and let w' € W. The composition of the morphisms
X = X = T oy Jactors through T e sy = Ty o and only if w' = w.

Progf: — Let A be a local excellent reduced ring such that A/p is normal for each
minimal prime ideal p of A and let A be the completion of A with respect to my. Then
the morphism SpecK — Spec A induces a bijection between the sets of minimal prime
ideals on both sides. Indeed, let B be the integral closure of A, i.e. the product over the
minimal prime ideals p of A of the integral closures of A/p. Then by [41, Sch. 7.8.3(vii)]
there is a canonical bijection between the set of minimal prime ideals of A and the set of
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maximal ideals of B. But since A/p is normal by assumption we have B = ]_[p A/p, and
the set of maximal ideals of B is in bijection with the set of minimal prime ideals of A.

Now the local ring Ox , of X at x satisfies all the above assumptions by [41,
Prop. 7.8.6(1)], [41, Sch. 7.8.3(11)], (i) of Theorem 2.2.6 and Theorem 2.3.6. Likewise
with the local ring O (.« since the irreducible components T, are smooth (be-
ing isomorphic to t). In particular the nonempty Spec OX .« (resp. Spec O, (1))
for w € W are the irreducible components of Spec (’)X,A (resp. Spec OT,(IQ/,\IQ)(X)) De-
note by 7x, € SpecOx  (resp. 7r, € SpecOx ) the generic point of Spec Oy, . (resp.
Spec Ot (k,.40)(0)» 1t 1s enough to prove that the map Spec Ox . —> Spec O 4, )0
sends 7x,, to 7)t,. But this follows from what precedes together with the commutative
diagram:

Spec @\X,x Spec Ox.

|

Spec O'y,(,ﬂ,,(?)(x) — Spec O'l',(KI,KQ)(X)

and the fact both 7x, and 71, are sent to N1, in Spec O (4 k) (0)- O

w

Denote by T, . the tangent space of X,, at x, which is just the same thing as the
k(x)-vector space X,, . (k(x)[e]).

Proposition 2.5.3. — Assume that a closed point x € X,, C G/B x G/B x g s such that
its image in @ 15 0 and let w' € W such that x € X, N V,y.

(1) We have:
dimk(x) TX,,, = dlmk(n(x)) TUw (%) + dlmp(,c) tww (/‘C(X)) + lg(w’wo)

(ii) ZF """ has codimension lg(w) — lg(w') in t and Uy, is smooth at 7t (x), then X, is
smooth at x.

Progf. — (1) Replacing £ by its finite extension k(x) if necessary and base chang-
ing, we can assume x € X, (k) and k(x) = k(mw(x)) = k. Since X,, and U, are G-
equivariant, we can assume 7 (x) = (B, w'B) € G/B x G/B. Recall that 7(X,,) = U,
(see the proof of Lemma 2.2.4), hence we have a closed immersion X,, < U, x g,

—

and thus also a closed immersion )’wa — (U_w)n(x) x g where @ is the completion of
g at 0. Hence any vector v € T, , is of the form v = (g B(k[¢]), 2,B(k[¢]), e¥) where

(21, 2) € G(kle]) x G(k[e]) is such that (Z B(k[e]), 2B (k[e]) € Ty (o = (U (kleD)
anci\where Y € g(k). Working out the condition (2.3) for (g,B(k[¢]), 2B (k[€]), e¥) to be
in X, (k[e]) we find (7w (x), ¥) € X(k), hence (w(x), V) € Vi (k) since m(x) € U, (k).
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This implies in particular ko ((7r (x), ¥)) = Ad(w/_l)Kl ((rr (x), ¥)). Since v € )/Zwyx(k[e]),
Lemma 2.3.4 implies in t(£[¢]) (where t := completion of t at 0):

Ad(g, ") ey = Ad(w ") Ad(g ey

and thus ko ((77 (x), ¥)) = Ad(w ")k, (7w (x), ¥)). Hence we have «,((7w (x), ¥)) € t*(k)
where W := ww'~! and from (2.7) (with g = 1) we obtain ¥ € t* (k) ® (u(k) NAd(w)u(k)).
We deduce an injection of £-vector spaces:

Txy = T2 @ 7 (k) @ (u(k) NAd(w)u(k))

and the upper bound in the statement is precisely the dimension of the right hand side.

(i) Under the assumptions we have dimye () To; ) = dimU, = dimG/B +
lg(w). So we find using lg(w'w;) = dim G/B — lg(w’) and dimy,, tww/il(k(x)) =dimt—
(Ig(w) —lg(w")):

dimyy Tx, . < dim G/B + lg(w) + dimt — lg(w) + lg(w’)

+dim G/B — Ig(w’)
=2dim G/B + dimt = dim G.

Since dimG = dimX,, < dimy, Tx, .., we deduce dimy, Tx, .= dimG = dimX,,
whence the smoothness at x. O

Remark 2.5.4. — One can prove that, at least for w = w,, Conjecture 2.3.7 (for
w = wy) implies that the inequality in (i) of Proposition 2.5.3 is an equality.

Let X := K| ") cX (here also we do not take the reduced associated scheme),
if M is a coherent Og-module, we define its class [M] € Z°(Z) as in (2.13) replacing
m(Z.,, Y) by the length m(Z,,, M) of the Oinzw -module M, . Let x be a closed point
in X (or equivalently in Z), then it follows from [41, Sch. 7.8.3(vi1)] and [41, Sch. 7.8.3(x)]
that the completed local rings Oy ,, Oy, , are reduced equidimensional (of dimension
dimZ when nonzero). Moreover the set of irreducible components of Spec O, is the
union for all w € W of the sets of irreducible components of Spec OZ .+ (note that we
don’t know whether Spec (’)7 .« 1s irreducible, see Remark 2.4.2 and [41, Sch. 7.8.3(vii)]).
We define ./\/l =M ®o, OX . which also has a class [./\/l ] in Z°(Spec (’)Z o). Likewise

we define [Spec (94“,,,%] € Z"(Spec Ol,x)-
Lemma 2.5.5. — We have:

[//\/\lx] = Z m(Z.,, M)[Spec 62@,(] IS ZO(Spec 62,)().

weW
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Proof. — Let W(x) :={w € W, x € Z,}, using that the irreducible components of
Spec Oy, are the Spec Oy, , for w € W(x), from the definition of m(Z,,, M) it is obvious
that:

M=) m(Z,, M)[Spec Oy, .] € Z°(Spec Oy,

weW

where M, := M ®o_ Ox,. Denote by p,, for w € W(x) the minimal prime ideal of
Ox ., (or equivalently O7,) corresponding to Oy, . and by qu,1, ..., qu,, the minimal
prime ideals of Spec (’)X » (or equivalently Spec o, ) above p,, (recall that the morphism
of local rings O, —> OX . 18 faithfully flat). Then by definition (and since Oz 2=01f
w ¢ W(x)):

Tw

Md= 3" > (zog ., M) [Spec(Or,./au.0]

weW(x) i=1

in Z°(Spec (’9\1,{).

BUt we have (/’\/\lx)qw‘,’ = Mx ®O§,x ((’9\X,x)€|w,i = (MX)Pw ®(Of,x)l¢'w (6§,x)qw,i from Wthh lt
casily follows that:

lg((’) i (M”)%z (lg(oix)pw (MX)p“’)(lg(é_ D (@\Y ")q"’*"/pw)
= m(zw, M) ]-g(o (OX X ®O Ozu X)qwz

which gives the result since (’)X «®og Oz, - (97,“ « (recall the map Ox, — Oy, , is
surjective). 0J

Define for w € W (see (iii) of Theorem 2.4.7):

(2.16) [Cwwo-0).] =" aywlSpec Dy, .1 € Z°(Spec Oy.,)
w'eW

(note that [E(wwo -0).] # 0 when w € W(x) since a,, , = 1).

Corollary 2.5.6. — For w € W we have:
[0%,.0= Y Puyuugur (D[E(w'wy - 0) ] € Z°(Spec Oy,).
w'eW

Proof. — This follows from Proposition 2.4.6, (ii) of Theorem 2.4.7 and
Lemma 2.5.5. O
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3. Alocal model for the trianguline variety

We show that the completed local rings of the trianguline variety X,;(7) at certain
sufficiently generic points of integral weights can be described (up to formally smooth
morphisms) by completed local rings on the variety X of Section 2 for a suitable G. This
result will have many local and global consequences in Section 4 and Section 5.

3.1. Almost de Rham B g -representations. — We define and study some groupoids of
equal characteristic deformations of an almost de Rham Bgg-representation of G and of
a filtered almost de Rham Bgr-representation of Gi.

We fix K a finite extension of Q, and first recall some statements on almost de
Rham representations of Gk. In what follows the rings BX; and By are topological rings
for the so-called natural topology [37, §3.2] and all finite type modules over these rings
are endowed with the natural topology. As usual we use the notation ¢ for “Fontaine’s 217 ”
element depending on the choice of a compatible system of primitive p"-th roots of 1 in K.
Recall also that a Br-representation of the group Gk is a finite dimensional Bgr-vector
space with a continuous semilinear action of Gk [37, §3]. We denote by Repy  (Gk) the
abelian category of Bqg-representations of Gk. If W is an object of Repy  (Gk), it follows
from the compactness of Gk and the fact that Bl is a discrete valuation ring that W
contains a B -lattice stable under Gx. We say that W is almost de Rham [37, §3.7] if
it contains a Gg-stable B -lattice W such that the Sen weights of the C-representation
W*/tWT are all in Z.

Let B;rdR be the algebra B [log(¢)] defined in [37, §4.3] and B,r := Bar Qg B;rdR
The group Gk acts on B;“dR via ring homomorphisms extending its usual action on
Bi; and such that g(log(#)) = log(¢) + log(&(g)). This action naturally extends to Boar.
e Of Bpar such that vy, (log(?)) = —1,
and it obviously preserves B;)rdR and commutes with Gg. If W is a Bgr-representation
of Gk, we set Dpir (W) := (Bpar Ry W)QK, which is a finite dimensional K-vector
space of dimension < dimg, W (see [37, §4.3]). It follows from [37, Th. 4.1(2)] that a
Bgr-representation W is almost de Rham if and only if dimg D,,qr (W) = dimg,, W. We

Moreover there is a unique Bgr-derivation vg

say that a Bgr-representation is de Rham if dimg W9 = dimg,, W, hence any de Rham
Bar-representation is almost de Rham. The almost de Rham representations form a tan-
nakian subcategory Rep, iz (Gk) of Repy  (Gx) which is stable under kernel, cokernel,
extensions (see [37, §3.7]).

If E is a field of characteristic 0, recall that the action of the additive algebraic group
G, on some finite dimensional E-vector space V is equivalent to the data of some E-linear
nilpotent endomorphism vy of V, an element A € E = G,(E) acting via exp(Avy). Con-
sequently the category Rep (G,) is equivalent to the category of pairs (V, vy) with V a
finite dimensional E-vector space and vy a nilpotent E-linear endomorphism of V (mor-
phisms being the E-linear maps commuting with the vy).
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If W is a Bgr-representation, we let G, act on Dpyqr (W) via the K-linear endomor-
phism induced by v, ® 1 on Bygr &g, W. Then Dygr is a functor from the category
Repy . (Gk) to the category Repy (G.).

Proposition 3.1.1. — The functor Dpgr induces an equivalence of categories between
Repde(gK) and Rep (G,).

Proof. — By [37, Th. 3.19(1i1)] any object W of Repde(gK) is isomorphic to a direct
sum of B4g [0; d] where Bgr[0; d] C Bpgr 1s the subspace of B4 -polynomials of degree <
in log(#) as defined in [37, Th. 3.19]. It follows that Ko, ®x Dpar (W) and Dgr oo (W) are
isomorphic as objects of Repy_ (G,) where Dgr oo (W) is defined in [37, §3.6].

Let W, and W, be two objects of Repde(gK). It then follows from [37, Th. 3.17]
that the natural map:

3.1) HomRepde(gK) (Wi, Wy) —> Homgep,, (6, (Dde (W), Dpar (WQ))
induces an isomorphism:

Koo ®K HomRepde(gK) (Wl ) WQ)
~ Homgep, (6, (Koo ®k Dyar (W), Koo ®k Dypar (WQ))-

As the natural map:

Ko ®x Homgep, (6, (Dde (W), Dpar (WQ))
—> Homgep, 6, (Koo ®k Dpar (W1), Koo @k Dpar (W)
is an isomorphism 2. the map (3.1) is also an isomorphism and the restric-
is an isomorphism [46, §1.2.10(7)], the map (3.1) is also an isomorphism and the restri

tion of Dpgr to Repp 4k (Gx) is fully faithful.
Let V be a finite dimensional K-representation of G,. We can write V as a direct

sum of indecomposable objects of dimensions 4|, ..., d, and we see that V is isomorphic
to the vector space Dde(GBZf:l B4r[0; 4;]). The functor Dygr is thus essentially surjec-
tive. 0J

Corollary 3.1.2. — Let (V, vy) be an object of Repy (G,) and set:
WV, vy) := Bpar ®x V)UBPdR®l+1®UV:0'
Then W(V, vy) s an almost de Rham Bgyg -representation of dimension dimg V and the functor

(V,vw) = W(V, vy) is a quasi-inverse of Dpar 1n Proposition 3.1.1. Moreover the functors Dyar
(restricted to the category Rep, & (Gk)) and W are exact.
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Progf: — Let W be an object of Rep 4 (Uk), then the natural Bjgr-linear map:
(3.2) Ppdr * Bpar ®x Dpar (W) —> Bpar ®pe W

is an isomorphism by [37, Th. 3.13] and identifies W with W(D,ar (W), vp,w))- The
other assertions are direct consequences of these statements together with Proposi-
tion 3.1.1 and the fact that an additive equivalence between abelian categories is exact. [J

Let A be a finite dimensional Q j-algebra. We define an A ®q, B4r-representation
of Gk as a Bgr-representation W of Gk together with a morphism of Q ,-algebras
A— EndRCdeR(gK) (W) which makes W a finite free A ®q, Bir-module. We denote
by RePA@QﬁBdR (Gk) the category of A ®q, Bar-representation of Gx. We say that an
A ®q, Bar-representation of Gy is almost de Rham if the underlying Br-representation
1s, and define Repdey A (Gk) as the category of almost de Rham A ®q, Bar-representation
of Gk (with obvious morphisms).

Remark 3.1.3. — An A ®q, Bqr-representation of Gk always contains a B -lattice
which is preserved by the action of A. In fact, it is possible that it always contains such
a lattice which is moreover free over A ®q, Bz, but we won’t need that statement.
This 1s at least true for almost de Rham A ®q, Bar-representations as a consequence
of Lemma 3.2.2 below.

Lemma 3.1.4. — The functor Dyar tinduces an equivalence of categories between Rep g A Gx)
and RepA®Q/lK(Ga).

Progf. — Let W be an almost de Rham Bgr-representation of Gx with a morphism
of Q,-algebras A — Endgep,  (gx)(W). It follows from Proposition 3.1.1 that it is enough
to check that W is a finite free A ®q, Bqr-module if and only if Dqr (W) is a finite free
A ®q, K-module. As the functor Dpgr commutes with direct sums, we can moreover
assume that A is a local artinian (finite dimensional) Q ,-algebra.

Let us first prove that Dpgr (W) is a flat A-module if and only if W is a flat
A-module. Let M be an A-module of finite type. As A is noetherian, the A-module M 1is
1somorphic to the cokernel of some A-linear map between finite free A-modules. Using
the fact that Dygr 1s an exact functor commuting with direct sums, the canonical map
M ®4 Dpar (W) —> Dpgr(M ®4 W) is an isomorphism. Using the exactness of Dyqr
again, we conclude that Dpgg (W) 1s A-flat if and only if W is a A-flat.

If H is any field extension of Q,, we can check that an A ®q, H-module M
which is A-flat is a finite free A ®¢q, H-module if and only if M/m,M is a finite free
(A/my) ®q, H-module. Applying this result with H € {K, B4} together with the isomor-
phisms Dpgr (W/maW) =~ (A/my) @4 Dpr(W) and W(V/muV) = (A/my) @4 W(V)
(the latter following from the exactness of the functor W), we are reduced to the case
where A is replaced by A/m,, that is A is a finite field extension of Q .
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For K’ a finite extension of K, we easily check that there is a canonical isomorphism
K’ ®k Dpar (W) 2= (Bpar ®px W)9% so that Wilg,, is almost de Rham. Moreover D,,qr (W)
is a finite free A ®q, K-module if and only if K’ ®x Dpar (W) is a finite free A Rq, K-
module. We can thus replace K by an arbitrary finite K" and hence assume A ®q, K >~

BV Ke with ¢ = 6. Writing A ®g, Bar = (A ®g, K) ®k Bx = B Bre, we
have W = .(¢W) and:

Dde <€B(€iw)> = GB(@'Dde (W))-
As W is almost de Rham, so is ¢W and thus:
dimK el«Dde(W) = dln’lK Dde(eiW) = dideR €iW.

We conclude that Dy,qr (W) is a finite free A®q, K-module if and only if W is a finite free
A ®Q,p BdR—module. D

Let L be a finite extension of Q , that splits K and set:

G:= SpCCL XSpecQ,, RCSK/Q/)(GL”/K) =~ GLn/L X - X GLn/L .

[K:Q,] times

We let B= UT C G the Borel subgroup of upper triangular matrices where T is the
diagonal torus and U the upper unipotent matrices and define g, b, t, u, g, X, etc. as
in Section 2.1 (with £ = L). We refer the reader to the appendix of [53] for a summary
of the basic definitions, notation and properties of categories cofibered in groupoids, that
we use without comment below and in the next sections.

We fix W an almost de Rham L ®¢q, Br-representation of Gk of rank n > 1 and
define Xyy a groupoid over Cy, (or a category cofibered in groupoids over Cy,) as follows.

e The objects of Xyy are triples (A, Wy, t4) where A is an object of Cy,, Wy is an
object of Rep g 4 (Gk) and 15 : Wy @5 L — W.

e A morphism (A, Wy, ta) — (A', Wy, ty) isamap A —> A’ in C;, and an iso-
morphism Wy ®, A’ = Wy compatible (in an obvious sense) with the mor-
phisms ¢4 and ty.

Remark 3.1.5. — Since the category of almost de Rham Bgr-representations is
stable under extensions, any A ®q, Bar-representation of Gk which deforms W is in
fact automatically almost de Rham, by using a dévissage on the finite dimensional L-
algebra A.

Let o : (L ®q, K)" RN Dpar (W) be a fixed isomorphism, we define another
groupoid XY over Cy, as follows.
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e The objects of XVDV are (A, Wy, ta, aa) with (Wy, ta) an object of Xy (A) and
as: (A®q, K)" — Dpqr (W4) such that the following diagram commutes:

1®aa
(L®q, K)" —— L®xDyr(Wa)

ok

(L®q, K)" Dpar (W).

e A morphism (A, Wx,ta,2s) — (A, W), ta,@y) 1s a morphism

£

(A, Wy, tp) — (A', Wy, ty) in Xyy such that the following diagram commutes:

1®ax
A'Qr (ABq, K)" —— A’ ®x Dpar(Wa)

|-

(A" ®q, K)" Dpar (Wa).

Forgetting ay gives an obvious functor X5 — Xyy which is a morphism of
groupoids over Cy, in the sense of [53, §A.4].

Recall that a morphism X — Y of groupoids over Cy, is formally smooth if, for
any surjection A — B in Cy,, any object xp in X(B) and any object 5 in Y(A) such that
the image of xg under the functor X(B) — Y(B) is isomorphic to the image of y, under
the functor Y(A) — Y(B), then there exists an object x5 in X(A) such that x4 maps to
an object isomorphic to xp under X(A) — X(B) and x5 maps to an object isomorphic
to ya under X(A) — Y(A). For instance it is easy to check that X\DV —> Xy is formally
smooth.

If X is a groupoid over C, such that, for each object A of Cy, the isomorphism
classes of the category X(A) form a set, we denote by |X|(A) this set so that we obtain
a functor |X] from Cj, to Sets as in [53, §A.5]. Note that we can also see any functor
F: C;, — Sets as a groupoid over Cj, by defining its objects to be (A, x) with x € F(A)
and morphisms (A, x) — (A’, x') to be those morphisms A — A’ sending x € F(A)
to ¥ € F(A"). Then we have an obvious morphism X — |X] of groupoids over Cy.. For
instance we have functors (or groupoids over Cp) |Xw| and |X‘V:\|’| and a commutative
diagram:

O
XW —— Xw

|

O
|Xw| - |XW |

where the horizontal morphisms are formally smooth. Moreover the morphism X —
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|X€,| is actually an equivalence since any automorphism of an object (A, Wy, ta, o) of
X\% (A) is the identity on Dyqr (W4) because of the framing, hence is also the identity on
W, because of Lemma 3.1.4.

If (W4, ta) 1s an object of Xy (A), we denote by vy, := VD, (Wa) the nilpotent en-
domorphism of D,qr (W) giving the action of G,. If (W,, 15, a4) is an object of Xa, (A),
we define Ny, € M,(A ®q, K) = g(A) as the matrix of a;l 0 Wy, 0 & in the canonical
basis of (A ®q, K)" (in the case A = L, we simply write Nyy). We denote by g the com-
pletion of g at the point Ny € g(L), that we can see as a functor C;, — Sets (hence also
as a groupoid over Cy).

Corollary 3.1.6. — The groupoid X over Cy, is pro-representable. The funclor:
(Wa, ta, ap) —> NWA

induces an isomorphism of functors between |XS| and §. In particular the functor | XS\ is pro-repre-
sented by a ring RS, which is isomorphic to L[X,, ..., X2k ]-

Proof: — 'This easily follows from Lemma 3.1.4. 0

Remark 3.1.7. — The functor |Xyy| is not pro-representable, though it has a hull
in the sense of [59, Def. 2.7]. The dimension of this hull depends on the Jordan form
of vy. For example, if vyy = 0, one can check that the dimension of the tangent space
IXwl(L[e]) of [Xw] is n’[K : Q,] so that RE is a hull for |Xyy| (we won’t use that result).

Definition 3.1.8. — A filtered A ®q, Bar -representation (W, F,) is an A ®q, Bar-
representation W of Gk with an increasing filtration Fo = (F})icq1....ny (where n is the rank of W)
by A ®q, Bar-subrepresentations of Gk such that the A ®q, Bar-modules Fy and Fi/Fi_ for

2 <1< n are free of rank 1.

If A—> Bisamapin C;, and (W, F,) is a filtered A®q , Bar-representation of Ok,
we define B ®, F, := (B®a F)); and (B®x W, B ®4 F,) is then a filtered B ®¢, Bar-
representation of Gk.

Let (W, F,) be a filtered L ®q, Bar-representation of Gk with W almost de Rham
of rank n> 1. Then each quotient F;/F;_; is almost de Rham and finite free of rank one
over L®q, Bar and thus (e.g. using Lemma 3.1.4) isomorphic to the trivial representation
L ®q, Bar. We define the groupoid Xyy 7, over C;, of deformations of (W, F,) as follows.

e The objects of Xy 7, are (A, Wy, Fa.., ta) where (W, t4) is an object of Xy (A)
and Fy , 1s a filtration of W, as in Definition 3.1.8 such that ¢, induces isomor-
phisms Fu; ®4 L —> F.forall i.

e The morphisms are the morphisms in Xy compatible with the filtrations, i.e.
which induce isomorphisms Fy ; @5 A’ - F w.; for all 7.

Forgetting the filtration yields a morphism Xy 7, —> Xy of groupoids over Cy..
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Now we define the groupoid X‘D\,’ 7, over Cp, as the fiber product Xy, 7, xx, Xy
(see [53, §A.4]). More explicitly the objects of X‘DV’ 7 are (A, Wy, Fa., ta, ay) with
(Wa, Fae, ta) in Xy 7, (A) and (Wy, 1y, ap) In X% (A) (morphisms are left to the reader).
As for X%, the morphism X\D\ F— |XVDV’ 7| 1s also an equivalence.

We set D. = (Di)ie{l ’’’’’ n} with Di = Dde(E) and, if (A, WA, fA’., la, O(A) Is an
object ofXW 7.» we set Dy o = (Da;); with Dy ; := Dar (Fa,;). These are complete ﬂags
of Dde(W) and Dpgr (Wy) (respectively) and stable under vy, resp. vy, . We denote by g
(resp. 1) the completion of g (resp. t) at the point (= (D,), Nyy) € §(L) (resp. at the pomt
0 € t(L)). From Lemma 3.1.4 (and what precedes) and the smoothness of the L-scheme g,
we deduce as for Corollary 3.1.6 the following result.

Corollary 3.1.9. — The groupoid X‘%’ 7, over Cy, 1s pro-representable. The functor:
(Wa, Faesla, 0n) > (OCXI (Da.s)s NWA)

induces an isomorphism of functors between |X“ 7| and 3 In particular the functor |XVDV’ 7| 15 pro-
represented by a formally smooth noetherian complete local ring of residue field 1 and dimension n*[K :

Q,] =dim§.

Letk :g—t, (¢B,¥) —> Ad(g~ ")V be the weight map defined in Section 2.3, it
maps the pomt (a™ 1(D ), Nw) € g(L) to 0 € t(L) (since Ny is nilpotent) and induces a
morphism ¥ : g — t. We write k.7, for the composition of the morphisms of groupoids
over Cr:

X0, — X0 | 5557

where the second map is the isomorphism of Corollary 3.1.9. One checks that «w r,
actually factors through a map still denoted Ky 7, : X7 —> & (as changing the fixed
basis replaces (gB, ¥) € g(A) by (¢'¢B, Ad(¢")¥) for some g € G(A) with the notation of
Section 2.1 which doesn’t change the image by k). We thus have a commutative diagram:

O
Xw, Fe Xw. 7,

(3.3) ““N l o

t.

The map kw7, 1 Xw. 7, — ¢ has the following functorial interpretation. Let x4 =
(Wa, Fae, ta) be an object of Xy £, (A). The endomorphism vy, induces an endo-
morphism vy ; of each Dy ;/Dy i1 = Dpar (Fai/ Fai-1) which is an A ®¢, K-module of
rank 1. Since there is a canonical isomorphism EndRepA%ﬁK(Ga) (Da,i/Da,i-1) = A®q ) K,
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we can identify vy ; with a well-defined element of A ®q, K. Then kyy 7, is given by the
explicit formula:

(3.4) kw7 (X3) = Va1, .., Va,) € (A®q, K)" > HA).

3.2. Almost de Rham Bl -representations. — We define and study some groupoids of
equal characteristic deformations of an almost de Rham B -representation of G.

We define a Bj;-representation of Gk as a finite free Bjz-module with a con-
tinuous semilinear action of the group Gk and denote by RepBIR(gK) the category of
Bz -representation of Gx. If W* is a Bz -representation of Gi, then W+ is a Gg-stable
Bz -lattice in the Byr-representation W := W gt Bar = W+[%]. We say that W is al-
most de Rham if the Sen weights of the C-representation W /W™ are all in Z. It follows
from [37, Th. 3.13] that this notion only depends on W and not on the chosen invariant
Bz -lattice inside W.

We just write V instead of (V, vy) from now on for an object of Repy (G,). If V is in
Repg (G,), a filtration Fi1* (V) = (FI'(V));ez of V is by definition a decreasing, exhaustive
and separated filtration by subobjects in the category Repy (G,). If W is an object of
Rep,, & (Gx) and W C W a Gg-stable B -lattice, we define a filtration Filfy; (Dyqr (W))
of Dyar (W) by the formula:

(3.5) Filig: (Dpar (W) = (¢Bl g @2 WH CDr(W) (i€ Z).

It follows from [37, Th. 4.1(3)] that the i such that Filiy., (D,qr (W))/ FIliE (D ar (W)) 2 0
are the opposite of the Sen weights of W /{W™* (counted with multiphc1ty)

Proposition 3.2.1. — Let W be an object of Rep,z(Gx). The map W' +—>
Filyy+ (Dpar (W) s a bijection between the set of G -stable Bl -lattices of W and the set of filtrations
0of Dpar (W) as a G, -representation.

Proof. — Let W be a Gg-stable B} -lattice of W. We define a decreasing filtration
on the left hand side of (3.2) by:

(3.6) Filly: (Bpar ®k Dpar (W) : Z By ®k Fily (Dir(W)) (€ Z)
11+i0=1

and recall from the proof of Corollary 3.1.2 that W >~ W(Dqr (W), Vp, ww) = (Byar ®x
Dpar (W))v—o where v := Ve @ 1+ 1 ® vpjpaw)- From the proof of [37, Th. 3.13] we
see that (see (3.2) for p,dr):

(3.7) Ppar (Filly+ (Bpar ®x Dpar (W))) € tBlde ®pr, W (1€2).

