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ABSTRACT

In this paper, we prove that separation occurs for the stationary Prandtl equation, in the case of adverse pressure
gradient, for a large class of boundary data at x = 0. We justify the Goldstein singularity: more precisely, we prove that
under suitable assumptions on the boundary data at x = 0, there exists x* > 0 such that 9,u,—o(x) ~ Cy/x* —x as x — x*
for some positive constant G, where « is the solution of the stationary Prandtl equation in the domain {0 < x < x*, y > 0}.
Our proof relies on three main ingredients: the computation of a “stable” approximate solution, using modulation the-
ory arguments; a new formulation of the Prandtl equation, for which we derive energy estimates, relying heavily on the
structure of the equation; and maximum principle and comparison principle techniques to handle some of the nonlinear
terms.
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1. Introduction

One of the main open problems in the mathematical analysis of fluid flows is the
understanding of the inviscid limit in the presence of boundaries. In the case of a fixed
bounded domain, it is an open problem to know whether solutions to the Navier-Stokes
system with no slip boundary condition (zero Dirichlet boundary condition) do converge
to a solution to the Euler system when the viscosity goes to zero. The main problem
here comes from the fact that we cannot impose a no slip boundary condition for the
Euler system. To recover a zero Dirichlet condition, Prandtl proposed to introduce a
boundary layer [36] in a small neighborhood of the boundary in which viscous effects are
still present. It turns out that the system that governs the flow in this small neighborhood,
namely the Prandtl system has many mathematical difficulties. One of the outcome is that
the justification of the approximation of the Navier-Stokes system by the Euler system in
the interior and the Prandtl system in a boundary layer is still mainly open. We refer to
Sammartino and Caflisch [37, 38] for this justification in the analytic case. There 1s also a
well known convergence criterion due to Kato [18] that states that the convergence from
Navier-Stokes to Euler holds as long as there is no viscous dissipation in a small layer
around the boundary (see also [26]).

Let us also mention that when the no slip boundary condition is replaced by a
Navier type condition or an inflow condition, the situation gets much better: Bardos [1]
proved that the convergence holds for some special type of boundary condition (vorticity
equal to zero on the boundary) which does not require the construction of any boundary
layer. For Navier boundary conditions, a boundary layer can be constructed and con-
trolled (see for instance [2, 3, 14, 19, 20, 28, 29, 44]).

We are interested in the present paper in the stationary version of the Prandtl
equation, namely

dpy
ut, + Vi, — Uy, = — p;(x), x>0, y>0,
; X
(1.1) w+v,=0, x>0,y>0,

Up—o = Ug,  Up—o =0, )}irgo u(x, ) = ug(x),



SEPARATION FOR THE STATIONARY PRANDTL EQUATION 189

Utx)
—_—

Outer limit
of boundary
layer

F1c. 1. Velocity profiles in the boundary layer near separation

Fic. 1. — From Stewartson [39]

where » = 0 stands for the rigid wall, x (resp. ») is the tangential (resp. normal) variable
to the wall. The functions ug, pr are given by the outer flow: more precisely ug (resp.
pr) 1s the trace at the boundary of the tangential velocity (resp. of the pressure) of a flow
satisfying the Euler equations. The functions ug, py, are linked by the relation

r_ dpy (x)

Existence results for (1.1) were first obtained by Oleinik (see [35, Theorem 2.1.1]).
Indeed, as long as u is positive (i.e. when there is no recirculation within the boundary
layer), (1.1) can be considered as a non-local transport-diffusion equation in which the
tangential variable x plays the role of “time”. The function ), which is the input flow,
is then considered as an “initial data”. However, this point of view breaks down as soon
as u takes negative values. Physical experiments and numerical simulations show that
such behavior may occur; in this case, the boundary layer seems to detach itself from the
boundary. This phenomenon is therefore referred to as “boundary layer separation” (see
Figure 1).

The goal of this paper is to prove that separation does occur for the stationary
Prandtl model (1.1), and to give a quantitative description of the solution close to (but
on the left of) the separation point. In particular, we will justify rigorously the “Goldstein
singularity” (see [9]).

1.1. Setting of the problem and state of the art

The first mathematical study of the stationary Prandtl equation was performed by
Oleinik (see [35]):

Proposition 1.1 (Oleinik). — Let a > 0, X €]0, +00]. Let uy € C;*(R) such that
uy(0) = 0, u,(0) > 0, lim,, o ug(y) = up(0) > 0, and such that uy(y) > 0 for y > 0. Assume
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that dpy, /dx € C' ([0, X]), and that for y < 1 the following compatibility condition is satisfied

" d/? h(o) P
(1.2) uy () — y =0(»").
x
Then there exists x* < X such that equation (1.1) admits a solution u € C' ([0, x*[xR)
enjoying the following properties:

® Regularity: u is bounded and continuous in [0, x*] x Ry, 0,u, 8]2u are bounded and continu-
ous in [0, x*[ xR, and d,u, v and 0,v are locally bounded and continuous in [0, x*[ xR, ;

o Non-degeneracy: u(x, y) > 0 forally > 0 x € [0, x*[, and for all x < x* there exists yy > 0,
m > 0 such that d,u(x, y) > m for all (x,y) € [0, x] x [0, yo].

o Sufficient condition _for global solutions: if % <0, then the solution s global, 1.e. x* = X.

In this paper, we are interested in the case where the solution of (1.1) is not global:
more precisely, we consider the equation (1.1) with dpp/dx =1, 1.e.

u, + vu, — u,, = —1,  x€(0,x), y>0,
P) u,+v,=0, x€(0,x), y>0,

Up—o = Uy,  Up—o =0, )}irgo u(x, ) = ug(x),

with up(x) = 4/2(xp — x), for some x; > 0, and y, satisfies the assumptions of Proposi-
tion 1.1. Hence it is known that local solutions (in x) of (P) do exist. However, heuristically,
it can be expected that the negative source term will diminish the value of the tangential
velocity u, and that there might exist a point x* beyond which the result of Proposition 1.1
cannot be used to extend the solution. More precisely, it can be checked easily that the
compatibility condition (1.2) is propagated by equation (P). As a consequence, we have
x* < xp 1f and only if one of the following two conditions is satisfied:

L. u,(x*,0) =0;
2. There exists y* > 0 such that u(x*, y*) = 0.

In order to simplify the mathematical analysis, we will work with solutions of (P)
that are increasing in . This property is propagated by the equation, and ensures that
situation 2 above never occurs. Consequently, for solutions which are increasing in y, we
have x* < xj if and only if

0
(1.3) 22 (v, 0) =0.

9y
In the Physics literature (see for instance the seminal work of Goldstein [9], followed by
the one of Stewartson [39]), this condition is used as a characterization of the “separation
point”.
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The first computational works on this subject go back to Goldstein [9] and Lan-
dau [24, Chap. 4, §40]. In particular, Goldstein uses an asymptotic expansion in self-
similar variables to compute the profile of the singularity close to the separation point.
These computations are later extended by Stewartson [39]. However, these calculations
are formal; furthermore, some of the coefficients of the asymptotic expansion cannot be
computed by either method. Independently, Landau proposes another characterization
of the separation point, and gives an argument suggesting that d,u,—o ~ +/x* — x close to
the separation point.

There are very few rigorous results about separation in the math literature. In the
paper [42], Weinan E announces a result obtained in collaboration with Luis Caffarelli.
This result states, under some structural assumption on the initial data, that the existence
time x* of the solutions of (P) in the sense of Oleinik is finite, and that the family «, (x, y) :=
ﬁu(u(x* — x), u'/*y) is compact in C(Ri
Lemmas playing a key role in the proof. However, to the best of our knowledge, the
complete proof of this result was never published.

Let us also mention recent works by Guo and Nguyen [12] and by Iyer [15-17], in
which the authors justify the Prandtl expansion either over a moving plate or over a rotat-

). Moreover, the author states two technical

ing disk. Note that in these two cases, the velocity of the boundary layer on the boundary
is non zero, which somehow prevents recirculation and separation. More recently, Guo
and Iyer [11] and Gérard-Varet and Maekawa [7] have proved independently the validity
of the Prandtl Ansatz in specific settings in which the velocity vanishes on the boundary.

In the time-dependent framework, boundary layer separation has also been tackled
recently by Kukavica, Vicol and Wang [23], extending computations by Engquist and E
[43]: starting from an analytic initial data, for a specific Euler flow, the authors prove
that some Sobolev norm blows up in finite time. This is known as the van Dommelen
and Shen singularity. Note that in this time-dependent context, separation is defined as
the apparition of a singular behaviour, which is a slightly different notion from the one
we are describing in the present paper. Indeed, in the present paper, the apparition of a
singularity, namely the fact that «,(x, y) = —o00 as (x, y) = (x*, 0) along a certain curve,
emerges as a consequence of the requirement that u,(x*, 0) = 0. The van Dommelen
and Shen singularity is related to the bad mathematical properties of the time-dependent
Prandtl equation, which is known to be locally well-posed in analytic or Gevrey spaces [8,
21,22, 25, 37] and in the monotone case [30], but ill-posed in Sobolev spaces [8, 10]. We
also refer to the recent preprint [41] for a proof of separation in a time-dependent setting
with the same criterion as the one used in the present paper, using virial-type arguments.

1.2. Man result

Our main result states that for a suitable class of initial data uy, the maximal exis-
tence “time” x* > 0 of the solution given by Oleinik’s Theorem is finite: in other words,
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setting
A(x) := 0,u),—,

there exists x* €]0, 4+00[ such that lim,_, « A(x) = 0. Furthermore, for this class of initial
data, we are able to quantify the rate of cancellation of A(x).
Let us now explicit our assumptions on the initial data u:

(H1) up € C'(Ry), g is increasing in y and A := u,(0) > 0;
(H2) There exists a constant Gy > 0 such that

Vy>0, —GCoinf(y*,1) <uj(») —1=0,
Cy' < —uy(0) < Co,
lluo w7 < Co.

(H3) uy = uy”™ + vy, where

» b2
" =ry+7 +u“><0>——c/( us?(0))
2 Ao
+ a0 (17 (0)) 2 —+ e (1 (0)) % b
fOI‘_))<)\.3/7

|ulpp‘ <G, fory> Agﬁ,

and

_3
lvol < Co(ho 2 (hey” +a®) + 252" + 455" fory <y’
In the expressions above, the constants ¢; are universal and can be computed
explicitly.

Remark 1.2.

e These assumptions are actually not optimal: in fact, condition (H3) merely en-
sures that some energy-like quantities are small enough. However, the actual
condition we need is complicated to state at this stage: we refer to the statement
of Theorem 3, in rescaled variables, for a less stringent condition.

e Notice that |vg| K uapp if g < 1: the term vy is the initial data for the corrector
term v = u — «*?’. The main issue of the paper is to have a good control of v
close to y =0.

e The monotony assumption on u, ensures that separation occurs at y = 0. The
monotony is preserved by the Prandtl equation for x > 0.
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e Notice that we prescribe the Taylor expansion of #, up to order 7. In other
words, we impose a high order compatibility condition on the initial data, be-
cause we need to derive estimates on derivatives of «.

Theorem 1. — Consuder the Prandtl equation with adverse pressure gradient (P) and with an
initial data uy € C'(R) satispying (H1)—(H3). Then _for any n > 0, Co > 0, there exists €y > 0
such that if Ay < €o, the “existence time” x* 1s finite, and x* = O(A(Q)). Furthermore, setting A(x) 1=
0,upy—o (%), there exists a constant G > 0, depending on uy, such that

Alx) ~C/x* —x asx— x".

The proof of Theorem 1 relies on several ingredients: the first step is to perform a
self-similar change of variables, using A(x) as a scaling factor. Then the issue is to control
the variations of A, or more precisely, of b := —2A,A*. The method thanks to which we
construct an approximate solution and find the ideal ODE on 4 is inspired from the
theory of modulation of variables, which was initiated formally by Zakharov and Shabat
(see [45] and the presentation in the book by Sulem and Sulem [40]) and rigorously
applied by Merle and Raphaél to blow-up phenomena in the nonlinear Schrodinger
equation [31, 32].

Once the approximate solution is constructed, the whole problem amounts to con-
trolling the remainder v. To that end, we exhibit a transport-diffusion structure of equa-
tion (P) (or of'its rescaled version, see equation (2.14)). Let us emphasize that this structure,
to our knowledge, is entirely new. We perform energy estimates that rely strongly on the
structure of the equation. In order to handle nonlinearities, we will also need to control
u in L. Therefore we derive pointwise estimates on « and its derivatives by constructing
sub and super-solutions and using the maximum principle.

Let us point out that in order to carry these estimates, we will use three different
versions of the equation. The first one is merely a rescaling of equation (P) (see (2.3)). It
will be used to compute explicitly the approximate solution and find the ODE on 4. The
second one is a transport equation with a non local diffusion term (see (2.15)). Its purpose
is to perform energy estimates, and the major difficulty will be to find good coercivity
inequalities on the diffusion. Eventually, we will use a change of variables to transform
(2.3) into a nonlinear transport diffusion equation of porous medium type (see (2.23)).
This last form was already used by Oleinik in [35] and will be suitable for the maximum
principle and will help us prove the L™ estimates.

In the next section, we present our scheme of proof and state our main intermedi-
ate results. The reader who is not interested in the technical details of the proof can focus
on Section 2, that gives an overall idea of the main arguments involved. The third section
1s devoted to the construction of sub and super solutions. In Section 4, we introduce sev-
eral tools that play an important role in the energy estimates: coercivity of the diffusion
term, commutator Lemma, computation of the remainder, etc. Eventually, we prove the
energy estimates in Section 5.
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Remark 1.3. — Our result actually gives much more information on u: in fact, we
construct an approximate solution #**?; which contains the main order terms in the Tay-
lor expansion of «, and we control v =« — . As a corollary, we find that the sequence
of functions (¢"),~o from the statement of Luis Caffarelli and Weinan E converges to-
wards z%/2 in the zone z < u~ /1216 £ <1 (see Remark 2.17 for more details). Hence
our result holds under more stringent assumptions on the initial data, but it gives a much
more quantitative and precise description of the asymptotic behaviour.

2. Strategy of proof

2.1. Self-similar change of variables

Let us first recall that equation (P) has a scaling invariance: indeed, if (x, v) is a
solution of (P), then for any u > 0, the couple (u,, v,) defined by

w, = ﬁu(ux, wy), o= o (ux, '),
is still a solution of (P). This scaling invariance has been used by Goldstein [9] and Stew-
artson [39] to compute exact solutions of (P) close to the separation point. These special
solutions were sought as formal infinite series in some rescaled variables.

In the present article, the idea is to perform a change of variables which relies on
this scaling invariance and which depends on the solution itself. It incorporates informa-
tion on the “separation rate”, i.e. on the speed of cancellation of 9,u),—y. This type of
idea was used by F. Merle and P. Raphaél in the context of singularity analysis for the
nonlinear Schrodinger equation [31, 32]. More precisely, define

J

)\.(X) = ayuly:() and Y= m

We also change the tangential variable and define the variable s by

ds 1

Then the new unknown function is

(2.2) U@, Y) := )»_Q(x(s))u(x(s), k(x(s))Y).

It can be easily checked that U is a solution of the equation

Y 3b Y
(2.3) UU;, —va U, — pU% + ?ny U—Uyy=-1,
0 0
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where
, A,
(2.4) b= -2\ = —Qf.

The boundary conditions become

(2.5) U= =0, Ylim U(s,Y) = Ug(s),
where Uy, satisfies Uy, U, — bUZ = —1. Moreover, thanks to the definition of A, we have
(2.6> ayU‘Y:() =1.

From now on, we will work with equation (2.3) only. The goal is to construct an
approximate solution of (2.3), together with 4(s) and A(s), having nice stability properties
as s — 00. Note that the limit s — 00 corresponds to the limit x — x* in the original
variables. As we will see in the next paragraph, the stability properties of the approximate
solution are intimately connected to the asymptotic law of b as s — 00. Eventually, the
asymptotic behavior of 4 will dictate the rate of cancellation of A close to x = x*. We prove
that the behavior b(s) ~ s~! is stable. This asymptotic law corresponds to the separation
rate announced in Theorem 1, namely A(x) ~ Cy/x* — x.

In the next paragraphs, we explain how we construct the approximate solution,
and which energy estimates are used to prove its stability. We deal with nonlinearities in
the equation by using the maximum principle, together with Sobolev embeddings. Let us
recall that we will in fact use three different forms of equation (2.3):

e Due to its polynomial form, equation (2.3) itself is very useful to construct the
approximate solution and find the correct asymptotic law for b;

e In order to perform energy estimates, we will transform (2.3) into a transport-
diffusion equation (with a non-local diffusion term), see (2.14) and (2.15);

e Eventually, in order to use the maximum principle, we rely on a third version
of (2.3), that uses von Mises variables. The equation then becomes a nonlinear
local transport-diffusion equation.

2.2. Construction of an approximate solution

The heuristic idea behind the construction of stable approximate solutions is the
following: we look for an approximate solution U*? of (2.3) with a remainder as small as
possible. In particular, the remainder for U*® should have the lowest possible growth at
infinity. This implies that the function U*P? itself should have the lowest possible growth as
Y — 00, as we shall see in a moment. This low growth condition is analogous to the “tail
dynamics” in the construction of type II blow up solutions for the energy supercritical
nonlinear Schrodinger equation in the works of Merle, Raphaél and Rodnianski, see
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[34, Sect. 1.6] and [33]. It has an immediate impact on the asymptotic behavior of the
function b.

We decompose the definition of approximate solutions into three zones: the main
zone goes from 0 to 5%, for some o > 0 to be defined later on. In this zone, we compute an
expansion of U in powers of b, and we look for the expansion whose growth in Y is as low
as possible. Note that the first term in the asymptotic expansion is a stationary solution
of (2.3) when b = 0, playing the role of a “ground state”. In the second zone, we only
keep the largest term in the Taylor expansion, namely Y?/2. It can be checked that Y?/2
is a stationary solution of (2.3). This stationary solution corresponds to a solution of (P)
which is independent of x and scaling invariant, namely (x, ) = »*/2. In the third zone,
we connect Y?/2 to an asymptotic profile Us(s). Notice that if 6(s) = 57! + O(s7"")
for some 1 > 0, then Uy (s) = s+ 1 + 0(1), and therefore we also take Uat’ (s) ~ s.