Moreover the bottom horizontal arrow in the commutative diagram on page 62 of [37]
1s actually in our case an isomorphism (see [37, §2.6]) which implies that (3.7) is in fact
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an equality for all i € Z. Consequently we see that for W C W a Gk-stable B, -lattice,
we have:

W+ =W N par (Fillys (Bpar @k Dpar(W))) C Bpar @pe W

which proves that the map W* = Filfy. (Dpqr (W)) is injective.
Conversely let Fﬂ' (Dpar (W)) be a filtration of Dpgr (W), set Fil® (Bpar ®xk Dpar (W)
= ezt Bl ®x Fil (Dpar (W) and define:

Wi := W N ppar (Fﬂo (deR ®k Dpar (W)))
= PpdR (Fﬂo (deR ®k Dpar (W))u:()) CW.

The Bjz-module Wi, is clearly Gg-stable. Moreover a Blz-submodule H of W is
a Bji-lattice if and only if |J t"H = W and (), #H = 0. Together with W =~
Ppdr (Bpar @k Dpar (W)),—o) this implies that /Ode((tnB;dR ®k Dpar (W))y—0) is a By -
lattice of W for each n € Z. Let 7 := max{i, Fili(Dde(W)) =D,;r(W)} and ¢ :=
min{z, Fil'(D,qr (W)) =0}, then we have:

/Ode((l/‘ii0 B;dR ®K Dde (W))v:())
C Wi C ,Ode((l‘_i1 B;dR ®k Dde(W))UZO)
which implies that Wi is a By -lattice of W. One easily checks that p,qr induces an

1somorphism FilO(deR ®k Dpar (W)) SR B;dR Qg FilO(deR ®k Dpar (W)) =0 which
implies Fil° (Bpar ®k Dpar (W) =F i (Bpar ®k Dypar (W)) by the first part of the proof

W
(apply the equality (3.7) for i = 0 with W), from which one gets Fil*(D,qr(W)) =
F ﬂ;\?ﬂ. (Dpar (W)). This gives the surjectivity. O

From now on, if V is an object of Repy (G,) and Fil* = Fil*(V) a filtration of V, we
denote by W (V, Fil*) the Gk-stable BIR—lattice of (Byar ®x V)VdeR®1+1®VV=0 associated
to Fil* via Proposition 3.2.1.

Let A be a finite dimensional Q ,-algebra. We define an A ®q, Bz -representation
as a Bjy-representation W' of Gk together with a morphism of Q ,-algebras A —
Endgep, < G0 (W*) which makes W* a finite free A ®q, Bjz-module. We say that an

A®q, Bz -representation of Gk is almost de Rham if the underlying B, -representation
is. We define the category of filtered A ®q, K-representations of G, as the category of
(V, Fil*) where V is an object of Rep A®QﬁK(Ga) and Fil* = Fil*(V) = (Fil'(V)) ez a de-
creasing, exhaustive and separated filtration of V by subobjects Fil' (V) of RepA®Qp «(G.)
such that the graded pieces gr;ﬂ. (V) := Fil'(V) / Fil'"' (V) are free of rank 1 over A ®q, K
for 1 € Z (the obvious definition of morphisms being left to the reader).
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Lemma 3.2.2. — The functor defined by W +— (DPdR(WJ’[%]), Fil{y+ ), where one sets
Filj, = Filjy+ (Dde(WJ“[%])) as defined i (3.5), induces an equivalence between the category of
almost de Rham A ®q, By -representations of G and the category of fillered A ®q , K-representations
of G,.. Moreover, if W is an almost de Rham A ®q, Bt -representation of Gx and M is an A-module
of finite type (note that M @, W is then a Bl -representation), then for each i € Z there is a natural
A-linear isomorphism of B -representations:

M ®a gri“il;w (Dde (\NJr [%])) ~ gy (Dde (M @A W* [%]))

MW+
Proof. — Let Byur = C[¢, ¢7', log(£)] as in [37, §2.7] and, for i € Z, set:
Fil'Byir) == £'C[1,1og ()] C By
Note that By = @z gr' (Byur) where:
(3.8) gr'Bynr) := Fil'Byyr) / Fil™ (Byur) = £ Cllog(t) | = sz;dR /f‘“B;dR.
For a C-representation U of Gk, set:

Dyt (U) := Byur ®c U)9%
Fil' Dpur(U)) := (Fil'Byur ®c U)
gr'(Dpur(U)) == Fil'(Dyur (U)) / Fil'™ (Dprr (U))
= (gr'(Bour) ®c U)gK-

9

Let WF be a By -representation of Gk and set W := W*[+] and W+ := W /itW*, which
is a C-representation of Gk. Left exactness of Gk -invariants and the last isomorphism in
(3.8) give a natural injection gr‘lm‘.V+ (Dpar (W)) — gri(DpHT(W)). If W* is almost de
Rham, we have:

dimK Dde (W) = Z dlmK gr;ﬂ;ﬁ (Dde (W)) S Z dlmK gI‘i (DpHT (V\T))

< dlmK DpHT (W) = dlmc W
= dimg, (W) = dimg D,,qr (W)
where the first equality on the second line follows from the fact that the Sen weights

of W+ are in Z (i.e. W* is almost Hodge-Tate in the sense of [37, §2.7]). We thus see
that gr;il. N (Dpar (W) = ar' (Dpur(WT)), and consequently that there is a functorial iso-
W

morphism grfy.  (Dpar(W)) 1= Bicz grige . (Dpar (W) = Dy (W) on the category of
almost de Rham B -representations. As the functor D,y is exact on the category of
C-representations with Sen weights in Z (see for example [37, Th. 4.2]), we conclude
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that the functor W+ — grf,. . (Dpar (W)) from the category of almost de Rham B -
w

representations of Gk to the category of finite dimensional K-vector spaces is exact.
Equivalently if 0 — W{ — W3 — Wi — 0 is a short exact sequence of almost de Rham
BXR—representations of Gk and if W; := Wf[%] for 2 € {1, 2, 3}, we have a strict exact se-
quence of filtered K-representations of G,:

0 —> (Dpar(W)), Fil;w) —> (Dpar(Wa), Fﬂ;v;)
— (Dpar(W5), Fil\'\,;) — 0.

Using that a Bl;-submodule of a free B_z-module of finite type is also free of
finite type (as Bj; is a discrete valuation ring), we get in particular that an exact se-
quence W — W7 — W} — 0 of almost de Rham B -representations yields an exact
sequence:

gr;‘ﬂ;\T(Dde(WO) - gr;‘ﬂ;\; (Dde(W?)) - gr;‘ﬂ;\,;(DPdR (W3)) — 0.
We can then argue exactly as in the proof of Lemma 3.1.4 and obtain both the last state-
ment of the lemma (writing M as the cokernel of a linear map between free A-modules
of finite type) and the fact that if W* is an almost de Rham A ®q, B -representation of
Ok then gr%il;\er(Dde(W)) is a flat A-module.

Conversely if 0 — (V, Fil}) — (Vo Fil)) — (V3, Filj) — 0 is a strict exact
sequence of filtered K-representations of G,, then it follows from the definition of
(V,Fil*) = WH(V,Fil*) that there is an exact sequence of almost de Rham BJ-
representations of Gk:

0— W7 (Vl, Fﬂ;) — Wt (Vg, Fil;) Wt (Vg, Filg).

Considering the image of W (Vy, Fil}) in W (V, Fil}) (which is still a Bj -representation
as By is a discrete valuation ring) and applying the exact functor W +— grf.. +(DlDdR (W)),
w

we deduce that we have a short exact sequence:
0— WH(Vy, Fil}) = W*(V,, Fil}) — W*(V3, Fil§) — 0.

We can then argue again as in the proof of Lemma 3.1.4 and check that for each
A-module M of finite type and each filtered A ®q, K-representation V of G,, there 1s
a natural isomorphism M ®, WH(V, Fil*) > WM ®, V,M ®, Fil*). If (V, Fil*) is a
filtered A ®q, K-representations of G,, then the A-module WTH(V, Fil*) is A-flat if we
can prove that M = (M ®x V,M ®, Fil*) sends short exact sequences of finite type
A-modules to strict exact sequences of filtered K-representations of G,. But this is a direct
consequence of the above flatness of gry,. (V) (together with Proposition 3.2.1).

Thus we have proven that W+ is A-flat if and only if gr;ﬂ\.v+ (Dde(WJF[%])) 1s
A-flat. The rest of the proof is then essentially similar to the second half of the proof
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of Lemma 3.1.4 (using that one can embed B; into Bgr) and yields that W is finite free
over A ®q, B if and only if gr}.. ) (DPdR(WJF[%])) is finite free over A ®q, K. 0J
w

Let L be a finite extension of Q, splitting K and recall that if A is an object of Cy,
we have A ®q, K~ @®.cxA. Let WX be an almost de Rham A ®q, BQ’R-representation
of Gk and set W, := WX[%]. Ift e X andi€Z, set:

Dypar,r (Wa) := Dpar (Wa) ®aoq k107 A
Filly (Dpar,r (Wa)) 1= Filly (Dpar (Wa)) @asg, k107 A
gr%il"v . (Dde,r (WA)) = Fﬂiﬁ (Dde,r (WA))/ Fﬂi& (Dde,r (WA)) .
A :

It follows from Lemma 3.2.2 that they are all free A-modules of finite type.
Now let W* be an almost de Rham L ®¢, B;-representation of Gk of rank z,
W= W+[%] and, for each T € X, denote by —/4,; > --- > —h,, the integers ¢ such that:

8 (D (W) = Fily (Dy (W) / FI Dy (W) # 0

(counted with multiplicity). Let A be in Cp, Wy an almost de Rham A ®q, Bjy-
representation of Gx and 4 : Wi ®, L — Wt an isomorphism of L ®q, Bix-

representations of Gg. The following result is a direct consequence of the last statement
of Lemma 3.2.2.

Corollary 3.2.3. — For each T € X and i € Z we have:
gr;ﬂ"v . (Dde,r(WA)) ®a L — gr;ﬂ:\, . (Dde,f(W))-
A
In particular gr;ﬂ. N (Dpar,- (Wa)) # 0 1f and only of there exusts j such that t = —h .
Wa

We can define groupoids Xy+ and XVDV+ over Cy, of respectively deformations and
framed deformations of W* exactly as we defined Xy and X in Section 3.1 by replacing
W, Wy in Xy by WF, W with W an almost de Rham A ®q, B -representation of

Oxk. Note that XVDV+ = Xw+ Xxy XVDV and XE,+ — |X\D\,+| is an equivalence. We have a
d

W . . . .
XY of groupoids over Cy, together with an obvious commutative diagram. We will make
XD

W+

morphism Xy, —> Xy+ and inverting ¢ induces morphisms Xy+ —> Xy, X€,+ —
more explicit under one more assumption on W.

Definition 3.2.4. — Let W* be an almost de Rham 1. ®q, Bk -representation of rank n. We
say that W is regular if for each T € X the h, ; are pairwise distinct, i.e. | < -+ < hy .
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Assume that W is moreover regular. Let A be an object of Cr, and (W3, ta, aa)
an object of XU w+ (A). We define a complete flag:

Fﬂwj(,. = Fﬂ\ﬁ,.(Dde(WA)) = (Fﬂwx ( de(WA)))ZG{l
of the free A ®¢q, K-module Dqr (W) by the formula:

_h'r i

(3.9) Filyt ;(Dpar (Wa)) : EBFﬂ“+ Dpar, (W) i€{l,...,n)

TEX

and it follows from Corollary 3.2.3 that each Filwz’l-(Dde(WA)) / Fil“r;l-_l (Dpar (Wy)) 1s
a free A®q, K-module of rank 1. Since Filyy+ , is stable under the endomorphism vy, of

Dpar (Wa), the pair (Ol;l (Filw+ o), Ny,) defines an element of §(A) where Ny, € g(A) is
as in Section 3.1. Denote by g the completion of § at the point (Fily+ ., Nw) € g(L) (note
that the formal scheme g here is in general different from the formal scheme also denoted
g in Section 3.1 since we complete at different points of g(L), see Section 3.5 for the mix
of the two!).

Like for Corollary 3.1.9, we deduce the following result from Lemma 3.2.2.

Theorem 3.2.5. — The groupoid XE,+ is pro-representable. The functor:

(Wj\_9 la, aA) [— (051;1 (Fil\V:{,.)9 N‘V,\)

induces an 1somorphism of functors between |X | and'g g In particular the functor |X | s pro-
represented by a formally smooth noetherian complete local ring of residue field L. and dimension n*[K :

Q,] =dim§.

As in Section 3.1 we write kw+ for the composition of the morphisms of groupoids
over Cy:

~ &S K o~
XY, — XY =751

where the second map is the isomorphism of Corollary 3.2.5 and ¥ is induced by « :
gt (where?is the completion of t at 0). By the same argument as in Section 3.1 the
morphism K+ again factors through a map still denoted ky+ : Xy+ —> £ so that we
have a commutative diagram:

XD

W+ —_— X\/\H—

J/ K+
K \\r+

-~

t.
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3.3. Tranguline (¢, I'x)-modules over 'RK[%]. — We define and study some group-
oids of equal characteristic deformations of a (¢, I'x)-module over RL,K[%] and of a
triangulated (¢, ['g)-module over RL,K[%].

We define a (¢, I'x)-module over 'RK[%] as a finite free 'RK[%]—module M with a
semilinear endomorphism ¢ and a semilinear action of the group I'x commuting with
¢ and such that there exists an Rg-lattice D of M stable under ¢ and I'x which is a
(¢, I'r)-module over Rk in the usual sense (see e.g. [49]). Let A be a finite dimensional
Q,-algebra, we define a (¢, I'x)-module over RA,K[%] as a fnite free RA,K[%]-module
with an additional structure of (¢, I'x)-module over RK[%] such that the actions of ¢
and [k are A-linear. We denote by ®I', the category of (¢, ['x)-modules over Rg, @'k
the category of (¢, I'k)-modules over RK[%] and ®TI', k the category of (¢, I'x)-modules
over RA,K[%] (with obvious morphisms).

Remark 3.3.1. — Here again (compare Remark 3.1.3), it is possible that a (¢, I'x)-
module in PI'y x always contains an R, k-lattice stable under ¢ and I'k, but we don’t
need this result (note that it always contains an Rg-lattice stable under ¢, I'x and A).
This is true at least for those objects in ®I' x giving rise to almost de Rham Bgg-
representations of Gk, see Remark 3.5.2.

Defination 3.3.2. — Let A be a finite dimensional Q ,-algebra and M an object of ®I' k.
We say that M is of character type if there exists a continuous character 8 © K* — A such that
M~ RA,K(a)[%]-

From now on we assume moreover that L splits K, that . € A and that A is local of
residue field L. For T € ¥ we also fix a Lubin-Tate element ¢, € Ry k asin [49, Not. 6.2.7]
(recall that the ideal Ry x only depends on 7).

We say that a continuous character § : K* — A* is Q ,-algebraic, or more simply
algebraic, if it has the following form: for each v € X, there exists an integer £; such
that §(2) =[x T (o) for z €e K*. If k := (k,), € Z™U] we write 2* for this character.
A continuous character K* — A* is said to be constant if it factors through K* — L* C
AX (i.e. 1s a constant family viewed as a family of characters over Sp A). Note that with
this terminology any algebraic character is constant.

Let 6 : K* — L* be continuous. It follows from [49, Cor. 6.2.9] that every non
zero (¢, I'k)-submodule (over Ry k) of 'RL,K((‘S)[%] is of the form *R k(8) for some
k = (k). € Z™% where & :=[], ¢ € Ry.x.

Let Ak be the torsion subgroup of I'k and fix yx € I'k a topological generator
of M'k/Ax. If M is an object of ®I'k, we define H;,VK(M) as the cohomology of the

complex:

(3.10) Mk OTDORTD g o pqax TR ag
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If M is an object of ®I'y x then the groups pr’m(./\/l) are A-modules. Moreover if
D c M is a (¢, I'k)-submodule such that M = D[%], then we have the formula:

¢, YK @, YK

(3.11) H A, (M)= h_r)nH7 (t_”D)

where pr’ ),K(zf_”D) is the cohomology of the (¢, 'x)-module "D over Rk (which is also
given by (3.10), see [54]). In particular one has:

(3.12) H, (M) =limH,  (7"D) =lim Exty . (R, D)

ort
n n

~ Extyr, (Rx[+]. M)

where the second isomorphism is the usual explicit computation of extensions in terms of
1-cocycles (see [25, Lem. 2.2]) and where the last isomorphism is easy to check. If M is
in ®I', g, the embedding RK[%] - RA,K[%] yields by pull-back a K-linear map:

(3.13) Extyr,  (Rax[1], M) — Extyr, (Rx[], M)

which is easily checked to be injective. By (3.12) any extension in Extll,rK ('RK[%], M) is
given by a 1l-cocycle in H;’VK(M), which in turn can be used to construct an explicit
extension in Extil,FA_K (Rax[5], M) (arguing as in [25, Lem. 2.2]). It follows that (3.13) is
surjective, hence is an isomorphism of L-vector spaces.

The functor M = Hj_, (M) is left exact and we check using (3.11) that
HS’»VK(RA’K[%]) = A. For any continous § : K* — A*, by a dévissage on RA,K((S)[%]
or Rax(8) and the left exactness of H? _ | (3.11) together with [49, Prop. 6.2.8(1)] (see

VK
also [57, §2.3]) imply the following inequ;lities:
(3.14) dimg, H) , (Rak(8)) < dimg, H,  (Rax(8)[1]) <dimg, A.

The following Lemma follows by induction from [5, Prop. 2.14].

Lemma 3.3.3. — Let k = (k;);ex € ZSEQ”], S : KX — L* a continuous character and
7 €{0,1}.
1) Ifwt.(8) ¢ {1 —k;, ..., 0} foreach T € X we have HQ,W(RL,K(CS)/E‘RL,K@)) =0.
(i) Ifwt,(8) € {1 —k;, ..., 0} foreach T € X we have dimy, I—P(;,,VK(RL,K((S)/ZJ‘RL,K(S))
=[K:Q,].

Lemma 3.3.4. — Let 6; : K* — A fori1 =1, 2 be two continuous characters. If there is an

wsomorphism RA,K((SI)[%] o~ RA,K(52)[%], then the character 828f1 is a constant algebraic character
KX — LX*.

Proof. — We can twist by 8;' and assume that §, is trivial, so that we have an
isomorphism R k[1] —> R k(82)[1]. The induced embedding Rax <> Rk (82)[1]
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factors through (R, k(8y) for some integer £ >> 0. Consequently, replacing 8, by
SQNQI;QP we can assume that there exists an embedding Ry g < Rax(82) such that

Rakl[t] = Rax(S)[4].
We deduce A~ HY (Rax) < HSJ’)/K(RA’K((SQ)), and hence we obtain an iso-

RTINS
morphism H) | (R k) =t H)  (Rax(89)) by (3.14). As Ais a finite Q -algebra, we have
Rax =Rk ®q, A. Consequently R x and Ry k(8;) are free A-modules, Rk is a di-
rect factor of R x (89) as an A-module and hence A/my @, Rax — A/my @a Rax(52)
which implies that 8§, modulo my is an algebraic character n =[], 7% : K* — L~
for some k = (k). € Zy ¥ Let D i= ARy k(8,) € Rak(8,). We have HY_ (D) C
HSLVK(RA’K((SQ)). As wt; (89 modulo my) = —£;, by (1) of Lemma 3.3.3 and a dévissage
on A using the left exactness of HS)% we obtain HE»VK (Rax(89)/D) =0, so that:

HZ,VK(D) = H((:,,),K(RA,K((SQ)) = Hg,m(RA,K)

As ng (Ra.x) contains a generator of R, x, we obtain Ry x € D as R, kx-submodules
of Rax(82). But Ry x and D are two isocline (¢, I'x)-modules over Rk with the same
rank and the same slope, hence they are equal (see for example [48, Th. 1.6.10]) and thus
89 = n by [49, Lem. 6.2.13]. O

Recall from [9, Prop. 2.2.6(2)] that there exists a covariant functor Wi, from the
category of (¢, I'x)-modules over Ry to the category of Bl -representations of Gk (see
the proof of Lemma 3.3.5 below for details on its definition). Let M be a (¢, I'k)-
module over RK[%] and D C M a (¢, I'r)-submodule such that M = D[%]. Then it
is easily checked that Wyr (M) := Bgr Qg Wi (D) does not depend on the choice of
D and defines a functor Wyg from the category of (¢, I'k)-modules over RK[%] to the
category of Bgr-representations of Gx. Moreover the functoriality of the construction
in loc. cit. implies that if D (resp. M) is a (¢, I'x)-module over R4 x (resp. RA,K[%]),
then Wi (D) (resp. Wyr(M)) has a natural structure of an A ®q, B/z-module (resp.
A ®q, Bir-module).

Lemma 3.3.5.

(i) Let D be a (@, Tk)-module of rank n over Rax. Then Wiz (D) is a finite fiee A ®g,
Bx -module of rank n. In particular Wi (D) is an A Qq, B -representation of G .

(i) Let M be a (¢, 'x)-module of rank n over RA,K[%]. Then War(M) s a finite free
A ®q, Bar-module of rank n. In particular War (M) is an A ®q, Bar -representation
of Ok.

Progf- — We only prove (1), the proof of (i1) being totally analogous (note however
that we cannot directly deduce (ii) from (i) in general, see Remark 3.1.3). It follows from
[9, Prop. 2.2.6] that the rank of W} (D) over By is the same as the rank of D over Rx.
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Hence it is enough to prove that Wi (D) is a free A ®q, Bz -module. By the same kind
of argument as in the proof of Lemma 3.1.4 or Lemma 3.2.2, we see that it is sufficient to
prove that Wi, (D) is a flat A-module. This is shown in two steps. First we show that for
every A-module M of finite type, there is an A-linear isomorphism of Bl -representations
M®; Wi (D) = Wi (M®, D), secondly we show that the functor W sends short exact
sequences of (¢, ['x)-modules over Ry to short exact sequences of B -representations.
The first point is a direct consequence of the fact that Wi, commutes with finite direct
sums and sends right exact sequences to right exact sequences (this last fact following
from the very definition of W, in [9, Prop. 2.2.6(2)]). The second is contained in [56,
Th. 1.36], but we briefly recall the argument. Let 0 — D, — Dy — D3 — 0 be a short
exact sequence of (¢, I'r)-modules over Rk and let » > max{r(D,), 1 < < 3} where
r(D;) is defined in [8, Th. 1.3.3]. For 1 < < 3,let D! be the R} -submodule of D; defined
in [8, Th. 1.3.3] where Rj is the ring B;;K of loc. cit. (recall that Rk is denoted there
BI@,K)- Then Wi (D,) = Bi; ®ry D} by [9, Prop. 2.2.6(2)]. It easily follows from the
properties defining these D’ in loc. cit. and the fact that R is a Bezout ring that we have
a short exact sequence of free R -modules of finite type:

0 — D} — D; — D; — 0.
In particular we have Tor?k (Bl D%) = 0 and thus the short sequence:
0 — WD) — Wi(Dy) — Wi (D;) — 0
is still exact. O

By [56, Th. 1.36] (or the proof of Lemma 3.3.5) the functors D > W, (D), resp.
M = Wyr (M) send short exact sequences in @I, resp. ®T'k to short exact sequences
in Repy (Gk), resp. Repy (Gk).

If § : K* — A* is a continuous character, we say that 6 is smooth if wt(§) = 0 and
locally Q ,-algebraic, or more simply locally algebraic, if it is the product of a smooth

character and an algebraic character. Equivalently § is locally algebraic if and only if
wt,(6) e ZC Aforallt € X.

Lemma 3.3.6. — Let § : K* — A be continuous and M = T\’,A,K((S)[%].

(i) Assume that § == 8 modulo my : KX — L* is smooth. Then the Bag -representation
War (M) is almost de Rham and we have:

wt(d) = VWagr(M) € A ®Q,p K2~ EndR‘fPAQaQ[IK(Ga) (Dde (WdR(M)))

(1) More generally assume that 8 is locally algebraic, then Wag (M) is almost de Rham and
we have wt(8) = wt(8) + vw v € AQq, K.
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Proof: — We can write § = §,8, where 8, §, : K* — A* are two continuous char-
acters such that §; o recg' can be extended to a character of Gx and Solox = 1. As
Wi (D) doesn’t depend on the Frobenius ¢ on the (¢, I'x)-module D := R, k(8) (see
[9, Prop. 2.2.6(2)]), it follows from the construction of D (see [49, §6.2.4]) that Wyg (M) =~
WdR(RA,K(Sl)[%]) (i.e. War (M) doesn’t depend on &,). Since wt(8;) = wt(§), we can re-
place 8 by §;. The Bgr-representation Wyg (M) is isomorphic to (A ®q, Bar)(6), 1.e. we
twist by 8 the action of Gg on A ®q, Bgr. If 8 o reclz1 is a de Rham character of Gk,
the Byr-representation (L ®q, Bar)(8) is de Rham, hence almost de Rham, and thus
(A ®q, Bar)(3) is almost de Rham as an extension of almost de Rham representations
(use a dévissage on A).

(1) Since the C-representation (A ®q, B(J{R)(S) JUA Qq, B:R) (8) has all its Sen
weights 0, we have isomorphisms:

Dy (A ®g, Ba) ) < (Bl [log(1)] @y, (A®q, Bl)(®)™

S (Cllog(n] ®c (A®q, C)(8))™

in RepA®Q/K(Ga) (the nilpotent operator being defined everywhere analogously to
the one on D,qr and the second isomorphism following from an examination of the
proof of [37, Lem. 3.14]). Sen’s theory shows that we also have an isomorphism in

Repygq k. (Go):

Koo ®x (Cllog(] @c (A ®g, C)(3)™ > Asen((A ®g, C)())

where the nilpotent operator on the right hand side is given by the Sen endomorphism
(see e.g. [37, §2.2] together with [37, Prop. 2.8]). But we know that the Sen endomor-
phism on As., ((A ®q, C)(3)) is just the multiplication by wt(§) € A ®q, K.

(1) We can write § = §,6903 where 8, is smooth and §; o recfi1 can be extended
to Gk, 8y : K* — L* C A* is constant such that &, o reclz1 can be extended to a de
Rham character of Gg and 33'@? = 1. We thus have W x (M) =~ WdR(RA’K(SISQ)[%]) =
(A ®q, Bar)(8162) = (A ®q, Bar)(81) which is almost de Rham by (). By (i) again, we
also deduce VWar(M) = Wt(31) = Wt((S) - Wt(32) = Wt((S) - Wt(g) ]

Lemma 3.3.7. — The Bag -representation WdR('RA,K((S)[%]) us trivial if and only if § is
locally algebraic.

Proof. — As in the proof of Lemma 3.3.6, we can write any & as 6,89 where
8 o recg' can be extended to Gx and 82|0§ =1 and we have WdR(RA,K((S)[%]) =
WdR(RA,K(gl)[%]) = (A ®q, Bar)(81). We have (A ®q, Bir)(61) = A ®q, Bar if and
only if §; is de Rham if and only if 8, is the product of a smooth character with an alge-
braic character (namely (813;1 )8, and using (ii) of Lemma 3.3.6). Since 8, is smooth, this
proves the statement. O
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Definition 3.3.8. — Let M be an object of PT s x and n > 1 its rank. We say that M is
trianguline if M admits an increasing filtration My = (M,)icq1...y by subobjects in PT s x such
that My and M) M;_ for i € {2, ..., n} are of character type. Such a filtration M, is called a

.....

is called a parameter of M.

It follows directly from the definition that a triangulation of M is a filtration by di-
algebraic if each §; is. If a triangulation M, admits a locally algebraic paran’l.(;ter, then by
Lemma 3.3.4 all parameters of M, are locally algebraic.

Fix M a trianguline (¢, I'x)-module over RL,K[%] together with a triangulation
M, of M. We define the groupoid X 4, over Cy, as follows.

e The objects of X, are quadruples (A, My, My ., ja) where A is in Cy,
M, is a trianguline (¢, I'x)-module over RA,K[%], M., a triangulation of
M, and j, an isomorphism M, ®, L —> M which induces isomorphisms
My @4 L — M, for all 5.

e A morphism (A, Ma, My, ja) —> (A, My, My o, ja) isamap A —> A’in
C;, and an isomorphism M, ®, A’ —> M compatible (in an obvious sense)
with the morphisms ju, j& and with the triangulations, i.e. which induces iso-
morphisms M ; ®4 A’ —> My, for all 7.