Throughout this paragraph, we will rely on the polynomial form of the rescaled
Prandtl equation, namely (2.3).

o Asymptotic expansion in powers of b:
Let us first recall that thanks to the change of variables (2.2), we have

U(s, 0) =0, oyU(s,0) = 1.
It then follows from (2.3) that
dyyU(s,0) = 1.

The first terms of the Taylor expansion of U for Y close to zero are therefore Y 4 YTZ In
the rest of this paragraph, we set

YQ

Note that U, is an exact, stationary solution of (2.3) when 4 = 0. Furthermore, it be-
haves at infinity like Y?/2, which is the stationary, scale invariant solution of (2.3) (or (P)).
Therefore it plays exactly the same role as the ground state in the works on the nonlinear
Schrodinger equation.

Consequently, when 0 < |5| < 1, a natural idea is to look for an asymptotic expan-
sion of the approximate solution in the form'

U™ =T, + 0T, + 0Ty + -+,

! Another possible construction is to define a sequence of polynomials in Y with coefficients depending on s thanks
to the induction relation

YQ
Uis,Y) =Y+ R
3b
2
It can be checked that this construction, combined with the low growth condition, leads to the same definition of
the approximate solution Uy up to N = 3.

Y Y
dyy(Uns1 — Uy) := 1 4+ Und,Ux — dyUx / 9,Ux — bUR + -3y Ux / Uy — dwwUx.
0 0
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where the correctors T, Ty are functions of Y only (and will be in fact polynomials in Y).
Anticipating that b, = O(5%), the first corrector T is then defined by

3 Y
0
Hence

1
(2.7) T1 = —6Z4Y4, with ay = 4_8

Now, setting Uy := U, 4 6T, let us compute the error terms generated by U,. We have

Y 3[9 Y
U,0,Uy — 3y U, / a,U, — bU; + ?SYUQ f U, — dyyUs + 1
0 0

4 13 ,\e,s 3 e ob (
= —a4<gbj + EH)Y’ - E‘”(bf +6°)Y° + afrg(by + 6°)Y".
Let us recall that we expect that b(s) = O(s™') as s — 00. Therefore the coefficient of the
last term in the right-hand side is one order of magnitude smaller than the first two terms.
We thus focus on the comparison between the first two terms in the right-hand side. As
explained above, the goal is to choose the approximate solution with the smallest growth
at infinity. Note that the remainder term (b, + 5%) Y® would yield in T, a term proportional
to Y?, whereas the remainder term (£4,+ 126%)Y> would yield a term proportional to Y.
Consequently, we choose to “cancel out” the term (b, + 4°)Y® in Ty. In other words,

in our construction, we replace every occurrence of b, by —4°. The polynomial T, is
therefore defined by

. 1
TQ(Y) = —d7Y/, with a; = QCM,.

It follows that for Y <« 1,
UG, Y) > U, + 6T, 4 6" Ty 4+ Vs =: Us(s, Y) + Vs(s, Y),

where V5(5,Y) := —aé(bs + )Y —a (b, +6°)Y"

10x7%x8
+0O(Y"),
Y? (
and Us;:=Y+ 5 abY' — a:0*Y'.

Remark 2.1. — In works on type II blow up for the nonlinear Schrédinger equa-
tion, the choice of the parameters A and b stems from orthogonality properties of the
quantity U — U*P on some well chosen functions. In the present case, these orthogonal-
ity properties can be seen as a cancellation at high enough order of U — U*P at Y = 0.
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The design of such tailor-made orthogonality conditions was precisely the starting point
of [33, 34], and this difficulty was also present in [13].

In the light of these works, the result proved in the present paper can be seen as
a type II blow-up for the Prandtl equation (recall that A,/A = —b/2 — 0 as s — 4-00).
As mentioned before, U, can be seen as the soliton solution (with self-similar behavior
at infinity) around which the blow-up bubble is created. Let us also mention that very
recently, there were many works studying the “bubbling” blow-up in critical parabolic
problems. We can mention the review paper by Del Pino [5] as well as the preprints

4, 6].

For technical reasons, it is necessary to push further the expansion of U. We thus
compute T5. We find that

Y 3h Y
Us0,Ug — 8YU3/ a,Us — bU; + EBYUS/ Us — dyyUs + 1
0 0
4 . 3 3 3
= (bY + bQ) |:—gd4YJ - EQ4Y6 - g—ngg - Zd7bY9 + gd4d7b2Y“
1, . 27 3 . 11 3, -
+ EdgijM] - 1—6627b3Y8 — Ed7b5Y9 + Ed4d7b4YH + gd?bJYH.

It follows that
Up=U, + 0T, + b2T2 + bBTg,
where Ts = —a,00°Y'" — a;,6°Y"!

27 3
= az, an =T n
16 x 90 16 x 110
o Definition of the approximate solution:
We now define the approximate solution U*? in the following way: let @ € C*(R})

be such that @ (§) = % for & < ¢y for some ¢y > 0, @ strictly increasing, and & (§) — 1
as &€ = 00. Let x € C°(Ry) be such that x = 1 in a neighbourhood of zero. We take

(2.9) ayo

ay.

Y
(2.10) U™P(s5,Y) 1= x (7) [Y — abY* — a:6°Y" — ayob°Y'"" — a1, 5°Y"" ]
S

+ %@(\/ZY).

Notice that UP = U, as long as Y < s%7, and that U*? — % as Y — 00. Therefore we
do not require that U*P — U(s, Y) — 0 as Y — oo. But this is not an issue, since we
will measure the distance between U and U*P in weighted Sobolev spaces, with weights
decreasing polynomially (with a large power) after s?, for some B < 2/7.



SEPARATION FOR THE STATIONARY PRANDTL EQUATION 199

Remark 2.2. — The zone after which we cut-off the first part of the approximate
solution is irrelevant: we could have used any cut-off x (-/s*) as long as a €]1/4, 1/3[.
The choice a = 2/7 simplifies some of the statements on U*P since it ensures that Y and
—aybY* are the largest terms in Y — a,bY* — @;6*Y7 — a10b°Y'"" — @), 6°Y'".

We also set, in the rest of the paper, V := U — U*P. The computations above and
in particular (2.8) show that

3

Tox7xs etV +OT)

8
Vs, Y) = —475(@ + )Y — a4
for0<Y«1.

In particular, let N be a (semi-)norm on functions W € C®(R, ) such that W = O(Y’) for
Y close to zero. Assume that there exists a constant C s such that

N(W) = Cp|0JWiy—ol-

Then N (U — U%P) > Czr|b, + b*|. Therefore the goal of the paper is to use the structure
of the equation (2.3) in order to find a semi-norm N which satisfies the assumptions
above, and to prove that

N (U= U™ < G52,

for some positive constant  and for s sufficiently large, or alternatively, that

/ Y (U(s) — U™P(5))” ds < +oo.

S0

Indeed, we have the following result:

Lemma 2.3. — Let 5o := b, V. Assume that the variables x, s and the parameters A, b are
related by the formulas (2.1), (2.4) with the initial conditions hj—y, = o, bjeyy = bo = 5, ', and that
there exists a constant co such that

bo
-1
G = =¢-
A
Assume furthermore that there exist constants n € (0, 1/2) and € € (0, 1) such that for all
S Z 505

/ 53+2"|bs+ bQ‘Q ds < 00,

(2.11)

1 — 1
€ <h() <.
S
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Then there exists x* > 0 such that M(x) — 0 as x — x*. Furthermore, if Ao <K 1, then
Xt = O(A(Q)) and there exists a constant C such that

Alx) ~ C(x* — x)]/2 asx — x*.
Proof. — First, setting
Ji= fooﬁ”wbs + 07| ds
50
and using Lemma B.1 in the Appendix, we know that

b(s) = % + r(s),

where
1 +€s 12 I4+e¢ 1
Vs > 5o, ‘T(S)‘SEI—ES_Q—i_J msl_'“’
As a consequence,
o l+e€ l+e€
[rofosdtaeise
5 l —e€ (1 —€)?ns,

From (2.1) and (2.4), it follows that

s 1/2 s
A(s) = A(sp) exp(—éf b(s’) d5’> = A(sp) <%O) exp(—é/ 7(5’) dy).

We have A(sp) = Ao = O(s, Y 2) by assumption. Moreover, according to the estimate of r
above, the function ¥ (s) := exp(—% ﬂ ; 7(s") ds") has a finite, strictly positive limit ¥, as

s — 00. As a consequence A(s) = (kosé/2)1/f(s)s_l/2 for all s > s9. According to (2.1), we
have

oo oo
o\ 4 .
x* ::f A ds = (Xos(l)/z) / V(s)'s 2 ds < oo.
50 50
Thus separation occurs at a finite x*. Moreover,

X —x(s) = (kosé/2)4—/ w(s’)‘}s’*Q ds' ~ ()»05(1)/2)41//;’0571 as s — 00.

S

Going back to the original variables, we deduce that
1
(Rosy" oo

Using the above formulas, we also infer that if 5o > 1, x* = O(sal) = 0. O

(x* - x)l/Q as x — x".

A(x)
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Remark 2.4. — Notice that the precise value of the separation point x* depends
on the whole function %;(y) (and not only on its derivatives at y = 0) through the func-
tion ¥ (s). This intricate dependance might explain why the coefficients in Goldstein’s
expansion were undetermined.

Remark 2.5. — Let us now give some examples of norms A such that
(2.12) N(W) = C| 0§ Wiy—o|
for W e C3(R ) with W= O(Y’) for Y close to zero. We can take for instance

N(W)? = /oo(a;w)2 + (88w)’,
0

‘ SFATAS w\?
-/\/‘(VV)2 5:[; (\7) +(8YW> .

More generally, we can use any norm A such that

or

NW) z Hqua\kKWHHl(o,YO)’

for some fixed Yy > 0 and for any £ € {0, ..., 7}. The norm N we will use eventually will
be equivalent to a linear combination of such norms in a neighbourhood of Y = 0.

2.3. Error estimates

In this paragraph, we explain roughly how estimates on V := U — U*? are de-
rived. More details will be given in Sections 4 and 5. We emphasize that all energy esti-
mates written in this paper are new. The first step is to compute an evolution equation
of transport-diffusion type on V. To that end, let us consider equation (2.3), and set, for
Wi, W, e C(Ry),

Y
L\\’1W2 =W, W, —oyW, / Wo,
0
so that equation (2.3) can be written as
,  3b Y
LyU, —bU —i—?Uy U—0dyyU=-—1.
0

Notice that since U(s,Y) > O forall 5, Y > 0,

LUW:8Y<fOY_W)

U? U
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Hence we can define the inverse of the operator Ly, for functions f such that £(Y)/Y? is
integrable in a neighbourhood of zero: we have

(2.13) Ly'f = (U/O §>Y:UYA é-ﬁ-%

As a consequence, the equation on U can be written as

3 Y A
85U+bL51(§UY/ U—UZ) — L' @ywU—1)=0.
0

It follows immediately from the definition that
Y
L;'(U%) = aY(U/ 1) = (YU)y.
0
On the other hand,

Y Y
L' (Uy / U) =1 (UY / U-— U2> + (YU)y
0 0

= —Li'LyU + (YU)y
— U+ (YU)y = YUy.

We infer that the equation on U becomes
b -1
(2.14) o,U—bU + §Y8YU — L (0ywwU—1)=0.
The whole non-linearity of the equation is now encoded in the diffusion term
L' (3yyU — 1).
Setting Ly := L' dyy, the equation on V = U — U*P becomes

b
(2.15) OV = IV + 5oV — LoV =R,

where the remainder R is defined by
b
R:=— <35Uapp — bU™P 4 5YaYUaPP> + L' (0yy U™ — 1).

Equation (2.15) is the second form we will be using for the rescaled Prandtl equation. It
will be handy for the derivation of energy estimates.
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We have the following result, which is proved in Section 4:

Lemma 2.6. — The remainder term 'R can be decomposed as

Y ‘
R = (b; + bQ)X <7) [d4Y4 + 2d7bY7 + 36110[72Y10 + Sdllszll]
§

Y b
+ X (527) [a10b4Y10 + 6111354Y“/2:| + §L61(LVY)

d7b3 _ Y 7 7
—I-TLU X 527 (LVY +L_M])\ﬂl_a752y7+a1()b?§yl()+alleY}lY)

+Pi(5,Y) + L' (Po(s, Y))

where Py, Py € C*([s0, 00), C*(R,)) are such that P; has at most polynomial growth in s and Y
and Pi(s,Y) = 0 for Y < ¢s*" for some ¢ > 0.

Remark 2.7. — Following the decomposition of Lemma 2.6, we write R =
Z;‘; R.. Each of the remainder terms R; will play a different role and will be treated
separately. More precisely:

1. Cancellations will occur in the remainder term R;

2. The size of the term Ry dictates the final rate of convergence of the energy.
This is where the choice of the approximate solution plays an important role;

3. The term R; can be treated as perturbation of the zero order term bV and
of the transport term 6YdyV as soon as Y >> 1, and as a perturbation of the
diffusion LyV if Y < s'/*. Indeed, think of Lg;' as a division by U, and of a
derivation with respect to Y as a division by Y. Then

y? 1
LG (v Y)| S b— IVl S b——o Y V.
LG I Y) | S SRS 1+Y| vV

Thus if' Y > 1, this term 1s small compared to 6YdyV. On the other hand,
heuristically, | Ly V| 2 U~102V| = (YU) !9y V| (think for instance of a Hardy
inequality). Thus as long as Y?U <« 67!, i.e. Y < '/, the diffusion term LyV
dominates Y dyV, and therefore R .

4. The last term R4 will not play any role in the energy estimates: indeed, we will
choose weights with a strong polynomial decay for Y > s# for some B < 2/7,
so that the error stemming from R4 can be made O(s™F) for any P > 0 by an
appropriate choice of the weight.

The idea is now to perform weighted energy estimates on equation (2.15), with
the help of a norm N satisfying assumption (2.12). These estimates rely on the following
ideas:
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(2.16)
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. Let N be a norm satisfying (2.12), and define an energy E(s) by

E(s) =N (V(5)".

In order to prove that b, + 6* = O(s7*7") (or that L:w s (b + b*)*ds < +00)
for some n > 0, it is enough to show that

dE. «
— + —=E() < p(s) Vs>
ds s

with 4 4+ 17 < «, and with a right-hand side p(s) such that fY ;’O s2p(s) ds < 4+00.
Indeed, integrating (2.16) between s, and s yields
E(s) <s7¢ <E(50)58l —I—/ s“p(s) a’s).
S0

Assuming additionally that E(sp) < Cys,® for some constant C independent of
S, we are led to

ovlb+ 0 < EW <G Vs> g,

and using Lemma 2.3, we obtain the desired result.

. The property a > 4 in (2.16) is derived thanks to algebraic manipulations on

(2.15). Schematically, if we only keep the transport part in (2.15) and if we con-
sider the model equation

1 1
of ——f+=Yoyf=r,
s 2s
we see that the £-th derivative of / satisfies

k 1 1
9,08 f + (5 - 1)?8$f+ ZYaéﬂf =obr.

Hence
d, . 5) 1 .
o1+ (1= 3) Sl = [ abrais

Taking £ = 7 and £ = 8 and summing the two estimates, we obtain the desired
result with o = g and N (f) := 107 f -

. The fact that the remainder is integrable with a weight s* in (2.16) stems from

our choice of approximate solution. In particular, if we modify the algorithm of
construction of (Uyx)n= described in the previous paragraph and replace every
occurrence of b, by —cbh* for some constant ¢ # 1, the estimate is no longer true.
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Let us now explain the main steps in the derivation of estimate (2.16). The diffi-
culties lie in the complex structure of the diffusion operator Ly, and in the estimation of

some commutator terms. The idea is to apply several times the operator Ly to equation
(2.15). This requires:

1. computing the commutator of Ly with 9, + gYay;
2. understanding the action of Ly on the remainder term R;
3. obtaining energy estimates on transport-diffusion equations of the type

b
(2.17) 8Af+be+§Y8Yf—,CUf:r.
Let us now explain how we deal with each of the points above.

2.3.1. Commutator of Ly with 9, + gYBY

The commutator result is stated in the following

Lemma 2.8 (Computation of the commutator). — For any function W € W, ((s5, 00) x R,.)
such that W = O(Y?) for Y close to zero,

L', 0 +bY8 W = L;'W D/YW +2 UfYWD
U ST Y o UP)y o Uy
where D := L' (3yyU — 1).

In the rest of the article, we define the commutator operator

Y'w Y'w
CIW] .=—(D/O ﬁ)Y+2(U/O ﬁD>Y.

The quantity D involved in the commutator can be written as
D= LyV+Lg (0ywU™ —1),

where the second term can be developed using the explicit expression U*P. Notice the
commutator C[d¢V] contains some quadratic terms in V. In order to estimate these
quadratic terms, we will need both preliminary estimates and estimates in L on the
function V. The L™ estimates are derived in detail in Section 3, and rely on a careful use
of the maximum principle.
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2.3.2. Action of Ly; on the remainder term R

We will use the decomposition of the remainder given in Remark 2.7. The first two
terms, namely R and Ry, are essentially polynomials. Therefore, in order to deal with
them, we will need to get explicit formulas for terms such as Ly(Y*) = lQLGl (Y?), and
more generally, to understand the asymptotic behavior of L;' (Y*) for Y >> 1 and £ > 2.

In order to get explicit formulas, we will use in several instances the following trick:
for £ € N, write

Y= L' Ly (Y") = Ly (Lo (YF) 4+ Ly Y").

Now, since U*P is a polynomial, Ly (Y*) can be easily computed, and is also a poly-
nomial in Y. The term L{JILV(Y") 1s expected to be of lower order. For instance, taking
k=1, we observe that Ly (Y) = Y?z +OOY°) for Y < s*7. Hence we obtain a formula
for L;' (Y?) (up to some remainder terms).