Denote by T the rigid analytic space over Q, parametrizing continuous charac-
ters of K* and 7y, its base change from Q, to L. Fix a triple (M, M,, §) where M
is a trianguline (¢, I'x)-module of rank n > 1 over RL,K[%], M, a triangulation of M
and § = (61, ...,8,) with §; : K* — L a parameter of M,. Note that we can see § as a
continuous character (K*)" — L*, i.e. as an element of 7"(L)). The functor of defor-
mations of §, i.e. the functor:

Ar— {continuous characters 8, = (8a.1,...,0a,) ¢ (KX)" — A%,
3, modulo my = §; Vi}
is pro-represented by the completion 7’? of 7" at the point § € 7"(L). If A is in Cy,
and (My, My ., Ja) is an object of X m, (A), it follows from Lemma 3.3.4 that there

exists a unique character §,, € E” (A) which is a parameter for M, , and satisfies §, =8
modulo my. The map:

(A, My, MA,.JA) > (A, QA)

gives rise to a morphism w; : Xapm, —> 7/;\_” of groupoids over Cy,. Note that, if §’ is
another parameter of M,, then §'8”" is (constant) algebraic by Lemma 3.3.4 and we
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have an obvious commutative diagram:

XM.M,

ws (Ué/

(3.15) e O

7;;1 7; 7/1 .

We also define the groupoid X over Cy, by forgetting everywhere the triangulations in
X m.m, (that is, we only consider deformations of the (¢, I'k)-module M). We have a
“forget the triangulation” morphism X v o1, —> X of groupoids over Cr..

Fix M and M, as above, then by (ii) of Lemma 3.3.5 (with A = L) F; := Wgr (M,)
for 1 € {1, ..., n} defines a filtration F, = (F))icq1...p of W 1= Wr (M) in the sense of
Definition 3.1.8. Assume moreover that M, possesses a locally algebraic parameter. It
then follows from Lemma 3.3.6 that each Byr-representation F;/F;_; is almost de Rham
and hence that W is also almost de Rham (as it is an extension of almost de Rham
Bar-representations). It moreover follows from (ii) of Lemma 3.3.5 that the functor Wgg
defines a commutative diagram of morphisms of groupoids over Cy:

Xmm, — Xw. 7,

| l

X M XW .

Now we fix an isomorphism « : (L ®q, K)” SN Dpqr (W) as in Section 3.1, so
that we have the groupoids X§ and XVDV, 7., over Cp, (see Section 3.1). We define the fiber
products of groupoids over Cy, (see [53, §A.4] and Section 3.1):

XT =X xxy Xy and

X_/E\l/[,,/\/l. = XM,M. XX\V.}_. X\E’\l’y,]'—. g XMaMo XX\V X\l;\]"'
We fix a parameter § = (8,);e(1.....) of M., for A € Cy, the natural map:
(3.16) Ia = Baiiet..y > Wt(3a)) — Wt(8)ieq1....np) € (A Rq, K)" g't\(A)

..........

induces a morphism of formal schemes wt —wt(9) : 7’? —t

Corollary 3.3.9. — The diagram of groupoids over Cy.:
Xmm, — Xw.r,

ws l KW, Fo

— wt—wt(d)
n

)

. %

s commutative.
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Proof. — This is a consequence of (3.4) and of (1) of Lemma 3.3.6. U

From Corollary 3.3.9 we obtain a morphism of groupoids over Cy :
<3.17) XM‘M. — 7/;\_" X’{XW,]:..

Writing 7 >~ G x )V where W is the rigid analytic space over Q, parametrizing con-
tinuous characters of Of, we see that the right hand side of (3.17) is isomorphic to
G" x Xy, 7, (with obvious notation).

3.4. A formally smooth morphism. — We prove that under certain genericity assump-
tions the morphism (3.17) is formally smooth.

We keep all the previous notation (in particular we assume from now on that L
splits K). Let A be in C;, and M be an object of ®I'5 k. Recall from Section 3.3 that we
have ExtiprA_K ('RA,K[%], M) ~ H;J/K(M). Moreover, if W is an almost de Rham A ®q,
Bgr-representation of G, there are natural isomorphisms:

1 ~ 1 ~ !
318)  Extiyy, 60 (A8 Bae W) 2 Extiy, 6o (A®g, Bar, W) = H' (Gx, W)

where the last A ®¢q, K-module is usual continuous group cohomology, the first isomor-
phism comes from the fact that Rep A,de(gK) is stable under extension in RePA@Q/,BdR (Gx)
and the second 1s the usual explicit description by 1-cocycles. In particular it follows that
the exact functor M —— Wggr (M) from ®T'5 k to RepA@Q{,BdR (Gx) (see Section 3.3) gives
a functorial A ®q, K-linear map:

HﬁlﬂVK(M) = EXté)FA,K (RA»K[%]’ M)

(3.19) —> Extie,. o g (A ®g, Bar, W) = H' (Gic, War (M)

QyPdR

Moreover the equivalence of categories Dyqr of Proposition 3.1.1 between Repde(gK)
and Repg (G,) induces functorial isomorphisms by an explicit computation:

H’(Gk, W) =~ Homgep, @0 Bar, W) = ker(vyy)
H!'(Gk, W) ~ Extll{epde(gK)(BdR, W) =~ coker(vy)

where vy is the K-linear nilpotent endomorphism of D,qr (W). In particular we see
the functor W —> H'(Gk, W) is right exact on Repde(QK). Since the functor W —
H’(Gk, W) is exact on the category of de Rham Bgg-representations W of G, it follows
that W —> H'(Gk, W) is also exact on the category of de Rham Bgg-representations

Of QK

Lemma 3.4.1. — Lezi‘{ 8 : KX — LX be a continuous character such that 8 and €8~ are not
algebraic. Letk = (k;), € Zy ¥,
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(i) Wehave H) (1 *Rpx(8))=H  (Rik(8))=0.
(i) Ifwt.(8) ¢ {1, ..., k} foreacht € X, then H;’W(RL,K(S)) — H;)VK(l‘_kRL,K(‘S))
s an isomorphism.

(1) Ifwt(8) €{l,...,k} foreacht € X, then H;’},K(RL,K((S)) — H;)VK(fkRL,K(S))
is the zero map.

Proof: — From [57, Prop. 2.10] (together with and [57, §5]), our general hypoth-
esis on § implies (1) and also dimy, H;,yx (R1.x(8)) = dimy, HéWK (t*RLk(8) =[K: Q,l
for any k € ZIX%!, Then the result comes from the long exact cohomology sequence

associated to:
0—> Rix(®) —  *Ryx(8) — ¢ *Rix(8)/Rix(8) —> 0,
together with Lemma 3.3.3 (replacing § by z7%§). UJ

Lemma 3.4.2. — Let § : K* — L™ be a locally algebraic character such that 8 and €8~
are not algebraic. Then the map in (5.19):

H;,J,K(RL,K((S)[%]) — Hl(gK, WdR(RL,K(g)[%])) ~ H'(Gk, L®q,Bar)
us an 1somorphism.

Proof. — Replacing § by z7%8 for some k € qu"’] we can assume wt;(8) < 0 for

all 7. Then (ii) of Lemma 3.4.1 and (8.11) imply that the inclusion R,k (8) C 'RL,K((S)[%]
induces an isomorphism H;’ yK('RL’K((S)) — H;’VK(RL,K((S)[%]). In particular we have
dimy, H}MK (RL,K((S)[%]) = [K: Q,] (see the proof of Lemma 3.4.1). Lemma 3.3.7 implies
WdR(RL’K(8)[%]) ~ L.®q, Bar and it easily follows from [64, Th. 1] and [64, Th. 2] that
dim; H'(Gk, L ®q, Bar) = [K: Q,]. Thus it is enough to prove that the map:

(3.20) H,  (Ri.x(8)) — H'(Gk, War (R (8)))

is an isomorphism. Since these two L-vector spaces are both of dimension [K : Q ], it is
enough to prove that the kernel of (3.20) is zero.

Let W(8) := (W, (RLk(8)), Wir (RLk(8))) be the L-B-pair associated to Ry, (8)
following [56, §1.4] (which generalizes [9]) and H' (Gk, W(8)) the L ®q, K-module de-
fined in [56, Def. 2.1]. We have an isomorphism:

(3.21) H, . (RLk()~H'(Gk. W())

by [56, Prop. 2.2(2)] together with [56, Th. 1.36] (and the interpretation of H;,m(D)
as extensions of Ry, by D). The kernel of H!' (Gx, W(8)) — H'(Gx, War (R1.x(8))) is
denoted by Hé1 (Gk, W(8)) in [56, Def. 2.4]. It follows from [56, Prop. 2.11] that its van-

ishing is equivalent to an isomorphism He1 (G, W(87'e)) — H'(Gx, W(6'¢)) where
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He1 (G, W(87'e)) is defined in [56, Def. 2.4], or equivalently to the vanishing of the map
(see [56, Def. 2.1]):

(3.22) H'(Gk, W(87'e)) — H'(Gx, W.(Rik(87'¢))).
However it follows from the definition of W,(R1 k(87 '¢)) (see [9, Prop. 2.2.6(1)]) that it
only depends on Ry, (8)[ 1], hence we have for any k € ZJy -

W,(Rik(87'e)) = W( "Rk (87'e)) = W, (Rik (2787 "e))
and the map (3.22) factors as:

H' (G W(-'e)) — H' (G W(57')

— H' (G W(Rux(:7%87¢)))
=~ H' (G, W.(Rux (57'¢))).

As for the first isomorphism in (3.21), the first map is also:

HL o (Ru(87'6)) — Hy (R (7557'6)) = HY (PR (67'e))

which is zero by (i) of Lemma 3.4.1 since we can choose k = (;), € Zg%qﬁ] such that
ky > —wt.(8) + 1 for all T (and recall wt,(§) <0 hence —wt,(§) + 1 > 1). Thus (3.22) is
a fortiort zero. U

Lemma 3.4.3. — Let A be an object of Cy, and let § © K* — A* be a continuous character
such that 8 and &8 are not algebraic where § := 8 modulo m.
§) Wehave HO, (Rax (D)L = H2_ (Rax(8)[L]) =0.

(ii) Assume moreover 8 locally algebraic, then the map:
HJWK (RA,K((S) [%]) — H' (gK, War (RA,K((S) [%]))

us surjective.
(111) Assume moreover & locally algebraic, then the map:

Hy i (Rax®[3]) — H' (G, War (Rax ®)[7]))
is an isomorphism.

Proof. — (i) Let M be a (¢, 'r)-module over RL,K[%] which is a successive ex-
tension of (¢, I'x)-modules isomorphic to 'RL,K(S)[%] (for instance M = 'RA,K(S)[%]),
then it follows from (i) of Lemma 3.4.1 and the long exact cohomology sequence that

H)  (M)=H2 (M)=0.

@, YK
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(i) Let M as in (i). Since the functor Wy is exact and since Wyg (M) is almost
de Rham (as it is an extension of almost de Rham Bgr-representations), then it follows
from (the surjectivity in) Lemma 3.4.2, from the right exactness of the functor W —
.HI(Q‘K, W) on Repde(gK) and from (i) that the map H;)VK (M) — H'(Gk, War (M)
Is surjective.

(111) The last statement follows from the dévissage in (i1) together with Lemma 3.4.2
and the fact W — H'(Gk, W) is exact on the category of de Rham Bgg-representations

of QK. ]

Denote by 7y C 7y, the subset which is the complement of the L-valued points
2, e(2)2* with k = (k,), € Z™%1 and by T, the characters 8§ = (81, ..., 8,) such that
8:/8; € To for i # j. Equivalently 7" C 7" is the complement of the characters (8, ..., 8,)
such that 8i8j-_1 and 83i8]»_1 are algebraic for 7 # . Note that if a triangulation M, (on a
trianguline (¢, 'x)-module of rank n > 1 over RL,K[%]) admits a parameter in 7'(L),
then by Lemma 3.3.4 all parameters of M, are in 7,"(L).

We can now prove the main result of this section.

Theorem 3.4.4. — Let M be a trianguline (@, T'x)-module of rank n > 1 over RL,K[%],
M, a triangulation of M and 8§ = (8;)ic1....ny a parameter of M. Assume that 8 is locally algebraic
and that 8 € T,'(L). Let W := War (M) and F, := War (M.,). Then the morphism:

XMM, — 7/;\_" X7 Xw. 7,
of groupoids over Cy, in (3.17) s formally smooth.

Progf. — Let A — B a surjective map in Cp, xg = (Mg, Mg,,jz) an ob-
ject of Xy, (B), v = (85, Wp, Fie, tp) its image in T x7 Xy £ (B). Let yp =
(84s Wa, Fae, ta) be an object ofﬁ xtXw, 7 (A) such that §, = §; modulo ker(A — B)
and B ®y (Wa, Faer ta) =~ (Wg, Fp.e, ts). We will prove that there exists some object
xp=(May, MA,.,J"A\) in X m, (A) whose image in Xy aq, (B) 1s isomorphic to xg and
whose image in 7y xt Xy, £ (A) is isomorphic to ys. Write §, = (8a1,...,84,) and
8y = g1, 83‘,1_). By induction on i we will construct (¢, I'x)-modules M, ; over
RA,K[%] such that M ;| C M ; and isomorphisms RA,K(SA’,')[%] ~ Myi/ Maioy with
compatible isomorphisms B ® My ,; >~ My, War(Ma ) = Fi; (compatible mean-
ing with B ®, Fa; >~ Fp;). For i =1 one can take My, 1= RA’K(gA’])[%] (using (i1) of
Lemma 3.3.6). For 1 € {2, ..., n} set:

Ethl{cM3 ok G T Ethl{cp,\Q3 o Bar (9%) (War (Rax (8a)[7]). Faic)
Ethl{epB®Qﬁ Bar (GK),i = EthliepB‘g,Qﬁ Bar (Gx) (WdR (RB'K (5]3’ i) [% ]) ’ ‘FB* i—1 )

EthDFB,K,i = EXttlbl"B‘K (RBK(aBz) [%], MB,i—l)-
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Assuming that M ;_ is known for a fixed 7 > 2, the existence of M ; is then obviously
a consequence of the surjectivity of the map:

EXt;rAK (RA,K(CSA,i) [%] , MA,z’—l)

War XBRa 1 1
-

Ethl{epA(g g (9K X EXLE{EPB‘@Q’OB({R G EXory i
which itself follows by (3.12), (3.13) and (3.18) from the surjectivity of:
3.23) Hy o (Maimi(8:3) —
H' Gk, War (Mai-1(853))) X101 @ WareMir 650 Hone (Miz1 (85.1))-

For i #j, the characters 5 J-Sg’li satisfy the hypotheses of Lemma 3.4.3, consequently
Lemma 3.4.3 (both (1) and (i1) are needed) together with right exactness of the functor
W H'(Gk, W) on the category Rep,r (Ux) imply the surjectivity of the map:

Hy o Mz (837)) — H' (G, War (M1 (810)))-

For W, 1in Repde’ A(Gk) we have an isomorphism Dpr(Wy) ®4 B =~
Dpr (WA ®4 B) in RCPB®QpK(Ga) (see the proof of Lemma 3.1.4) from which it fol-
lows that coker(vy,) ®a B = coker(vy,g,5) where vy, (resp. vw,g,s) is the nilpotent
endomorphism on Dyqr (Wy) (resp. Dpgr (Wa ®4 B)). Since we have functorial isomor-
phisms H' (Gk, W,) = coker(vy,) of A ®q, K-modules, it follows that H'(Gx, Wa) ®a
B >~ H'(Gk, Ws ®4 B), and in particular that Hl(gK,WdR(MAJ—_l(S;’IZ-))) ®a B ~
H'(Gx, War (M- (85.))).

Ifo—- M, - M —> My — 0 is an exact sequence in ®I'yx such that
HY, (M) =H2, (M) =H  (M;®B)=H?  (M;®4B)=0andH. (M) ®,

B— H,  (M;®,B) for i€ (1,2}, then the long exact cohomology sequence for H,
and an easy diagram chase yield an isomorphism H;WK(M) 4B > H;) (M ®4 B).
By (i) of Lemma 3.4.3, H) and H} _cancel Ra x(8a,85,)[+] and Ry k (85,85;)[4] for
¢ # J, and more generally any M which is a successive extension of Ry k(6,6 1)[%] for
¢ # . By the same argument as in the first part of the proof of Lemma 3.1.4 using that
the functor H;WK is then exact on the subcategory of such objects M and commutes with
direct sums, we obtain isomorphisms H;m\' (Main (8;;)) B — H;’ " (Mg,io1 (85, }))
(note that M A,i_l(S;li) is a successive extension of R k (85 ﬁ;ﬁ)[%] fory <i—1).

The surjectivity of the map (3.23) is then a consequence of Lemma 3.4.5 below
applied with M = H(lp’yK(MA,i_l (8:)) and N = H' (G, War (Ma i (3,:11))) ]

Lemma 3.4.5. — Let A be a ring, I C A some ideal and B := A/1. Let f : M — N be a
surjective A-linear map between two A-modules. Then the map M — (M @4 B) Xng, 8 N sending
meMto(m@ 1, f(m)) is surjective.
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Proof. — Let P := ker(f), tensoring with B we obtain a short exact sequence
PRAB—->M®yB—N®ysB— 0. Let (x,9) € (M ®x B) Xng,p N. There exists y € M
such that f(y) = . Let u:=x—y® 1 € M ®, B. The image of u in N ®, B is zero, hence
there exists v € P ®, B whose image in M ®, B is equal to u. Let z € P € M lifting v,
thenu® 1 =uin M®x B. We have f(h+u) =f()) =pand 0+ 0) @ 1l = (x—w) +u=x
in M ®, B: this proves that y + z € M maps to (x, ) € (M ®4 B) Xng, N. O

We say that a morphism X — Y of groupoids over C, is a closed immersion if
it is relatively representable [53, Def. A.5.2] and if, for any object y € Y(A,), the object
x € X(A,) representing the fiber product y Xy X (see [53, §A.5] for the notation) is such
that the map A, — A, is a surjection in Cj..

Proposition 3.4.6. — Let M be a trianguline (¢, T'x)-module of rank n > 1 over RL,K[%],
M, a triangulation of M and § = (8,)ic(1.....ny a parameter of M. Assume that 8 € T, (L), then the
morphism X p pm, —> X of groupoids over Cy, is relatively representable and is a closed immersion.

Progf. — Since a triangulation M, , deforming M, on a deformation M, of M
is unique if it exists by a proof analogous to [2, Prop. 2.3.6] (using (i) of Lemma 3.4.3), we
have an equivalence of groupoids over C.:

(3.24) X, —> Xt Xx) 1X v, |-

A proof analogous to [2, Prop. 2.3.9] but “inverting ¢ everywhere” shows that the mor-
phism | Xy aq,| —> X ] 1s relatively representable. This implies that the morphism
Xm.m, —> Xu 1s relatively representable as well. The last statement follows easily from
this together with (3.24) and the fact that |[X 4 a4, ] 18 @ subfunctor of [ X xq]. (|

Lemma 3.4.7. — Let M be a trianguline (¢, T'x)-module of rank n > 1 over RL’K[%], M,
a triangulation of M and § = (8,)icq1....ny a locally algebraic parameter of M such that § € T'(L).
Let (A, M, Mao,jn) be an object of Xpqpm, and 8, = (8a.)ie(1....ny as before (3.15). Assume
that the nilpotent endomorphism Vg My) 0n Dpar (War (M) @5 zero. Then we have My ; =
@}ZlnA,K(SAJ)[%]for 1e{l,...,n}, ve the (p, T'x)-module My is “split” (and hence also M ).

Proof. — Since vw M, = 0, we have in particular wt(8, ;) = wt(§;) by Corollary
3.3.9 and (3.4), i.e. 84 ; 1s locally algebraic for all ¢. The result then follows by dévissage
from Lemma 3.1.4 and (ii1) of Lemma 3.4.3 (via (3.12), (3.13) and (3.18)). UJ

3.5. Tranguline (@, I'x)-modules over Rx. — We define and study some groupoids
of equal characteristic deformations of a (¢, I'x)-module over Ry g with a triangula-
tion over RL,K[%] and of an almost de Rham Bé’R—representation of Gk with a filtration
over Bgr.

We keep the previous notation and fix a (¢, I'x)-module D over Ry k. We define
the groupoid Xp over Cy, of deformations of D exactly as we defined X ¢ in Section 3.3
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except that we don’t invert { anymore (so objects are (¢, I'x)-modules which are free of
finite type over R x and which deform D). We have an obvious morphism Xp, —> Xy 1
of groupoids over Cy..

We first assume that Wi (D) is an almost de Rham B, -representation of Gi. By
(i) of Lemma 3.3.5 we also have a morphism Xp — Xy (1, of groupoids over C, and
the diagram:

Xp — ij;R (D)

_

Xt = Xwa®rt)

is commutative. We thus have a morphism Xp —> Xy, 1 XdeR - XWIR<D) of groupoids

1 D
[
over C .

Proposition 3.5.1. — The morphism Xp —> Xpy 1) Xx

X+ 15 an equivalence.
War @11 < Wik (D) q

Progf: — This 1s essentially a consequence of Berger’s equivalence between (¢, I'k)-
modules over Rg and B-pairs [9, Th. 2.2.7], once one knows that for A in Cy, there is
a natural equivalence of categories (which preserves the rank) between ®I'y x and the
category of A ®q, B,-representations of Gg where B, := Bfrizsl , 1.e. free A®q, B,-modules
of finite type with a continuous semi-linear action of G.

First let M be a (¢, I'x)-module over RK[%] and set W,(M) := W,(D) for any
(¢, T'k)-submodule D C M such that M = D[%] where W, (D) is the B,-representation
of Gk constructed in [9, Prop. 2.2.6(1)], which does not depend on the choice of D in-
side M. This defines a functor from ®T'x to B,-representations of Gx which preserves
the rank. To prove that this functor is an equivalence of categories, we construct a quasi-
inverse using [9]. If W, is a B,-representation of G, take any Gg-stable B, -lattice W
inside Wyg := Bqr ®5, W, and let W be the B-pair (W,, W:{R). Let D(W) be the (¢, I'y)-
modules over Rk canonically associated to the B-pair W constructed in [9, §2.2]. It fol-
lows from the construction in loc. cit. that M(W,) := D(W)[%] does not depend on the
choice of the lattice W inside Wyr and that M —> W,(M) and W, —> M(W,) are
quasi-inverse functors.

Now it has to be checked that M is free over RA,K[%] if and only if W,(M) is free
over A ®q, B,. But by an argument analogous to the one in the proof of Lemma 3.1.4
using the exactness of the functors M +—— W,(M) and W, — M(W,) (which itself
easily follows from the exactness of the functors D and W of [9, §2.2], see [56, Th. 1.36])
and the fact that they commute to direct sums, one is reduced to the case A = L. which is
in [56, Th. 1.36].

Finally it remains to be checked that if D is (¢, I'x)-module with a morphism
A— Endq)rz (D) and that WK(D[%]) is a finite free A ®q, B.,-module and W:{R(D) IS a

finite free A ®q, Bjz-module (necessarily of same rank), then D is a finite free R k-
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module. As usual, using the exactness of the functor D — (W,(D), Wi (D)) we show
that D is a flat A-module and D/m,D is a finite free Ry, x-module. Choose an isomor-
phism Ry >D /maD and lift it to a morphism of R x-modules R, x — D. The result
follows from the two following facts: R k 1s a flat A-module (it is a free A-module since
Rak =A ®q, Rk) and a map between two flat A-modules which is an isomorphism
modulo my is an isomorphism (A is artinian so there exists m > 0 such that m} =0, if
S+ My = My is such a morphism, its kernel and cokernel are A-modules N such that
N=m\N=mN). O

Remark 3.5.2. — By the argument at the end of the previous proof, one also sees
that a (¢, 'x)-module D with an action of A is free over R,k if and only if D[%] 1S
free over RA,K[%] and WKR(D) is free over A ®q, B:{R. Now if M € ®TI', k is such that
War (M) is almost de Rham, it follows from Remark 3.1.3 that Wyr (M) contains an in-
variant lattice W which is free over A®q, B.x. The image of the B-pair (W,(M), Wi,
by the functor D of [9, §2.2] is then a free R4 k-lattice of M. In particular we deduce
that any such M possesses a free R k-lattice stable by ¢ and I'k.

We now assume that D is trianguline of rank » > 1 (but don’t assume any-
thing on Wz (D) for the moment), see [19, §2.2] and references therein for the defi-
nition (due to Colmez) of trianguline (¢, I'x)-modules over Ry k. We let M := D[%],
Mo = (M))icq1....n a triangulation of M and we define the fiber product of groupoids

,,,,,

over Cy, (cf. Section 3.3):
Xp,M, 1= Xp Xx, XM, M, -

We assume moreover from now on that M, possesses a locally algebraic param-
eter. We let WF := Wi (D), W := Wr (M) = Bgr ®s, Wt and F, = (F)icq...n) i=
(War(M))icqr...p- Then W (resp. W) is an almost de Rham Bgg-representation (resp.
Bz -representation) of Gk, see the end of Section 3.3. Finally we fix an isomorphism
o (L ®q, K) = D,ar (W). Recall we defined the following groupoids over C;, (and
many morphisms between them): Xy, X5, Xy 7., X\D\ 7 = Xw.F Xxy XY in Sec-
tion 3.1, Xy+, X, = Xw+ Xx,, Xy in Section 3.2, XT = X xxy Xy, X ip, =
Xmm., Xxy Xiy in Section 3.3 and we have Xp = Xy xx,, Xw+ by Proposition 3.5.1
just above. We now use them to define the following fiber products of groupoids over Cy.:

XE = XD XXw X% XE,M, = XD,M. XXp Xg = XD,M. XXw X‘E\’
Xw+’ Fo = XW‘*' XXw wa Fo X\D\ +.F, = XW'*'. Fo XXw X\E\ly = XW+ XXw X\%!v’ For
There are many natural (and more or less obvious) morphisms between all these
groupoids over Cj, that we don’t list. We recall that, in Xp a4, and XE M, (resp. Xy+ 7,

and XVDW, 7.)» we do not deform a triangulation on D (resp. a filtration on W), but rather
the triangulation M, (resp. the filtration F,) on M = D[] (resp. on W = W*[1]).
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We assume from now on that M, moreover admits a parameter in 7,"(L).

Lemma 3.5.3.

(i) The morphism X pg —> Xw of groupoids over Cy, is relatively representable.
(i) The morphism X pq pm, —> Xw.x, of groupoids over Cy, is relatively representable.

Proof. — We prove (1). We will use the equivalence between ®I's x and the category
of A ®q, B,-representations of Gk in the proof of Proposition 3.5.1. Let W, := W, (M)
be the L ®q, B,-representation of Gk associated to M so that W >~ Bjr ®p, W,. Fix
na = (A, Wy, ty) an object of Xy and denote by 74 the groupoid over Cy, it repre-
sents. Then for each A-algebra A’ in Cy, the groupoid (x Xx,, Xa)(A) is equivalent
to the category of (W, a,ja, ¥a) where W, o 1s an A’ ®q, B,-representation of Gk,
Ja W,a ®a L = W, and ¥a : Bir @5, W, & SN W, ®4 A’ is a compatible isomor-
phism with the reduction maps 1 ®jx and 1, ® 1 to Bqr ®g, W, (we leave the morphisms to
the reader). It is equivalent to the category of free A’®q, B,-submodules W, o» C W5 @4 A’
stable under Gk such that Bgr ®5, W, o/ = WA ®a A’ and such that (4, ® 1 induces an iso-
morphism W, y ® L —> W,. On this description we see that all automorphisms in the
category a Xx, X are trivial, hence 7y Xx, Xvg —> [7a Xx¢ X|. But one can eas-
ily check (on that description again) that the functor |77y Xx,, X | from Cy, to sets satisfies
Schlessinger’s criterion for representability ([59, Th. 2.11], for the finite dimensionality
of the tangent space in loc. cit., use the above equivalence with ®T"y, x for A" = L[¢] to-
gether with a dévissage and the finite dimensionality of H;,},K(RL,K(CS)[%]) for § € To(L),
see Lemma 3.4.1 and its proof). Hence 75 Xx,, X1 is representable. The proof of (ii) is
analogous by replacing everywhere modules by flags of modules. UJ

Corollary 3.5.4. — The morphisms of groupoids X/Dvl, M, XVDV’ 7o XpM, —
Xw+.r, and XE’ M. X%ﬂ F, are relatively represeniable.

Progf- — The first one follows by base change from (1) of Lemma 3.5.3. We have
Xp, M, = Xp Xx, Xmm, = Xw+ Xxyy Xm,m, by Proposition 3.5.1, and the morphism
induced by base change from Xy v, — Xw . 7,:

Xp M, = Xwt Xy Xpmm, —> X Xxyy Xw 7, = Xwe 7,

is relatively representable by (ii) of Lemma 3.5.3. The U-version follows by base change
(=) Xxy Xiy- O

We now moreover fix 8 = (6,)ie(1,...» € 7T,'(L) an arbitrary parameter of M,.

,,,,,

Lemma 3.5.5. — The morphism of formal schemes wt —wt(9) : 7/? —>tin (3.16) 1s
Jormally smooth of relative dimension n.
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Proof: — The morphism of schemes wt : 7" — t is easily checked to be smooth of
relative dimension 7, and thus 50 is the morphrsm wt—wt(8) : 7" = t. Thus the induced
morphism of formal schemes T” — tis formally smooth of relative dimension . O

Corollary 3.5.6. — The morphisms Xpm, —> Xw.r£.» X/%l,/\/l. — Xy 5
Xpm, — Xw+.r, and XE M, X\%Jr’ 7. of groupoids over Cy, are formally smooth.

Progf. — The morphisms T xt Xw.r, —> Xw. 7, and 'T x1 Xw+. 7 —> Xw+. 7,
are formally smooth by base change from Lemma 3.5.5. The first statement follows then

from Theorem 3.4.4 by composition of formally smooth morphisms. We have Xp v, =
Xw+ Xxyw XM, M., hence by base change from Theorem 3.4.4 the morphism:

XpM, —> Xw+ Xxy Xw,7) XT 7;" = Xw+ 7, Xt 7;'2

is formally smooth. The third statement follows again by composition of formally smooth
morphisms. The proof of the [J-versions follows by base change. UJ

Proposition 3.5.7. — The groupoid XEA, . over Cy, is pro-representable. ‘The funclor
|X/D\,[, .| 15 pro-representable by a formally smooth noetherian complete local ring of residue field L.
and dimension [K : Q,] (n*> + @)

Progf. — As X\D\,, F 1 pro-representable (Corollary 3.1.9), then so is X/E\l/l, M. by
Corollary 3.5.4, and thus also X ol As Xy, — Xw 7, 1s formally smooth
(Corollary 3.5.6), then so is |X mm — |X\ 7l As X - 7. | 1s pro- representable by
a formally smooth local ring (Corollary 3.1.9), the same is thus true for | X5 Mol

Using formal smoothness, for the last statement it is enough to compute the
dimension of the L-vector space lX%I, m.|(Lle]). This can be done using an other

pro-representable groupoid X' 1, as follows. For 1 <7 <nlet B, : RLx(d; )[1] —
M;/M;_; be a fixed isomorphism in @'k and set B = (B)i<iza- Let X} o, be the
following groupoid over Cy. (of “rigidified deformations” of (M, M,, B)). I A'is an
object of Cr, Xf 14, (A) is the category of (My, My, ta, Ba) where (Ma, Maa,tn)
is an object of Xy aq, (A) and ,BA = (Ba.i)1<i<n 1s 2 collection of isomorphisms B, ; :

R, K(5AZ)[ ] — ./\/lAZ/./\/lAZ | in @'y ¢ lifting B; where (841, ..., 84.,) is the charac-

ter ws (./\/lA, Mo, ta) € 'T (A) (see Section 3.3, morphisms of X'ty 1, (A) are left to the
reader). There is a natural forgetful morphism XMm, — Xmom, of groupoids over
Cy, which is easily checked to be formally smooth. Moreover all automorphisms in the
category X'\y 1\, (A) are trivial and thus X0y (. = =X ‘., |- Moreover, by an argument
similar to the one for (¢, I'x)-modules over R k in the proof of [25, Th. 3.3], X /|
is pro-representable by a formally smooth noetherian complete local ring of residue field

L and dimension n+[K : Q,] @ Finally consider the (cartesian) commutative diagram
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of groupoids over Cy:

ver D D
XXMM XXpmte SMe = XM,

| |

XM M, -

ver
XM,M.

D .
XX e S, 18 also
pro-representable (by adding formal variables corresponding to the framing) and that the
left vertical arrow is formally smooth of relative dimension 7n*[K : Q,]. The top horizontal

Since X'{§ 14, 1s pro-representable, it is easy to check that X5 /-

arrow 1s formally smooth of relative dimension z by base change. Set:
d 1= dimp | X3 v Xxaene, X, | (LIED,

we thus have d = »’[K : Q,l+n+[K:Q,] ’l(ng-l) = n+dimy, |X%’M.|(L[8]) which implies
dimy, X5 e |(LLeD) = [K: Q,](n? 4 "), o

Now we let Dy = (D))icq1,....np = Dpar (F)ieqr,..p = Opar War (M) ieqr,..mp- It
is a complete flag of Dpqr (W). We assume moreover from now on that W+ is regular
(Definition 3.2.4). Recall then that we defined in (3.9) another complete flag:

Fﬂ\\,”r o — (Fﬂ\\rJr ¥ (Dde (W)))

efl,..., n}

of Dpqr (W) deduced from the filtration determined by the By -lattice Wt of W in Propo-

sition 3.2.1. Recall also that we fixed an isomorphism & : (L. ®q, K)" — Dpar (W). We
let x be the closed point of the L-scheme X =g x4 g of (2.3) corresponding to the triple
(@ 1(D,), a~ ' (Fily+,), Ny) (with the notation of Section 3.1).

Corollary 3.5.8.

(1) The groupoid X\E\'H’ 7, over Cy, is pro-representable. The functor |X€v+’ 7. | 15 pro-represented
by the formal scheme X..

(1) The groupoid XE, ., over Cy, is pro-representable. The functor |XE’ . | s pro-represented
by a formal scheme which s formally smooth of relative dimension [K : Q,] @ over X..

Progf. — We prove (i). The second statement in (1) implies the first since in
fact there is an isomorphism X‘Dw’ 7 — |XE,+Y 7| as all automorphisms of an object
of X‘D\,ﬂ 7 (A) are trivial (see the discussion concerning XY in Section 3.1). We have
Xa't F = X‘D\ F. Xx8 X%+ and the statement is proven as for Corollary 3.1.9 and The-
orem 3.2.5. We prove (i1). As X\DW! 7, 1s pro-representable by (1), then so is XE’ M. by
Corollary 3.5.4, and thus also |XE’ M. |- As the morphism XE’ M, Xﬁ,ﬂ 7, 1s formally
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smooth by Corollary 3.5.6, then so is the morphism |Xg Ml |X‘D\,+ £ |. The relative
dimension of XE’ M, X\D\H’ 7, 1s the same as that of X/DM’ M, X\% 7, (since it 1s

obtained by base change from it, see the proof of Corollary 3.5.4), which is [K : Qﬁ]@
by Corollary 3.1.9 and Proposition 3.5.7. Whence the result by the last statement in (1). [J

We denote by § =~ S the Weyl group of G (the notation W of Section 2.1
could now induce some confusion with the representations W and W™ of Section 3.1
and Section 3.2). For w € § define X,, C X as in Section 2.2 and recall that }?wx 1s the
completion of X,, at the closed point x = (a~'(D,), a~ ' (Filw+_,), Nyw) € X(L) (so iw,x is
empty if x ¢ X, (L) C X(L)). Define the following groupoid over Cy:

(3.25) Xt s =X 7 Xxo X

/+ U
W, Wt Fe l

Since we have an equivalence XVDV ‘R — |X\% + 7| (see the proof of (i) of Corollary

3.5.8), it follows that we also have an equivalence XVDW“}]_- — |X\D\,’+Uf}-.| of groupoids
over Cr.. Hence we deduce the following corollary from (i) of Corollary 3.5.8.

Corollary 3.5.9. — For w € S the groupoid X\D\l” 7, over Cy, is pro-representable. The funclor
|X€Jff 7. | 15 pro-represented by the formal scheme )/Z,M

We define the groupoid X{, » over Cy, as the subgroupoid of Xy~ 7, which
is the image of Xlxjvif)]_-. by the forgetful morphism X\DH 7 — Xw+ £ So the ob-
Jects of X{{+ 7 are those (A, W, Fr., ta) such that there exists oy : (A ®q, K)" —
Dde(WX[%]) making (A, WX, Faes la, @a) an object of X‘D\,’ff 7 (A) and the morphisms

(A, WE, Faesta) —> (A, WL, Fuay ta) are (A — A, WL @4 A — W) where the iso-
morphism is compatible with everything. Using the G-equivariance of X,,, we can easily
check that it doesn’t depend on the framing o and there is an equivalence of groupoids
over Cy:

Oow ~ w O
<3.26> X\,\,Jr’}—. — XV\7+,.7'—. XXW'*',]:- XVVJr,_/—-.-
For w € S, we then define:

Ow . ~0O

XD,M. T XD,

Ow
X 0 X and
Mo XX, AwkE,

w . w
Xp M, = XD M. XXyt 5, Xt 7,

Proposition 3.3.10. — The morphisms of groupoids Xy+ 7, —> Xw+ 7., Xa,;"f 5

Xaur 7 X5 . — Xp,m, and XE M, — XID) ., are relatively representable and are closed
UMmersions.
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Progf. — The U-versions follow by base change from the others, and the third
morphism is obtained by base change from the first. Hence it is enough to check
the first. Let ny := (A, WL, Fa, ta) an object of Xy+ 7, and 75 the groupoid over Cp,
that na represents. We have to prove that X 7 Xx . 7 is representable and that
Xu<’+ Fo 7 Xwt 7o -

Choose an object £y = (A, WX, Fw, ta, @) in Xaurf. mapping to 1, and let &5
be the groupoid over Cj, that it represents. It is easy to check that forgetting the fram-

Na — 74 1s a closed immersion.

ing actually yields an_equivalence §A — 7y of groupoids over Cr. By (3. 26) we have
that wa 7 X“ EA is isomorphic to Xw+, 7 XXyt 1, SA ~ Xt 7, XXy . Ma. Hence

X"‘QH’ F XXy z, A —> 7a is isomorphic to Xa,’ff 7 an'ff. EA — EA, and everything
then follows from (3.25). U

Let S@W = {weS,xeX, (L) ={weS Xy, #0) = {we S, Xy, . #0} =
(weS, XY, #0).

Corollary 3.5.11. — If w € S(x), the_functor XID) ‘M. 15 pro-representable by a noetherian
complete local normal domain of residue field L and dimension [K : Q,](n* + ”("H)) which s formally
smooth (as a_formal scheme) over Xw .

Proof. — The pro-representability of XE”XJA. follows from Proposition 3.5.10 and (i1)
of Corollary 3.5.8. It follows by base change from Corollary 3.5.6 and from (i) of Corol-

lary 3.5.8 that XD’w — X“+ 718 formally smooth of relative dimension [K : Q,]=5— nlatD)

whence the dlmensmn since |X\\+ ml = X, has dimension [K : Qp]n Recall that
the local rings of an algebraic variety are excellent and that the completion of a nor-
mal excellent local domain is also a normal local domain ([41, Sch. 7.8.3(v)] and [41
Sch. 7.8.3(vii)]). In particular, it follows from Theorem 2.3.6 that the local ring Ox
derlying the formal scheme Xwﬁ\ls a complete local normal domain. So is any local ring
which is formally smooth over O, . O

w,x

Recall from Lemma 2.5.1 that the irreducible components of T =t x /s t are the
Ty = {(z, Ad(w™ N2), , 2 €t} for w € S. The map (k1, k2) induces a morphism X, —
T(O,O) (resp. Xw,x — Tw,(o,O)) where T(O,O) (resp. Tw,(O,O)) is the completion of T (resp. T',)
at the point (0, 0). Denote by ® the composition:

O O ~ O N % T T
Xpm, = Xy m, — X5 2| — Xo — Tiww = T
The same argument as in Section 3.1 and Section 3.2 for the morphisms kyw, 7, and ky+

shows that the morphism ©® factors through a morphism still denoted ® : Xp g, —>
T (0.0) of groupoids over Cy, which doesn’t depend on any framing.
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Corollary 3.5.12. — Let w € S(x) and w' € S, then the morphisms X DM, <>
XE’ m.— T and Xg o, = Xpm, —> T(O,o) of groupoids over Cy, induced by © factor
through the embedding Ty 0.0y = T (0.0) if and only if w' = w.

Progf: — Since ® factors through Xp a4, , by the commutative diagram:

Ow O =5
Xpm, — Xpm, — Too

o

Xom, — Xpm, — T

we see that it is enough to prove the first statement. By Corollary 3.5.11 and the definition
of ®, 1t is enough to prove the same statement for Xw v and T(o 0), 1.e. the COHIpOSlthIl of
the morphisms Xw P> X — T(Q o) factors through Tw/ ©.0) if and only if w" = w. This
is Lemma 2.5.2. UJ

3.6. The case of Galois representations. — We reconsider some of the previous
groupoids over C;, when the (¢, 'kx)-module comes from a representation of Gk and
define a few others.

Let r: Gg — GL,(LL) be a continuous morphism (where L is a finite extension
that splits K) and let V be the associated representation of Gk (there should be no con-
fusion between this V and a generic object of Repy  (Gk) which was denoted by V in
Section 3.1). Let X, be the groupoid over Cy, of deformations of r and Xy the groupoid
over Cy, of deformations of V. So the objects of X, are the (A, 7 : Gg = GL,(A)) such
that composing with GL,(A) — GL, (L) gives » and the objects of Xy are the (A, V4, /)
where V, is a free A-module of finite rank with a continuous A-linear action of Gx and
Ja a Gg-invariant isomorphism V, ®4 L —> V. There is a natural morphism:

X, — XV

which is easily checked to be relatively representable, formally smooth of relative dimen-
sion 7. We let D := D,(V) be the (étale) (¢, 'k)-module over Ry k associated to V
and we set M 1= D[%]. By the argument of [2, Prop. 2.3.13] the functor D

equivalence Xy SN Xp.
Now we assume that V is a trianguline representation and fix a triangulation M,

rig iInduces an

of M as in Section 3.5. We define the following groupoids over Cp: Xy uq, = Xv Xx,
Xp,.m, and X, v, =X, Xxy Xym, =X, Xxp Xpm, = X, Xx, XM, The natural
morphism of groupoids over Cy:

(3.27) X,A’M. —> XV,M.
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is formally smooth of relative dimension »* by base change.

We assume moreover from now on that M, admits a locally algebraic parameter
in 7(L) and we define W := Wi (D) and W := W+[%] (in particular W is almost de
Rham). Note that W =By ®¢q, Vand W = Byr ®q, V. We also define F, and D, as in
Section 3.5. We fix a framing « : (L. ®q, K)" — Dpqr (W) as in Section 3.5. We define

XT =Xy xx, XF — XE, XT:=X, xx, XT, XT =Xy, xxy XF and XT,, =
X, m. Xx, X5, By base change X — X is formally smooth of relative dimension #?.
Since X5 — Xy, is formally smooth of relative dimension [K : Q,1n* (by base change
from X5} —> Xyy), the same is true (by base change again) for X5/ — Xy and X" —
X,. Note that X5, and hence X{, are pro-representable (use X5 >~ Xy xx,, X&H by

Proposition 3.5.1, and then Theorem 3.2.5 with (i) of Lemma 3.5.3).

Remark 3.6.1. — Recall that the framing [J in XY is not directly on the Galois
deformation Vj, as is usual to do (e.g. in [53] or [20]) but only on D,ar(Bar ®q, Va).
The groupoid over Cy, of usual framed deformations of V is precisely X,, which is pro-
representable by the same argument as in [53, §8.1].

We assume moreover from now on that the almost de Rham L ®q, Bix-
representation W is regular (Definition 3.2.4) and define Fily+, and x = (¢~ (D,),
a ! (Fily+,), Nyw) € X(L) as in Section 3.5. We finally also define the following groupoids
over Cr: Xy y, = Xy Xx, Xp py, (for w e S), XV, =X, xx, Xy, and their
O-versions. We have a cartesian commutative diagram of groupoids over Cy:

O
X?‘, M. XT’ M,

(3.28) l l

O
XV,M. > X\/,M.

where the vertical maps are formally smooth of relative dimension 7” (by base change) and
the horizontal maps are formally smooth of relative dimension [K : Q[,]n2 (base change
again). We also have the w-analogue of (3.28) with the same properties. Moreover, be-
cause of the framing on 7, all automorphisms in the categories X, (A), X, aq, (A), XF (A),
XE'M. (A), X'y (A) and XrDMw (A) are trivial, hence all these groupoids over Cj, are
equivalent to their associated functor of isomorphism classes | |. We will tacitly use this
in the sequel.

Theorem 3.6.2.

(1) The functor |X, pm,| ts pro-representable by a reduced equidimensional local complete
noetherian ring R, s, of residue field 1. and dimension n* + [K : Qp]"("Qj
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(i) For each w € S(x), the functor | X} | is pro-representable by RY\, := R, a1, /Pu
where Py, 15 a mimimal prime ideal of R, pq, and R, pq, /9w s a normal local ring.

Moreover the map w +——> p,, is a bijection between S(x) and the set of minimal prime
wdeals of R, pm, .

(iii) The morphism |X) )\, | —> X 0 | = [Xvom, | = [Xp,aa, | N T(O 0y of group-
oids over Cy,_factors through Tw (0.0) = T(O o) i and only if W' = w.

Progf. — By base change from Proposition 3.4.6 the morphism Xp v, —
Xp 1s relatively representable, hence also Xy, —> Xy, and by base change also
X, m, —> X,. Since X, is pro-representable (see Remark 3.6.1), then X, r4,, and thus
|X, M. |, are pro-representable. By Proposition 3.5.10 the morphism Xy  —> Xp m,
is relatively representable and a closed immersion, hence also Xy ,, —> Xy um, and
by base change also X", —> X, a1, Since X, u, 1s pro-representable, we deduce that
X\, 1s pro-representable by a complete local ring which is a quotient of the one repre-
senting X, rq,. Moreover it follows from their definition that the local complete ring rep-
resenting the functor |X .| 1s a formal power series ring over the one representing the
functor | X, a4, [, and hkew1se with |XEMw.| and [X,, | by base change using (3.26). The
remaining assertion in (i) follows from this, the formal smoothness of X,':J M, X\E,J M.
(i1) of Corollary 3.5.8 and the properties of X, (see e.g. the proof of Lemma 2.5.2). Like-
wise (ii) follows from this, the formal smoothness of X’DMw. — XE”;\”/I., Corollary 3.5.11
and the properties of )/Zw’x (see the proof of Corollary 3.5.11). Finally we prove (ii1). Since
®:Xpm — T(O,O) factors through |Xp a4, |, it is enough to prove the same state-

ment without the | |. This follows from Corollary 3.5.12 and the formal smoothness
of XY, —> Xy .- 0

For w € S recall that Tx, , = )/Zw,x(L[s]) is the tangent space of X, at the point x.

w X

Corollary 3.6.3. — For w € S(x) we have:

dim; X", (LLe]) = * — [K: Q10" + [K : Qﬁ]”(”H)

+ dlmL TXw,x-

Progf- — The morphism ng — XE Y 7. — )/ZW is formally smooth of rel-
ative dimension [K : Q,]=5— "("H) by base change from the morphism XID), XVD\+ 7
and Corollary 3.5.8. Hence dimy, X\,M (Lle]) = [K: Qﬁ]@ + dimL Tx, . Since
dimy, X1, (L[]) = dimy, X[y (L[e]) — [K: Q,ln? = n? +dim;, Xy, (L{e]) — [K: Q,
by the w-analogue of (3.28), we obtain the result. ]

We let w, € § measuring the relative position of the two flags of (L ®q, K)" <
D,ar (W) given by o' (D,) and by o' (Filyw+ ,). More precisely w, is the unique per-
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mutation in S such that the pair of flags (™' (D,), @' (Fily+ ,)) on (L ®q, K)" is in the
G-orbit of (1, w,) in G/B X1, G/B. It doesn’t depend on the choice of «.

Proposition 3.6.4. — If w € S(x), or equivalently X'\, # 0, then w, < w.

Progf: — By definition of w,, we have x € V,, (see the beginning of Section 2.2 for
V,,), hence x € X,,NV,, by definition of S(x). The result then follows from Lemma 2.2.4
(and from the w-analogue of (3.28) for the equivalence w € S(x) & X, # 0). 0J

3.7. The trianguline variety s locally irreducible. — We describe the completed local
rings of the trianguline variety X,;(7) at certain points of integral weights in terms of
some of the previous formal schemes and derive important consequences on the local
geometry of X,;(7) at these points.

We keep the previous notation. We denote by 7y C 71, the Zariski-open comple-
ment of the L-valued points 27, £(2)Z* with k = (k). € Zgo, and 7;Zg for the Zariski-
open subset of characters § = (J,,...,4,) such that 6;/6; € 7;eg for + #j. Note that
’7?)7! g 7;Zg'

We fix a continuous representation 7 : Gx — GL, (k) and let R; be the usual
framed local deformation ring of 7, that is, the framing is on the Gg-deformation. This
ring was denoted R in [19, §3.2] and [20, §3.2], however we now drop the [J in order
to avoid any confusion with the other kind of framing used here and already denoted UJ
(see Remark 3.6.1). It is a local complete noetherian Oy -algebra of residue field 4, and
we denote by X; := (SpfR;)™ the rigid analytic space over L associated to the formal
scheme SpfR;. Recall that X,;(7) (denoted XtDri(?) in loc. cit.) is by definition the rigid
analytic space over L which is the Zariski-closure in X; x 7" of:

(3.29) U,i(7) := {points (r,8) in X; x T, such that
7 is trianguline of parameter § }

(we refer to [19, §2.2] for more details, note that being of parameter § is here a differ-
ent (though related) notion than the one in Definition 3.3.8). The rigid space X.;(7) is
reduced equidimensional of dimension »* + [K : Qp]@ and its subset U; () C X ()
1s Zariski-open, see [19, Th. 2.6]. As in [19, §2.2] we denote by @' the composition
Xui(7) = X7 x T" = T}" (the letter w being reserved for the weight map).

We fix x = (r,8) = (r, (8))icq1....p) € Xui(7)(L) and let V, D, M as in Section 3.6.

Proposition 3.7.1. — Assume that 8 € T, then the (¢, I'x)-module M over RL’K[%] has

a umique triangulation of parameter 8.

Progf. — 1Tt is sufficient to prove that the (¢, I'x)-module D,;,(V) has a unique
triangulation whose parameter is of the form (8.8;);c(1.... » for some algebraic 8. (see Sec-
tion 3.3). The existence is exactly the content of [49, Th. 6.3.13]. The uniqueness follows
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from the discussion just before [49, Def. 6.3.2] and from the Galois cohomology com-
putations of [49, Prop. 6.2.8] (using the hypothesis § € 7). These results can also be
deduced from [55] or [2], see e.g. the proof of Proposition 3.4.6. UJ

From now we assume that § € 7" and we write M, for the triangulation given
by Proposition 3.7.1. Denote by r € X; the closed point corresponding to the morphism
r: Gx = GL,(L). By [53, Lem. 2.3.3 & Prop. 2.3.5] there is a canonical isomorphism
of formal schemes between X, and X;,. Namely if A is in C;,, a map SpA — X;, is a
morphism Spec A — Spec R;[pl] sending the only point of SpecA to 7, 1.e. a continuous
morphism Gx — GL,(A) such that the composition with GL,(A) — GL,(L) is 7, i.e. an
element of X, (A). We thus deduce a morphism of formal schemes:

—

X, — %, =X,.
Recall that X, v, = X, is a closed immersion by base change from Proposition 3.4.6.

Proposition 3.7.2. — The canonical morphism mx —> X, factors through a morphism
Xtri(?)x — XT»M-‘

Progf: — Let U be an affinoid neighbourhood of x in X;;(7). Let Dy be the universal
(¢, 'k)-module over U (coming from the universal representation Gg — GL,(R;) via
U — X;). Using [49, Cor. 6.3.10], there exists a proper birational morphism of spaces
S U— U, an increasing filtration (F;);c(o,..., of /*Dy by R x-submodules stable under
¢ and 'k such that Fy = 0 and F, = f*Dy, invertible sheaves (L)1

Injections:

) on U and

,,,,,

Fi/Fii1 = Ry x(0p,) ®o: £

forie {1, ..., n} (where the §g; : K* — F(G, Op)* come from U->UC X (@) N T
whose cokernels are killed by some power of ¢ and supported on a Zariski-closed subset
7 whose complement is Zariski-open and dense in U. Let us fix a point ¥ over x and
V an affinoid neighbourhood of ¥ in U over which all the sheaves £; are trivial. Then
for 1 € {1,...,n} the R\;,K[%]-modules (Fi[%]/Fi,l[%])h; are free of rank 1. Let A be
in C;, and SpA — V a morphism of rigid analytic spaces sending the only point of
SpA to x. By pullback along SpA — U — X;, we obtain a deformation 7y in X,(A)
such that D,ie(ra) = A ®rv,0y) I'(V, /*Dy). Moreover it follows from what precedes that
A®rwv.onI'(V, F; PIE “Die1.....ny 1s a triangulation M. ofDng(n\)[ ] ofparameter 3, (see

above (3.15) for §,) corresponding to the map SpA = V = U C X,;(7) N 7. When
A =L, the triangulation M;, . coincides with M, by Proposition 3.7.1. . The morphism
sending an element of V~(A) to (ra, Ma..) clearly defines a morphism V~ — X, m, of
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groupoids over Cy, fitting into the commutative diagram of pro-representable groupoids
over Cp:

Vi — XM,

T

U, —— X,.

In this diagram the left vertical arrow is dominant, i.e. (since U, = SpfS for a reduced
ring S) the induced map on the corresponding complete local rings is injective, and the
right vertical arrow is a closed immersion. This implies that the lower horizontal arrow
must factor through X, x4, (as shown in the diagram). UJ

Proposition 3.7.3. — The morphisms X/m(\?)x —> X, m, and mx —> X, are closed
immersions of groupoids over Cy, (or of formal schemes since they are pro-representable).

Progf: — 1t 1s enough to deal with the first morphism. It follows directly from the
proof of Proposition 3.7.2 that there is a commutative diagram:

XMy —= Xom,

(3.30) X l o

-
n

é ’

where w; stands for the composition X, v, —> Xy, m, = Xp m, —> XM, BN 7/’;"
(see (3.15)). From the closed immersion of rigid spaces X;(7) — X; x, 7" and us-

—

ing X;, >~ X, we deduce a closed immersion of formal schemes mx — X, XL, 7’;\”
However (3.30) together with Proposition 3.7.2 show that this closed immersion factors
through:

mx — Xr,./\/lo — XV XL 7/;7,

where the right hand side is the morphism corresponding to the two morphisms

X; M, = X, and w;. This implies that the map X,;(7), —> X, aq, 1s itself a closed im-
mersion. O

We keep our fixed point x = (7, §) € X,;(7)(L) and assume from now on that § is
locally algebraic. We define W+ and W as in Section 3.6 and assume moreover that W+
is regular (Definition 3.2.4). We write JF, for the filtration on W deduced from the trian-
gulation M, and D, for the flag on Dyqr (W) deduced from the filtration F,. We also
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write ;| < -+- < hy, where the (A;);ex € ZFU! Cc LTIRUI =T, ®q, Kforie {1,...,n}
are the Sen weights of 7. It follows from [19, Prop. 2.9] that {wt,(8;,),z € {1,...,n}} =
{hrivi€{l,...,n}} for each T € . This implies that, for each 7, there exists a permu-
tation w, € S, such that (Wt; (8,.,(1)), - - -» Wty (8w, () = (br1, .., he) € Z". We define
wi= (We)eex €. - .

We denote by ¢, the closed immersion X;(7), = X, u, and by O, : X;(7), —
T(O,O) the morphism of formal schemes which is the composition:

/\_ Ly ~ ® o~
Xui(M) = Xom, —> Xvm, = Xpm, — T.0)-
Lemma 3.7.4. — The morphism ® factors through Tw,(O,O) > T(O,O).