Concerning the asymptotic behavior of Lg' (Y*) for Y 3> 1 and for £ > 4, notice
that the operator Ly;' acts roughly like a division by U, as can be seen from the formula
(2.13). Furthermore, the L™ estimates (see Proposition 2.16) will ensure that there exists
a constant G such that

C'(Y+Y)=UGY) <C(Y+Y?) VY S

Therefore, Ly;' behaves differently for Y < 1 and for Y > 1: for Y close to zero, applying
L' amounts to dividing by Y, while for Y >> 1, it amounts to dividing by Y?. We obtain
that for Y < s'/? and £ > 4,

on oYY Y <1,
Ly (Y)_{O(YH) Y > 1.

As explained in Remark 2.7, the term R is treated as a perturbation of the dissipa-
tion coming from the transport and the diffusion term. Eventually, since R4 is supported
inY 2 s*7, while we use weights that have a strong polynomial decay for Y 2 s# for some
B < 2/7, the size of R4 in our energy norms will be smaller than that of R + Ry + R.

2.3.3. Energy estumaltes on transport-diffusion equations of the type (2.17)

The most difficult part is proving coercivity and positivity estimates for the diffu-
sion. We will rely on the diffusion Lemma 4.7, which makes an extensive use of weighted
Hardy inequalities, see [27]. They also rely on the fact thatif U =Y + Y?? + O(bY"), then
dyyLg! is “almost” a local differential operator (see the formulas in Lemma A.1 in the
Appendix).

We will also often use the observation that if Y < s'/*

, then the diffusion term
dominates, while for Y > s'/*, then the transport part becomes preponderant. Indeed,
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for k>6,if b~ 57!
k b k k [ k k—4
COY' + Y Y ~ [ 5+C )Y, and LuY'=0(Y)
N

forY > 1.

It is easily checked that both terms are of the same order for Y ~ s'/*, and diffusion (resp.
transport) is dominant below (resp. above) that threshold.

We now turn towards the sequence of estimates on V. In the end, we seek to obtain
estimates on dyLyV and 32LEV. We recall that V ~ —Ci(b, + *)Y’ for Y close to zero,
and therefore 8Y£%V ~ —C(b, + %) for Y close to zero.

Using Lemma 2.8, we infer that £V satisfies the following equation:

(2.18) ,LuV +bLyV + YayﬁUV LV = LyR + CloyyV].
We get the following result, which we will prove in Section 5:

Proposition 2.9. — Assume that:

o There exists a constant | > O such that

51
/-
S0

o << H'G Jor s € [s0, 51] and for some small universal constant € (say € = 1/50);
o There exist constants M,, My, ¢ independent of s such that for all Y,

—M; <=Uyy =1 VY=0,
I —MybY* < Uyy VY €[0,e5"?].

Let wy ;=Y (1 +sP17Y)™ for some B, €]1/4,2/7[, m; € N.
Let

ds <J;

E(s) :=/ (82LuV) w),
0

_ [T @3LyV)? * (FLUV)?
DI(S) =A Twl +A ?wl.

Then there exist universal constants a, ¢ > 0, such that for all a €]0, a[, for alle <6 — (11 — a) By,
Jor my large enough, there exists So, Hy > O depending on M, My, ¢, By, my, and a such that if
50 2 maX(S()7J4)5

Ei(s) <H (1 +E (s0)s5)s™, / s“Di(s)ds < Hy (1 + Eq(s0)s5)

S0

Vs e [s0, 51].



208 ANNE-LAURE DALIBARD, NADER MASMOUDI

Remark 2.10. — The weight Y™ in w; has two different roles. On the one hand,
we gain a bit of decay in the remainder terms. On the other hand, we are able to control,
through a simple Cauchy-Schwarz inequality, quantities of the type

Y9200V
0o U

by the diffusion term.

Remark 2.11. — Notice that if we take 8, such that

] 5 1 11
—<Bi<-——
4 Py

then we can choose a so that @ > 13/4. We will make this choice in the final energy
estimates, and we will use the corresponding decay of E;, when we apply the maximum
principle.

Differentiating (2.18) with respect to Y and taking the trace of the equation at
Y = 0, we obtain in particular

Lemma 2.12. — For all s > sy, we have
1
ayﬁ%VW:o - —§ (bJ + bQ)

We then derive an equation on L, V. Applying once more the commutator result
of Lemma 2.8, we deduce that L{;V satisfies the following equation:

b
(2.19) O,LLV + 3bLLV + §Yayﬁgv — LIV =LIR +C[0gLyV] + LuC[03V].

In order to have a trace estimate, and also to have nice positivity properties for the diffu-
sion term, we will also need to use estimates on 9%£L% V. We therefore define the energy

Bi= [ (0L3V)
0
together with the dissipation terms

f°° B3LLV)? * (0LEV)’
- _+_ -
v U

Dy(s) = w, o
0

Wy,

where the weight wy is defined by wy = Y™*(1 + s7”Y)™ for some parameters B, €
11/4, Bil, mg > my sufficiently large. The parameter « is the same as the one in Proposi-
tion 2.9.
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We then claim that we have the following estimate:

Proposition 2.13. — Assume that the hypotheses of Proposition 2.9 are satisfied. Let Gy :=
max(E, (50)s03/4+'7 Ez(so)so)for some 1 > 0 such that 13/4+n <6 — (11 — a)B,. Then there
exists a unwersal constant a, such that for all a €0, a[, for a suitable choice of By, mo, there exist
So, Hy > O (depending on a, B;, m;, My, My) such that if so > max(Sy, J*, C3),

<2-20) EQ(S) < Hg(l + Co) CXp(HQ(l + C()))S_5 Vs e [S(), 51].

Let us now go back to the definition of the semi-norm N. We need a new type of
trace estimate, taking advantage of the fact that Ey has a stronger decay than E; (notice
that the sole decay of E; is not sufficient to close the bootstrap argument, since E; <

5713471 and we need |6, + 6% < 572772 while 13/4 < 4).
We will use the following trace estimate, which is proved in the Appendix:

Lemma 2.14. — There exists a universal constant C, such that for all L. > 1, for any smooth

Junction [,
£ <C(L1+“/ @)Y A + f\f(Y)\ (Y+Y))Y~ dY)

In particular, taking f = 0y LV and L = s'/*, under the assumptions of Proposition 2.13,

.Y L/4 .
2" < C(s'f—T“E2 + T / U(8YE%V)Z).
0

Let us now go back to the definition of the semi-norm N. According to the above
Lemma, we can take for instance

00 ‘ 1/2
N (V) = <S%EQ+S-¥f U(ayL'%V)Zu?l) ,
0

where W, ;==Y (1 +s2Y)™ 2 =w,(1 +57Y)2, so that N'(V) > C~'2|b, + 2| for
some universal constant C.

However there remains to prove that with this definition, A (V) is sufficiently small.
According to the above Lemma, we also need to find a bound for fooo U(8YC%V)QU~)1. We
claim that we have the following estimate:

Lemma 2.15. — Assume that the assumptions of Proposition 2.9 are satisfied. Let P > 0 be
arbitrary. There exist Sy, Hy > 0 depending on My, My, By, my, and a, and a_function p such that
L j;l 0(s)s™V2ds < 1, such that if my is large enough (depending on P) and if sy > max (S, J*),

(2.21) / (3Y£ V) ), <H s® D, +'E; + 5 p(s).
0
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Gathering Lemmas 2.14 and 2.15 and using Proposition 2.9 and Proposition 2.13,
we find that if sy > max(So,y‘, Cg),

|6+ 6°|* < C(Hy (14 Co) exp(Hy (14 Co)) s T +H s 0F 0D, 457 p ().

Recall that fﬂ? sDy(s) ds < Hi(1 4+ Cy) for s > max(Sy,J*) and for a = 13/4 + n <
6 — (11 — a)B;. A short computation” shows that we can choose 8 and a so that

I3 3 1 6 11
Z+( —d)<,31—1)< — (1l =a)p.

We obtain eventually that
|6+ 6*| < CN(V),

and

51 .
/ SN (V(9))” ds < H(1 + Co) exp(H(1 4 Cy)),
50

for some constant H depending on a, B;, m;, M, My, provided s, > max(Sy, J*, C8). Thus
b satisfies the assumptions of Lemma B.1 with y =13/4 > 3.

We gather the estimates of Propositions 2.9 and 2.13 and Lemma 2.14 in the fol-
lowing Theorem:

Theorem 2. — Let a €]0, al, and choose the parameters B, and Bo such that

222 P P A LI U
. - << < < —
(2.22) e e U A P

and mg > m; > 1.
Letn=n(a, B1) such that 0 <n < (3 —a)(B, — 1/4).
Assume that the following assumptions are satisfied:

o There exists a constant | > O such that

D
/ 13/4
50

o (1 —€)/s<b=<(1+¢€)/sfors e [s,s1] for some small enough constant € (say € =
1/50);

b+ 0% ds < J;

2 It is enough to choose

8 1 14 a
< — .
Ty 14 — 2
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o There exist constants My, My, ¢ independent of s, such that
—M; <=Uyy =<1 VYZ=0,
I —MpbY? <Uyy VY €[0,e'7].
o There exists a constant G, independent of sy and A, such that
E2(50)58 +E, (SO)Sg+13/4 < Cy.
Then there exists constants H, Sg, depending on a, my, mg, By, Bo, My and My, such that for

all sy > max(Sy,J*, C‘S),

/ : 513/4|bs + bQ‘QdS < exp(H(l + CO))

50

In particular, setting J' := exp(H(1 4+ Cy)), we have
51
s > max(Sy,J*, C%) = f s+ 127 <7,
50

and the constant ] is independent of J.

2.4. Construction of sub- and super-solutions

The other ingredient in the proof of Theorem 1 is the use of the maximum princi-
ple in order to control the growth of U and its derivatives on the one hand, and the size
of some non-linear terms on the other hand. Indeed, the assumptions of Propositions 2.9
and 2.13 require estimates on d¢U. These estimates are obtained by careful applications
of a comparison principle. We emphasize that this principle is not applied to equation
(2.3) directly, but rather to an equation derived from (2.3) after a non-linear change of
variables. More precisely, we use the von Mises variables

Y
(2.23) w::/ U, W:=U%.
0

The tangential variable remains s, the normal variable is now ¥ (instead of Y), and the
new unknown function is W. This change of variables transforms (2.3) into a non-linear
transport-diffusion equation which is more suited for maximum principle techniques,
namely

3b (
(2.24) OW — 26W + -y, W — VWOIW = —2.

Equation (2.24) is the third and last form of equation (2.3). We refer to [35] and to Sec-
tion 3 of the present paper for more details. Since the new equation is local and parabolic,



212 ANNE-LAURE DALIBARD, NADER MASMOUDI

it enjoys maximum principle properties. Therefore we construct sub- and super-solutions
for W and its derivatives and thereby derive estimates on W. These estimates are then
translated in terms of the former variables s, Y.

One of the key points lies in the construction of a sub-solution for W (see
Lemma 3.6). Actually, the Sobolev estimates of Proposition 2.9 provide a very good point-
wise control of U up to Y ~ s#' > s'/*  but this control degenerates for Y > s#'. Hence
it is sufficient to construct sub-solutions for Y 2 s'/*, or equivalently (since ¥ ~ Y?/6 for
Y > 1) for ¢ 2 s%*. On this zone, the sub-solutions will be linear combinations of powers
of ¥. Furthermore, we define a regularized modulation rate Z, whose role 1s to remove some
oscillations from & while keeping the same asymptotic behavior. We take

. . 1
b+ bb=0, b, =—.

S0
S0

The sub-solutions for W are defined by
6r)4/3
el )
4

_ Alﬁ7/3i~75/4,

where A is chosen sufficiently large. Notice that the main order term (6y)*?/4 is the
same as in the original solution. It corresponds to the main order term Y?/2 in U(s, Y).
The regularized modulation rate bis also used in the construction of a sub-solution
for Uyy — 1 (see Lemma 3.7).
The final result is the following (we refer to Remark 2.11 regarding the assumption
on E,):

Proposition 2.16. — Assume that there exist constants ] > 0, n > 0 and € > 0 such that for
all s € [s0, 511, assumption (2.11) is satisfied. Assume furthermore that there exists a constant My such
that

—Myinf(1, 55'Y?) < Uy (5, Y) =1 <0 VY >0,
Ylim UC(so, Y) < Myso,

and that there exists Cy > O such that
Ei(s) < Cs ¥ Vse s, ]

Then there exist universal constants M, C > 0, and Sy depending on Cy, By, my, such that if sy >
max(Sy, C(Je~2)/27), then, setting M’ = M max(1, M),

—M'bY? < Uyy(s,Y) = 1 <0 Vs€[so, 1], VY €[0,5°],  and
—M < Uw(s,Y) =1 <0 Vsel[s,s] VY>s'""

Notice that the above estimates are precisely the ones that are required in Propo-
sition 2.9.
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2.5. Bootstrap argument

The bootstrap argument consists in bringing together Theorem 2 on the one hand,
and Proposition 2.16 on the other. In the rest of this section, we will assume that U(s)
satisfies

—13/4—n/2 _
E,(s0) < Cys, A2 By (sy) < Cosy”s

€
< —, and
25‘0

—Mpinf(1, 55'Y?) < Uyy(5, Y) =1 <0 VY >0,
Ylim UC(so, Y) < Myso,

1
b(so) — —

S0

(2.25)

where Cy, M, are constants independent of sy, and 7 is such that 0 < n < (3 — a)(B) —
1/4). Without loss of generality, we also assume that My > 1. Such an initial data is
“well-prepared” in the sense that it is close to the blow-up profile.

Assumption (2.25) involves three different types of estimates. In order to propagate
these estimates, we will apply three different results:

1. The energy estimates from Propositions 2.9 and 2.13, which are gathered in
Theorem 2.

2. The maximum principle estimates from Proposition 2.16.

3. Lemma B.1 on the modulation rate b.

Note that the maximum principle will propagate the third estimate of (2.25) without
improving it (in fact, we will change the constant My into MM,); however the energy
estimates will transform 7/2 into 7, and will therefore improve the estimates on E,;.

The argument goes as follows: let So, H be the constants from Theorem 2 with
o = 13/4 + n and M, = M, = MM, (recall that S, depends in particular on B, B,
n and a). Let ] := 2exp(H(1 + Cy)). Assume that s, > max(Sy, Cj"’, Cg) for the large
universal constant C from Proposition 2.16.

If the initial data satisfies (2.25), by continuity, there exists 5; > 5, such that for all
s € [s0, 511,

b+ B’ ds <.

(2.26) Ei(s) < 2H,(1 4 Co)s ¥+ 1, ‘b(s) — -

1 € !
<
s A) 50

Then for all s € [sy, 51], according to Proposition 2.16 with C, :=2H, (1 4+ C), we
infer that up to choosing a larger Sy (depending on H, and C),

—MM, <Uyy <1 VY=>0,
I = MMgbY” < Uyy VY €]0,s"7].
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) The assumptions of Propositions 2.9 and 2.13 are satisfied (with M; = My =
MM,), and we infer that if s, > max(Sy, CJ*, Cg), for all s € [so, 511,

Ei(s) < Hy (14 Cosy/?)s™ ¥4,

Eo(s) < Ho(1 + Co) exp(Ho (1 + Co))s ™.

We have in particular for all s € [s, 1]
2.27) Ev(5) < Hi (1 4+ Co)s™ 74172,

and using Lemmas 2.14 and 2.15,

51
(2.28) / by + 677" ds < exp(H(1 4 Cy)) = %

50

Using Lemma B.1 in the Appendix, we infer that for all s € [so, 511,

1 1+€|l 5 l4+€ 44 /2]
b(s) ——| < —|——b L A
© s T 1—¢€]s (%) 2 (1 —6)25 7

Without loss of generality, we can always assume that €, 1, sy are such that

1—|—€<_, 1—1—_5 /§551/8<5
l—€e~ 4 (1-6)2V 7 — 4

Then for all s € [s, s1], we have

1
b(s) ==

7€
<—.
~ 8s

(2.29)
Gathering (2.27), (2.28) and (2.29), we infer that

5= inf{s > 50, E1(s) = 2H, (1 4+ Co)s /"2 or |b(s) — 1/s| = €/s

or / 34 b, + B2 2dt :j} = +00.
50
As a consequence, we infer that for some constant J depending only on Gy, M,
and a, m;, ﬁi: ifs() = max(SO, CJ4’ Cg):
1

h— =
s

€
< -.
s

/ 513/4‘@ + b2|2ds </J,

S0



SEPARATION FOR THE STATIONARY PRANDTL EQUATION 215

We therefore obtain the following Theorem in the rescaled variables (s, Y):

Theorem 3. — Let 0 be such that 0 < n < (3 — a)(By — 1/4), where B, satisfies (2.22).
Assume that Uy satisfies the hypotheses (2.25), and consider the solution U of equation (2.3) with
Uc(so, Y) = Uy. Then there exists a constant Sy > 0, depending on 1, Co, My, such that if sy > Sy,
then_for all s > so,

€
< -.
s

A)

~ ol 1
(2.30) f $974 b, 4+ B[ ds < 400, ‘b——

5
Let us now go back to the original variables and prove Theorem 1. First, we set
Ao 1= 9oy, bo = =50 uop—0,  so:=1by'
The assumption (H2) entails that
co_l)x% < 50_1 < co)»g.
Assumption (H2) also implies
—Myinf(1, 5;'Y?) < Uyy(so, Y) =1 <0 VY >0,
U(so, Y) < Mprg? < Myeoso

for a suitable constant M. Of course, without loss of generality, we can assume that
M, > 1. Furthermore, assumption (H3) becomes, in the rescaled variables and after a
few easy computations,

Viso, Y) = O(s; ") (Y + eY?) + O (s, (Y + Y'))
forY < sg/ " Here the constant ¢ is defined so that
WLEV () = O(s; ") + O (s, °Y?).

It can be easily checked that these assumptions ensure that U is a well-prepared initial
data. As a consequence, if sy is large enough (i.e. if A 1s small enough), (2.30) holds. Using
Lemma 2.3, we infer that x* < 400 and that A(x) ~ C+/x* — x. Theorem 1 follows.
Furthermore, we deduce from the maximum principle estimates some pointwise
control on «. Indeed, we have
2 2
Y + Y? — 1\14—221;3(4 <UGY)<Y+ Y? for 0 <Y <¢s'/3.