Progf- — Denote by O, v 7, the composition:

K\\",]-'. —~

/\_ Lx ~
Xui(M = Xom, —> Xym, EXpm, — X 7, —> Xwor, —> t

and by O, w+ the composition:

- K+ =~

— Lx ~
Xui(M), = X, m, — Xy, = Xp pm, —> X+ 7, —> Xy —> £,

then by definition of T, one has to show @, w+ = Ad(w™") o O, 7, (recall that the
action of Ad(w™!) on t gives Ad(w ™ (V1. )ress s Wnodrex) = (Wu,(h.0)ress - - - »
(Vury.0)res) fw = (wr)rex). - .

Let A be an object of Cy, x5 : SpfA — X;(7), some A-point of X;(7), and V,
the associated representation of Gk via mx — X, = Xy. Let (W, Fa..) be the cor-
responding object of Xy+ £, (A) (via the above morphism mx —> Xw+ 7,) and set
8, = ' (xa) and yp 1= (Wy, Fa.) € Xw 7 (A) where Wy 1= WX[%] = Bir ®q, Va.
By Corollary 3.3.9, we have O, w 7, (xa) = kw7 (Pa) = wt(,) — wt(8). Moreover
O, wt(xa) = kw+ (WX) = KW+(B3_R ®q, Va) is the element (v 1, ..., V) of (A ®q,
K)" where the element vy; = (Vi) € A g, K S @,exA is the action of Vw, on
Filyy+ ;(Dpar (Wa))/ Fily ;- (Dpar (Wa)) (see (3.9)). It follows from Lemma 3.7.5 below
that the polynomial:

n

H(Y - ((hfyi + vA,i,r)reE)) €A ®Q/) K[Y]

=1

is the Sen polynomial of V, i.e. the characteristic polynomial of the Sen endomorphism
on the finite free A ®q, K -module:

ASen (C ®Q/, VA) = ASen (WX/Z‘WX) = Koo ®K DpHT (WX/tWI)
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(see the proof of Lemma 3.2.2 for Dypr). Then it follows from Lemma 3.7.6 below that
we have the following equality in A ®q, K[Y] ~ ®.csA[Y]:

n n

[TOY = (Wte(Bees +rwra00)) = [ J(Y = (Crr)eex + ws (WX),))-

=1 =1

By Lemma 3.7.7 we conclude that there exists a unique element w’ := (w.);cx € S such
that

Ad(w/il)((Wtr (81))r62 + kw7 A1 - (Wtr (5"))162 + Kw,F, (yA)rz)
= ((/Zr,l)reE + Kw+ (WX)I, oy (o) rexs + Kow+ (Wi)n)

Using uniqueness and reduction modulo m,, we see that w’ = w, which implies:
Ad(w_l) (®x,w,f. (XA)) = 0O, w+(xa). O

If A is in Cp, and WY is an almost de Rham A Qq, Bz -representation of Gk and
W,y = WX[%], recall from Section 3.2 (see especially the proof of Lemma 3.2.2) that there
1s a functorial isomorphism in the category Rep A®Q/]K(Ga):

(3.31) Dt (WE/eWT) @grhl. (Dpar (Wa)),

1€Z

where ngﬂ. (Dde(WA)) = Fll’w(Dde(WA)) / FlllJrl (Dde(WA)) and the action of G,
on grh] (Dde(WA)) comes from the A ®q, K- hnear nilpotent operator gr (U\M) n-

duced by Vw, (the equivariance for this G,-action is not explicitly mentioned in loc. cit.
but is straightforward to check). The following lemma follows from (3.31) and the material

in [37, §§2.2,2.3].

Lemma 3.7.5. — Let W be an almost de Rham A @q ) Bl -representation of Gx.. Then the

Sen polynomial of W /W in A Qq, KIY] 15 equal to the product for 1 € Z of the charactersiic poly-

nomials of the endomorphisms —ild + gr'(vw,) of the free A ®q, K-modules gri. . (Dpar (Wa)).
\VA

Lemma 3.7.6. — With the notation in the proof of Lemma 5.7.4, the Sen polynomial of V 5 is
equal to TT_ (Y — wt(85.1)) € A ®q, K[Y].

Progf: — Using compatibility of the Sen polynomial with base change (see [26,
Ex. 4.8]), it 1s sufficient to prove that the Sen polynomial of the universal Galois rep-
resentation on X (7) (Correspondin&to X}ﬁ () — X;) 1s equal to ]_[f:l(Y — wt(SNi)) €
T Xui (), Ox.9) ®q, K)[Y] with § = (8;,...,4,) the universal character on X;(7)
corresponding to X;(7) —> 7;". It is sufficient to check that the coefficients of both
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polynomial coincide on a dense subset of points of X,;(7) and it is a consequence of [19,
Prop. 2.9] (see also [49, Lem. 6.2.12]). O

Lemma 3.7.7. — Let (ay, ...,a,) and (by, ..., b,) bein A". Assume that all the a; mod-
ulo m are pavrwise distinct. If we have H?ZI(Y —a) = nle(Y — b)) mn A[Y], there exists a
permutation w € S, such that:

<3.32) (bl, ey bn) = (dw(l), ey aw(,,)).

Progf: — Reducing modulo my and using the fact that L[Y] is a factorial ring,
we can choose w such that (3.32) holds modulo my, and replacing (a,...,a,) by
(awys - -+ » Qwm), we can assume w = 1. Thus we have ¢; = b, modulo m, for all ¢

and we must prove @; = b; for all 7. Let j # . As A is a local ring and ¢; — a; ¢ m,,
b; — a; ¢ my, we have Hj#(az- — ) € A" and ]_[#Z-(ai — b;) € A*. Replacing Y by «;, we

obtain 0 = (a; — b;) ]_[#Z.(ai — b;) and finally a; = ;. ]
Corollary 3.7.8. — The closed tmmersion t, mx — X, M. tnduces an isomorphism

—

X (P, — X"

Proof. — By (i) of Theorem 3.6.2 we have X, v, — |X, a1, = SpfR, 4, and we
deduce from Proposition 3.7.3 a closed immersion of affine schemes:

Spec Ox,.5.x = Spec R, g, -

Moreover we know from [19, §2.2] and (i) of Theorem 3.6.2 that OXm(r) » 1s reduced
equidimensional of the same dimension as R, r4,, so that Spec((’)xm(,) ) 18 a union of
irreducible components Spec R;";M of Spec R, p, for some w’ € § (we use the notation of
(ii) of Theorem 3.6.2). Pick up such a w’ € S, going back to form: formal schemes and using (i1)

of Theorem 3.6.2 we deduce a closed immersion X" M — Xm(r) which, composed with

the morphism ®,, gives X;" M, Tw,(o,()) — T(o,o), where we have used Lemma 3.7.4.
But (iii) of Theorem 3.6.2 then implies w’ = w, which finishes the proof. 0J

Remark 3.7.9. — We recall our assumptions on the point x = (r,8) = (r, (4, ...,
8,)) € Xui(7)(L): § 1s locally algebraic, 6, 8 and €4; 8 are not algebraic for 7 # and the
7-Sen weights of the Gk-representation V assoc1ated to 7 are distinct for each 7 € X. In
particular it follows from Remark 4.2.2 below that these assumptions are always satisfied
when V is crystalline with distinct Hodge-Tate weights for each embedding 7 and the
eigenvalues (¢, ..., @,) € L" of p®0'%) on D (V) (where ¢ is the crystalline Frobenius
on D;5(V)) are such that (pigaj_l ¢ (1, pRol} for i #.

Let x = (7, §) as in Remark 3.7.9. Keeping all the previous notation, the following
big commutative diagram of formal schemes over L, or alternatively of pro-representable
groupoids over Cy,, contains most of what has been done in Section 3:
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(3.33)
< ~ w O,w O,w ~ O,w Ow ~ S
Xui(My — X'y, ~— X, > Xy/m, = Xp,m. = Xy, 7 = Xu,par

R e e N

XM, = X‘r:,’M. = XE,M. = XE,M. - Xy
m

M e e

| O
X, Xt X

, X5,
where xqr = (@ '(D,), a™ ! (Fily+.,), Nyw) € X,,(L) (depending on the choice of an iso-
morphism « : (L®q, K)" = Dpar (Bar ®q, V)) and where all the horizontal morphisms
which are not isomorphisms are formally smooth, all vertical morphisms are closed im-
mersions and all squares are cartesian. Moreover the three horizontal formally smooth
morphisms on the left just come from adding formal variables due to the framing [].
From (i1) of Theorem 3.6.2, Proposition 2.3.3 and (3.33), we finally deduce the
following important corollary.

Corollary 3.7.10. — Let x = (r, 8) € X;i(7) satispying the assumptions of Remark 3.7.9,
then the nigid analytic space X i (7) is normal, hence irreducible, and Cohen-Macaulay at x.

4. Local applications

We derive several local consequences of the results of Section 2 and Section 3:
further properties of X,;(7) around a point x as in Remark 3.7.9, existence of all local
companion points when 7 is crystalline and a combinatorial description in that case of
the completed local ring at x of the fiber of X,;;(¥) over the weight map.

4.1. Further properties of the trianguline variety. — We prove several new geometric
properties of X,;(7) around a point x satisfying the assumptions of Remark 3.7.9.

We keep the notation of Section 3.7. If x € X;;(7) satisfies the conditions of Re-
mark 3.7.9, recall we have associated to x two permutations in S =~ S, he permuta-
tion w, defined just before Proposition 3.6.4 and the permutation w defined just before
Lemma 3.7.4.

Recall also that the map ' : X;i(7) —> 7" is smooth on the Zariski-open U,;(7)
[19, Th. 2.6(111)] but can be ramified in general (as follows from [5, Th. B]). The following

proposition is one more property of the map o’

Proposition 4.1.1. — Let x = (1, 8) € Xi(7) satisfying the assumptions of Remark 3.7.9,
then the morphism @' is flat in a neighbourhood of x.
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Proof. — Increasing L if necessary, we can assume x € X ;(7)(L). We use the
notation of Section 3. By base change from Theorem 3.4.4 using Proposition 3.5.1,
the morphism of formal schemes X — T” X3 XDVr 7, 1s formally smooth,

hence by Corollary 3.5.9 and (3.28) so is XD M, 'T” X7 Xy, Where xar =
(@ (D,), a ' (Filw+.,), Ny) € X, (L) (dependmg on some choice of «). Since the mor-
phism of schemes k1 ,, : X, —> t is flat by Proposition 2.3.3, it remains so after comple-
tion, and we deduce that the morphisms of formal schemes T" x7 X, ok T" and

thus X — T are flat. Since this last morphism factors through X, a4, (see the defi-
nition of a)(; just above (3.15)), we have a commutative diagram of formal schemes (whose
underlying topological spaces are just one point):

w O,w
Xr,./\/l. Xr,/\/l.

and where the horizontal morphism is formally smooth (see the w-analogue of (3.28)).
Looking at the map induced by this horizontal morphism on the underlying complete
local rings, it is formally smooth, hence flat, hence falthfully flat (since it is a flat local
map between local rings). Together with the flatness of X L 75 , it is then straight-

forward to check that the morphism of formal schemes Xw — T” is also flat (use that
CRgM=0&M=0if B — C 1s a faithfully flat morph1sm of commutative rings). We

thus obtain that Xtri(r)x N 7;” is flat by Corollary 3.7.8 and (3.30). Looking again at
the underlying complete local rings and using that completion of noetherian local rings
at their maximal ideal is a faithfully flat process, we deduce in the same way as above
that the morphism of local rings O7» 5 —> Ox,».. is also flat, i.e. that the morphism of
rigid spaces o : X,;(7) —> 7;" is flat at x, and hence in an affinoid neighbourhood of x
(flatness on rigid spaces being an open condition). U

Remark 4.1.2. — We see from (3.33) and the argument at the beginning of the
proof of Proposition 4.1.1 that we have:

=N O,w T
Xtri(r)x Xy,_/\/[. 7; X% Xw,xde

| |

-~

XrD,M. = Ty xa X

XpdR.

where the horizontal morphisms are formally smooth, the vertical ones are closed im-
mersions and the square is cartesian.
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Recall that WV is the rigid analytic space over Q , parametrizing continuous char-

acters of Og. Let W), be its base change from Q, to L and let @ : X.;(7) N T — W;
where the last morphism is restriction (of characters) to Of. Note that, arguing as just
after (3.17), Proposition 4.1.1 implies that w is also flat in a neighbourhood of x. For A

in Cy, we say that 8, : Og —> A* is algebraic if it is the restriction to Of of an algebraic
character of K* (cf. Section 3.3). Recall the following definition from [20, Def. 2.11].

Defination 4.1.3. — Let x € Xi(7) such that w(x) s algebraic. We say that X (7) satisfies

the accumulation property at x if, for any positive real number C. > 0, the set of crystalline strictly
dominant points x' = (r', 8") such that:

(i) the eigenvalues of @0*%) on D i (1) are pairwise distinet;

(1) x" is noncritical;

(i) () = 8lopy = 0w with ky; — ki py > C for 1€{l,....n — 1}, T €
Hom(K, L);

accumulate at x in X (7) in the sense of [2, §3.3.1].

Proposition 4.1.4. — Let x € Xi(7) satisfying the assumptions of Remark 3.7.9 and such
that w (x) 1s algebraic, then X () satisfies the accumulation property at x.

Proof: — 1Tt follows from the above flatness of w at x and [14, Cor. 5.11] that there
is an affinoid neighbourhood U of x in X,;(7) such that @ (U) is open in W. Since
Ui (7) N U 1s Zariski-open and dense in U, it accumulates in U at any point of U, in
particular at x. Arguing as in the first half of the proof of [20, Prop. 2.12] replacing V
by U,;(7), and using that U is locally irreducible at x by Corollary 3.7.10 and the fact
that the normal locus of an excellent ring is Zariski-open, we can then assume that x is
moreover in Uy;(7) and that U € U;(7). Then the result follows from [20, Lem. 2.10]
using that the algebraic points of @ (U) satisfying the conditions of loc. cit. accumulate at
w(x) since w(U) is open in WY O

If w €S, let dyy € Z-( be the rank of the Z-submodule of X*(T) (here T is the
split torus of G) generated by the w'(«) — @ where o runs among the roots of G. Then
one easily checks that d,, = dimy, t(L.) — dimy, ' (1)) =n[K : Q,] —dimy, ' (L) for any
extension L/ of L (see Section 2.5 for t*'). We have the following result which extends [20,
Th. 1.3].

Proposition 4.1.5. — Let x = (r,8) € X.i(7) satisfying the assumptions of Remark 3.7.9
and such that r is de Rham.

(1) We have dimy,) Tx ;7). = dim X, (7) — [K: Q‘f,]n2 + dimy, TXw,xp w- In particular
the nigid analytic space X;(7) is smooth at x = (r, 8) if and only if the scheme X,, is
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smooth at x,qr = (a=1(D,), o ' (Filw+.,), Nw) (which doesn’t depend on the choice of
a by G-equivariance of X,).
(i1) We have:
dimyy Tx .0 < dim X (7) — dy, -1 + 1g(w, wo)

+ dimk(x) TU_w,n(xde) — [K . Qp]?’[(ﬂ — 1)

In particular of T (xpar) 15 @ smooth point on U,, and f dyy 1 = lg(w) —lg(w,) then
XKui (7) s smooth at x.

Proof. — Increasing L if necessary, we assume £(x) = L. (i) follows from Corol-
lary 3.7.8 and Corollary 3.6.3 together with dimX(7) = n* + [K : Q,]"** and
dimX,, = [K : Q,]r*. Since r is de Rham (which here is equivalent to r being crysta-
belline due to the assumptions in Remark 3.7.9), the nilpotent endomorphism vy of W
is 0 and we can apply (i) of Proposition 2.5.3 which gives here:

dil’l’lL TXw,xde < dll’l’lL TU_w,T[()deR) + H[K : Q_[,] — dww;ﬁ' + lg(wvwo)

"This inequality plugged into the equality of (1) gives the inequality in (ii). ‘The last assertion
in (ii) follows using dimU,, = [K : Q,]“-2 + lg(w) and lg(w,wo) = [K : Q,]**H —
lg(w,). U

Remark 4.1.6. — (i) The assumption on 7 (x,qr) in (ii) of Proposition 4.1.5 is always
satisfied when w = wj (since in that case U,,, = G/B x G/B is smooth), i.e. when x is a
strictly dominant point on X;;(7) in the sense of [20, §2.1], and using d,, ,,-1 = dy,, We
have in that case:

(4.1> dimk(x) TXm(?),x < dim Xtri(?) — dwxwo + lg(wwa)

The assumption d,,, 1 = lg(wy) — lg(w,) = lg(wow;l) 1s satisfied 1if and only if w,w,
1s a product of distinct simple reflections (as follows from [20, Lem. 2.7]). Note that the
permutation w;, call it here w}°", is in fact not the same as the permutation also denoted
w, defined in [20, §2.3], call it w®. Indeed, unravelling the two definitions one can check
that w™" = w¥wy. In particular the upper bound in (4.1) is exactly that of [20, Th. 1.3].

(11) Both assumptions on 7 (x,qr) and on d,,, -1 in (i1) of Proposition 4.1.5 are satis-
fied when Ig(w) —lg(w,) < 2. The one on 7 (xpqr) follows from [13, Th. 6.1.19] (together
with [13, Cor. 6.2.11]) and [45, 8.3(a)]. The one on d,,, -1 follows from writing w = s, w,
(case lg(w) —lg(w,) = 1) or w = syspw, (case Ig(w) — lg(w,) = 2) where s,, sg are (not
necessarily simple) reflections (see e.g. [45, §0.4]).

(111) Assuming Conjecture 2.3.7 for w = w,, the inequality in (i) of Proposition 2.5.3
is an equality for w = wy (see Remark 2.5.4) which then implies that (4.1) is also an
equality. In particular Conjecture 2.3.7 implies [20, Conj. 2.8].



A LOCAL MODEL FOR THE TRIANGULINE VARIETY AND APPLICATIONS 375

4.2. Local companion points. — For r a fixed crystalline sufficiently generic deforma-
tion of 7, we determine all the points of X,;(7) with associated Galois representation 7.

For h = (h,;) € (Z")™] recall that z is the character z > [1,es 7(2)" of
(K*)". There is a natural action of S 2~ S o (ZHRQ!: for w = (wy)rex € S and
h € (Z)®U! w(h) = (1) We fix x = (1, 8) = (7, (8))ieqr....ny) € Xii(7). We assume
r de Rham with distinct Hodge-Tate weights and denote by h = (4, ; < -+ < /i ,)1ex the
Hodge-Tate weights of 7. As in Section 3.7, by [19, Prop. 2.9] there is w € S such that
wt(8) = w(h). We assume w = wy, 1.e. x strictly dominant in the sense of [20, §2.1].

.....

Definition 4.2.1. — A point ¥ = (r,8") = (r, (8))icqr....y) € Xui(7) is called a compan-
ion point of x = (7, (8;)icq1.....ny) ¢ 8:/8; is algebraic for all i € {1, ..., n} (see Section 3.3).

By [19, Prop. 2.9] again, if ¥ = (7, 8') is a companion point of x we see that there
is w’ € S such that wt,(8") = w’(h).

We now assume moreover that r is crystalline and as in Remark 3.7.9 we denote
by ¢ := (@1, ..., ¢,) € k(x)" an ordering—also called refinement of r—of the eigenvalues
of @Rl on D (7). With such a refinement, we can construct a smooth unramified
character of (K*)" by the formula:

unr(g) = (unr(gal), cees unr(gan))

Then it follows from [20, Lem. 2.1] that there exists a refinement ¢ such that we have

8 = z2"®unr(p). Each companion point of x is of the form (r, z*®

w=(w;); €S8S.

unr(g)) for some

Remark 4.2.2. — Denote by g : X,;;(7) —> X; the canonical projection. It follows
from [20, (2.5)] and the line just after that for any refinement ¢ of r the point:

wo (h)

unr(g))

is in Xi(7) and from [49, Th. 6.3.13] and the construction of X.;(7) that the set
{x € Xiui(7) | g(x) = r} 1s exactly the union of the companion points of each Xp for all
possible refinements ¢ of 7.

Xp 1= (r,.z

We now assume moreover (pz-goj_l ¢ {1, pRol} for i £ j as in Remark 3.7.9. Recall
we have defined w, € S just before Proposition 3.6.4 by the relation 7 (x, par) € Uy,.
The following theorem is a local analogue (i.e. on the local eigenvariety X;(7)) of [16,
Conj. 6.6] which concerned companion points on the global eigenvarieties built out of
spaces of p-adic automorphic forms.

Theorem 4.2.3. — The set of companion pownts of x = (r,8) = (r, z“}“(h)unr(g)) is glen
by:

w(h)

{xw =(r,z unr(g)), w, < w}.
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Proof. — Applying Corollary 3.7.8 and Proposition 3.6.4 (with L = £(x)) at the
point x,, (assumed to be in X;;(7)), we deduce the necessary condition w, < w. It is thus
enough to prove that all the points x,, € X; x 7" for w > w, are actually in X;(7).

In [20, (2.9)] we have constructed a closed immersion of rigid spaces over L:

(4.2) X s X7

(the left hand side is denoted %Lj 2~ in loc. cit. but we drop the [, see Remark 3.6.1 and
the beginning of Section 3.7). Then (7, (¢, ..., ¢,)) € %h “ and the construction of g
implies that this point is mapped to x € X;(7). Arguing as in the proof of [20 Lem. 2.4],

there exists a smooth Zariski-open and dense rigid subset Wh “ of ffh consisting of
pairs (75, (@1, - - -, ¢.,)) such that the ¢;, satisty ¢;,¢; b (1, p[K“ ‘U for i #£ . As in the

proof of loc. cit. there is also a coherent locally free O“h o ®q, Ko-module D on Wh_cr

together with a linear automorphism @ of D such that for all y € W:l—cr‘
(D, @) ®O\’§:!lfcr k(y) = (Dcris(@), q)[Ko:Qﬁ])'

Moreover, locally on \7\7;'7“ we can fix a basis ¢y, . .., ¢, of D such that the Ogr-« ®q, Ko-
submodule (e, ..., ¢) is $-stable for all 7z and:

®(¢;)) = ¢;e; modulo (e, ..., e_1)

where the ¢; € O%,y,(.r ®1 C (Ogn-«®q,Ko)*,i€ {1, ..., n} correspond to the morphism
W;‘_Cr — %;'_Cr — TrLig with the notation of [20, §2.2]. By the argument in the proof of
[20, Lem. 2.4], we have a smooth morphism of rigid spaces over L:

b WE —s (G/B)"

(recall G = SpecLh Xg,ecq, Resg /g, (GL, /K)) mapping a crystalline representation of Gg
to the Hodge filtration on Dcm written as in (3.9).
For w € §, we write W}l - C W}l “ for the inverse image of the Bruhat cell

(BwB/B)"s C (G/B)"*¢ under 4. Then W " 1s locally closed in W “ and the Wh <
for w € § set-theoretically cover Wf‘ . From the definition of w, in Section 3.6 and the
choice of the local basis (¢;); above we easily check that:

(4.3) 1 (@1, - 9)) EWELT = w=uw,.

If we denote by Wh " the Zariski-closure of W}l “in Wh “ and by (BwB/B)" that of
(BwB/B)"8 in (G/B)"¢, then we have A~ ((BwB/B)ris) = W?;Cr. Indeed, the inclusion
W?;m C ' ((BwB/B)8) is clear. Conversely, let y € A~' (BwB/B)"¢) and U an admissi-
ble open neighbourhood of y in W;'_Cr, then 4(U) is admissible open in (G/B)" since the
map £ is smooth hence open [14, Cor. 5.11]. Since A(y) € /(U) and /(y) € (BwB/B)"i,
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then 4(U) contains a point in (BwB/B)™ as the lattfzvr is Zariski-open and dense in
(BwB/B)"s. This implies U N A~ ((BwB/B)"8) = U N W?;” % (), from which it follows
that y € W?;Cr since U is arbitrarily small, and hence we have /47! ((BwB—/B)rig) - W
Then one easily checks from the usual decomposition of (BwB/B)"s = (BwB/B)" into
Bruhat cells that (4.3) together with A~ (W/B)rig) = \7\7}‘;7 for w’ € S imply:

(4.4) (r, (@1,...,0,)) € W?;cr — w>w,
Now, consider the following morphism of rigid spaces over L:

(4.5) taw T WE™S — X x T

w(h)

(6), ((pl,}, ) (pn,)')) I (73}7 < unr((pl,)'i ey (pn,y))

Then L}_n,lw (X4 (7)) 1s a Zariski-closed subset of W?_Cr. It is enough to prove that we have
an inclusion W?;Cr C L;’lw (Xi(7)), or equivalently Lh,w(Wij;“) C X,i(). Indeed, then we
also have W2 C 11! (X,i(7), and since (7, (@1, - - ., ¢,)) € W when w > w, by (4.4),
we deduce xy, = th 4, (7, (@1, - . ., ©,))) € Xiii(7). But we have Lh,w(W?;“) C X,,i(7) since
in fact we have Lh,w(\/'\\//;f;“) C Ugui(7) (see (3.29) for Ug;(7)). This follows from the fact
that, when (1, (@1, ..., ¢.,)) € W?;Cr, then 2*®unr(g, ,, ..., ¢.,) € 7;& is actually a

parameter of 7, (use Berger’s dictionary between D(r,) and Dy, (7,) as in the discussion
preceding [20, Lem. 2.4]). O

Remark 4.2.4. — A result analogous to Theorem 4.2.3 also holds assuming only
that r satisfies the assumptions in Remark 3.7.9 and is de Rham (which then implies it is
in fact crystabelline). We restrict ourselves above to the crystalline case for simplicity and
because this restriction is already in [20, §2] (that we use).

4.3. A locally analytic “Breuil-Mézard type” statement. — We formulate a multiplicity
conjecture which is analogous to [35, Conj. 4.2.1] except that X; is replaced by X, and
Serre weights are replaced by irreducible constituents of locally Q ,-analytic principal
series. We then prove the (sufficiently generic) crystalline case.

We keep the notation of Section 3.7 and fix a continuous 7 : Gg — GL, (k). For
8 € 7" we denote by X(7); := X;i(7) X7 8 the fiber at § of @' : X;i(7) — 7" and

wt

by Xui(7)ws) the fiber at wt(§) € t%¢ of the composition X;(7) il) T — t¢ (here wt
is defined similarly to (3.16) but without the translation by —wt(8) and replacing the
artinian L-algebra A by an affinoid L-algebra A). We also denote by T}" s the fiber at

wt

wt() of T — s, If r € X+(L), we recall that the local complete noetherian L-algebra
Ox., of residue field L and (equi)dimension n* + [K : Q,]n* represents the functor |X,| of
framed deformations of 7 on local artinian L-algebras of residue field L (see the beginning
of Section 3.6 and Section 3.7). We denote by Z(Spec Ox.,) (resp. Z¢(Spec Oyx.,) for
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d € Z) the free abelian group generated by the irreducible closed subschemes (resp.
the irreducible closed subschemes of codimension d) in Spec Ox,,. If A is a noetherian
complete local ring which is a quotient of Ox, ,, we set:

[SpecAl:i= Y m(p. A)[SpecA/p] € Z(Spec Ox,.,)

P minimal prime of A

where the sum is over the minimal prime ideals p of A, m(p, A) € Z- 1s the (finite) length
of Ay as a module over itself and [Spec A/p] is the irreducible component Spec A/p seen
in Z(Spec Ox. ,).

Let us first start with some preliminaries which will also be used in Section 5.3. We
let r € X7(L) be a trianguline deformation with integral distinct T-Sen weights for each
7 € X and define V, D and M as in Section 3.6. We fix a triangulation M, of M which
possesses a parameter in 7. We define xpqr := (@ '(D,), a ' (Filw+.,), Ny) € X(L) €
X(L) (depending on a choice of framing «) as just before Corollary 3.5.8 and w, ,, € S =

S s just before Proposition 3.6.4. We fix w € S such that x,qr € X, (L) € X, (L)
and a parameter § = (8,)ic(1,... € Ty of M, (8 is automatically locally algebraic). Note
that M, is the unique triangulation on M of parameter § by Proposition 3.7.1. Going
back to the commutative diagram (3.33), it follows from Corollary 3.3.9 that we have a
commutative diagram of affine formal schemes over L:

X;UM Xr M, Xw’xde
M X Szxde
[ \ l e

wt—wt(8) e
7 0

where tis the completion of t at 0 and where the two upper squares are cartesian. This
diagram induces another analogous commutative diagram with the Spec of the underly-
ing complete local rings instead of the formal schemes. Taking everywhere (except for X,)
the fibers over 0 € t(L) of this latter diagram and considering Remark 4.1.2, we obtain
the following commutative diagram:

— -0, ~
SpCC R;l,)./\/[. Spec RT,./\;]. SpCC OXU! sXpdR

| ) [

SpecR, v, <— SpeCEElM‘ — Spec()’)\xxpdR

|

Spec (’9\357, r

(4.6)
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where all the horizontal morphisms are formally smooth and where the two squares are
. . . . U .
cartesian (as the vertical maps are closed 1mmer510ns) Note that R, (resp R ) is a
formal power series ring over R, xq, (resp. R ) and over (’)X ok (resp (’)X % dR)
By the results of Sections 2.4, 2.5, the irreducible components of Spec OX?{ R

e fOr W€ S such that
XpdR € Zyy (L) (this last condition doesn’t depend on the choice of the framing a) Like-

are the union of the irreducible components of Spec C’)L

wise the irreducible Components of Spec (’)X ae are the union of those of Spec Ozw, fodR
for w’ € § such that w’ < w and xqr € Z,, (L) By pull-back and smooth descent, we
obtain from (4.6) a byection between the irreducible components of Spec OXx sar (TES.
Spec (’)X . dR) and the irreducible components of Spee R, (resp. SpecR M, )- In par-

n(n—1)

ticular Spec R, uq, is equldlrnensnonal of dimension #* + [K : Q,]%= D (equivalently of
codimension [K : QJ,] 2t ip Spec Ogg ,) and SpecR M, 18 a union of irreducible com-
ponents of SpecR, o4, . For w' € S, denote by 3, € Z[K Q1 (Spec (’)gg ) the cycle

corresponding via the embedding Spec R, , < Spec 035 » to the cycle [Spec 0, o]

in Section 2.5 under this bijection and set as in (2.16):

4.7) Coi= Y 3w € ZEUIE (Spec Ox,,).

w’eS

Note that the cycles 3, and €, do not depend on the choice of the framing & and, using
(3.15), depend on § only via the RL,K(&)[%]. Since ay, v = 0 for w” # wy (see the last
condition in (iii) of Theorem 2.4.7), we have €,,, = 3,,, and since moreover Z,,, is smooth
(as it is isomorphic to G/B x G/B) we see that 3,,, = €, is either 0 or irreducible. In fact
we have r de Rham (equivalently here r crystabelline) if and only if Ny = 0 if and only if
XpdR € Zu, (L) if and only if 3,,, = &,,, #0.

Remark 4.3.1. — We have a more precise description of €, in the crystalline case
at least (which will be used in Section 5.3). Denote by X}V[@_C’r C X; the closed analytic
subspace associated to (framed) crystalline deformations of 7 of fixed Hodge-Tate weights
given by wt(d) and assume here that the fixed r is in %Wt(a) “(L) C X#(L). Since the
underlying nilpotent operator is identically 0 on Z,,,, any deformation in X, aq, (A) C
X, (A) coming from zw() wr (A) (for A'in Cp) is de Rham, hence crystalline due to the
assumption 7 crystalline and § € 7" (by an easy exercise). This implies that Q:w[] = 3,
corresponds to an irreducible closed subscheme of Spec O -, -, of dimension n*+[K:

Q,] "(”2 2= But it follows from [52] that the scheme Spec O -, 1s already irreducible of

dimension n* + [K : Qj,]@ Hence we deduce in that case an 1somorphlsm.

n(n+ 1)

(4.8) (U — [Spec 636?(@)70;7] e 7K (Spec (’)35 )
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Corollary 4.3.2. — With the notation as for (4.7) assume moreover that x := (r,8) s in
XM (L), Let M, be the unique triangulation of M = Drig(r)[%] of parameter 8 and that w € S
15 such that wt(8) = w(h), then we have:

n(n+1)

[Spec Oxi ] = Z Py (1€ € ZIKIE (Spec O ).

w'eS

Proof. — This follows from Corollary 2.5.6, Corollary 3.7.8 and what is above,

. .. T = w8 . .
recalling that the composition X(7), = X, —> X, p, —> 7T;" is the morphism o’

by (3.30). O

One can be a bit more precise. We have x,qr € Z (L) = xar € X (L) = w, 4 <
w’ (using Proposition 3.6.4 for the last implication). By (4.7) and the properties of the
integers a,, ,~ (see (iii) of Theorem 2.4.7) we deduce €,, # 0 = 3,,» # 0 for some w” <
W= w,, 2w = w,,, <w'. Since moreover Py weuw (1) # 0 € w' < w, we have in
fact:

4.9) [Spec Oxinnd = D Pugunwr (D€ € ZXIH (Spec Oy ).

/
Wy, gr W <w

When 7 is moreover de Rham (i.e. Ny = 0), one can easily check using the usual de-
scription of the Zariski-closure of Bruhat cells that we have equivalences (and not just
implications) x,ar € Zuw (L) ¢ xar € Xyw/(L) & w4 < W' and dwF0& €, #0&
W, < w'. In that case, we see in particular that a// terms in the sum (4.9) are actually
nonzero.

After these preliminaries, we now move to our multiplicity conjecture.

Lemma 4.3.3. — Let x = (1, 8) be any point of X (7) (L) such that 8 € T', then we have

closed immersions:
Spec Ox ;5.0 = Spec Ox .0 = Spec Ox,,.

Proof. — 'The first closed immersion is obvious and the second is Proposi-
tion 3.7.3. UJ

When r € X5(L) is trianguline, we say that 7 is generic if all the parameters § of r
are in 7;". When 7 is crystalline with distinct Hodge-Tate weights for each 7 € ¥ and the
@; are the eigenvalues of @' %) on D (r), this amounts to the conditions on the ¢; in
Remark 3.7.9.

For § = (8, ...,8,) € T;"(L), we consider the locally Q ,-analytic principal series:

(4.10) I = (Ind; V8 @ e ®@--- @8,e"")"
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where B(K) ¢ GL,(K) is the subgroup of lower triangular matrices. Recall that Iy 1s the
L-vector space of locally Q,-analytic functions / : GL,(K) —> L such that:

S (udiag(n, ..., t,)g) = 8:(4) (82(8)e () - - - (8,(6)e"™ (1)) (9)

(where % is lower unipotent in B(K)) with the left action of GL,(K) by right translations
on functions f. It follows from the theory of [58] (together with the appendix of [15])
that the representation I is topologically of finite length and that the multiplicities of its
(absolutely) irreducible constituents are a mixture of multiplicities coming from Verma
modules (i.e. Kazhdan-Lusztig multiplicities) and from smooth principal series. We de-
note by If its (topological) semi-simplification. If IT is an absolutely irreducible locally
Q'p—analyﬁc representation of GL,(K) over L, we denote by ms 1 € Z~ its multiplicity
in I3

The following conjecture was inspired by [18, 38] and especially [35, Conj. 4.2.1].

Comjecture 4.3.4. — For any generic trianguline r € X7(L.) and any absolutely irreducible
constituent 1 of a locally Qp analytic principal series of GL,(K) over L, there exists a unique cycle C,

in 7K@ (Spec Ogg ) such that, for all § € T"(L.), we have:

-~ . K: n(n+3) P
[SpCC OXtri(ﬂS_»(",é)] = Z m§,ncr’n m Z[ Q175 (SpCC 0%7,r)-
I

Remark 4.3.5. — Conjecture 4.3.4 in particular implies that Spec 6Xm(7)@,(r, 5 Is
equidimensional of dimension 7* + [K : Q,u= 10=3) (
trianguline. Note that if the cycles C, iy are known for a given r (and all IT), then Conjec-

ture 4.3.4 also tells exactly which points of the form (7, §) are on X,;(7).

if nonzero) when r € X;(L) is generic

Let 8 € 7, be locally algebraic. We can write:

(81, 808,...,8,6" ") =28,

where A € (Z")™ %! and §_ is a smooth character. Then the representation Is is iso-
morphic to .7: Gl "(K) (U(g) ®U(b) (—A), 8. ) where b is the Lie algebra of the lower tri-

angular matrlces in G (see Section 3.1 for G) and where we use the notation of [58].
The hypothesis § € 7" implies that for every parabolic subgroup P(K) of GL,(K) con-

taining B(K), the smooth representation IndBE?) (8,,)°" is irreducible (see [11, Th. 4.2]).

Together with [45, §5.1] (whose notation we use) and the results of [58] as summa-
rized (and slightly extended) in [15, §2], this implies that the irreducible constituents

of Foi™ (U(g) ®ug) (—1), 8,,) are (up to multiplicity) the Fg o™ (T(—p), 8,,,) where

w € (ZMH™U! is such that A 1 w (the strong linkage relation 1 being here with respect
to b).

? =sm
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Proposition 4.3.6. — Assume r € X7(L)) 15 generic trianguline with integral T -Sen weights for
each T € X. If the cycles C, 1 as in Conjecture 4.3.4 exist, then they are unique.

Proof. — Writing § = (8,)ieq1.....n}, it follows from [49, Th. 6.3.13] that (r, 8) € X,i(7)
implies § locally algebraic and § € 7. In particular if I is a constituent of some I§ where

at least one of the §; is not locally algebraic or where § ¢ 7", then [Spec OXm(,)B e8] =
and hence C,; = 0. Let IT be an irreducible constltuent of some I‘_S where § € T is

locally algebraic and write (81, 8¢, ...,8,6"") = 78, as above. By the discussion be-
fore this proposition, we have IT = f];IIz’(K) (L(—p), Sm) for some A 1 . Replacing §

by the unique (still denoted) § € 7;"(L)) such that (8, 8s¢, ..., 8,e"") = 8., we have
that IT occurs with multiplicity 1 in (the new) I as L(—u) occurs with multiplicity 1 in
U(9) ®ui) (—p) (we use [15, Cor. 2.7]). If IES_: I1, 1e. I; = I§ is irreducible, 1e. p 1s
maximal for 1, then we must have C, ; = [Spec @Xm(?)s «.0]. Otherwise, we must have

[SPCC Oxm(m o, 5)] = 7 n+ ZI‘[’#]‘[ ms, H’Cr v where IT" = I(;J(i)(K) (L( V), qm) for uw t v,

v # u. By induction, we can assume the cycles C,. v are known, and then we must have
C..n = [Spec Ox, .y 00)] — > men Mo Crr O

We now fix 7 € X;(L) a trianguline deformation with integral distinct 7-Sen
weights for each 7 € ¥ and we let M, M,, %, W, 4, W, & as in the beginning of

this section. Taking the fibers over § € Spec 67?’.m<5)~§ (L) in the commutative diagram
(4.6) yields a third diagram: o

—w —Ow
SpCC R?‘,M. I — Spec R, M. - SpeC OXw XpdR

— —O
(4. 1 1) SpeC R M. - SpCC R M. — SpeC OX XpdR

~

Spec (’9\367,,

where all horizontal morphisms are formally smooth, the two squares are cartesian and
=Ow

RDM (resp. R, 4.) 1s a formal power series ring over R, M, (resp. R . Mm.)- Using exactly
the same arguments as with (4.6), for w’ € S we denote by Z,, € Z& 1 (Spec (/9\35?,7)
the cycle corresponding, via the embedding Spec Er, M. <> Spec @35%,., to the cycle
[Spec Oy ] and we set as in (4.7):

w/ »*pdR

(4.12) C, = Z Bt € 71K:Q,] nrt) (Spec @957,;‘)-

w”eS
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The cycles 2, and C,s again do not depend on & and depend on § only via the
RL,K(&)[%] (using (3.153)).

Denote by 8, = (80.)ic(1,...y € T the unique element such that l3 1s algebraic
forallz e {l1,...,n} and wt;(8y;) > wt;(8o41) forallze {l,...,n—1}andall T € . It
follows from [45, §8.4] and [58] (with [15, §2]) that the irreducible constituents of I5 are
parametrized by S in such a way that ms i , = Py u,u (1) where IT,, is the constituent
associated to w’ € S (recall that in Is; we induce from the lower Borel). The cycle Cyy a
priort depends on 7, M, and w’. The following result shows that it depends on slightly
less.

Proposition 4.3.7. — With the above notation, the cycle C,y only depends on r and on the
constituent T,

Proof. — We can choose the framing « such that the flag «='(D,) on (L ®q,

K)" ~ < Dyar (War (M) is the standard one. For w’ € § such that x,qr € Z,/(L) denote by

P,, € G the maximal parabolic subgroup containing B such that w'wy - 0 is dominant
with respect to M, N B where M, is the Levi subgroup of P,,. Denote by S, ,» € S, the
subgroup of permutations which, seen inside S = S Vi the diagonal embedding, belong
to the Weyl group of M,,. Let us write §, = z*8, with §_ a smooth character. For an
element w € S, we denote by w(8, ) the smooth character defined by w(§,, ), =3

By [15, Lem. 6.2] we find that:

Zsm,w(z)*

~ A‘ ~
weS, = 0+# ms, ,.m,,» where 8 o = 2" w(d,).

One easily checks that there is a partition n =mn; + - - - + n, of n by integers n; > 1
such that S, is the Weyl group of GL, ;1. x GL,,;1. x -+ x GL, 1. inside GL,1.. For
any reflection s in S, the closed point x,ar , 1= (sa™N(D,), a ' (Fily+,), Ny) is still
in Z,/(L) since in particular s(Z,y) = Z,y by Remark 2.4.9. Hence the nilpotent en-
domorphism induced by Ny on the graded piece @ ' (D, 1..4.) /0 " (Dyy1.in;_,) for
1€ {l,...,r} is actually O since it must respect permutations of the induced flag. Ap-
plying Lemma 3.4.7 to each graded piece, we can define another triangulation sM,
on M which induces sof'(D) on Dyar (War(M)). We can then define the cycles
Zy sy Coy s € ZIK] 15 (Spec Ogg ;) as we defined Z,/,C,, replacing M, by sM, and

XpdR DY %,dr, s in the lower part of (4.11) (the part that is not concerned with w), and note
that C,, , is well defined thanks to Remark 2.4.9. It then easﬂy follows from [15, Lem. 6.2]
that it is enough to prove C,y = C,, in Z2! = (Spec (’)35 )

From (4.12) it is enough to prove Zy = 2y, for all w” < w' such that @y, # 0
and all reflections s € S,/ (note that Zwu # 0 if and only if Z,/, # 0 for such
w” < w’ by Remark 2.4.9). Denote by Z5 (resp. Z5, ,) the equidimensional closed sub-

=0

scheme of codimension 0 in Spec Rr M, (resp.in SpecR, ) defined as the pull-back of
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Spec 671“%% .« (resp. Spec 67,1‘),,,%(]“). Let A € Cp, and (Dl(\l’)., Dfi)., Ny) € /Z\w/gxp & (A), from
s(Zyr) =72,y (Remark 2.4.9) we deduce as previously that the nilpotent endomorphism
induced by N, on DA(A},)711+-~+n,-/DA(A},)711+---+n,-_1 for 1 € {1, ..., 7} is actually O (since on each
graded piece it must respect permutations of the induced flag and since it is 0 on the
diagonal as we are in Z,» C 7). Applying again Lemma 3.4.7 to each graded piece, we
can define a bijection s: Z5,(A) - ZE”,;(A) which is functorial in A by permuting the
triangulation M, , of M, according to s. Hence the two complete local rings under-
lying ZL), and ZE,/,S are isomorphic. Since this bijection doesn’t touch the Galois defor-
mations, they are moreover isomorphic as quotients of 63%,7 where @\g?’, is the affine
ring of X", This implies in particular that the two cycles Z,» and Z,,, are the same in

Z[KiQﬂ@ (Spec 6367,7)' i

Theorem 4.3.8. — Assume r € X7(L) is generic crystalline with distinct T-Sen weights for
each T € . Then Conjecture 4.5.4 1s true for r.

Proof. — For any refinement R, that is any ordering (¢;,, ..., ¢;,) of the eigenval-
ues (¢;); of %! on D (r), there is a unique triangulation M, z on M such that
Mg/ M\ r= RL,K(unr(q)ﬁ))[%]. We denote by xr ,qr the point of X(L) correspond-
ing to M, % (fixing the same framing « for all R).

Let § = (6,); € T;"(L). If (r,8) is not a point on X;(7) set C, n := 0 for all con-
stituents IT of I3’ If (r, 8) € X,(7), then the assumptions imply § € 7" and § locally alge-
braic and we set C.n,, :=Cy for w’ € § where C, is defined using the triangulation M,
of Proposition 3.7.1 (and the associated x,qr) and where we use Proposition 4.3.7. Note
that M, = M, z for a refinement R uniquely determined by (8, ..., d,). For all this to
be consistent, we have to check that if IT,s occurs in some other I3 with (r, 8") ¢ X(7),
then we have C,, = 0. Consider such a 8’ = (8!);, there exists a pe}mutation w, €S, for
each 7 € ¥ such that wt; (8,,_;)) <wt:(8;, ;) (in Z) for all 7 and we set w := (w,), € S.
Then we have w" < w using [45, §5.2] and [58]. Moreover there exists a unique refine-
ment R’ which is determined by (8], ..., d)) and it follows from Proposition 4.3.7 (and
its proof) that we can also define C,, using M, % instead of M,z = M,. Arguing ex-
actly as before (4.9), we have C,y # 0 < Wi = w’. As (r,8") ¢ Xi(7), we must have
War ar £ w by Theorem 4.2.3. But then (since w’ < w) this implies w - £ w' and
thus C,y = 0.

It remains to check the equality of cycles in Conjecture 4.3.4 for (r, 8) € X;(7) (L)
(if (r, 8) ¢ X (7) (L) it amounts to 0 = 0 by definition of the C, ). But in that case, defin-
ing w as before Lemma 3.7.4 (i.e. as we did above for §" but with §), we have by the same
argument as for Corollary 4.3.2:

XR,,

n(n+3)

[Spec 5Xtri(7)é,(7,§)] = Z Pogw,wow (1)Cur € ZH T (Spec (/9\357,,.).

w'eS
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Since the constituant IT,, appears in I;S with multiplicity ms ri,, = Pugw,wou (1) (use again
[45, §8.4] and [58]), this finishes the proof. U

Remark 4.3.9. — For r as in Theorem 4.3.8, the constituents IT such that ms q #
0 for some § € 7;"(L) are precisely (up to constant twist) the companion constituents
associated to r in 15, §6].

5. Global applications

Under the usual Taylor-Wiles hypothesis we derive several global consequences of
the results of Section 2 and Section 3: classicality of crystalline strictly dominant points on
global eigenvarieties, existence of all expected companion constituents in the completed
cohomology, existence of singularities on global eigenvarieties.

5.1. Classicality. — We recall our global setting. Then we prove classicality of crys-
talline strictly dominant points on global eigenvarieties under Taylor-Wiles assumptions.

We start by briefly reviewing the global setting of [20, §§3.1,3.2] and refer the
reader to loc. cit. for more details. We assume p > 2 and fix a totally real field F*, we
write ¢, for the cardinality of the residue field of F* at a finite place v and we denote
by S, the set of places of F" dividing p. We fix a totally imaginary quadratic extension
I of F'* that splits at all places of S, and let Gy := Gal(F/F). We fix a unitary group G
in n > 2 variables over F* such that G xp+ F = GL, /5, G(F" ®q R) is compact and G

is quasi-split at each finite place of F*. We fix an isomorphism 7 : G xp+ F — GL,r
and, for each v € S;, a place v of F dividing v. The isomorphisms F; — F; and i
induce an isomorphism 7; : G(F}) = GL,(F;) for v e S;. We let G, := G(F}) and
G, = HUGSPG(F:“) o~ Hves,, GL,(F3). We denote by K, (resp. B,, resp. B,, resp. T,)
the inverse image of GL,(Oy,) (resp. of the subgroup of upper triangular matrices of

GL,(F;), resp. of the subgroup of lower triangular matrices of GL,(F3), resp. of the
subgroup of diagonal matrices of GL,(F;)) in G, under 7 and we let K, :=[]

vebp

(resp. B, := [],es, Bu, resp. B, := [Ties, B,, resp. T, := [Ties, To)- We fix a finite exten-

sion L of Q, large enough to split all F} for v € S, and denote by g, b, b and t the
base change to L of the respective Q ,-Lie algebras of Gl,, B,, B,, T, (so for instance
g~ ]_[vesp(gr ) ~ (gl )T ) We denote by TPI and TUI (v € S,) the base change
from Q , to L of the rlgld analytic spaces over Q , of continuous characters of respectively
T, and T',. We identify the decomposition subgroup of Gy at ¥ with Gy, = Gal(F;/F;).
We fix a tame level U? =[], U C G(A Of) where U, is a compact open sub-
group of G(F}) and we denote by S(Uf’ L) the p-adic Banach space over L of con-
tinuous functions G(F*)\G(A%)/U” — L endowed with the linear continuous uni-

tary action of G, by right translation on functions. A unit ball is given by the Or-
submodule S(Up OL) of continuous functions G(F*)\G(AS) /U’ — O, (alternatively
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§(Uf’, O ~ 1(ir_nsS(Uﬁ , O/ my, ) where S(U?, Oy, /mgp, ) denotes locally constant func-
tions G(FH)\G(AY) /U’ — O, /mb ) and the corresponding residual representation is
the & -vector space S(U?, ki) (a smooth admissible representation of G,). We also denote
by S(U, L)™ c S(U?, L) the very strongly admissible [33, Def. 0.12] locally Q,-analytic
representation of G, defined as the L-subvector space of S(U, L) of locally Q,-analytic
vectors for the action of G,

We fix S a finite set of finite places of F* that split in F containing S, and
the set of finite places v { p (that split in F) such that U, is no/ maximal. We can as-
sociate to S a commutative spherical Hecke (’)L—algebra T® which acts on 'S\(U/J, L),
S(Ur, L™, S(U, Or), S(U?, O /my, ). We fix m® a maximal ideal of TS of residue
field 4, (increasing L if necessary) such that S(UP L)t = (§(UP L)ws)™ # 0 where
S(U, L) s 1= hm S(U, OL/miy, Jms. We denote by p = pys : Gr — GL, (k1) the unique
absolutely sem1—s1mple Galois representation associated to m® and assume p absolutely
irreducible. We let R5 s be the noetherian complete local Op-algebra of residue field
ky, pro—representing the functor of deformations p of p that are unramified outside S
and such that p¥ o ¢ = p ® "' where ,0 is the dual of p and ¢ € Gal(F/F*) is the
complex conjugation. Then the spaces S(U/’ L)ns and S(U” L)} are natural modules
over R5s.

The continuous dual (S(U?, L)2)Y of S, L)% is a module over the global
sections I'(Xps, Ox,) where Xp5 1= (SpfR55)" and we denote by Y(U’,p) =
Y(U?, p,S) (forgetting S in the notation) the schematic support of the coherent
Oxmxfﬂ—module s, (/S\(Uf’ L)) on Xp5 X TP,L where Jp, is Emerton’s locally Q,-
analytic Jacquet functor with respect to the Borel B, [32] and (—)" means the continuous
dual. This is a reduced rigid analytic variety over L of dimension #[F* : Q] which is a
closed analytic subset of X5 ¢ x :F\p, 1. whose points are:

[x=(p,8) € X5 x T)1 such that
Homy, (8, J5, (S(U”, L) [m,] @) k(1)) # 0}

where m, C R;s[1/p] denotes the maximal ideal corresponding to the point p € X5 5
(under the identification of the sets underlying X; s = (SpfR55)"® and SpmR;5[1/p]). If
U” C U’ and S contains S, and the set of finite places v { p that split in F such that U/ is
not maximal, then a point of Y(U?, p) is also in Y(U”, p).

We let X (ﬁp) be the product rigid analytic variety ]_[v e, Xui(p3) (over L) where
P = Plg;. and Xi(p;) is as in Section 3.7 (remember we drop [ everywhere see
loc. Clt) This 1s a reduced closed analytic subvariety of (SpfRg, e X T/, . where

®v s, Rz, (recall Ry, is defined at the beginning of Section 3.7). Identifying B,
(resp T ) w1th the upper triangular (resp. diagonal) matrices of GL,(F;) via 7, we let
dp, =1 - 7°®--®|- |é " be the modulus character of B, and define as in [19,
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§2.3] an automorphism 1, : T}, |, = T, 1, by:
—1 1—1
(5.1) (81, .., 8,) =38g, - (81,....8:6 7", ..., 8.

Then the morphism of rigid spaces:
Xp.5 % Ty — (SpfRz,)™ x T) 1,

(0. By)ves,) = (p+ Bu.1. - Buadves,) = ((09)vesy (17 Bu.t - 80.0) es))
induces a morphism of reduced rigid spaces over L:
(5.2) Y(U, ) — Xui(p)) = [ [ Xui(Py).
ves,
We say that x = (p, 8) = (p, (§,)ves,) = (P, Bu,1 -+, 8v)ves,) € Y(U”, p) is de Rham

(resp. crystalline) strictly dominant if p; := plg, 1is de Rham (resp. crystalline) and if
the image of x in each X;(p;) via (5.2) is strictlLy dominant in the sense of [20, §2.1].
Equivalently wt; (8,,) > wt; (8, ,41) forallz€ {l,...,n— 1}, 7 € Hom(F;,L) and v € S,
(recall wt;(,,) € Z by [19, Prop. 2.9]).

Leté = @U)vesp € T,,,L such that wt,; (8, ;) € Z for all ¢, T, v. Then we can write § =
8,8, in T, where A = (Ao)ves, € ]_[vesﬂ(Z”)Hom(Ff”L), 8, =1Il,es, 2 (recall 2 is z >
1, Hom(F;.1) 7(2)*=) and 8, 1s @ smooth character of T, with values in £(§) (the residue
field of the point § € T/,,L). Following Orlik and Strauch, we define the strongly admissible
locally Q,-analytic representation of G, over £(8) (see [19, §3.5] for the notation, see also
Remark 5.1.2 below):

(5.3) Fol®) = F (U@ By (—1)" 8,55

where g, 1= []

character of b. If A is dominant, thatis A, ;; > A, ;41 forall z, T, v, we let:

ves, 8p, and —A is seen as a character of t and by inflation b — ¢ as a

(5.4) LA®) :=L() & (Ind;'s,,,8") ™

where L(A) is the irreducible finite dimensional algebraic representation of G, over L of
highest weight A relative to B, and (Indgfp —)* is the usual smooth principal series. It is
a locally Q ,-algebraic representation of G, over £(8) which coincides with the maximal
locally Q,-algebraic quotient of ]:E(i ’(8) and also with the maximal locally Q ,-algebraic
subobject of (Ind%”gégp Hyan,

Let x = (p,d) € X555 X TAL with wt;(8,;) € Z for all 7, 7, v, the representation
(5.3) allows us to reformulate the condition x € Y(U?, p) as (see [16, Th. 4.3]):

(5.5) Homr, (8, Js, (S(U?, L)™5[m,] ®x(p) k(1))
~ Homg, (]—"EC;” (8), S(U?, LY [m,,] ®y(p) k(%)) % 0.
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Apointx = (p, §) € Y(U?, p) which is de Rham strictly dominant is called classical if there
exists a nonzero continuous Gj-equivariant morphism i the right hand side of (5.5) that

factors through the locally Q,-algebraic quotient LA(§) of ]:EC; ’(8). Equivalently (p, 8) is

classical if Homg, (LA(Q),g(Uﬁ s L) ms[m,] ®yp) £(x)) # 0 1.e. if p comes from a classical
automorphic representation of G(Ag+) (satisfying the properties of [20, Prop. 3.4]). We
then have the classicality conjecture.

Conjecture 5.1.1. — Let x = (p, 8) € Y(U?,p) be a de Rham strictly dominant point. Then
x 18 classical.

Remark 5.1.2. — The careful reader may have noticed that the (generalization of
the) results of Orlik-Strauch that we use in [19, 20] and here are actually only stated in
[15, §2] and [16, §§2,3,4] for locally Q ,-analytic representations of G(K) over L. where
G 1s a split reductive algebraic group over K and L splits K. But looking at the form
of the group G, we see that we rather need (in [19, 20] and here) locally Q ,-analytic
representations of groups of the form G, (K,) x G9(Ky) over L where G;, ¢ € {1, 2}, is
split reductive over K; and the finite extensions K,, Ky are not necessarily the same.
However, assuming that L splits K, and Ky, an examination of the proofs of the results of
[15, §2] and [16, §§2,3,4] (and of all the results of Orlik-Strauch and Emerton on which
they rely, see loc. cit.) shows that they all easily extend to the above case.

If x=(p,8) € X555 X T,,,L is crystalline, we denote by (@3 ..., 95.,) € k(x)" the
eigenvalues of ¢!"0°%1 on D;(p;5).