Going back to the original variables, we find that there exist constants C, ¢ such that

2 2

Alx)y +y§ — Gy <ulx,p) < Ax)y —i—% Vy < co(x*— x)l/G.
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Remark 2.17 (Comparison with the result by Caffarelli and E). — Let us now plug the
change of variables in the result announced by Caffarelli and E in [42] into the asymptotic
expansion above. We recall that

1
w'(,2) = Wu(x* —&u, MUA‘Z).

It follows that in the zone z < M_1/12$1/6, £S5,

2 2
u&,2) = O(MW\/E)Z-I- % + O(Ml/QzA‘) — % as u — 0.

2.6. Onrgamization of the rest of the paper

The rest of the paper is dedicated to the proof of Theorem 3, or more specifically, to
the proofs of Proposition 2.9, Proposition 2.13 and Proposition 2.16. Since the maximum
principle estimates are easier to derive than the energy estimates, we start with the proof
of Proposition 2.16 in Section 3. We then lay the ground for the derivation of the energy
estimates by proving several important intermediate results in Section 4. Eventually, we
prove Proposition 2.9 and Proposition 2.13 in Section 5.

Let us also explain here the order in which the parameters are chosen. We first
pick a € (0, a), where a is the universal constant in Proposition 2.9. We then choose
B1 > By satistying (2.22), and n > 0 such that n — % <2 — (11 —a)B;. We then pick m,,
my large enough and such that my > m,. Eventually, we take sy large, depending on all
other parameters.

Notation. — We will use indifferently £ and dy / to denote the Y derivative of an arbi-
trary function /. The constants with a bar (z, C, M, €) denote universal constants, that
do not depend on any of the parameters. All constants with a zero subscript (Mg, Co, $)
refer to the initial data. Constants involving the letter M (Mg, M, My, 1\_/[) are related to

the maximum principle.

3. Derivation of L™ estimates and construction of sub and super solutions

This section is devoted to the proof of Proposition 2.16, which consists in the
derivation of pointwise estimates on U, Uy and Uyy, provided & satisfies the assump-
tions of Lemma B.1 and E, (s) = O(s7"*/*). Throughout this section, we will use the von
Mises formulation of the rescaled Prandtl equation, namely (2.23)—(2.24). The idea is to
use the maximum and comparison principles for these equations (see Lemmas 2.1.3 and
2.1.4 in [35]), together with Sobolev estimates coming from the bound on E, (s).
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Let us first recall some useful formulas regarding the von Mises formulation of the
equation in the original variables and in the rescaled variables. If « is the solution of (P),
we set

g
@ (x,9) 2/ u, w=u.
0
We recall that (P) is equivalent to the following equation, written in the variables (x, ¢)

(3.1 w, — Vwdiw = —2.

Furthermore, notice that if W, ¥ are defined by (2.23)
V(5 Y) = A(x(5) " p(x(s), A(x(9))Y).
Wi, ) =A(x(9)) " w(x(s), A"¥).

It follows that some qualitative properties of equation (2.24) (growth with respect to ¥,
local bounds) can be inherited directly from equation (3.1). More precisely, we have the
following result:

Lemma 3.1. — Let wy € C3>*(R.) such that wo(0) = 0 and w;,(0) > 0. Assume that wy
is wmereasing. Then for all x € [0, x*[, w(x, @) s increasing with respect to ¢. Furthermore, for any
X € [0, x*[, there exists Cx > 0 such that for all x € [0, X],

lwy(x, §)| < Cx Vg >0,
|82w(x, ¢)|. |Jw(x,d)| <Cx Vo= 1.

As a consequence, W s increasing in W (or equivalently, U s increasing in'Y) for all s € [so, 511,

and
1//hm Ww = 1/thn Www =0 Vsel[s,s]

Proof. — The bounds on wg, wye are explicitly written in [35] (see Lemmas 2.1.9
and 2.1.11). The bound on 8£w follows from the same arguments as [35, Lemma 2.1.11],
writing down the equation on wy. Since limy_, o w(x, @) = U(x)?%, it follows that
limy_, o wy = 0 for all x € (0, x*). Therefore we also have limy_, o wgy = 0. Whence
limw_mo WI// = limw_mo Www =0.

Furthermore, the equation satisfied by wy is

Wy
0, Wy — ——0sWp — A/ WpgeWy = 0,
x W Qﬂ [l \/_ oloRed]
with boundary conditions wy,—o = wj(¢) > 0, limy_, c wy = 0, and wyjp—g = 2A(x) > 0
for all x € (0, x*). According to the maximum principle, we have wy > 0 in (0, x*) x
(0, 00). Hence Wy, > 0, and W is increasing in . O
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3.1. Uniform bounds on dyyU

The first step of the proof of Proposition 2.16 is the derivation of uniform L*
bounds on dyyU. The result we prove in this paragraph is the following

Lemma 3.2. — Let U be a solution of (2.3) on (sp, 51) X (0, +00) such that Uyyy—y =1
Jor all s € [so, 511, and such that U s strictly increasing in Y for all s, with limy_, U(s,Y) =
Uy (s) < 400.

Assume that there exists My such that

—M, <dyyU(sp, Y)—1<0 VY >0,
and that
(3.2) vy U(so, Y) =1 —12a;6Y* + O(Y’) for Y < 1.
Then
—max(My, 1) < oywU(5,Y) —1 <0 VY>0Vs>y.

Remark 3.3. — Assumption (3.2) is a compatibility condition at a high order at
s = 59. It is propagated by the equation.

Proof. — We rely on the equation on W in the (s, ) variables. We recall that
dyU = 9, W/2, and therefore

Iy U(s,Y) = é,/W(s, Y (s, Y))yyW(s, ¥(s5,Y)) Vs>, VY > 0.

Therefore we derive estimates on the quantity
F(s, ¥) i= v Wayy W — 2.

Notice that the assumptions on U imply that
—2M, <F(s0,¥) <0 V¢ >0.

On {Y =0}, we have Uyy = 1, and therefore F ;) = 0. Using Lemma 3.1, we also have

limy_, o F(s, ) = —2.
Furthermore, F satisfies

ALY

2VW

Using the equation on W (2.24) and writing 94 W = (FF 4+ 2) /+/W, we infer that

o, =

dyy W + VW, 9 W.



SEPARATION FOR THE STATIONARY PRANDTL EQUATION 219

1 1 3b
OF = —F(F +2) + ——32W/[ 20W — —vy 3, W
2W(+)+2_W¢( 21/fw>

3b
/ 2 3 2
+ W(—bBwW - EI//%W + 3¢F> .
Gathering all the terms and using the formula

1
9y F = —=0, W, , W + VW3 W,

2VW

we obtain eventually
1 3b
(3.3) O.F — SGF(F+2) + Zydy F - VWa,, F=0.

D> Furst step: Lower bound on ¥ and consequences.

We start with the lower bound, which is easier. Assume that F has an inte-
rior minimum F,,;, at some point (s, ) for some s € (59, 5], ¥ > 0. Then accord-
ing to equation (3.3), Fi (Foim + 2) < 0, and therefore F,;, € (—2,0). Thus F(s, ¥) >
min(—2, infF(sp)) > min(—2, —2M,).

We infer from this lower bound on I some non-degeneracy estimates for W for
close to zero. Indeed, it follows from the inequality Uyy > —M;, with M), = max(M, —
1,0), that

I—M,Y <Uy VY=>0.

In particular, f Y <Yy := (QMZZ)_I, then Uy(s,Y) > 1/2 and U(s,Y) > Y/2. As a con-
sequence, if ¥ < ¥ (s, Yar), then Wy, > 1. Now, the lower bound on Uyy also entails
that

%
5, Yy) = UG, Y)dY > — = .
Y (s, Ya) /0 (s, Y) PRV

Hence in particular, for all s > s,

3.4 < :
3.4 V= 16M}”

= WG, ¥)>y and W, >1.

D> Second step: Upper bound on F.

The derivation of the upper-bound is a little more involved. The main difficulty
comes from the nonlinear term F(F 4 2) /W, which is also singular near ¥ = 0. In order
to deal with it, we use a bootstrap type argument. Notice first that the preliminary bounds
of Lemma 3.1 entail that W is Lipschitz continuous, uniformly in ¥ and locally uniformly
in s and that 9,4 W, 83,W are bounded (locally in s, uniformly in V) in s > sy, ¥ > 6, for
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any § > 0. Considering eventually equation (3.3), we deduce that 9,F is bounded in a
neighbourhood of s = sy, uniformly in ¥ for ¥ > . Furthermore, using assumption (3.2)
on U(sy), both F(s9)/W(sp) and /W(sp) 9y F(s9) are bounded in a neighbourhood of
Y =0, and therefore 0,F|,_,, is bounded in L*(R}).

We now set

=inf{s € [so, 511, IY > 0, F(s,¥) > 1}.

It follows from the above arguments that s; > 5. On the interval [s, 5], we have
F(s,¥) € [-2max(My, 1), 1]. As a consequence, we multiply (3.3) by F,p, where p €
C*(R) is a non-increasing weight function such that p =1 for ¥ close to zero and
p() = O ™) for some k > 1 for ¢ > 1, with |p/|/p € L=, p" /p € L. Since Fy y—o = 0,

we obtain, as long as 5 < s,

d ( ( 1 0 ¢
— | Fp+ x/W(awF+)2p —— f F20; (VWp)
dS R+ 2 R+
3 F2 3b
<= Zp+— / F .
2 R W 4 Jg,
An easy computation gives

F+2 1 W, w
2./ _ -y Vo AT

Using the assumptions on p, the upper-bound vW < U, (s) and the bound on F for
5 <5y, we deduce eventually that

2

d A%
— [ ¥y \/ 3, F / 2
ds R, ( v +) p + /I;Jr + \/—|/7 | + R, +W3/21b

FQ
SC/ —*p+C(1+Uoo(s))/ Fip.
R, A R,

The second term in the right-hand side will be handled thanks to a Gronwall type ar-
gument. The singularity of the first term in the right-hand side will be absorbed in the
dissipation term. Indeed, let us first decompose the integral into two pieces depending on
the value of W. First,

FQ
+ 2
/ 1\\?31&(1,(51\1’2)—2) p =< C/ . p,

and as before, that part can be handled thanks to a Gronwall type argument. We thus
focus of the values of W below inf(1, (5M,)~?). In that case, according to (3.4), we have
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Y <inf(1, (5M’2)_2) =: Yy and Wy, > 1, W > . Note furthermore that if ¢ < v\ and
s € [0, 551, then

max(3, 2(M, — 1)) - max(3, 2(My — 1))
VW - N
Integrating twice, we infer that 0 < Wy, < M7 and 0 <W < M7y for ¥ < v and
s € [0, 551, where MJ := 14 2/¥yymax(3, 2(My — 1)).

Let us choose p so that p(y¥) =1 for ¢ € [0, 1]. We deduce that there exists an
explicit constant C such that for all ¢ € (0, Yr\), s € [50, 5,1,

9, W] <

2

, 1, W
VW@ F) + S > Gy (WYE,))™

Therefore, using the Hardy inequality, there exists a constant C such that

Yo 1 Vo W 1 Yo W2
— 2 - 2 Vo - 2 14
D(s) := 0 \/W(8¢F+)p+2/0 F+—W|p|+8fO i
Yo Wl/2F2
> C/ T,
0 V2

Using once again the non-degeneracy of W for ¥ close to zero (see (3.4)), we infer that
up to choosing a smaller ¥,

/ 1 Fi/ﬂ < 1D( )
\\"5inf(l,(5Mf,)’2)_ >~ = S).
R, W 2

Eventually, we obtain
d
— | Fp=cC(l —I-Uoo(s))f F2p Ve [s,s)
ds R, R,

Now, since Fj,_,, <0, we have Iy |,_,, = 0. The Gronwall Lemma implies that ', =0 for
5 < s5y. Therefore F(s, ) <0 < 1forall s < 5. It follows that s; = s5;, and thus F(s, ) <0
for all s € [, 5] and for all ¥ > 0. ]

Under the assumptions of Lemma 3.2, we therefore have

Y? Y?
sup(Y—MQ?, 0) <U@GY)<Y+ 5

(3.5) VY > 0, Vs > 5.

sup(1 —M,Y,0) <Uy<1+Y

Notice that these estimates are independent of s, and that the constant M, depends only
on M.
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3.2. Construction of sub and super solutions for W

We now derive pointwise estimates on U, which will be used in the last paragraph
of this section to obtained a refined lower bound on dyyU. We distinguish between dif-
ferent zones:

e On the zone Y K %', where B > 1/4 is the parameter entering the definition
~13/% actually provides
a very good pointwise estimate of U. However, this estimate degenerates when

of w (see Proposition 2.9), the energy estimate E;(s) < s

Y = s#'. Let us emphasize that we do need estimates on U, Uy, Uyy in the
zone Y > 57! in order to prove Proposition 2.9 and therefore close the bootstrap
argument.

e On the zone Y > Cs'/* for some large enough constant C, which corresponds to
Y 2 s%/*, we construct sub and super solutions for U (or rather, for W) by using
maximum principle arguments. Note that this requires to have a good control
of W on the lower boundary of that zone, i.e. on the line ¥ = C’s**. This is
achieved thanks to the pointwise control coming from the bound on E,;.

Let us start with the following Lemma:

Lemma 3.4. — Assume that U satisfies the assumptions of Lemma 3.2 and that
Ei(s) <Cis™%" Vs e [sp, 51],

where B s defined in Proposition 2.9. Assume furthermore that there exists a constant € € (0, 1) such
that

1 —¢€

l1+e€
<b(s) < _re Vs € [0, 511
S

Let ¢ > O be arbitrary. Then _for all Y € [0, ¢s'/*], provided sy is large enough (depending on
Bi1, my and c),

Uy (5, Y) = 1 — 12a,6Y? + O(s Y F (1 +Y)),
Y? 4 —13/8~ 7 2te
UG Y) =Y+ > —abY' +O(sPPY T (14Y)).
As a consequence, if sy 1s large enough (depending on By, my, ¢ and C,),
|
Uy (s, Y) > 1 — §bY2 VY € [0, es'*].
Proof: — We recall that

Ei(s) :f (02LyV) w),
0
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with w; = Y™%(1 +s7#'Y)™ . Therefore, choosing s, sufficiently large (depending on B,
my and ¢), we have, for all Y € [0, ¢s'/*],

wy > Yf"(l + cséiﬁl)fml > -Y

N —

Using a simple Cauchy-Schwarz inequality, it follows that

Y
f DLV
0

Vs €[50, 511, YY € [O, 651/4].

|0y LuV(s, V)| = < VY HE, (512

. . o Y
Integrating twice, we obtain estimates on LyV and [" LyV.
Now

Y
8\2,\/ = LUEUV = UEUV - UY f LUV
0

Using (3.5), we infer that
2V| < C1 + V)Y TR,

where C is an explicit and computable constant. Therefore

IV <CCPA+ Y)Y 5 vy e o, e,
Writing U = U*P + V and recalling the definition of U*P| we notice that U? =Y +
Y?/2 — aybY' + OG72Y7 4+ s73(Y'0 + Y1) for Y < ¢s'/*, and we obtain the estimate
announced 1n the statement of the Lemma. Notice that the rengainder terms in U?PP
(namely O(s72Y” + s73(Y'® + Y'!))) are smaller than (1 + Y)Y#s‘lg/8 in the region
Y < es'/t, U

Let us now deduce from the above Lemma an asymptotic expansion of W for
1 € ¥ < %% Indeed, a precise pointwise estimate on W is necessary in order to build
sub and super solutions.
By definition of W and ¥, we have, in terms of Y,
4

Y 3 S5+a
W=V 4 4 — Y+ Oy 5T BY )

4
= YZ(I FAY T 4 4Y 72— 4gbY? + O(sTY + 571V )

1 6 7+a
W= 6\(3(1 +3Y"' - ga4bY2 + 0(5'3/8yﬁ)>.

Above, the notation A = O(B) means the following: there exists a constant C, depending
only on Cj, and there exists Sy > 0 depending on ¢, C;, My, B, m; such that for all
§>50> S, forall Y e [1, ¢es'/*], |A| < CB.
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It follows that

Wis, &) =

(61#)4/3 —1 -2 2 —1 —13/8~x ke
I (14+4Y " 4+4Y 72 —4a,0Y* + O(s7'Y + 5770y 7))

T+a

6 —4/3
X (1 +3Y"' — ga4bY2 +O(sl3/8Y2)> :

Performing an asymptotic expansion of the right-hand side for 1 <Y < s!/*, we find that

(6y)"°
4

W, &) =

12
(1 +2Y7% — ng? +0O(s7'Y

Since Y ~ (6¢)!/?, we obtain eventually, for 1 < ¢ < s*/%,

(6y)"°

(3.6) Wi ) = =2

(1+2@wrwﬂ—%%mmwfﬂ+o@4¢w

+H%wT+¢1».

We are now ready to construct a sub-solution for W beyond ¢s'/*, for some con-
stant ¢ > 0 large but fixed, that will be determined later on. To that end, we introduce a
regularized modulation rate b, that has the same asymptotic behavior as b, but whose role is
to remove some time oscillations. More precisely, define 4 by the ODE

~ ~ ~ 1

3.7 by+bb=0, bj—y =—.
0

We then have the following result (see Appendix B for a proof):

Lemma 3.3. — Assume that there exist constants | > 0, and € > 0 such that for all s € sy, 51]

/W@+M%W%5L
S0

1 — 1
€ <h <.
S

Then if sy s large enough (depending on K and €), for all s > s,

We then define our subsolution and super-solution in the following way:
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Lemma 3.6. — Assume that:

o There exist constants ] > 0, n € (0, 1) and € > O such that (3.8) is satisfied;
o U satusfies the assumptions of Lemma 3.2;
o There exists a constant My such that

(3.9) Up(so) — 1 > —Mos;'Y? VY >0

and such that limy_, o U(sy, Y) < Mgso;
o E,(s) <Cis7 " forall s € [50, 51].

Then there exist a universal constant C. and a constant Ao, depending only on My, such that the
Jollowing properties are satisfied:
o Sub-solution: For A_ > 0 define®

(6y)"°
4

W, )= —AYTPR Vsels,nl, Yy e [CE L5

IfFA_> Ay, C_ > C and if sy is large enough, then
W, ) WG, 9) Vs€ sl ¥ = Cb/"
o Super-solution: For A, > 0, define

(6y)*?
4

IfFAL > Ay, C_ > C and if sy is large enough, then

W(s, ) == + ALY Vs e s, 5], Yy > C_b,

W(s, ) <W(s, ) Vs€lso, sl ¥ >C_b*

The proof of Lemma 3.6 is postponed to the Appendix.

3.3. Refined lower bound on dyyU

Lemma 3.6 allowed us to extend the lower bound on W coming from the estima-
tion of E; beyond ¥ =~ s**, Thanks to this extension, we now construct a sub-solution for
Uyy — 1 (or rather, for the function F introduced in Lemma 3.2). Eventually, the lower
bound on Uyy — 1 will yield a finer lower bound on U.

Lemma 3.7. — Assume that the hypotheses of Lemma 3.6 are satisfied. Then, setting My :=
max (Mg, M) for some unwversal constant M, there exists a constant ¢ > O such that

Uyy — 1 = =MybY* VY €[0,es'7].

. -3 . .. . .
% The constant C, is such that W(s, C, b~ %) = 0. It can be determined explicitely, depending on A_; however its
precise value is irrelevant.
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The proofis postponed to the Appendix.
Putting together the results of this section, we obtain Proposition 2.16.

4. Main tools for the energy estimates

This section is devoted to the derivation of several independent intermediate results
which play an important role in the proof of energy estimates. We first prove the result on
the decomposition of the diffusion term and on the remainder term, namely Lemma 2.6.
We then turn to the commutator Lemma 2.8. We study the structure of the diffusion term
(see Lemma 4.7). Eventually, we state some estimates allowing to perform a systematic
treatment of some remainder terms.

For the sake of brevity, we adopt the following notation, which we will use exten-
sively in the next two sections: for any o > 0, and for quantities A and B that depend on
s, we say that A = O, (B) if there exists a constant C and a function Q = Q(s, Y) with at
most polynomial growth in s and Y, such that

|AGs, Y)| <C[B(s,Y)| forY <%,

(4.1)
|AG YY) <Q(s,Y) forY >

This notation will be useful because we work with weights of the form w(s,Y) =
Y1 + s7#Y)™, where m is an arbitrarily large integer. Therefore, the contribution
of any function having at most polynomial growth in s and Y can be made as small as
desired on the set Y > 5%, in the following sense: if & > B, for any integers n, P € N, if m
is large enough (depending on «, 8, n and P),

/ (5” + Y")w(s, Y)dY <s7°.

In other words, when we estimate functions in L?(w), their behavior for Y > s# is unim-
portant, as long as these functions are polynomially bounded (with an explicit and com-
putable bound).

4.1. Proof of Lemma 2.6

Since U*P is essentially a polynomial in 4 and Y (at least in the zone Y < s*7),
the computation of the transport term o,U*P — pU*P + pY /20y U*P is straightforward.
Difficulties stem from L' (dyyU*? — 1), which is also present in the diffusion term D.
Hence we start with a decomposition of the diffusion term

D .= L{Jl(ayyU - 1),

which will be useful in other occurrences. Writing U = U*? + V, we decompose D into
four parts:
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e the biggest term, which we compute explicitly, and which is equal to —4/2Y.
This term comes from U*P;

e a second order term LyV;

e a first order term gLElLvY;

e additional error terms coming from U*P, which we will treat as perturbations
in all occurrences.

Our precise result concerning the diffusion term is the following:

Lemma 4.1. — We recall that D = Lﬁl (oyyU — 1). Then

b b
D= —§Y + LuV + 5LglLVY

5 ,
+ LI_Jl (((Zd7 — 90@10) b%YS —1 10dllb5Y9 + 2dlob4Y11

9 , Y
gen)a (7))
o ¢
+ Ly (P(s, Y)(1 — X)(5‘27)>

b -
:—§Y+DNL+D

where x, x € C°(R) are cut-off functions such that x , X = 1 in a neighbourhood of zero, and P is a
Junction that has at most polynomial growth in s and Y .
We have set

b
DNL = EUV + §LEILVY,

~ 5 .
D=L (((Z‘” - 90a10> b’Y® —110a1,6°Y’ + 2a,0b'Y"!

9 Y
=3 ) (35))

. (Y
+15 (P<s, v —x)(w))

Remark 4.2. — The decomposition of Lemma 4.1 will be used in two different
occurrences:

e lirst, we will use it to decompose the total diffusion term D into a dissipation op-
erator acting on the error term V, namely £yV, and remainder terms, namely
—gY, gLGl(LVY) and D. As we derive an equation on V, the diffusion term
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Ly V will be kept in the left-hand side of the equation, while the remainder
terms will be added to the terms stemming from U®? in the left-hand side.

e Additionally, D will appear in the commutator of Ly with 9, + gYay. We will
then isolate the term in D which bears the highest number of derivatives on V,
namely £V, which we will need to estimate separately in some instances.

Progf: — Throughout the proof] since we are not interested in the specific defini-
tions of the functions P, x, x, we keep uniform notations for these three objects, even
though they are used to group together different terms.

Recalling the definition of U*P (2.10), we have

D=Ly @ywU— 1) =Lg' (dyyU — 1) + LyV
( ; : Y
=L ((12a4bY2 + 42a;6°Y° + 90a106°Y® + 110a;,6°Y") (W))
A)
+ L' (©"(VbY) — 1)

; 1 Y
+ LGI ((Y - d4bY4 - a;bQY/ — a10b3Y'O - a11b3Y”)—X”<—>)

47 217

+ 2L <(1 — 4a,bY’ — 7a;6°Y° — 10a106°Y”

1 Y
34710 /
—11la10°Y )527)( (W)) + LyV.
We now examine each of the terms in the right-hand side separately.

e The term ®"(v/bY) — 1 and all the terms involving at least one derivative
of x are identically zero up to Y ~ s*/’. Therefore they can all be written as

P(s, Y)(1 = X)(357).
e We therefore focus on

: Y
L' ((125141;3(2 +42a;6°Y° 4 904106’ Y 4 110a;,6°Y”) x (—))

207

and in particular on the value of this term on Y < s*7. Indeed, all values for
Y > s*7 can be written as L[jl PG, Y)(1 — )_()(%))
We recall that 124, = 1/4, and that 42a; = a,/2. We compute

YQ
(4.2) Ly(Y)=UY — UY?

YQ
= U*PPY — Ui}“’7 +LvY
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Y’ 509 au sl D e Y
:(7+a4bY +§a7bY +4’dmbY +§a11bY X(SQT
(Y
+ LY + PG, YV)(1 = x)( 2/7>.
$
Multiplying (4.2) by b/2 and applying L', we deduce that
Y
L]}l <(12614sz + 4‘2617b2Y5 + 906210[73Y8 + 1 106111[73Y9)X (W))
§
= bY bL"L Y
T2 o2 v
5 , .
+ Lal (((906110 — 1&7) ijg + 1106111ij9 - 26110[74Y11
9 e Y
()
1 (Y
+ Ly | PG, Y)(1 = x) 7))
§
Gathering all the terms, we obtain the decomposition announced in the Lemma.
O

Corollary 4.3. — Assume that there exist constants M, ¢ such that

|yyU — 1] < MbY* VY €[0,e5'°], Vs €[50, 511,
i < h< g’
257 T s
[Uyy| <M VY >0, Vs €[5, 5]

Then

D =0,;50Y), oD =0yLyV+Oy;(b).

Proof. — Note first that under these assumptions,

Y2 M, Y2 M,
Y+7—1—2[7Y EU(&Y)SY'F?'F—bY,

12 VY € [0, 051/3].
M _, M _,
l—i—Y—ZbY <Uy(,Y)<14+Y+ ZbY ,

The estimate on D follows simply from writing

Y
oyyU—1  0dywU-—1
D=U
Y/O 0 + U
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and using the bounds on dyyU, Uy and U. As for the second one, notice that

b
BYD - 8Y£UV - 5 + ayL[_JlZ,

where

b Y2
Z=-(Yv-—vy
2 2

5 9
+ ((1@ — 90a10)b3Y8 — 110ay,6°Y? + 2a,0b*Y" + Zallb‘*Y”)

Y (Y
X X(W) + PG, Y)(1 = X)<527)

where P has at most polynomial growth in s and Y. The estimate then follows from the
bounds

V =0,,;(bY"), Vy = Oy/7(6Y°), Vyy = Oy7(6Y?)
and from the formula giving dyL' in Lemma A.1. O
We deduce that V is a solution of equation (2.15), i.e.
o,V —0bV + gYBYV —LyV=TR,
with a remainder

b b
R:=— (&Ua}’p — U 4 §YaYUaPP> -5

5 (
+Lg! ((<1a7 - 9Oa10>b3Y8 — 110a;,6°Y? + 2a;0b"Y"!

9 4~712 Y
+ Za“b Y >X<527>)

b
+ EL[_}l (IvY)

Y
+ L' (P(S, Y)(1 - )'()(527))

which we now compute.
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Lemma 4.4 (Computation of R). — The remainder term R can be written as

‘ ‘ Y
R = (b; + [72) (614.Y4 + 2a7bY7 + 3611()[72Y10 + ?)aanY“)X (2—>
§2/7

Y
+ (d10b4Y10 + 36111b4/2YH)X <527>

b -1 1 3 -1 7 Y8 Y
5L @) + Sl a Ly (| YV =Vy - x| 55

+L[_Jl |:(dllb4Yll +d12b5Y12 +d14b5Y14 +d17b6Y17

Y
+d18/76Y18)X(327):|
1 (Y
+L; (P(S, Y)(1 - X)<527>)’

Jor some explicit constants d,y, dyo, d\4, d17, dig € R.

Remark 4.5. — Notice that this remainder term is essentially (up to a small error
depending on V)

Y Y
o 3b
Lo (Uapp 8, U — 3y U / U = 20(U) 4 oy U / U
0 0
— Oy U™ + 1),

and therefore has been computed (up to the application of the operator Lg') when the
approximate solution U*P was defined. However, it 1s actually easier to do over the com-
putations rather than to apply L' to the remainder that has already been computed.

Progf. — We start with

b b
3, U™P — pU P 4 EYayUal’p + 5Y
Y

_ 2 4

= —a(b,+0")Y'x <—52/7)
Y 50 (

+x <W) [—mb(%s + 7)3{7 — a10Y'"(3b,6° + 4b")

R}

11 2 4 /
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x [Y = abY" — a;6°Y" — ayob°Y'" — a1 6°Y" ]

+ 67 (b, + %) (52@/(2) — @(Z))

b Y
- Y(l—x)( 2/7)

The last three terms in the right-hand side are supported in Y > ¢;s
written as a linear combination of terms of the type P(s, Y)(1 — )Z)(SQ%).

We thus focus on the second term, which we group with the other terms in the
definition of R. We first isolate the factor (b, + 4?) in Y, Y'°, Y!!, which we group with
the first term. There remains to study

1 37 Y 3 5 11
—d7bY X +bL —Cl7—90010 Y —110011Y +2621 bY
2 27 4
NG Y
+ Zall X 2] )

We use the same trick as in Lemma 4.1 and we write

vy~ L L hd
X\ 27 (Lusw + L)Y x 27

Notice that LyY’ = VY’ — VyY®/8. On the other hand, a lengthy but straightforward
computation yields

|Z=bY

?/7. They can be

7 3 a a a 3a
Ly Y = =Y? ZyY — _4bY” — _7bQY14 ﬂb?)YW JbSYliﬂ.
Uapp 3 + 3 9 3 + n + 3

Gathering all the terms and recalling the values of a9, a;; (2.9), we obtain the decompo-
sition announced in the Lemma. 0J

4.2. Proof of the commutator result (Lemma 2.8)

We compute separately [L{Jl, d,] and [L{Jl, Yoy], and then check that cancellations
occur between the two commutators.
Using the formulas in Lemma A.1 in the Appendix, we have

YY3aW
[L5', Yoy W = (U / JQ ) — YoyLg'W
0 Y

Y YW YaYW ( / BYW>
—U + —-Y(U [ —+
Y], w2 U
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YYoyW A Y'w
:UY/ — —YRU [ —.
o U o U

We introduce the quantity
I' :=YUy —2U,
so that Iy = Y0¢U — Uy. Then

(4.3) (L5, Yoy W= -1 W+U /Y o (WY

' Y A A ASPAE
_ W+YUY U / WU YUy
Y, vt Y U3

Y'w
=2L'W — Iy Gto W+2Uy/W
0

We now address the commutator with d,. To that end, we recall that U satisfies
(2.14), so that, with the previous definitions of / and D,

b
(4.4) U=— I +D.

It follows that

Using (4.3), we infer that
b
L, 0+ §Y8y W

I b [YW  bT Yoo r
=g W=olv | mrgmWHily | Wi

b Y'w Y'w Y'w
w2rl 2 —s(uvf| Zr) —(p| 2
2 o U2/ o U3 )y o U2/
YW
o[ o)
o U Jy
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Y'w Y'w
=bL51W—<D/ ﬁ) +2<Uf ﬁp).
0 Y 0 Y

This completes the proof of the commutator Lemma.

4.3. Structure of the diffusion term

We will use in several instances the following weighted Hardy inequality (see [27]):

Lemma 4.6. — Let py, py be measurable functions such that py, po > O almost everywhere. Let
0 <R <00 and let

R "1
CH =4 sup <f p1)</ —>
0<r<R \J7r 0 pQ

Assume that Cyy < +00. Then_for any function f € H. (R such that f (0) = 0, there holds

loc
R R
/ /2 pr < Cu / O S
0 0

In this paragraph, we state and prove the coercivity inequality that will be used to
control (E;, D)) and (E,, D), up to small remainder terms.

Lemma 4.7. — Let sy < 51, and let § > 0 be arbitrary. Assume that U s increasing in Y for
all s > sy, with Uy—y =0, 0yUy=o = 1, and that there exists constants My, ¢ such that

I =MbY <dwwU<1 VYe€[0,e'], Vs€ls,al

(4.5)
—My, <dwU<1 VY>e'3 Vse s, sl

Assume furthermore that

<b<

o | N

Vs € [so, 51]-
R s € [0, 511

Fora> 0, B €l1/4,2/7[, m € N, define the weight w(s, Y) :== Y *(1 +sPY)™.

T here exist universal constants a, ¢ > 0, independent of 8, s, B, m, such that if s ts large enough
(depending on 8, B, a), then for all f € W' (R) such that dyf = O(Y) for Y < 1, for all
0 < a < a, for any cut-off function x € C°(R,) such that x =1 in [0, 1],

Jo £
0
2

[ einsnA [ e [ o)-

o[ (= (7))E) -
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Remark 4.8. — Note that the estimate we prove here is not as strong as one would
like to have. Indeed, we only control f and dy f, and not L' f. However, another way of
writing the inequality; setting 4 = Lg'f, is

0

® (dy(Lyh))? ® (Lyh)?
ZE/ Mw —i—/ (L) w + remainder terms.
0 U o U2

But notice that if # = Uy, then Lyk = 0 while /2 # 0, dy/ # 0. Hence it is hopeless to con-
trol /2 and dy/ by the left-hand side of the above inequality without any further assumption
that would discard the case 2= Uy.

Remark 4.9. — The last term in the right-hand side of the inequality, namely

[ (o))

will be handled in Lemma 4.15. Heuristically, since it is supported in a zone where w
is strongly decaying, it can be made “as small as desired”, i.e. O(s"") for any P > 0,
provided m is chosen sufficiently large (depending on P and B).

Remark 4.10. — Notice that under the assumptions of the Lemma, there exists a
constant C such that for 1 <Y < ¢s'/3,

c' 1 ¢ c? 1
w5 <t <w < <ur
Y2 SUTY? O VT

Hence, for 1 <Y < ¢s'/?, the two integrals in the diffusion term

/oo (8yf)2 OOfQ
—w
0

v YT

have the same scaling;
However, if Y < 1, then

¢t 1 cC c? 1 c?
~ <=3 < ST =9
Y " UTY Y2 T U2 T Y?
Hence for Y < 1, the control given by the first integral is stronger. Indeed, the Hardy
inequality implies that

S

0 Ylit+e — 0 Y3+a'
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1/3 1/3
¢s ( 8Y f)? f? cs fZ /1 f2
— >C — .
/o‘ ( U - U2 Y= 1 Y4w * o Yt

We will often use this control close to zero when we deal with some non-local terms.

Therefore

Proof of Lemma 4.7. — Starting with a simple integration by parts,

- f (dvyLglf) fw= / (WLg'f) @vfw +fdyw).

Using the formula in lemma A.1 and integrating by parts once again, we obtain

_fooo(awL;;f)fw:fom (an)gw_ °°f_2w

U , U2
00 Yf
+/ (UYY_I)(/ —2) (foyw + 9y fw)
0 0 U
1

The first two terms are the main order terms. We now prove the coercivity thanks to
a weighted Hardy inequality for which we compute the constant explicitly. Using the
assumptions on U, we have

Y? M
U>Y+———b" forYe[0,e'?].
2 12
Therefore, since U is increasing,
K? |,
U(s,Y) > 731/2 VY > Ks'/*

provided s, is sufficiently large. It follows that if K is chosen large enough (depending
on 4),

[e9] f2 16 o o]
—QU) < —45
Ksl/4 U K Kl/4

Sw 58!)/ frw.
0

On the set [0, Ks'/*], we use a weighted Hardy inequality (see Lemma 4.6), namely

Ks!/4 Ks!/4 2
| (dv.f)
R < Ca
/o A /o U "
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where the constant C, satisfies

Ks!/4 w r U
C, <4 — =)
= e (f Uz) (fo w)

On the set [0, Ks'/*], we have

Y? Y? . My . .
MY+?§U§Y+7 w1th,u=1—ﬁKs /* and

Y (1-8)<w=<Y"“

for any 6 > 0 provided s is sufficiently large. Therefore

where

comtn(f G ([ (e 3))
au -— Tsu T —_ .
: r>g) r (,LLY+%2)2 0 2

We then have the following Lemma, which is proved in the Appendix:

Lemma 4.11. — There exist unwversal constants a > 0, o € (0, 1) such that for all a €
(0’ a))‘fbr all LS (MO’ 1))
Cou < )
=100

Therefore, for any a € (0, a), provided § is small enough (say § < 1/50) and s 1s
sufficiently large,

1
C,<1——
20

and thus

* 3y’ VA I Y VD S ¥
(4.6) /0 T i ﬁlﬂi%(/o U w+/0 ﬁw)—éb'/o Sw.