Theorem 5.1.3. — Assume F /¥ unramified, /1 ¢ ¥, U, hyperspecial if v is inert in F and
0(Grwry) adequate [66, Def: 2.20]. Let x = (p, ) € Y(U, ) be a crystalline strictly dominant
pownt such that @5 5 1; E1{l, qu) for i #j and v € S,. Then x 15 classical.

Remark 5.1.4. — Let x = (p, 8) € Y(U?, p) be a point satisfying the assumptions
in the theorem, but without assuming that the point is strictly dominant. It follows from
[16, Prop. 8.1(ii)] (see also [20, Theorem 5.5]) that there exists a point ¥ = (p,§’) €
Y (U?, p) that is strictly dominant, and hence classical by the above theorem. We hence
can still deduce that the Galois representation p is automorphic (though the point x is
not necessarily classical itself).

Progf: — By the argument following [20, (3.9)], we can assume U’ small enough,
Le.

(5.6) G(F) N (AUPK L) = {1} forall he G(AR).

We now briefly recall the construction of the patched eigenvariety X,(p) of [19, §3.2] and
[20, §3.2] (to which we refer for more details, note that this construction uses the above
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extra assumptions on F, U’ and ). Fix an arbitrary integer g > 1 and let R, be the max-
imal reduced and Z,-flat quotient of (&), sRz,) [x1 - - xg]] Denote by Xoo := (SpfRo )ris
and likewise by X (resp. X;,) the reduced rigid fiber of ®UES\S 5, (resp. ®vesp ). We
thus have Xo = Xp x X5, x U where U := (SpfOL[y])™ is the open unit disc over L.
Then following [23] one defines in [19, §3.2], [20, §3.2] for a specific value of the integer
g a certain continuous Ry.-admissible unitary representation I, of G, over L and an
ideal a of Ry, such that IT[a] = S(Uf’ L)ws. We then define X,(p) as the schematlc
support of the coherent Ox .7, -module M := (Ji,( (ME==2))Y on Xy X TpL This
is a reduced rigid analytic variety over L which is a closed analytic subset of X5 x T,, L
whose points are:

(5.7) [x=(,8) € Xoo x T, 1. such that Home, (8, Js, (TR~ [m,] @, k(%)) # 0}

where m, C Roo[1/p] denotes the maximal ideal corresponding to the point y € X (un-
der the identification of the sets underlying X, and SpmR.[1/p]). Moreover Y (U?, p)
is the reduced Zariski-closed subspace of X,(0) underlying the vanishing locus of
al' (X, Ox.,). Define L(Xui(p))) 1= Hve% 1y (Xui(p;)) where ¢,(Xi(05)) 1s the image

of X,i(p;) via the automorphism id xt, of X5, x Tv L in (5.1). For each irreducible

aut

component X? of Xz, there is a (possibly empty) union XX

tr1

(p,) of irreducible com-
ponents of X.;(p,) such that we have an isomorphism of closed analytic subsets of

%oo X Tp,LE

(5.8) X, (@) > (& x (X5 7" (B) x TF).

xr

Note that the composition:

Y (UL, 5) = X,(5) = X x 1(Xui(P)) ¥ U = 1(X,i(5,)) ~— Xin(B,)

1s the map (5.2).

Now consider our point x = (p, §) € Y(U?, p) and let X” C X4 be an irreducible
component such that x € X/ x L(Xffl/ lut(,0/7)) x U C X, (p) via (5.8). For v € S, let x, €
Xui(p3) be the image of x via:

! _ _
X > ((XETB,)) x U= (X5 7(B,)) = X)) = Xai(Py)-

tr1 tr1

For each v € S,, by Corollary 3.7.10 applied to X,;(;0;) and x, (which uses the assump-
tions on ¢ ;, see Remark 3.7.9) there is a unique irreducible component Z,, of X,;;(0;) pass-
ing through x,. If Z :=[],.s Z,, from (5.8) we thus necessarily have x € X’ x 1(Z) x U¢ C

X’ x L(Xﬂ aut (p,)) x U¢. In particular, for V,, € X;(05) a sufficiently small open neigh-

tr1
bourhood of x, in X(p;) we have l_[veS V,C7ZC Xfflﬁ_a“t(ﬁp) and we see that the

veS,
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assumption in [20, Th. 3.9] is satisfied. Hence « is classical by [20, Th. 3.9] (see also [20,
Rem. 3.13]). 0J

Remark 5.1.5. — The assumptions on the ¢;; in Theorem 5.1.3 do not depend on
the choice of the place v above v. Moreover, here again as in Remark 4.2.4, assuming
F/F* unramified, ¥/1 ¢ F, U, hyperspecial for v inert in F and 0(Grwr)) adequate, a little
extra effort should produce classicality of de Rham strictly dominant points x = (p, §) =
(0, (8,)ves,) € Y(U?, 0) such that 1" (8,) € T, where ¢, is (5.1) and T}, is defined as in
Section 3.4 but with the field F = F; instead of K.

5.2. Representation theoretic preliminaries. — We give here some technical lemmas re-
lated to locally analytic representation theory that will be used in the next section.
We keep the notation of Section 5.1 and set Tg =T,NK, = l_[uesp(Tv NK,).

For a weight u = (i4y)yes, € nvesp(Z")Hom(Fﬁ’I‘) denote by L(u) (resp. L(u)) the irre-
ducible object of highest weight u in the BGG category O (resp. O) of U(g)—modules
with respect to the Borel subalgebra b (resp. b) [45, §1.1] and for w € 1, s, Sl

w - u:=w(u+ p) — p where p is half the sum of the positive roots of the algebralc
group [, s, Spec L Xspecq, Resr; /g, (GL,r;) with respect to the Borel subgroup of up-

per triangular matrices. Write wo = (Wo ) ves, € I1 Sﬂ v Q! for the longest element. If

veS,
€€ T/, L(L) is of derivative u, the theory of Orlik-Strauch [58] (extended as in Remark
5.1.2) gives us a locally Q ,-analytic representation of G, over L (with the notation in

(5.3)):
(L( /,L) _sm ) ®ve§[, (L( IU“U) —smS_l)

where the completed tensor product on the right hand side is with respect to the inductive
or projective tensor product topology (both coincide on locally convex vector spaces of
compact type, see [34, Prop. 1.1.31] and [34, Prop. 1.1.32(1)]).

Let IT*" be a very strongly admissible locally Q ,-analytic representation of G, over
L [33, Def. 0.12]. Let u (resp. u) be the base change to L of the Q ,-Lie algebra of the
unipotent radical U, of B, (resp. of the unipotent radical of Ep) and Uj a compact open
subgroup of U,,.

Let M be an object of the category O. It follows from [58, Lem. 3.2] that the
action of b on M extends uniquely to an algebraic action of B,. We endow the L-
vector space Homy (M, IT*") with the adjoint action. More precisely, for 4 € B, and
f € Homp (M, TT*™) we define bf € Homy (M, I1*") by the formula (bf)(m) := bf (b~'m)
for m € M. The subspace Homyg) (M, IT*™") is preserved by this action. Namely, for
S/ € Homyg, (M, I1"™"), b € B, r € g and m € M, we have:

(b (wm) = bf (b™"em) = b (Ad(6" )" m)
— B )ef (57 m) = £ ()



A LOCAL MODEL FOR THE TRIANGULINE VARIETY AND APPLICATIONS 391

so that bf € Homyg) (M, TT*"). In particular, we deduce from this fact that b acts trivially
and B, smoothly on Homyg) (M, IT*").

Denote by T, C T, the multiplicative submonoid of elements ¢ such that
tUpt™" € U, then it is straightforward to check that the actions of U, and T, on
Homyg (M, IT*") are compatible with the relations uyt~' € Uy for ¢ € T;r. Hence we
can endow Homyg) (M, IT**)" with the usual action of T; defined by:

(5.9) St f =80 Y. wlf

ug€Uq /U™ !
Let € € T),1(L) of derivative pu and €, :=€8_,. The characters € : T} — L and
€., determine surjections of L-algebras L[T;r] — L. and we denote their respective kernel
by m, and m,_(maximal ideals of the L-algebra L[T;’]). We also set m,; := ker(L[T;] —»

L) (resp. my gy := ker(L[T; /Tg] —» L)) where the surjection is determined by the trivial
character of T (resp. T} /T}) and we define for any integer s > 1 the characters:

1[): T S LT/ ] L[T]/m] and
Ushan: TF = TH/T) S L[TH/T0] — L[ T} /T /m

The characters 1[s] and 1[s],, can obviously be extended to T, and we use the same
symbol to represent these extensions. Note that L[T;“] /m (resp. L[T;r / Tg] /mi ) isin Cy,
and that 1[s],, 1s the maximal smooth quotient of 1[s] (which is necessarily unramified).

Lemma 5.2.1. — Let M be an object of the category O and N a smooth representation of T,
over L. There is an isomorphism of Li-vector spaces (where Hom(M, L)*" € Hom(M, L) is the
object of the category O defined in [16, §5)):

Homg, (F," (Hom(M, )™, V(5;)), I1*")
~ Homyy (V, Homuygg (M, 1))
which ts functorial in M.

Progf: — It follows from [16, Prop. 4.2] and Remark 5.1.2 (we use here the very
strongly admissible hypothesis) that there exists a functorial isomorphism:

Homg, (F5" (Hom(M, )™, V(5;)), I1*")

~ Homg s, (M &1 C(U,, V(83)), I™).
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The result comes from the canonical isomorphism:
Hom(g s, (M &1 C(U,, V(85 )), ™)
>~ Homg, (CSO(U/,, V(Sgpl)), Homyy, (M, 1'["‘“))

and from the proof of [32, Th. 3.5.6] which can be adapted to prove that there is an

1somorphism:
Homg, (C(U,, V(85)), Homuy(g (M, IT™"))
~ Homy (V, Homy g (M, l'I"‘“)UO). 0J

Lemma 5.2.2. — Let (V) be an wrreducible constituant of U(g) Que) 1, for any s € L,
we have isomorphisms of L-vector spaces:

HOmGﬁ (fﬁ(;f’ (E(—V) , l[S]Smgsms];ﬁl) , l—[an)

~ HomU(g) (L(V), Han)Uo [m” ]

€m

Proof. — This is a direct consequence of Lemma 5.2.1 together with the fact that if
Nisa L[T;]-module, then Homr[; (1[s]sme€...» N) =~ N[m; ]. ]

sm’

Lemma5.2.3. — For any s €Z~, the L-vector space Homy g (U(g) ®u(e) M, 12 Yo m; ]
i fimite dimensional and we have an isomorphism of Li-vector spaces: ‘

Homg, (F5" (U(@) ®um —#) - Lskne, d5). T1°)

~ HOI’HU(g) (U(g) ®U(b) M, Han)UO [mi ]

=sm

Proof. — We have:
HOmU(B) (U(g) ®U(b) Hs H"‘“)UO [m;sm] = HomU(t) (M’ Han)Uo [m;sm]
>~ Homyy (Ma (Han)UU) [m;m]

~ HomU(t) (,LL ,JB}, (Han)) [mse ]

=sm

where the last isomorphism follows as in the proof of [32, Prop. 3.2.12]. This shows
the first part of the statement since the last term is finite dimensional by the proof of
[32, Prop. 4.2.33]. Now we have:

Homu(o (i, Jo, (I1)) [, ] = (o, (1) ® ) [m] ][ = 0]

~ HOI'IlT;r (l[s]smn]Bp (Han) ® g_l)
~ Homqt (LLs)me, I, (T1)).-
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The statement follows then from Lemma 5.2.1. UJ
Note that the case s = 1 of Lemma 5.2.3 gives in particular:

Homg, (-7:%(9, Han) =~ Homy g (U(Q) ®ue) U, IT* ) [me ]

where F7(€) is as in (5.3)
73

Lemma 3.2.4. — For any s€ Z~, the L-vector space Homy g, (U(g) Que) 1, 127V [m; ]

i finite dimensional

Proof. — This is a direct consequence of Lemma 5.2.3, the left exactness of the
functor Homyg)(—, I1*") Y [m¢ 1, the fact that each simple object of the category Oisa
quotient of a Verma module and that cach object of O has finite length. U

Assume now that IT*" is such that, the functor Homyg) (—, IT*") is exact on the
category O, which means that whenever we have a short exact sequence 0 - M; —
M; — M3 — 0 in O we also have a short exact sequence of L-vector spaces:

(5.10) 0 — Homuyg) (M3, 1*") = Homuy(g (M, T*") = Homy g, (M;, IT*") — 0.
The hypothesis (5.10) occurs in the following important case.

Lemma 5.2.5. — Assume that the continous dual T1' is a finite projective Oy [[K,11[1/p]-
module. T hen the functor M — Homyq) (M, TI*") is exact on the category of finite type U(g)-modules.

Proof: — Let M be a finite type U(g)-module. Arguing as in the proof of [20,
Lem. 5.1] and using that M i1s of finite type, we have:

Homy(g) (M, T1*") = lim Homy ) (M, I1,)
r—1

~ h_r)nHomu (@) (Ur(g) Qug M, Hr)'

r—1

Moreover it follows from the proof of [60, Prop. 4.8] that the functor M = U, (g) ®yy) M
is exact for a sequence of rationals r € p converging towards 1. By exactitude of lim it s
thus enough to prove that the functor M, = Homy, (4, (M,, IT,) is exact (for such 7) on the
category of finite type U, (g)-modules. This is exactly the same argument as in the end of
the proof of [20, Lem. 5.1]. U

We now assume moreover that IT*" is the locally Q ,-analytic vectors of some con-
tinuous admissible representation IT of G, over L and satisfies property (5.10). If V is an
L[T, ]-module, let V[mZ® ]:= U, V[m; ].
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Lemma 5.2.6. — The functor Homy g, (—, [12")"0 [mZ° 1 is exact on the category O.

Proof: — Let 0 > M| — My — M3 — 0 be a short exact sequence in O. By (5.10)
and the smoothness of the action of the compact group Uy, we have a short exact se-
quence of L[T;]—modules:

(5.11) 0— HOmU(g) (Mg, l—lan)UO N HOmU(g) (MQ, nan)U()

Uo

— Homyg, (M;, 1) ™" — 0.

By the argument above [20, (5.10)], for My = U(g) ®u) # a Verma module, changing
Uj if necessary the L[T;]—module Homy g (Mg, IT*)Y >~ Homyy, (i, (IT™)Y°) is an in-
ductive limit of L[T;]-submodules on which some element z of T;r acts via a compact
operator (we use here, as in loc. cit., the above extra assumption on IT*"). Using the fact
that each object of O is a quotient of a Verma module, that objects of O have finite
length and the exactness of the functor Homy g (—, [T™)Y on O, the statement is still
true for an arbitrary M. Since z commutes with T}, it follows easily from the theory
of compact operators that (5.11) remains exact on the generalized eigenspace associated
to €, L.e. after applying [m2° |. U

sm

Finally, we recall one more statement which is [10, Lem. 10.3].

Lemma 5.2.7. — Let w € l‘[vesp St

distinct elements w; € l_[veS S;EFﬁ:Q‘b] Jor 1€ {1,2, 3} such that w < w;, < w3, w <X Wy < Ws,
lg(w;) =lg(wy) =lg(w) + 1 andlg(ws) = 1g(w) + 2. Moreover w, and wy are the only elements
satisfying these properties.

such that lg(w) <lg(wgy) — 2. Then there exist

5.3. Companion constituents. — We recall the statement of the socle conjecture of
[16, §§5,6] in the crystabelline case and prove it in the crystalline case under (almost) the
same assumptions as those of Theorem 5.1.3.

We keep the notation of Section 5.1 and Section 5.2, in particular p > 2, G is
quasi-split at finite places and we fix U?, S and p as in loc. cit. We fix a point p € X5 5
such that there exists a classical x € Y(U?, p) of the form x = (p, §) for some § € Tp,L-
Equivalently by [20, Prop. 3.4] the Galois representation p is associated to an auto-
morphic form 7 = 7, ®¢ 7y of G(Ap+) such that nfUp (tensored by the correct lo-
cally Q ,-algebraic representation of G,) occurs in the locally Q ,-algebraic vectors of
§(Uf’,L)ms. We denote by ;.1 < -+ < ks, the Hodge-Tate weights of p; for the
embedding T € Hom(F;, L) (they are all distinct) and set hg; := (A5 7)) rcHom(r;,1) for
all v, 7. We define A = ()»v)uesp = (A1, ---,)»v,n)uesp € HUGSP(Z”)H“”‘(F“L) with A, ; =
(Ay. 7)) retomy, 1) and Ay 7 = A5 ¢ 41— + ¢ — 1 (so A is dominant). Moreover we assume
that p; for all v|p is crystabelline generic in the sense of Section 4.3, which is equivalent to
the condition that the semi-simple representation W(p;) = @_,1;,; of the Weil group of
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I'; associated to p; in [36] satisfies (nﬁ_,ll.n,;d-) orecy, ¢ {1, |r,} for i #j (compare [16, §6]
when all Fj are Q). This condition doesn’t depend on the choice of v above v. Note that,
when pj 1s crystalline, we have n;; = unr(g; ;) for all  where the @;; are the eigenvalues
of 5.0l on D5 (p5), so we recover the condition in Theorem 5.1.3.

We define a refinement R as a rule which to each v € S, associates an ordering
R, on the set of characters {n;;,7 € {1,...,n}}. Let R be a refinement, w = (w,)yes, €

[F;:Q,] S . . )
l_[vesf, Sy U1 and define rw =g, v, )ves, € T, 1 with (see Section 4.2 for 7200 ®o)y:

Ry = Ry w15+« s ORywyn) = Ly (zw“(h“)(nw1 OTECF,, ..., n,;J”orecFﬁ))
where (ji,...,J,) is the ordering R, on {l,...,n}. Note that the derivative of §5 , is
precisely wwy - A and that 8 , .. (defined as before (5.3)) doesn’t depend on w, we denote

it by 3z o = Br, am)ves, € Tpl Define also xg., := (0,85 ,) € .'fp g X Tpl Then it
follows from [22, Th. 1.1] and (5.5) (and the intertwinings on (Ind o 8..08, )oo in (5.4))

that the assignment R +—> xg u, = (p, 85 ,,) induces a bijection between the set of
refinements and the set of classical points in Y(U?, p) of the form (p, §) for some § € T,, L
Note that the residue field of all the points xz ,, (a finite extension of L) doesn’t depend
on R or w, and increasing L if necessary we assume it is L.

The structure of Verma modules [45, §5.2] and the theory of Orlik-Strauch (ex-
tended as in Remark 5.1.2) imply that the irreducible constituents of:

GP(SR w) == ((U(g) Qu) (—wwy - )\)) Rsm(SB,,l)

are the locally Q ,-analytic representations of G, over L:

Gy

(5.12) Fy, (L(—w'wo - 1) 8 85,') = ves, T (L(=wiwo . 1) 8, )
for w' = (w))yes, € Hvd S[ "1 Guch that w’ =< w. For a refinement R and v € S,
denote by xR ,,.» the image of xz ,,, In X;(p;) via (5.2) and set:

(5.13) WR 1= (WR.w)ves, € ]_[ StFie)

vES)

Fgl . . . —
where wg , 1= Wiy € S,E Q] is the permutation associated to xR ., € Xui(05) de-

fined just before Proposition 3.6.4. The following is a special case of the socle con-
jecture of [16, Conj. 6.1] (apart from the fact all F; were Q, in loc. cit.). Recall that
m, C R55[1/p] is the maximal ideal corresponding to p.

S[b Q/J

Conjecture 5.3.1. — Let R be a refinement and w € [ | , then we have:

ves
Homg, (fg' (C(—wwg - 1), 8r 85 ). S(U. L) oy [m, 1) #0

if and only if wr < w.
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Remark 5.3.2. — We point out that this conjecture is stronger than predicting the
set of companion points of x = (0, 2" §r.am) € Y(U?, p), that is, Conjecture 5.3.1 implies:

(0,2 8r.sm) € Y(U, D) < 1 = wwy - A with wg < w.
In the following, we use the notation in the statement of Theorem 5.1.3.

Theorem 5.3.3. — Assume F /¥ unramified, /1 ¢ ¥, U? small enough (see (5.6)) with
U, hyperspecial if v is inert in ¥ and p(Gyyyy)) adequate. Let p € X5 coming from a classical
point in Y(U?, p) such that py is crystalline and QO{}’Z'()D;JI ¢ {1, q} for i#j and v € S,. Then
Comjecture 5.3.1 15 true.

—an

Progf-— We use notation from the proof of Theorem 5.1.3 and we shorten [T
. : . Gp Zy
in 132, Q’R,wo mdp, ¥R, IN ¥R, fgﬁ’](L(—wwo -A), Q’R,smaB},I) in IT,, and U(g) Que) 1
in M(w). The proof being a bit long, we divide it into several steps.

Step 1: The only if part.

If Homgﬂ(nw,/S\(Uf’, L)os[m,]) # 0 then it follows from [15, Cor. 3.4] (and Re-

mark 5.1.2) that the point xg ,, € X5 X TI,,L sits in Y(U?, p). Denote by xg ., its image

in X (05) via (5.2). By Theorem 4.2.3 this implies wg , < w, for all v, hence wr < w.
We are thus left to prove that Homg, (IT,, §(Uﬁ , L)Y [m,]) #0if wg < w.

mS

Step 2: Reduce the claim to proving (5.15).

The action of R5s on g(U”, L)ws factors through a certain quotient Rz s, hence we
can see p as a point of (SpfR;s)™. Moreover we have a surjection R, /aRy —
R5 s which induces a closed immersion (Sprﬁg)rig — X, and we can also see
p as a point on X.. Still denoting by m, C Ry[1/p] the maximal ideal (contain-
ing the ideal a) corresponding to the point p € X (under the identification of the
sets underlying X, and SpmR[1/p]), from Il [a] :g(Up, L)ms we get IT52[m,] =~
§(Uﬁ, L)os[m,]. It is thus equivalent to prove HomGﬁ(l'[w, I3 [m,]) # 0 if wr < w.
From Lemma 5.2.2 (applied with @ = A and v = ww, - A) it is enough to prove
Homy g (L(wwy - 1), 12 [m,])% [ms,  1#0if wg 2w. If Vis an A-module and m
a maximal ideal of A, define V[m™] := U, V[m’]. As L(ww, - A) is of finite type over
U(g) we have:

(5.14) Homuy(g (Lww - 1), T [m]) ™ [m? ]
=U;> HomU(g) (L(wwo A, Hg[mi)])Uo [mgja_sm]'
Since the right hand side of (5.14) is nonzero if and only if

an U
Homy g (L(wwy - A), T2 [m,]) '[ms, 150,
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we see that it is enough to prove that

(5.15) Homuy(g (L(ww, - &), T2 [mF]) “[m2 ]#0 ifwg < w.

é7%,sm

Step 3: Generalizing the claim.
We will prove (5.15) for more general points y € X, (o) than those coming from the global
eigenvariety. This will allow us to argue by descending induction (see Steps 610 below)
on the length of the Weyl group element wg. In order to formulate this more general
claim we introduce the following notation and assumptions:

For a point y € X X t(Xi(p,)) X U* denote by 7, (resp. m, ) its image in Xo
(resp. the corresponding maximal ideal of Roo[1/p]), by (7,)yes, its image in %ﬁp and by
€ its image in TI,,L. We assume that the image of y in X5 lies in the smooth locus of the
reduced rigid variety X4, that y is crystalline generic (i.e. each r, is crystalline generic as
in the beginning of Section 5.3), and that the image of y in X;(0;) is strictly dominant
in the sense of [20, §2.1].

We define u = (14y)ves, € ]_[vesp(Z”)Hom(Fﬁ’L) as we defined A at the beginning

. (F5:Q,]
of Section 5.3, w, € [[,cs Su '

n
vES)

]_[vesp S;EFD:QP " such that w, < w we define y, € X x L(Xui(p,)) x U¢ as we defined
XR,w (note that we use here Theorem 4.2.3 and that y,, = ). We let €, be the im-

as we defined wg in (5.13), and for each w €

age of y,, in T, (the derivative of €, is wwy - ). As before the smooth part €,
does not depend on the Weyl group element w. We also define u"'' = (,uffT)vesﬁ with
/LET = (My,z,i — 1+ 1) reHom(r;,1) (compare with LU_1 in (5.1)).

Theorem 5.3.3 then will follow from the following claim:

Claim.  For any point y as above we have

HOmU(g) (L(wwo S, H;g[mzo])Uo [m;srn] 75 0 ifwrg Sw.

Indeed this claim implies the theorem as the point x satisfies our assumptions on y, either
trivially or arguing as in the proof of [20, Cor. 3.12].

Step 4: ldentifying Homy g (M(wwy - ), l‘[ig[m:f’])U" [m;j n].

Letw e l_[vesp S,EFﬁ:Q”] such that w, < w and assume that y,, € X,(0). We have:
an oo T\ Yo 00
(5.16) Homy g (M(wwy - 1), Hoo[m,) 1) [mgm]

~ HomU(t) ('LU'LU() U, (HQ)UO)[sz] [m:o ]

Zw,sm

= Homu (wwo - 4, Ji, (T0)) [m ] [mg | ]

3o (12) ] )

D w
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where the second isomorphism follows from the proof of [32, Prop. 3.2.12] as in [20,
(5.9)]. Recall from the proof of Theorem 5.1.3 that we have introduced the coherent
Ox,p-module My, = Jp, (TTI5)" on X, (p). We easily check:

(5.17) JB/J(HZE) [mff] [mz;]v ~ M ®0Xﬁ(ﬁ) @X/J(ﬁ)vyw

where Jp, (l_[gg)[ITLZO][IIICE"U’)]v ~ l(ir_ng IJBﬁ(Hi“‘j)[m;; ][m‘iw]v is the dual L-vector space (recall
from Lemma 5.2.3 that Jp,( l'[a“)[mf ][m‘ ] is finite dimensional). Denote by X, (0)wuy-x

wt

the fiber at wwy - u € t%(L.) of the composition X,(p) — Tp L % ¢i¢ where Tp L —>
t¢ is defined as in Section 4.3. We deduce in particular from (5.17):

(5.18) Homy o (ww - ., Jo, (M120)) [m*][me® ] =~ M(wwy - p)

w,sm

= MOO ®OX!,(§) Oxp(ﬁ)ww(]-us]w
which is thus a finite type Ox, ), -module.

Step 5 We prove two multiplicity formulas (5.23) and (5.24).
We keep the notation and assumptions of Step 3. Denote in this proof by (53500 , the
completed local ring at 7, of the scalar extension from L to £(y,,) = £(y) (which contains
k(r,)) of the rigid space .’%f

For d > 0 denote by Zd(Spec (’)3500 ,) the free abelian group generated by the irre-
ducible closed subschemes of codimension d in Spec O%oo 5. If € is a finite type (93500 ),
module such that its support has codimension > ¢ define as in (2.13):

[£1:=Y m(Z.E)[Z] € Z*(Spec Ox.,.,)
7z

where the sum runs over all irreducible subschemes Z of codimension ¢ in Spec 035007,},
and m(Z, &) = length(@xmw)nZ
We have closed immersions:

&,, (nz being the generic point of Z).