There remains to estimate the two lower order terms, namely

© 1 00 Y
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For the first lower order term, we distinguish once again between the zones Y < Ks'/*

and Y > Ks'/*. Using the Cauchy-Schwarz inequality, we have

% q OO(an)Q 1/2 OOfQ (an)Q 1/2
[ gl ([T 50) ([ 555)

For Y < Ks'/*, we have, for sy large enough (depending on a, m, B, K)

|oyw| < 2aY 'w.

Using a Hardy inequality, we have

Kyl/4 Ké’l/4 9
1 (Ov.f)
4.7 <
#-7) AT H/O v "

where the constant Cy is defined by

Ksl/4 1 r 1
Chg=4% —w U—).
. “3?/(/ Y2U )(f w)

As above, we have, provided s, is sufficiently large (depending on m, B, K)

o0 l r
Cy <16 E— YUY + Y?)dY ).
w=t6mp( [ ) ([ vorevm)

Studying separately the cases r < 1 and r > 1, it can be easily proved that Cy is bounded
uniformly in @ and s, so that there exists a universal constant C such that for s large
enough

K‘YlHﬁ (an)2 <Ca/‘K‘Yl/4 (an)Qw

This term is absorbed in the main order diffusion term for a small enough. Now, for
Y > Ks'/*, we have

[yw| < (a+mY 'w < (a+mK sV,

2
and U(s,Y) > KTSI/Q. As a consequence,

- f_Q(an)Q (a+m)2 f f2w<5a1/4b/ P

Ksl/4 U w

for K large enough (depending on m, §, and ). We infer that

_ 9] 8 2 00 ‘
4.8) SCal/Q/ ﬂwﬂb/ Iw
0 U 0

* 1
—0 0
./0 UYfwa
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We now address the second lower order term. We focus on the term involving
dy fw, since the one with fdyw can be treated with similar ideas combined with the
same estimates as above. Using assumption (4.5) on dyyU, we have

1/3

est Y
fo (UYY—1)</O {;)ayfw'
est/3 1/2 /3 Y 2 1/2
[ B el
0 U 0 0 [J2

We separate the last integral in the right-hand side into three zones: Y < 1,1 <Y < Ks'/*
for some large constant K, and Y > Ks!/*, Notice that if Y < Ks'/*, then

w(sY) > (1+Ksy 7)Yy > -y

N| —

for 5 large enough (depending on K, m and B). For Y < 1, we have, using (4.7)

Y f Y f2 1/2 Y2+a (dy f)? 1/2
[el=0s5) ([ 5) =) %)

Andif 1 <Y < Ks'*, using a simple Cauchy-Schwarz inequality,

/1 Ly f)? N
[R5 el )

Therefore, we have

K/t Y 2 A oo 2 2 K/
G 0 ,
f YA‘/L Uwf—/ (Yf)w+/ I f YU
0 0 U2 afJo U 0 UQ 0
3 CK’ f‘” (ayf)2w+/°°ﬁw s
0 u o U?

It follows that
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es1/3 2 1/2 Ksl/4 Y 2 1/2
vl [ S (L () )
0 U 0 0 UQ

_ K7/2 . [ee) 0 2 oo 2
<CM, 1/25_1;(/ O/ w—l—/ f—zw)
a 0 U 0 U

Therefore, for s, sufficiently large (depending on K and «), this term can be absorbed in
the main order diffusion term. On the other hand, using the same estimates as above,

1/3

cs Y 2
/ Y* / i Uw
Kl/4 0 U2
C ® (dy f)? © 2
S_/ <Yf>w+f £y
a 0 U 0 [j2
[3.1/3 92
([ Y
Kl/4 Kl/4 U2

~ 00 P f)Q 00f2 esl/3 f2
=< Ca m (7-af / (Y— / It Cm —
<Cns i U w + i STl +C,,5(5) o iV

/ Y'Uw
Kl/4

where

1/3

cs , |
Cop(s) =4  sup < / Y4Uw) < f _)
re(Ksl/+,¢s1/3) r Ksl/4 W

/‘l_ﬂ

cs3
<8  sup < / 2571+ 2)™" dZ)

1 1
re(Ks* _ﬂ,rsg 7'3)

x<f1 Z“(H—Z)’”dZ)
Kst7#

< CmswsB(%*ﬂ) <,

It follows that, if B < 2/7, for s, sufficiently large,

est/3 1/2 est/3 Y 2 1/2
0 2
MQbf /), f Y4/i Uw
0 U Ksl/4 0 U2
o) 2 oo 2
SCM,MQSU_“)g_l f (0v.f) w+f f—w
’ 0 U o U?

00(an)2 OOfQ
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+ Cs’meSS/SK—SS—Q / f?w
0

oo(af)Q OOfQ oo(
58[/0 \{j w + 0 ﬁuw—b/() fzw:|.

There remains to consider the part of the second lower order term for Y > ¢s'/%.
Using the cut-off function x, we have

00 Yf
> f)2
(M. +1)2 Y Y Y\ £\
S Lo (o) o (5))5)
Sl/4 2 00
LT Tl
) 0 U2 es1/3
Y Y f 2
*E/WU(/O (1 ‘X(m»ﬁ) v

The second term in the right-hand side 1s estimated as above. Notice that for any P > 0,

o) o0 Y2
/ Uwg/ <Y+—>w§s‘P
513 Y 2

provided m is sufficiently large (depending on B and P). Therefore we obtain, for any
d > 0, provided s > s, with s, sufficiently large,

/(Uw—n(/ f)(fayw+ayfw)‘
A [ s [
s Lo (- (3)6) -

Gathering (4.6), (4.8) and (4.9), we conclude that there exists a positive universal
constant ¢ (say for instance ¢ = 1/50), and @ > 0, § > 0, such that for all 0 < « < a and
forall B € (1/4,2/7),m> 1,68 € (0, §), there exists sy > 0 such that if s > 54, then

4.9)
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(4.10) /Ooo(agLUlf)fwzz( Ooo (ayg)?er/o —w> —8!)/ fw

L[ () -

This completes the proof of Lemma 4.7. O

4.4. Structure of the commutator

We record here some formulas and a few estimates that will be useful in the estima-
tion of commutator terms. We recall that D = LGI (OyyU—=1)=LyV + LGI (yyUsPP —
1), and that a decomposition of dyyU*® — 1 is given in Lemma 4.1. We also recall that
the commutator C is defined by C = [Lg', 9, + 6/2Ydy] — 6Ly, and that according to

Lemma 2.8,
Y Y
C[W]=—<D/ E) —|—2<Uf ﬂp) )
) 07), ) U,

Lemma 4.12. — Let W € C*(R.) be arbitrary and such that W = O(Y?) for Y < 1.

Then
C[W] = 2L (—W —| = /YLIW
v\p U/, U Y’

c D, D . Uy YW
Ay [W]_EBYLUWqLBYG aYLUW—QﬁW—zLUYY =

+82D —3L 1W+2 —83D/YLi1W
YU U U

s [TWD
+20yU ——23 u?
0 U

Remark 4.13. — In the estimations of E; and Eo, we will use the form of dyyC[W]
with W = 93V and W = 2LV respectively. Notice in particular that using Corol-
lary 4.3, for any weight w with a strong polynomial decay for Y > s# for some B €

(1/4,2/7),

*D
[ W el

R | 9 D Ry 2
< Ch —(B2L'W) w + H— f 2L W) w
- /(; 1 + Y( YU ) U LOO(Y,%.YI/‘%) 63’1/3( Yo )
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In order to control the tail of the integral, we will use lower order estimates. More pre-
cisely, we will use a control of 3yW in L? (with appropriate weights in s and Y). We refer
to Lemma 4.15 for details.

Proof: — The first formula follows easily by recalling the definition of L' and

noticing that
Y W 1 Y .
—=71 LcW
o U5 Ul

The second formula is a consequence of Lemma A.1. Notice indeed that

927 1 D _ 33U Y DW BQUDW Uy, (DW
A \gV) =AY P T M T
N 182 DW
u\u /)
Then, writing
oy W . Y'w
== ayLU W - UYY ; ﬁ
and gathering the terms, we obtain the expression announced in Lemma 4.12 U

4.5. Useful inequalities
4.5.1. Evaluation of some remainder terms

In equations (2.18), (2.19), several terms behave heuristically like
bY f
U ’

where f = LV in (2.18) and f = £}V in (2.19). This is for instance the case for the main
order commutator term in (2.18) (see Remark 4.13) or for the remainder term

b Y?
— Lol YV = —Vy ).
2 Uy ( 2 Y)

(Recall that Li;' behaves like a division by U and dy like a division by Y.) Therefore it is
useful to have a systematic way to estimate such remainder terms. To that end, let us first
recall that the LL°° estimates given by Proposition 2.16 ensure that

Y M, Y?

Y+ ———iW'<U<Y+— VYel0,e'?],
+2 T <uUc=< -i-2 [ cs ]
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so that there exist constants C, ¢ > 0 such that

Y_ € o
= - =S
U~ 1+Y

We then have the following result:

Lemma 4.14. — Assume that
1 2
—<b=<- Vs€ls sl
2s s
Define the weight w(s, Y) : =Y (1 +sPY)™ for somea>0,m> 1, B > 1/4.
Let § > O arbutrary. Then there exists sy > 0, depending on 8, such that the following properties
holds: For all f € L™ (R) such that f = OY) for Y <K 1, for all s > s,

b/ooLwi<8b/OOf2w+8 Oof—gw
o 1+Y —Jo 0 2

Proof: — We split the integral in two, distinguishing between Y <§~'and Y > 8.
First, it is clear that

/m;fzwq " w
s—1 1+Y - 51 ’

Thus we focus on the set Y < §~!. On this set, we have
1 1
=z v
12 Y2(1 + %)2
so that

b o

522873(1"‘571) = I—I——YSL?

VY €[0,67'].

4.5.2. Control of integral tarls

Lemma 4.15. — Assume that U satisfies the following assumptions:

YQ
UG, Y) =Y+ ER

Uy<l1+4Y,
|Uyy| < M.
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Let p, po be positive weights given by
PV =Y (1+57Y)",  pGY)=YP(14+s57Y) ™

ﬁ)rsome /f, /fo > 0, m = mg, ﬂ < ﬂo. Letoeo > IBQ.
Let P > 0 be arbitrary. Then there exists mp > 1 (depending on oo, B, Bo, k, ko) such that iof
and mo, m — my > mp, then for all § > 0:

o Fora> 0, for all W e W** such that W = O(Y?) for Y < 1,

f (32L5'W)’p

)

0 31 —1 2
55/ (0yLg W) 5
. U

s (ByW)? 00 e
— W2po + C, .
5 (/0 U p°+/0 bt /o Y3+“>

o Letoy < B, and let x € C°(R) be a cut-off function such that x =1 in a neighbourhood
of zero. Then

02Ly ‘W
[ ()T )
_ A (OyW)?
< Cys P(./o Wzﬁo-i— i Y3+“ / A )

Remark 4.16. — Notice that a similar estimate also holds for quantities such as

o0 Y
[ reweswa - o5 )

0

Indeed, the integral above can be transformed after a straightforward integration by parts
into a quantity similar to the one handled in the Lemma.

Remark 4.17. — We will use these estimates in the next section and we will make
the following choices

o ap=1/3, 0, =1/4;

o W= 832{\/, p=wi, po=wo=Y (1 + sP)™™ (estimate on E; from Proposi-
tion 2.9);

o W=2032LyV, p=wy, pp =w, (estimate on E, from Proposition 2.13).



246 ANNE-LAURE DALIBARD, NADER MASMOUDI

Proof. — Let x € G°(R) be a non-negative cut-off function such that x =1 in
C[—¢/2,¢/2] and Supp x C [—¢, ¢]. Then

[eew= [Ta-o( )@

%0
> —1 27 —1 Y
== [ ot wan( g wa —o( 2 )e)

We then estimate each term in the right-hand side separately. For instance,

OO —1 31 —1 Y
/ |ayLg' W] [0JLg w\(l—x)(—)p
0 $%0

LWy wa W)U — )~
58/0 TEEE AT 0 (0yLg'W) U — x) = )

Then, recalling that

- YW 1YW
‘aYLUW‘E i F—i_ U

we infer that
(3 L 1\/\7)2U(1 —x)|— |y
; vy X 0

o [TOWE O TIWIYY
= a0 T\, )T
2 2
IfY 2 5%, write

Y |W| 1 WQ 1/2 Y ) 1/2 Y | 1/2
[ w=el[s=) e[ ) ([#)

Using the fact that ||U(s) || = O(s) together with the assumptions on p and p,, we obtain
the desired result.

As for the other term, we have

> —1 27 —1 Y
—/ IvLg' W agLy WE)Y((I - X)(T)ﬁ)
0 $90
1 [ : Y
- 5,/0 (ByL{JlW)Zayy<(1 - X)(E)P)

< Cs—?m) / (8YL51W)210,

50 /9
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which is evaluated with the same estimate as above.
As for the second estimate, notice that thanks to the cut-off function x, we can
integrate by parts without having to deal with boundary terms, so that, for Y 2 s

Y Y \ 32L'W Y Y I oL 'W
4.11 1— — L:—f L' Way| (1— v__.
( ) ./0 ( X)(w) 02 ; Y v | ( X) Ul + U2

Recall that

aiow=2Y 1y /Y W
YU - U YY 0 UQ '
Then the integral in the right-hand side of (4.11) is bounded by

oowzp N 1 W2 N 0 (aYW)Q 1/2 Q(S Y) 1/2
o 0 ) Y3 o U 2 ’

for some function Q) that can be computed explicitely and that has at most polynomial
growth in s and Y. We conclude as before by choosing m sufficiently large. U

4.5.3. A special case of Hardy inequalities

We will often use the weighted Hardy inequality from Lemma 4.6 in the following
case:

Lemma 4.18. — Let k > 2 be arbutrary, and let w = w; for i = 1, 2. Then there exists a
constant C = G(k, m;, a), independent of s, such that the following inequalities hold: if s is large enough,
then_for any f € H. (Ry) such that f(0) =

loc

1 2
/ (1+Y)’f <c/0 T

(provided f=0(Y")for0 <Y< 1).

Remark 4.19. — Obviously the Lemma can be extended to weights of the form
Y1 +Y)'w with £+ (> 2.

Proof. — We focus on the first inequality, since the second one goes along the same
lines (and 1s in fact slightly easier). Lemma 4.6 entails that

2
f <1+Y)k f (1+Y)k Gy )
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Cyy = 4 T N vyte
=\ arnr)\U, v

We distinguish between the cases r < 1 and r > 1. If Y < r < I, then for s large
enough w™' <2Y“ and

([ ) [ )=
.+, -

If » > 1, then writing for = fol + /. 1", we obtain

(Z'<1fkﬁ)(ﬂ(l+yy2wl)
< 2( wL) </1(1 +Y)k2Ya>
- o (I+Y)* 0
3 o0 w r » B
() ([ )
ee} 57/37
<Cr.+ ck< / 771+ Z)"”dZ) ( / 72 (1 4+ Z)’”dz),
s=Br s—B

Cy < Cj,+ Cysup < / 771 + zwwz) ( f 72 (1 4 Z)'”dZ)
4 0

>0

where

so that

S Cm,/c,a'

O

5. Sequence of estimates on V

The goal of this section is to prove the energy estimates of Propositions 2.9 and
2.13. To that end, we rely on the transport/diffusion version of the rescaled Prandtl equa-
tion, namely (2.15). We will use extensively the tools introduced in Section 4. Throughout
the section, we will assume that U satisfies the following pointwise L™ estimates: there ex-
ists constants ¢, C such that for all Y € [0, ¢s'/?], for all s € [s0, 511,
Y + Y Mo vt <UGY) <Y+ Y
a0 14 S5, — a0
2 12 - 2

M, .
(6.1) l—I—Y—szYanY(s,Y)fH—Y,

—MybY? < Uyy — 1 <0.
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Furthermore, we assume that there exists a constant M, such that
_Ml SUyyf 1 VYZCSI/S

It follows in particular that there exists a universal constant C such that for all
Y €0, ¢s'/3],

(5.2) VI < C(1 +M)oY*!, |Vy| <C+My)bY?, [Vyy] < C(1+M,)bY?.

We will also assume that

1 —¢€ l1+¢€

(5.3) <b(s) < ,
S

for some small universal € (¢ = 1/50 is sufficient), and that

s1
(5.4) / s (b, + 57)*ds <.

S0

The L™ estimates (5.2) imply in particular the following estimates, which will be
used repeatedly in the sequel
Y
Jr
0

1/3

(5.5) |LuV] < C(1 +My)bY, < C(1 +My)bY?* VY </,

and LyV is bounded by a polynomial in Y for Y > s
Let us recall the definition of the notation O, (see (4.1)): there exists a constant
C > 0 such that

|AG, Y)| <C[B(s,Y)| forY <%,
|AG YY) QG Y) forY >,

for some function () that has at most polynomial growth in s and Y.

Remark 3.1. — This section contains rather heavy calculations: in particular, terms
such as ayﬁﬁ(Lal(LvY)) can be expressed as a linear combination of derivatives of V
from order zero up to order 6, with coefficients that are rational expressions involving U
and its derivatives. However, most of the terms in this expression will often have the same
scaling, in the sense that they can all be bounded in L? by the leading order term, i.e.
the one that has the largest number of derivatives. To obtain such estimates, we use the
weighted Hardy inequalities from the previous section (see Lemma 4.18) together with
the pointwise bounds on U (5.1). For mnstance, if w = w;, y = 1, 2, then for any P > 0,
provided m; is large enough,

1
+Y

LyV +CsP < (| N LuVllizw) + Cs™*

L2(w)

U
H LoV
U

=]
1

L2(w)
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and

S C”£UV”L2(w) + CS_P.

L2 (w)

iy V Uy [Y
oYy LoV — | £uV
H U v U/O v

12 (w) H

As a consequence, we adopt the following convention: we will write
f=g+lot inL*(w)

if / =g+ h and there exists a constant C such that ||Z||1 2 < Cllglli2w) + Cs? for any
P > 0 provided m,, my are chosen large enough.

Eventually, let us recall the definition of the different weights that will be used in
the sequel. We will use parameters

Z<,32<,31<,30<§

and integers my 3> m; > my. For i € {0, 1,2}, we set w; := Y (1 + s7#Y)™. The pa-
rameter ¢ > 0 is a fixed number such that a € (0, a), where a is the universal constant in
Lemma 4.7. The need for the weight wy is explained in the following remark:

Remark 3.2 (Role of the different estimates). — In this section, we derive estimates on
Eq, E1, Es, where, for: =0, 1, 2,

E:(s) := / oo(ag,cg\/(s))zwi,
0

* (BLLV(5))? / * (RLLV(5)?
D;(s) .= —w; + — Y Ww;.
(s) /(; O w i U w

e The estimate on D allows us to have an L control on 33V, which is use-
ful to bound the integral tails stemming from the estimates of E;, D; (see
Lemma 4.15). Note that the integral tails in the estimate of (Eg, Dj) are merely
handled thanks to the pointwise L™ estimates (5.1).

e The estimate on E; will be used in the maximum principle argument (see Propo-
sition 2.16).

e The estimate on D, will be used (in a quantitative fashion) when we bound the
remainder terms on (Ey, Do).

e Eventually, Ey, E; and D, will control b, + b* thanks to Lemmas 2.14 and 2.15.

Since the equations on aéﬁ{gv for £ =0, 1, 2 have the same structure, the estimates
on Ey, E;, Ey go along the same lines. The differences between the three estimates come
from the right-hand side of the equation:
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e Commutator terms may or may not be present;
e The estimates on the remainder terms are different for each energy estimate.

The reader who merely wishes to understand the energetic structure of the equation may
go through paragraph 5.1 only.

Notation. — Throughout this section, we will denote by H; a constant depending only
on a, my, B, M, My, and by Hy a constant depending on the same parameters and also
on my, Bo.

5.1. Preliminary step: estimates on (Eq, Dy)

Let us recall that the purpose of this paragraph is to have an L control of 35V
through D,.
First, notice that a2V is a solution of

b
3,04V + §Y8Y(8§V) — 3Ly ooV =4 R.

Consider the weight wg := Y~*(1 + s7#Y)™™ for some a €]0, a], where a is defined in
Lemma 4.7, By €]1/4,2/7[, and my > 1. The diffusion term

— / (05Lg'03V) 0y Vg
0

is handled by Lemma 4.7, up to a remainder term which we estimate now: we have, for

any P > 0,
— — == ] w
esl/3 0 X st ) U2 0

= o [ Y2\ Y?
SC(1+M1)2/ Y+ — )5 wo
es1/3 2 )52

<G +Mp)*”

provided my is sufficiently large.
Hence, according to Lemma 4.7, setting

Eo(s) := / (82V) wy,
0

® (03V)? % (03V)?
Dy (s) ::/ w +/ w
0 o U 0 o U2 0
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we have, for any § > 0, provided s, is large enough,
— / (05LG' 05 V) 95 Vwy = Dy (s) — 8bEg(s) — C(1 4+ M)~
0

Concerning the transport term, we have

o ld o0 . 1 o ;
/0 (8.05V)05Vwy = 5= /O (82V) wy — 5 /O (82V) 8wy
and
/ Yagvag\/woz—é / (02V)* (Ywp)y-
0 0

Combining the two identities and using the expression of w, we infer that

> b
/ (aj.a;iv + EYaY(agv)) deVwg
0

1d % . 1—a o0 )
=33/ (82V) w, — . bfo (82V) w,

b B 00 N2 %
S 2V) .
+mo<2 QJ)A ( Y ) 1 +s_13(]Yw0

Using assumption (5.3) with € < 1/7 and By < 2/7, we infer that the last term is non-
negative.
It follows that for all § > 0, if s is large enough,
dEy 1—a+$
ds 2

bEo(s) +2¢Dy(5) <2 / (3§R)0gVwy+C(1+ M) .
0

We now evaluate 9¢R. Using Lemma 4.4 together with assumption (5.3), we have

$2/7

2
2R = (b, + ) (YZ + @Y 4+ 270a106°Y® + 330aanY9>x <l>
+ 007 (6" (Y? +Y?)) 4 8215 (O (BY)V + On1 (5Y?) Vy)
+ 051y (07 (6'Y1)),

where the O(-) in the last term of the right-hand side must be understood* in W#,

Recalling the expression of 3Ly, (see Lemma A.1) together with the L™ estimates (5.2),

we obtain, for Y < ¢s%/7,

293
IR =0((b;+b°)Y?) + O(rY?) + o(bY 8YV)

U

* We say that “f = Oq (g) in W if 8 = O, (8) for 0 <j < k.
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5 Y O(b2Y5)
+ o, U —_—
o U
All constants appearing in the O(-) depend on M, Mj. Notice that for Y < ¢s*”

Y 12v5 2
/ Y :O(b2Y2)<<bl
0

U? U’

and 8§U = aéUapp + 8%\/ = 8$V+ O(bY). Hence the last term is smaller than the second
and third ones on Y < ¢s%/7.
Now, for all § > 0, for s > s; large enough and for my > 6 — a,

o H ;
/ b, + b7 |Y2[92V |wy < 8bE, + 71(!95 S el
0

2/7

CS H
/ b2Y2|8§V| wy < §bEy + legs“*“)ﬁo,
0

2/7

527 bYQ |8\3,V| ) 1 cs 2Y4 ) )
108V wn < 8D, + P15V < 8Dy + 80K,
0 0

We now focus on the set Y > s*7. Recalling that B, < 2/7, for any function ¢ = ¢ (s, Y)
such that

(s, Y) <CY"s” VY >0, s> s,

for some explicit yy, y» > 0, we have, for any P > 0,

e¢]

d)(s’ Y)wO S S_P

52/7

provided my is large enough (depending on By, y1, y» and P). We use a simple Cauchy-
Schwarz inequality and control the terms involving 33V by the dissipation term Dy. Since
we have L™ estimates on V, dyV, 3¢V, it follows that for all § > 0

/ [0SR | [93V] wo < 8Dy + Bir
s2/7 8

Eventually, choosing § small enough (depending on ), we obtain

dE 1 2 45
TO - Q_EO + 7Dy < Hys0-9% 4 H, (b, + b2)251+(o_a)ﬂo_
A) N

Thus there exists Sy, depending on M, My, a, By, such that if s > Sy,

. S 1 s,
(5.6) Eq(s)s™ % + f 712Dy (t) dt < Eo(so)s; ™+ Hy + H, Js, oo,

S0
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We will use this inequality in the sequel in order to have a control of 33V, which is not
given by the L* estimates. This will allow us in particular to control the tail of some
commutators in the estimate of Proposition 2.9.

Remark 3.3. — Notice that the assumption |8§V(Jo)| < 1 4+ M, implies that
Eo(s0) < (14 M%)~ < o/

if 59 1s sufficiently large (depending on M, and f;). Therefore there is no need to include
any additional assumption on E((sy) in the bootstrap argument.

5.2. Estimate on 0LV : proof of Proposition 2.9

We now turn towards the estimate on £ V. Notice that the main order term in the
right-hand side of (2.18) is now (b, + 4°)Y. The lack of decay of this remainder prompts
us to differentiate twice (2.18), in order to cancel the linear term. We therefore perform
estimates on g := 32LyV. Using Lemma 2.8, we have

b ( -
(5.7) dg + 2bg + 5YaYg — OyyLy'g = 0y LuR + 05C[03V].

We multiply (5.7) by gw,, where w, =Y (1 + sTPIY)™™ for some B, €]1/4, Bol,
a > 0, and m; > my > 1. Using the same computations as in the previous paragraph, we
have

o° b 1d 74+
/ g+ 2bg+ =Yoyg |ew, > ——E(s) + —dbEl(s),
0 2 2 ds 4

where
(5.8) E(s) :=f 2w,
0

Using Lemma 4.7 and Lemma 4.15, we also have, for any P > 0, provided a < a, sy large
enough (depending on « and B,) and m, large enough,

o0 1
- f (AL g)ewn = 7D,(9) = SHEL () = "Dy,
0

where

' 00 (3Yg)2 00 gQ
(5.9) D](S) :/0 U w; + ; ﬁwl.

We now treat independently the other terms, namely

e The commutator term 95C[d5V];
e The remainder term 32LyR.
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The commutator term

The goal of this paragraph is to prove that for all §, P > 0, there exists sy > 0 such
that if s > s,

/ WC[0gV] 03 LuVw, | < 8(bE () + Dy(s)) + 5 "Do(s) + s
0

We use the formula in Lemma 4.12. We recall that D = Lal (Oyy U™ — 1) + LV,
so that D “contains” two derivatives of V through the term L;V. Hence each term in

/ 82C[32V] 82LuVw,
0
is a product of three derivatives of V.

As a consequence, we arrange the terms in 3:C[9¢V] in the following way:

e The terms with the highest number of derivatives of V are estimated by E,
or Dy;

e The terms with a number of derivatives lower than or equal to 2 are estimated
in L thanks to (5.2).

This strategy will work as long as we do not end up with a product of three terms of the
type

AV arV abv,

with 4y, ko, k5 > 3. Such terms will need to be re-arranged thanks to an integration by
parts. However, a quick look at the formula in Lemma 4.12 shows that this situation
occurs only for the second term in the right-hand side of the formula giving ¢C[d5 V],
namely

*© D
(5. 10) / 8\/6 8Y£UV 8\2{£va1 .
0

But as we will see, it 1s easy to overcome the difficulty raised by this term.
We now examine the terms in 3¢C[3¢V] one by one.

e Using the L estimates (5.2) together with Corollary 4.3, it can be easily checked

D 1

It follows that

‘/&651/3
0

1/3

D s 1
6'(8%,6(}\/)211)1 < Hlb\/o H_—Y(a\%EUV)le,
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(5.11)
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which is estimated thanks to Lemma 4.14. The part of the integral for Y > ¢s'/?
is estimated thanks to Lemma 4.15, with p = Y*w, for some integer &, o = wy
with m; >> my. It follows from Lemma 4.14 that for all § > 0, P > 1, provided s
is large enough and m; is large enough,

*D
ﬂ‘ﬁWQ@ﬁm5Mm+Mxﬂfm@+sP
We then address the problematic term (5.10). We integrate by parts and obtain

D D
I, = —/ ﬁ(a{‘;ﬁUV)le — / ﬁaYLUV 833(£va1
0 0

D
—/ ﬁ&ﬁNxﬁN&m.
0

The first term in the right-hand side is the same as in (5.11). In the third term, we
use the fact that |dyw, | < C,.,Y~'w, together with a weighted Hardy inequality
from Lemma 4.18, so that

D
/ an;CUva\%/;Uvanl
0
@@LV N[ vLoV)? N
SH]b (Y U )'LU] / (Y U ) w +S_PDQ—|—S_P
o 1+Y o Y2(1+Y)
(az‘CL\/)2 P P
<H;b D
1 / 1 +Y w; +s ots

We eventually evaluate the last term in I;. We have, for all § > 0

<5D-+1(/w12wz:vf
— — wy.
= 1 45 o U YA~U 1

D
/ - BY,CUV 83£UVw1
o U

Using Corollary 4.3, we have

Do (Y \_g b
v Pl+y/) TP \va+vn )

Using a Hardy inequality from Lemma 4.18 together with Lemma 4.14, we
deduce that the part of the integral bearing on Y < s'/? is lower than §D; +
8bE, for s > 5y large enough. The part of the integral bearing on Y 2 5'/% is
handled thanks to Lemma 4.15, recalling the form of dyLy;' (see Lemma A.1).
It is therefore smaller than 8Dy + s7'Dy + 577, for any §, P > 0, provided s is

large enough.
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e We then treat simultaneously the next three terms, namely

* D( Uy, YOgVY L,
A 8Y6 (—258\[\/ - 4UW_/O W 8Y£UVw1 ,
«© D V7Y .
az—[—gc vv+2Y—]aZ£ Vw, and
./0 YU U U v~U 1

D) Y
0 U 0

The overall idea is to decompose 3%(D/U) for £ = 1,2, 3 into a part that is
controlled in L* and a part that involves derivatives of V of order 3 or higher
(or equivalently, derivatives of LV of order one or higher). Concerning the
part of 35(D/U) that is controlled in L, we use weighted Hardy inequalities to
upper-bound 93V, LV, etc. by 3LV in L. As for the part of 3%(D/U) that
is not controlled in L, we observe that in the three terms in (5.12), 3¢V, LyV
and fOY LV are controlled in L°, and we use this L. control to conclude.

Let us now be more specific: it can be easily checked that for k=1, 2, 3,

a” O 3( b ! +0 ! Ay LV + Lo.t
— = P e LY e— .0.t.
Yuo UYL 4Y) PA\ya+yv)) Y

Since we also have L™ estimates on 82V, Uy, Uyy and U™}, using Lemma 4.15,
we infer that the part of the integrals in (5.12) bearing on Y 2 s'/* is bounded
by s7F 4+ s7Dq(s) + 8D, + 84E, for some P > 0 arbitrary provided m, is large
enough.

We now address the part of the integral bearing on Y < s'/°, and we start
with the part of 8{‘,(17/ U) that is bounded in L>°. We focus on the first integral
in (5.12), since the other two are treated in a similar fashion. We recall that

1/3

) Y Yaiv. 1 Y
xV=UL,V-U LV, —_— = — LoV,
v U Y/O U e U/o U
and therefore
Uy .. Y a2v -
—253\2/\/— 4’UYY/0 % = 01/3(Y 1)ﬁUV—i—l.o.t.

Using several weighted Hardy inequalities (see Lemma 4.18), it follows that
1/3

1 Uy . Ya2v\ .
Oyl b—— ) —2—82V —4U / X )92L,V
/o ‘“( Y<1+Y>>( w W, o )T

1/3

cs 1 . 2
<H,b ——[32LyV] w,.
= 1/(; 1+Y|yU }wl
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We then focus on the part of dy(D/U) that is not controlled in L*°, and that
involves dy Ly V. For that part, we use the L™ estimates on V, which entail

Uy .. Yaiv|
‘—QU—§a§V—4UYY/ % <CMybh VY <es'/?
0

It follows that

1/3
&) 1 U
/(; Ol/3<m>a\/ﬁu\/( 2U2 A2V — 4UW/ )3 LyVw,

cS 1
<H,b — LV [02LuV|w,.
= 1A Y(1+Y)|YU||YU‘w1

We conclude once again using a weighted Hardy inequality.

We then treat the other two integrals in (5.12) using similar arguments. We
conclude that for any §, P > 0, provided m; > my and s, is large enough, the
three integrals in (5.12) are bounded by

Hl o° 1 2
SOE, + 8D+ —| b ——|82L,V 1D ),
1+ 1+ s (V/O 1—|—Y| v~U ‘U)1+S +s 0

where the term D; stems from the bound of the third integral in (5.12), which
involves 95 Ly V.
Eventually, we address

o Ya2vD D (Y 0TV
2/ 8§U Y — — 8 ELV wi.
, , U U, vz

Now, D is controlled in L. As in the previous step, we decompose 33U into
a part that is controlled in L°° and a part over which we have no L. control.
More precisely,

U =Ud LV + Oys(b(Y +Y?)).

Let us start with the contribution of O, /3(b(Y + Y?)). For that part, we use the
control of 33V and D in L™ to prove that the integral tails for Y > ¢s'/? are
O(s7?), and Hardy inequalities on the set Y < ¢s'/3. We infer that the contribu-
tion of this part of the integral to (5.13) is bounded by

1
H,bE? / 0L,V .
108 (o 1+Y( U )w1+5

We now address the part of (5.13) where 3;U is replaced by Udy Ly V. For that
part, we use the L control of 33V, D and U in L®, together with Lemma 4.15
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and the control of Dy to estimate the tails. We infer that this part of (5.13) is
bounded by

207

/ B’Y? |9y LoV |05 LoV| wi + 57Dy 457"
0

Now, for Y < Cs?7, we have b*Y? < CoY ' (1+Y)~'/2, so that the integral above
1s bounded by

00 1 ‘ ) 1/2
H,bE!? / —(32LyV .
s ( 0 1+Y( vy ) W

Gathering the estimates above and using Lemma 4.14, we conclude that for any
P,§ > 0, if my, sy are large enough, the total commutator term satisfies

(5.14) < 8bE,(s) + 8Dy (s) + s T 4+ 5Dy ().

/ R C[agV] 05 LyVw,
0

The remainder term

We now evaluate
/ (02L0R) (92L0V)wi.
0

We claim that for all § > 0, for all P > 0, provided m, is large enough and s, is large
enough,

/ (2L0R) (B2LV)w,
0

H
< 5(D1 + bEl) + Tl(siPDO +577+(117a)f31 + (by + b2)2573+(117a)ﬁ1).