<5° 19) Spec OX/;(ﬁ)wwo-u Jw — Spec OX/,(E),}") — Sp€C Oxoo;f)r

where the second one follows from (5.8), Proposition 3.7.3, Remark 3.6.1 and [53,
Lem. 2.3.3 & Prop. 2.3.5]. It follows from the normality of Xz X t(Xui(p,)) x US at
9w (which follows from Corollary 3.7.10) that we have isomorphisms of completed local
rings 6Xﬁ(5) e = @xﬁﬁX[(Xm(ﬁp))ng . from which we deduce taking fibers at wwy - u:

<5 * 20) OX/; (p) wwg-pw = Oxﬁli Xt (Xiri (ﬁp))u,wx}04/1, xUs Jw
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where ((Xi(0,)) ww,-u 18 defined as X, (0) -, (se€ Step 3). In partlcular Spec OXp(p)ww(] Lo

n(n+1)

is equidimensional of codimension 4 := [F* : Q]*== in Spec O%m , via (5.19) as so is

Spec 6t(Xm(p,,))wwO Lo 1IN Spec Oggp )y SEE Section 4 3.
In particular we deduce from (5.16) and (5.18) that the support of the finite type
Oxoo ,-module HomU(g)(M(wwo w), I [m°°])U° [m 1V has codimension > 4.
Arguing as in the proof of [20, Th 3. 5] it follows from Lemma 5.2.6 and from
Lemma 5.2.5 that the functor Homyg) (—, HZg)UO [mzo][mfz m] from O to the category
of Roo[1/p]-modules is exact. Thus for every short exact sequence 0 — M; — My —
M; — 0 in O we have a short exact sequence of Ry[1/p]-modules:
<5.21) 00— HomU(g) (Mfg, Hg[mzo])Uo [m°° ]

€w,sm

— HOn’lU(g) (MQ’ Hg [m?])UO [m;,sm]

§w sm

— HOmU(g) (Ml, Hg[mio])Uo [moo ] —> 0.
As Oxoo , 1s noetherian, the dual of middle module is of finite type if and only if the duals

of the other two are. Hence the following equation holds in Z(Spec Oxm n):
an[. - c0T\Y o 1V
[Homug (M, M [m]) " [me 1]

= [Homu (M, T2 [m?]) " [mZ | 1]

—w,sm

+ [Homyg) (M3, H*;E[mif])UU [m® ]v]

Zw,sm

In particular since the irreducible constituents of M(wwy - u) are the L(w'wy - u) for
w' < w (see [45, §5.2] or Section 2.4), we deduce in Z¢(Spec Ox,,.,,) by dévissage (see
Section 2.4 for P, ,('1)):

[M(wwo : /’L)] = Z Pwow,wow’(l)[ﬁ(w,wo : /‘L)]

where:
/ / an e e} U 9]
(5.22) E(w wy - ,u) = HomU(g) (L(w Wy - /,L), Hoo[m@ ]) O[mgw.sm]v'
We point out that the (/Q\XW,(;.-module L(w'wg - 1) doesn’t depend on w such that w > w’,
as €, n = €,/ 4 does not depend on w.

Moreover as in Step 1 and Step 2 we deduce that L(w'wg - ) # 0 implies
Jw € X,(p) and hence w, < w’ by Theorem 4.2.3. We obtain the following multiplic-
ity formula:

(5.23) [M@wo-w]= Y Pupuw(D[L(wwy - 1)] € Z/(Spec Ox., ).

w-<w-<w
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Likewise, it follows from (5.20) and from (4.9) that we have:

<5'24) [(9\Xﬁ(ﬁ)wwo~u ’_J/w] = Z Pwow’wow’ (I)Q:w/ € Zd(SpeC 6%00’7}‘)'

w)»jw’jw

Here €, is the cycle in Z¢(Spec (/9\3500,,}) obtained by pull-back along the formally smooth
projection Spec Ox,,, — Spec Oxﬁﬁ,(,v)v from the product over v € S, of the cycles de-

noted €, in Section 4.3. Note that we have €,/ # 0 for w, < w" < w. Moreover €,
doesn’t depend on w (such that w > w’).

Step 6 Setting up an induction.
Fix X/ € X an irreducible component. We write W = X’ N X7 for its (Zariski-open)
intersection with the smooth locus of X4 .

As the image of the point y of Step 3 in X4 lies in its smooth locus we may assume:

X, @Y =W x1(Xui(B)) X UNX, () = 8 x (X () ¥ ) x UF

for an appropriate choice of X”. Note that Xp(ﬁ)w C X,(p) is Zariski-open. It follows
from the irreducibility of X, (@) at y (which itself follows from Corollary 3.7.10) and the
argument in the proof of [20, Cor. 3.12] using [20, Lem. 3.8] that the coherent sheaf
M on X, (p) is free of finite rank in the Zariski-open dense irreducible smooth locus of
an affinoid neighbourhood of y in Xp(ﬁ)w. We denote by m, > 1 this rank of M, (which
doesn’t depend on the chosen small enough neighbourhood of ).

We continue using the notation from Step 3. Recall that y is assumed to be dom-
inant, i.e. y = y,,. For any Weyl group element w the same argument as in the end of
Step 2 and as in Step 1 (using Lemma 5.2.2, [15, Cor. 3.4] and Remark 5.1.2) shows that
L(wwy - ) # 0 implies y,, € X, (p)*.

We now consider the following induction hypothesis for integers £ < lg(wy):

H,: for y € Xﬁ(ﬁ)w as above with £ < Ig(w,), then [L(ww, - n)] # 0 for all
w > w,, and the rank of M, in the smooth locus of a small enough affinoid
neighbourhood of y,, in Xp(ﬁ)w is still m,.

Obviously H, for all £ implies the claim formulated in Step 3.

Remark 5.3.4. — The part of the induction hypothesis concerning the rank m, is a
technical tool used in the induction. However, it seems to be an interesting statement in
its own right that this rank remains the same for all the y,,, as these points possibly lie on
different connected components of the (patched) eigenvariety.

Step 7: Induction basis.
It is easy to see that Hig(,) holds.
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We prove Hig(u)—1, i.¢. we consider the case Ig(w,) = Ig(w,) — 1. This amounts to prov-
ing:

= [L£(w)]# 0 and [L(w,wo - w)] #0
— M is free of rank m, (= rank of M in the smooth locus around y = y,,) in
the smooth locus around y,,.

Note first that the point y is smooth on X, () as the image of y = y,, in X(0;) is a
smooth point for every v € S, by (i1) of Proposition 4.1.5 and (i1) of Remark 4.1.6. Hence
M is free of rank m, at y and we deduce

[M (/’L)] - [Moo ®OX/;(E) 6Xﬁ(ﬁ)w)] = m},[@\xp(ﬁ)ﬂ’),].
From (5.23) and (5.24) with w = w, we get:
(5.25) [M(M)] = [ﬁ(M)] + [E(wywo : M)] =mZ,, +mC, € 7" (Spec 63500’7))

using Py 1 (1) = Py 0, (1) = 1 (as wow), is a simple reflection).

Let us first prove [L£(1)] # 0 (which is a priori stronger than just £(i) # 0). Assume
[L(w)] = 0, then (5.25) gives [L(w,wy - w)] = m, &, + m,&,, # 0 so that y,, € Xp(ﬁ)w.
But applying (5.23) and (5.24) with w = w, we get [L(w,w, - pn)] € Z.,¢,, whichis a
contradiction as m,&,,, # 0, thus [L(1)] # 0.

Now, by Lemma 5.2.2 applied with v = u, TT*" = T [, | for all s > 1, and using

that fg” (L(=40), 1 t]an€,,85,) is locally algebraic for all £ > 1 and that 1[/]m€,,, 85, is an

unramified representation of T, we deduce injections of Roo[1/p]-modules:

Homy g (L), T2 [m])" [m® ] < Homg, (L(w), M2 [m])

=sm

< Homg, (L(u), IT%).

By the argument in the proof of [20, Th. 3.9] we obtain that:

support(Homuyg) (L(1), T2 [moo])UO [me ]v)

Ty =sm
o~

C Spec O

~

HT_ ~C
LU’XX%/] xS, 7, wo

as subsets of Spec 63600,5, where the isomorphism follows from (4.8) ((”5 be-

u/’x%gflT_(‘eré’,r),
ing the completed local ring of the scalar extension from L to £(y)). From (5.25) we nec-
essarily deduce [L(u)] € Z.(&,,. Since &, # 0, we then obtain [L(w,w, - )] # 0 from
(5.25).

Finally the sheaf M, is free of some rank m, > 1 in a neighbourhood of y,, by [19,
Th. 2.6(ii1)]. Applying again (5.23) and (5.24) with w = w, we get [L(w,wy - n)] = m&,,,
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which plugged into (5.25) together with [L(n)] € Z-(C,, forces m) = m,. This finishes
the proof of Higqug)—1-

Step 8:

For w € Hveb endow Homy (wwy - w, IT30 [uh" (resp. Homy ) (wwy - w,
ij(Ha“))) w1th the topology induced by Homy,(wwy - , IT52 [u]) 2 T2 [u] (resp. with the
topology induced by Homy (wwy - 1, J, (IT3))) NJBp(l_[d“)) The natural TJr -equivariant

morphism:

SLQ./’

<5.26) HomU(t)(wwo . ,LL,JB/](H?;)) —> HOI’HU(Q ('LU'LU() U, Hg[u])Uo

is continuous and identifies the left hand side with the space (Homyy(wwy - u,
2 [u])Y)g of [32, §3.2]. The injection:

(5.27) Homyy, (L(wwo ), Hi’;)UU < Homy g (M(wwo TR HZZ)UO
an U
~ Homuyg (wwo - ., T2 [u])

with the induced topology on the left hand side is a closed immersion. Indeed, by
a dévissage it is enough to prove that, whenever we have a morphism M(v) —
M(wwy - ) of Verma modules, then the induced map Homy ) (wwy - w, T2 [u])V —
Homy ) (v, l'[ig[u])U0 is continuous (and its kernel is thus closed), which easily follows
from the continuity of the action of g on I1% . Since moreover (5.27) commutes with the
actions of T and of Rec[1/p], by [32, Prop. 3.2.6(iii)] we deduce a closed immersion
compatible with T, and R[1/p]:

(5.28) (Homu g (L(wwy - 10), 1)) . <> Homuy (wwy - 1, Jp, (M122)).

Taking continuous duals (5.28) yields a surjective morphism of coherent sheaves on

></) (ﬁ)wa B2 :
<5°29) Mwwo'u = MOO ®0Xﬁ(ﬁ) OXp(ﬁ)ww(,-u - Ewwo#'

The schematic support of L,,,.,, defines a Zariski-closed rigid subspace Y, (0) -
in X, (0) wuwy-u and we denote by Z,(0) ywyu S (Y,(0) wwo.ﬂ)md the union of its irreducible
components of dimension dim X,(10) yu,... We see from the definition of L(wwy - ) in
(5.22) that we have just as in (5.18):

;C(ww() : /’L) = Eww[)'ﬂ ®0Xp(ﬁ)ww0% Oxﬁ(ﬁ)wwo-uy)’w

~ —
- £ww[)'”’ ®O\"p(ﬁ)ww0»u OYP(p)wwo'll«vJ)w .

In particular L(wwy - 1) # 0 9y € Y, (D wwpn < 2w € Y,(0)wwyn)™ and, arguing
e.g. as for Lemma 2.5.5:

(5.30) [Lwwo - )] # 06 € Zy(B)uny e € 2w € Zy(D)



A LOCAL MODEL FOR THE TRIANGULINE VARIETY AND APPLICATIONS 403

where Z,(0),. . = Z,(®)wwen N X, (@Y S X, (0)Y.

Step 9:
Assuming Hy (for some £ < lg(wy)), we prove: for any crystalline generic strictly dominant point
) E Xp(ﬁ)w, we have:

(i) [L(wwy - )] # 0 for those w > w, such that £ <1g(w);
(i) Mo free of rank m, in the smooth locus of a small enough affinoid neighbourhood of y,, in
X,

Note that the claim differs from H,: we do not assume Igw, > £. The proof of
this claim uses a Zariski-closure argument as in the proof of Theorem 4.2.3. We remark
that this closure argument has to make use of the notation introduced in Step 8 above,
as forming the cycle [L(wwy - )] we only take into account the components of maximal
dimension in the support of L(wwy - @).

Ad(1): Consider the smooth Zariski-open and dense subset:

p/) _HW HT —cr _ _1—[% HT

veS, veS,

and the closed immersion:

. T —cr —
LyHT I= 1—[ Lyt %ﬁp — Xtri(p/;)

veS,

where (11 1s as in (4.2). Since there is only one irreducible component of X,;i(p,) passing
through each point of ¢, ur (ngm_cr) by Corollary 3.7.10 (and the definition of W%:T_Cr),

~ HT h ~ HT
—cr, X/ —aut — ¥l —. (HE—er .
we have that Wgﬁ chATTA = Luyln (Xm-(/o/))36 auty N W%ﬁ “ is a nonempty union of

connected components of W%L;vr_cr. As in the proof of Theorem 4.2.3, we define the
locally closed subset:

T_cr, x/]—lut — Wu T_cr, %/ —aut N 1_[ W/L C Wu T_cr, %/ —aut

veS)

p/)

S[ R Q}l

for each w = (w,)ves, € [ ] , and by the same argument as in loc. cit. using

UES/

T_er, xﬁ—aut

that the morphism from W%,] to the product of the flag varieties 1s still smooth

.. —_ o« 7. . e MHchr’xﬁfaut
we get the decomposition (where * 1s the Zariski-closure in Wﬁp
~ MH’I'_Cr>.
Py :

or equivalently

~ HT_ _ ~ HT_ _ xp_
m cr,XP—aut _ m cr, X? —aut
(5.31) Wﬁﬁ’w = Hw/ﬁwwﬁ[nw,
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. oy ,uHT—cr,%/’—aut s
with Wa,w Zariski-open and dense.
Recall from (4.3) that, for y € 4 x ¢(¢,nr (W%‘:T_“’ﬂ_am)) x U¢, we have:

~ HT

<5032> y EL[/’ D% L( HT (Wlt —cr,f{l’—aut))

x U= w=w,

we thus deduce from (5.31) and (5.32) that we have:

(5.33) P (Wi~ Y X U = w = w,,

S[ vQ./)

. . ~ HT_ . .
Now, for w = (w,)yes, € I1 consider the morphism (recall ng “ s

reduced by [20, Lem. 2.2]):

UE%/

~ ,LLHchr ~
LHT gy 1= | | LuHT .Wﬁp — X5, xT)1,

UES{,

where (i, is defined in (4.5). Fix w € [] S guch that £ <lg(w), it follows

from (5.32), H, and (5.30) that we have:

vES)

~ HT_ b_ . N | —
o x W%/,,w er X —aut o 1ge (1d X(Lotynr ) X 1d) (Zﬁ(p)fzvo,#)
~  HT _
CUWx Wz ™" x UL

But the second inclusion being a closed immersion by base change, we deduce:

Wx W" T U C (id X (Lo ) x id) T (Z,()Y

)

Using (5.33), this exactly means that the companion point y, of any crystalline generic
strictly dominant point y € Xp(ﬁ)w such that w, < w and £ < lg(w) is always in
Zp(,o)wwo . Where 1 is defined as in Step 3. In particular we have [L(wwy - pn)] # 0
by (5.30).

Ad(1i): Let U be an open affinoid in X (,o)u contammg Yw for some w, < w and
¢ <lg(w). It follows from Corollary 3.7.10 that Xl,(/o)u is irreducible at y,,, hence so
is the Zariski-open smooth locus of U if U is small enough. As M, is locally free of
finite rank at each point of this smooth locus (using [20, Lem. 3.8] as at the beginning
of Step 7), its rank is constant on this whole locus as it is irreducible (hence connected).
Hence it is enough to find one smooth point in U such that M, is free of rank m, at this
point. Now, consider:

U N (2 0, (WA=

PpW

aut)) X Ug) C X (,0)

wwo-p’

. . . .. . ~ T o X0 _qut L. .
it contains ,,, and since it is open in & X ¢(¢,nr w(W“ CETHNY x U, its intersection

. e — 2
with the Zariski-open dense subset 4 x ¢(¢,nr W(WZ/ enXmautyy o U is nonzero. By
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construction, any point in this last intersection is in particular a companion point z,, of

. . ) T —cr, P —
a point z in U x (1 (Wh  —0 7

5w )) x U¢ (note that ¢,nr ,, is replaced here by ¢, ur).
By (5.32) (applied to z) and [19, Th. 2.6(ii1)], the point z,, lies in the smooth locus of U.
By (the second part of) H, applied to z, taking U small enough we have that M, is
free of rank m, at z,, where m, is the rank of M in the smooth locus of an affinoid
neighbourhood of 7z in Xp(ﬁ)w}. However, shrinking again U if necessary, we can assume
that z also belongs to an affinoid neighbourhood of y in Xp(ﬁ)w such that M, is free
of rank m, in the smooth locus of this affinoid neighbourhood. This implies m, = m, and

finishes the proof of Step 9.

Step 10: The induction step.
Let £ <lg(wg) — 1, assuming H, we prove H,_;.

By the two cases treated in the induction basis (Step 7) we may assume Ig(w,) =
¢ —1 <lg(wy) — 2 and by Step 9 it remains to prove that:

- [»C(ij() : /"L)] ?é 0

— M is free of rank m, at y,,.

Choose w;, ¢ € {1, 2, 3} as in Lemma 5.2.7 applied to w = w,. By H; and Step 9
we have y,, € Xﬁ(ﬁ)w for 2 € {1, 2, 3}. Moreover it follows from (ii) of Proposition 4.1.5
and (ii) of Remark 4.1.6 that the y,, are smooth points of Xp(ﬁ)w, hence M is free at
these points. By H, and Step 9 again, its rank there is still m,, so as in Step 7 we have:

[M(wiwo ’ M)] = [Moo ®0Xﬁ<ﬁ> OXﬁ(ﬁ)wiwo-uJ’wz] = m)'[oxﬁ(ﬁ)wzw[w»}’wi]
forze{l, 2, 3}.

Note that if w, < w’ < w3, we have w’ € {w,, w;, wy, ws}. Moreover if w" < w; and
lg(w’) > lg(w;) + 2, we also have Py, v, =1 (see e.g. [45, 8.3(a)]), and thus in par-
ticular Py, wow (1) = 1. Tb\en, by (5.23) applied with w = w,, w = wy, w = ws and
using [M(w;wo - )] = m[Ox, @),y 4w, 1s We deduce the following equalities of cycles in
7/(Spec Ox.,.,):

my[oxp(ﬁ)wfw“,wwi] = [L(wyw() : M)] + [»C(wz'wo : M)], 1e{l,2}

MLOX, By gy ] = [ﬁ(wywo : M)] + [E(wlwo : M)] + [E(WQWO : M)]

+ [ﬁ(wgwo . M)]-

By (5.24), we also have the equalities in Z¢(Spec (”)\3500,,),):

[OXﬁ(ﬁ)win;u)’wi] = Q:wy + Q:wi’ Z € {1’ 2}
[OX/;(E)MQwo~us)'wg] = CW; + Cwl + Q:WQ + Q:wﬁ °
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We then obtain the equalities in Z?(Spec (/9\3630,,}):

(5.34) [C(wl-wo . u)] + [E(w),wo . u)] =m&,, +mC,, 1€{l,2}

(5.35) [E(wgwo . /,L)] + [L’(wlwo . ,u)] + [ﬁ(wao . ,u)] + [E(ijo . M)]
=m&y, + m&y, +m&y, +m, .

Moreover we have [L(w,w, - u)] = m;Q:w}, for some my’ €Z., (f [L(w,wy- )] =0 this is
obvious and if [L(w,wy - u)] # 0 argue as at the end of Step 7). The equality (5.34) for
¢ =1 then implies:

(5.36) [Lwiwg - )] + (], — m) €, = m,E,y,

Plugging (5.36) together with the expression for [L(wow, - 1)] given by (5.34) for : = 2
into (5.35) yields:
(5.37) [Lwswo - )]+ (m, — m)) &€, =m,E,,.

%

Let 3,/ denote the cycles in Zd(Spec (’)xm ,) obtained by pulling back along the mor-
phism Spec (935 ., — Spec anp .n), the product over v € S, of the cycles denoted 3, in
Section 4.3. Then an examination of (4.7) (applied to w’ € {w,, w,, wy, ws}) together with
the implication 3, # 0 = w, < w” and the last two assertions in (ii1) of Theorem 2.4.7
(which imply in particular a, ,,» = 0 unless w” < w" and lg(w’) — lg(w") > 2) show that
we have the equalities in Zd(SpeC Oxoo 5):

€y, =3, and &, =3,, i€{l,2,3}.

If m;, > m,, then we see from (5.36) that the cycle 3,, must appear with a positive coefli-
cient in the cycle €, , which is impossible as €,,, = 3,,, and w; # w,.

Likewise, if m, < m,, then from (5.37) the cycle 3,, must appear with a positive
coefficient in &,,, = 3,,,, which is again impossible as w3 # w,.
We thus deduce m}’ =m, > 1 and [L(w,w, - w)] =m,&,, #0. O

Remark 5.3.5. — (1) With a little extra effort, it should be possible to prove two
small improvements of Theorem 5.3.3. The first, as in Remark 4.2.4 and Remark 5.1.5,
1s that it should be possible to delete the assumption p; crystalline for v|p (so keeping p;
crystabelline generic as in Conjecture 5.3.1). The second is that, as in [16, Conj. 6.2]
in the case where all F are Q ,, it should also be possible, under the same assumptions
(or may-be even deleting the assumption p; crystalline as above), to prove that any ir-
reducible locally Q -analytic representation C of G, which is a subquotient of a locally
Q /-analytic principal series of G, over L and such that Homg, (C, S, L)oslp,)) #01s
one of the constituents (5.12) for some refinement ‘R and some w such that wg < w.
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(i) Several special cases or variants of Theorem 5.3.3 were already known. The
GL,(Q)-case in the case of the completed H' of usual modular curves goes back to [17].
In [28], Ding finds some companion constituents for GL, in the completed H' of some
unitary Shimura curves by generalizing the method of [17]. Some very partial results for
GL,(Q,) in the present global setting with all F = Q , (v € S;) were obtained in [29] and
[16]. In these works, there is no appeal to any patched eigenvariety, and hence one can
sometimes relax some of Taylor-Wiles assumptions. Finally, Ding proved the GLy-case of
Theorem 5.3.3 in [30] without using the local model of Section 3 (but using the patched
eigenvariety X, (0)).

5.4. Singularities on global Hecke eigenvarieties. — We prove that the global Hecke
eigenvarieties Y(U?, p) can have many singular points.

We use the global setting of Section 5.1 (p > 2, G quasi-split at finite places, U?,
S and p as in loc. cit.) and denote by T/?,L the base change from Q, to L of the rigid
analytic spaces over Q, of continuous characters of Tg. If x=(p,8) e Y(U’,p) is a

crystalline strictly dominant point such that goa’igoﬁ_’jl ¢{l,q} fori#j, v eS,, we define

w, € Hues,, S 35 we defined wy in (5.13).

Recall [19, §3.2] that there exists an integer ¢ > 0 and an embedding S., :=
Or, [[ZZ]] — R such that the map Y(U’, p) — X,(p) factors through X,(0) X (sprs., )i
Sp L, where SpLL — (SpfS.)™ is induced by the augmentation map SpfOp, — SpfS..
Moreover (see [19, Th. 4.2] and its proof), the map:

(5.38) Y(U”, ) —> X,(0) X (sprsyic SpL
induces a bijection of the reduced subspaces.

Proposition 5.4.1. — Assume F/F* unramified, /1 ¢ ¥, UP small enough with U, hyper-
special if v s mert in ¥ and ﬁ(gF(M)) adequate. Let x = (p, ) € Y(U?, p) be a crystalline strictly
domanant point such that gog,i(p;].l &1, qu) for i #£j and v € S,. Then the map (5.38) is an isomor-
phism of ngid analytic spaces i a neighborhood of x. In particular, X,(0) X sprs.yie Sp L 15 reduced
at such a pont.

Proof. — Since (’9\X/)(ﬁ),x -~ (”)\xﬁﬁﬂ(xm(pp))xw,x by Corollary 3.7.10, we now know
that X,(0) is Cohen-Macaulay at x (by loc. cit.). Then by the argument in the proof of
[19, Th. 4.8] (which needs this Cohen-Macaulay property, this was overlooked in the
proof of [20, Cor. 5.18]) based on [19, Prop. 4.7(i1)], we obtain that the rigid fiber prod-
uct X, (0) X sprsoyie Sp L (which still contains x) is Cohen-Macaulay and reduced in a
neighbourhood of «. O

Note that Proposition 5.4.1 gives an immediate complement to [19, Th. 4.8].
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Theorem 5.4.2. — Assume ¥/F+ wnramified, /1 ¢ F, U small enough with U, hyper-
special if v s wmert in ¥ and ﬁ(gp(m)) adequate. Let x = (p,8) € Y(U?, p) be a crystalline
strictly dominant point such that ga,g,,-gol;} & {1, q.} for i #j and v € S,. Then the rigid variely
Y (U2, p) is Cohen-Macaulay at x and the weight map Y (U?, p) —> TE’L is flat at x. Moreover, if

F{,Z . .. . . hH —N - .
ww €[], s, S ot a product of distinct simple reflections, then Y (U?, p) is singular at x.

Progf. — The Cohen-Macaulay statement follows from the proof of Proposi-
tion 5.4.1. Then flatness of the weight map is a direct consequence of Lemma 2.3.2,
applied to (the spectra of) the local rings at x and w(x).

Let x as in the statement (without any assumptions on w,) and note first that x is
classical by Theorem 5.1.3. Thus by the argument in the proof of [20, Cor. 3.12] its image
in X5 lies in the smooth locus of Xz . Recall that it is enough to prove that x is singular
when viewed in X, () via Y(U?, p) < X, (p). This is the argument of the proof of [20,
Cor. 5.18], except that there is a gap there since we need to know that X,(0) X (sprs.rie
Sp L is isomorphic to Y(U?, p) in a neighbourhood of x, which is Proposition 5.4.1 above.
Then the proof of [20, Cor. 5.18] can go on, yielding that x is smooth on X,(p) if it
is smooth on Y(U?,0) (or on X,(0) X (sprs.yre Sp L), equivalently that x is singular on
Y(U?, p) if it is singular on X, (p).

For w, < w, we define the companion point x,, € Y(U?, p) as we defined xg ,, in
Section 5.3 (it belongs to Y(U’, p) as a consequence of Theorem 5.3.3, see Step 1 in the
proof of loc. cit.) and we denote by x” the common image of the x,, in (the smooth locus
of) Xz x U*. Recall that the image of the “maximal” companion point x,, in X;(0,) sits
in Uyi(p,) = l_[uesﬁ Ui(p;) (see (3.29)). By the argument in the proof of Theorem 5.1.3
(based on Corollary 3.7.10), we can find a neighbourhood V of " in the smooth locus of
Xz x U¢ and neighbourhoods U, and U, ,, of respectively the image of x and of x,, in
Xui(p,) with U, € Ugi(p,) such that V x ¢(U,) (resp. V x ¢(U,,,)) is a neighbourhood
of x (resp. of x,,) in X, (). Note then that x is singular on X, (p) if and only if the image
x, of x In U, € Xi(p,) 1s singular on X;(p,).

As in the proof of [20, Prop. 5.9] consider the automorphism j,, x : T,,,L - Tl,,L
where we use the notation k of loc. cit. to denote the Hodge-Tate weights of (05)yes, in
decreasing order for each v € S, and 7 : F; < L. We still denote by j,, k the automor-
phism id X j,, i of X5, X T}, 1. The argument in the proof of [20, Prop. 5.9] based on [20,
Th. 5.5] shows that:

x €V X L(]wx,k(Up)wx XTﬁI‘ T\g,wx,k,L)) g Xﬁ(ﬁ)

where T\g,wmkl - ngL 1s the closed rigid subspace defined as in [20, (5.11)] (and taking the
product over v € S,). In particular this implies as in [20, §5.3] that we have an injection
of k(x,)-vector spaces (tangent spaces):

ij’k(UﬁwxXTOLT}),W‘,_k’L)Jp — TX[ri(ﬁp),x/;'
yA :
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Then exactly the same proof as for [20, Cor. 5.17] in [20, §5.3] shows that:
(5.39) dimk(xp) TXtri(ﬁ/;)vXp = lg(U)XU)Q) — dwxw[) + dim Xtri(ﬁp)

where d,, € Z-, for w € [] S i defined as before Proposition 4.1.5 but for the
algebraic group Hues,, Spec L Xspecq, Resy;jq,(GLy ;). Since ., < lg(w,wy) if (and
only if) w,wy is not a product of distinct simple reflections by [20, Lem. 2.7], we obtain
that Xtri(ﬁp) is singular at x, in that case, which finishes the proof. O

UES{;

Remark 5.4.3. — (1) The same argument as in the first part of the proof shows that if
X, (p) is singular at a companion point x,, € Y(U’, p) < X, (p) of x, then Y(U’, p) is also
singular at x,,. Hence a natural question would be to ask which of the companion points
xw € X, (p) are still singular when w 7 wy. This is presumably related to Conjecture 2.3.7
via Ox,@).n, = O xi(Xui(@,)x e, and Proposition 4.1.5 (see e.g. (iii) of Remark 4.1.6).

(ii) The equality (5.39) shows that, if we denote by «, the image of x € Y(U?, p) —
X, (p) in X (05), then dimy,,) Tx,@,).x, 1s as expected by [20, Conj. 2.8]. In particular
we thus have many points where [20, Conj. 2.8] holds.

(i11) When w,w is a product of distinct simple reflections, then by work of Bergdall
[6] it is expected that Y(U?, p) is indeed smooth at x. Our method a prior: doesn’t give
information on Y(U?, p) in that direction.
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