We follow the decomposition of Lemma 2.6 and write R = Zle R;, as suggested
in Remark 2.7.

e Recalling that a4 = 1/48, a; = a4/84, and a9, a;; are defined by (2.9), we have

1 S 9 . Y
R = (b,+07) <1Y2 + a,bY’ + Eaﬂyng + E‘”szg) X (527>

- Y
+Pi(s, V(1 _Xl)(_>,

2/
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for some function P, that has at most polynomial growth in s and Y, and some
cut-off functions x, x; € C°(Ry) such that x, x; = 1 in a neighbourhood of
zero. Using the identity (4.2), we have, up to terms supported in Y 2> 5%

a 5 Y
LoRy = (b + )Y + L5 [(54(1% + bz)bY°)X (Wﬂ

61 9
— (b + "L (( TeabY’ = e @b + 2008V

9 o1 Y
! 2\1 —1 9 Y
—§(bA»+b)LU LyY — (b +b) PV = x|
and therefore

(5.15) O2LR (b +b7) "

or 1| (4 61 9
= aéLUl |:<§bY5 - EcthYS + Ed7b2Y9 - 2d10b3Y10

9 Y
_ stw)x (S_)]
—182L"L Y — 2L P (s, Y) (1 Y
9 vy Lwv vy 1(5a )( _Xl) S% .

Recalling the expression of 921" from Lemma A.1, we infer that for £ > 5,

Y oy# Y3 Y « 1
I~k 3 )
WLy 'Y = 3Vf0 UﬁOI/B({YHifng.)

In a similar way, we have

LY Y?
(5.16) LG (LVY)_a%U/ ‘——?ayﬁuv
Y?U —2YU oU — Y2U Uy Y-U
+ Vyy—— + W X v YYUQ Y
YZU
YY/ LyV.

We write 35U = 93U + 92V and replace 33V by the formula (A.2) in Ap-
pendix A. Using the L* estimate on 93V, we obtain

Y
025 (LyY) :02/7(Y2)3Y£UV+OQ/7(Y)EUV+OQ/7(1)/ LyV+lo.t.
0
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Gathering all the terms, we get, for Y > 1,

WLYR, = (b, + b7) (Og/,(bY+b2Y5) JFZOQ/7 Y')d / £Uv+1ot>
=0
Then, noticing that for Y < s*7 we have bY? < Y"!(1 + Y)™"/? and using
Hardy inequalities from Lemma 4.18, we infer that for any P > 0, provided m,
and S, are large enough,

/ e LyR 2Ly Vw, ‘
0

}E:/Q (bs(37a)/51/2 + p250 lfa)ﬁn/Q)

27 1/2

1
H,s|b, bQEl/Q/ — (0 LyV)? 4D
+ Hys|b, + 0|, | g @bV e+ 4Dy

H ng e
<80+ — (b, + bl)%-w“—“)ﬁl

—S

| f 8 ,CUV) w; + s Do.

e We use the same type of estimates for the term R, and we find

/ e LyRy 03 LyVw, ’

0
< H,p*E)* 5019812 L §pE, 4+ 5D,
<8bE, + %5—7““—“% + 57D,

e We then address the term R 3. We recall that using (5.16) and (A.1), for Y < ¢s'/?,
for k€ {2, 3, 4}

WL (LyY) =015 (6Y%), Ly (LyY) =0,5(0Y?),

1
Ly (LyY O Ylk”al/EV Ol o< |V
(IvY) = ; 1/3 vV + Oy Y1ty Y

+l.o.t.

Notice also that °Y” < bY for Y < ¢s'/3, so that we can treat H*LyY” as a per-
turbation of bLyY. In a similar way, for £ € {0, ... 3},

R (—asbY* — a:6°Y + a1ob’Y" +a;,16°Y") = O(bY* ") for Y <77,
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so that
v 8\2,L51L_a4by4_a71,2y7+a101,3Y10+a11b3y11Y7 = 02/7 (b4Y7) + 02/7 (b4Y8) 33,\/

It follows that

4 Y
05LuRs =Y Oy (bY )05 / LyV
i=0 0
Y
+ 097 (6*(Y + Y?)) 0y LUV + Oyy;(47) / LoV
0

b
Oyl ———— |Vy +Lo.t. + O, - (*Y?).
+ 2/7<Y4(1+Y)2> y + Lo.t. + 2/7( )

Using Hardy inequalities together with Lemma 4.15, it is easily proved that for
0 <i <4, for any P > 0, provided m, is large enough,

oo Y
f Oy/7 (in%) 3%, / LyV agLyVw,
0 0

<S8(bE14+Dy) +5 " Do(s) +5,

f Oo/7(6*(Y + Y?)) oy L1V 05 Ly Vw, | < 8bE; 4+ 5 Do(s) + 5,

0

0 Y
f O,7(6%) / LoV 5L Vw, | < 8bE; 4+ 5 Do(s) + 5,
0 0

and

—_— ]V Vw
o 2/7 Y4(1 Y)2 Y Uy~U 1

© ) 1/2 00 1 1/2
<H,b —(92LyV — V? -F
=, (/(; 1+Y(Y U )wl> ([} Y8(1+Y)3 w1+ s

[e%e} 1 9
<H,b —(02LyV -P
= 1/(§ l—i—Y(YU )w1+5

Using Lemma 4.14, we end up with

< 8Dy +bE) + (s "Dy +577).

/ e LyRs 03 Ly V w)
0

e The term R, is easily treated thanks to Lemma 4.15. More precisely, using
Appendix A, it can be proved that

(Y
IgLuRy = (Pl(f, Y)+Py(s, Y)oy LoV +Ps(s, Y)a\%EUV)(I —X)(SQT)
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where Py, Py, P3 are functions that have at most polynomial growth in s and Y,
and x € C{° is identically equal to 1 in a neighbourhood of zero. We infer that
for any P > 0, provided m; and s, are large enough,

<Cs '+ 57"D,.

/ (3§£UR4) aéﬁval
0

We now gather all the terms. Notice that since 8 > 1/4,5+ 3 —a)f1 < =74+ (11 —a)B;.
We end up with the following estimate: for all §, P > 0, if m, is large enough, there exists
a constant H;, depending on M, My, a, B, and m, and a constant Sy, depending on the
same parameters and also on §, such that if s > Sy, then

5.17) [ @ecr) aggUle‘
0
H 9. . o
<58(D; + bE)) + Tl[(b” b R)EH0R | 3(p 1 ),
+S*7+(117a);31:| +57PD0.
Conclusion

Gathering the estimates (5.14) and (5.17), we infer that for « > 0 sufficiently small,
for any P > 0, for 1/4 < B, < 2/7 and for m, sufficiently large, s > Sy, we have, for
s € [0, 511,

d 7 f N
ZEI + <§b - Hlsj(by + bZ)Z>E1 + Z’Dl
AY

< Hl(bj.—i-bQ)Qs’“(””‘)ﬂ' +H1577+(117a),81 +57PD0.

Since B > 1/4, we have
7
6—(11—a)p <§,

and therefore the rate of convergence is limited by the size of the right-hand side. Let
¢1(s) == H, f; 7%(b, + b*)?d7. The assumptions of the Lemma entail that 0 < ¢ (s) <
H]‘]so_l/4 for all s € [s0, 51]. As a consequence, if 5o > J*, we have 0 < ¢,(s) < H, for all
s € [0, 51]. Using a Gronwall type argument and using the preliminary estimate on Dy,
we obtain, foralla <6 — (11 — @)y,

s

E,(s)s® exp(—¢1(s)) + Ev/l ¥ exp(—¢1(T))D1(T)dT

S0

- H a—6+(11—a
< Ei(s0)s5 +HyJs, v + 6— (11 Ia),B aso ot
_ _ -
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Hence, for s > max(Sy, J*) we obtain (up to a new definition of the constant H;)

E ()5 + / Dy (z)r%dt < Hy (1 + By (s0)52).

S0

This completes the proof of the Proposition. U
We also have the following

Corollary 3.4. — Under the assumptions of Proposition 2.9, we get the following refined 1.>°
estimates on V: for all a € (0, a), for all By such that

1 11
411 —d’

1
— <
1 <pi =<
there holds
0y LUV = Op, (s7°Y F),

Y
LoV] = Oy, (5 1¥0y 2, / LoV = Oy, (s PYF),
0

3+a

|05V| = Op, (C1s™ Y 2 (1 4+ Y)).

Note that the constants in the Op, depend on M, My, my, a, By and J.
As a consequence, setting Co = E (s0) 5, where o is such that 13/4 < <6 — (11 —a) By,

we infer that there exists a unwersal constant H and an constant C,,, depending only on my such that if
50 = maX(SOaJ4’ Cg):

|yU| <HbY VY €[0,C,, 5]
Furthermore, there exists a constant G, ,,, depending only on a and m,, such that

d+-a+m

Y q2
faYEUV‘gca,mlDi”(lﬂﬂlY) T =04 (D)),
0

UQ

5.18 ( " | |
( ) |8§£UV‘ =< Ca,m]DW(l +S_ﬁlY) ) (1 +Y)1/2Y(2+a)/z

= Oy, (D}/Q(l + Y)I/QY(2+a)/2)'
In particular,

v LyV (
LV = % + Oy, (D))

Proof. — As mentioned in Remark 2.11 we can pick a > 0, B, € (1/4,2/7) (B,
depends on a) so that

13 11
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With this choice of ¢ and B;, we have
E () < Hi(1+ Co)s™",

A simple Cauchy-Schwarz inequality entails

Y ) Yo 1/2
(5.19) 10y LyV] = / 2LuV| <E/” (/ —) .
0 0o W
Now, setting C,,, := 2"/ — 1 <1, it is easily checked that for Y < C,,, s?', we have
1
— <2Y“
wi

The estimates follow, using the formula in equation (A.2) for the one of 3;V. Note in
particular that for Y < C,, 5%,

05U < |agure| + (Y—i— )|8Y£UV| +/ |LuV|
<H(OY + (Y + Y) YT H (1 4 Cp) /257 197%)
— a3g 5
< HBY (1 +H”(1+Co) 25,7 " 70).
Now, for B; < 2/7 and a sufficiently small, 8; < 1/(3 + a), so that, if s, > max(C§, H}),
|95U] < HoY (1 + H2 (1 + C) 25, ) < HBY.

Since 83V has polynomial growth in s and Y according to (5.19), we obtain the estimate
on 95 U.

The two estimates from (5.18) follow from the Cauchy-Schwarz inequality (see also
Remark 4.10): observe that for Y < 1,

Y 82£LV (a?E V) 1/2 YY3+a 1/2 12
Y5+a U* = C“Dl :
0 0

The same type of estimate holds when Y > 1. As for the estimate on 8§£UV, we have

Y 1/2
([ )

which leads to the result. O

Y
0

We end this paragraph with a short proof for Lemma 2.12: differentiating once
equation (2.18), we have

3b b
8.0y LuV + LoV + §Y3§£UV — WLEV =0 LR 4 0vC[35V].
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We now take the trace of the above equality at Y = 0. Since V= O(Y’) for Y < 1 by
definition of the approximate solution U*P, we have

ONLyViy=o = 3§EUV|Y:O =0,
as well as HYC[H\%V]‘YZO = 0. Hence there remains only
4
3Y£%V|Y:o =- Z Oy LuRiy=o.
=1
Once again, it can be easily checked that dy LyRjy—o = 0 for i = 2, 3, 4, and that
NLuRiy=0 = @ (bs + 52)3Y£UY4|Y=0-
Now, using (4.2), we have
WLuY'=120vLg'Y? = 240yY + O(bY’) for Y < 1.

We obtain eventually that
1
ayc%:VW:o = —§ (b3 + bQ)

Remark 5.5. — It also follows from equation (5.7) and from the computation of
d¢R that for Y < 1,

82L2V = O((b

b+ 0|+

0,(b+ %) ) Y?).

In particular, £3/V is well-defined.

5.3. Estimate on 0L5N : proof of Proposition 2.13

We now tackle the estimates on dy Ly V. The general scheme of proof is the same
as the one of Proposition 2.9. There are however a few differences:

e There are now two commutator terms, namely dyLyC[34V] and dyC[0+ Ly V];
e The estimate of the remainder term 3L, R is more technical since the explicit
expression of 85LY; has much more terms than the one of 33 Ly.

We set &= 03L;V in the rest of the paper, and we have
b
(5.20) d.h+ 4bh + §Y8Y}z — 5L h =05 (LLR 4+ C[05 Ly V] + LuC[03V]).

In order to derive estimate (2.20), we multiply (5.20) by Aw,, with wy ;==Y (1 +
s7PY)™  We recall that we choose my 3> m; > 1 and By < Bi.
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Using the same computations as in the previous paragraphs and recalling the def-
nitions of Ey, Dy, we have

< f W (LLR +C[0gLuV] + LC[05V])hws + Cs™ + 57D
0

We now state the main intermediate results allowing us to prove the statement,
namely a commutator estimate and a remainder estimate. We then prove each of the
statements separately.

Concerning the commutators, we have the same type of estimates as in the proof
of Proposition 2.9, which leads to

Lemma 5.6. — Assume that the assumptions of Proposition 2.13 are satisfied. There exist
constants Ha, S, depending on a, m;, B;, My, My (i =1, 2), such that if so > max(So, C5,J*), for
all§ > 0,

f / (35C[03LuV] + 3 LUC[05V]) hws
0 0

H-
< 8(bE, + Dy) + fzﬁ (b, + 5

+ % (sTHPD By + 5° (b + 6) By + 572D,

We now turn towards the remainder term. We have the following estimate:

Lemma 5.7. — Assume that the assumptions of Proposition 2.13 are satisfied. There exist
constants Ha, S, depending on a, m;, B;, My, My (i =1, 2), such that if so > max(So, C5, J*), for
all 6 > 0,

/ DLLIR 1LV,
0

H‘ H H(
< 8(0Ey + Do) + 5 (b + F)” 4 ~7IDy o s THOO

+ Hy(1 + Co)s’ (b, + °)°Es.
Gathering Lemmas 5.6 and 5.7 and choosing § = min(1/2, ¢/2), we obtain
dEq
s

EHQ(bQ(bs‘i_bQ)?+S(7+a)ﬂlD1E2+(1 +CQ)SS(55+52)2E2+5_2D1

+ 7hE, + SDQ
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+ S—7+(3—a)ﬁ2) .

We now multiply the above equation by s* and infer

(5.21) %(EQ(S)SE)) — Hy (s D) 4 (14 Co)s* (b, + 5) ") (Ea()5”)
(5.22) <H, (53 (bs + 52)2 +7D, + 5—2+(3—a)ﬂ2)_
Define

¢o(s) := H, /S(r(”“)ﬂlDl(r) + (14 Co)* (b, + bQ)Q)d‘L'.

According to Proposition 2.9, since 8; < 2/7 < 1/3, we have (7+a)B; <6 — (11 —a)B,
and 78, < 13/4, and therefore, if s; > max (S, J*),

0 < ¢o(s) < HiHy(1+ E(s0)5y” " + Co).
Hence, multiplying (5.21) by exp(—¢,(s)) and integrating over [s, s], we obtain

Eo(5)s” exp(—¢(5))

<E (50)58

+ H, f (2% (be + 8%)" + T°Dy + T35 exp(—hy (1)) dr.

50

Now, using assumption (5.4) together with Proposition 2.9 with o = 3, we have, for sy >
max(Sy, J*),

f o (be 4 67) dr <Js5; 't < 1,

S0

f D, < H (1 + Cy),
S0

s 1
/ A6k g < —30—14-(3—4),32 <1.
50

T 1=-0B-ap,

We infer eventually

Ey(s)s” < CXP(HQ(l + CO))[E2(50)58 + HoH, (1 + Co)]
< exp(Hy(1 + Co))Hy(1 + o).

We now turn towards the proofs of the Lemmas.



SEPARATION FOR THE STATIONARY PRANDTL EQUATION 269

The commutator terms: proof of Lemma 5.6

We start with the computation of the commutator terms. Looking at equation
(5.20), the commutator integrals in the differential inequality for Ey are

(5.23) / (05C[95LuV] + 05 LuC[07V]) 35 LT Vws,.
0
We recall that the heuristics is that up to some corrector terms,

1
(5.23)] < H2b/0 H—Y(aéﬁiv)QwQ,

and the right-hand side of the above inequality is then handled by Lemma 4.14. However,
there are a few complications, coming from the fact that the trace dy LV y—o is not zero.
In the sequel, we will therefore focus on the difficulties and differences with respect to the
treatment of the commutators in Proposition 2.9.

e We first consider the first term in the integral of (5.23). This term has the same
type of structure as the term

/ RC[gV]agLuV wy,
0

which we treated in the previous section. However, there exists one substantial difference,
due to the fact that dyL}V does not vanish at Y = 0, so that we cannot write Hardy
inequalities for dy L7, V. To overcome this difficulty, we recall that 3y L3V y—g = —é(bj +
b?), so that 5Ly V ~ —3 (b + 6*)LyY ~ —1 (b + b)) Y? for Y < 1, and we write

1 I
(5.24) WLV = <8§£UV + 5(@ + bQ)LUY> - 5(5{ + 0*)LyY.

Now, we have BYL{Jl (BéﬁUV + %(bs + )Ly Y)y=0 = 0 by construction, so that we
can apply Hardy inequalities to the first term. For instance

00 1 1 ] 2 o
/0 W(ByL{Jl (3éﬁuV+§(Z’s+bz)LUY>) Wo SHQfO (8$£%V)2w2.

Using the additional bound on 33U from Corollary 5.4, the computations are almost
identical to the ones on page 69. The only difference lies in the treatment of one non-
linear term, for which we do not apply exactly the same strategy (i.e. evaluate the term
with the least number of derivatives in 1.*°, and the others in L.?) and for which we use the
extra information coming from the bound on E; and D,. More precisely, the only term
for which we do not use the same type of estimates as the ones on page 69 is

> 3 D Y 2 1 2 2 2
8YE LUV + E(bY + b )Y 8Y£UVU)Q.
0 0
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For this term, the problem comes from the part of 83% for which we do not have L*
bounds, namely O, ,5(U"1)3iLyV + O3 (Y~'U102LyV. We first integrate by parts
once; the most problematic term is then

XLV ([ 1
— fo Yé“ ( /0 (£§V+§(b3.+bQ)Y>>a§£§Vw2.

Here, although the middle integral term has less derivatives than d¢LyV, we choose to
evaluate it in L thanks to a Hardy inequality because cancellations occur between L3V
and %(bs + b*)Y. More precisely, the above integral is bounded by

o 1 [Y/ . 1 S LEV
/ / (£§V+§(bs+bQ)Y) eV
0 0

Y3 U2
Bf,L’LVYS _ /Y aY(aéﬁUVYB)
U2 . Ul

8§£UVY3
U2

Now,

Y 1/2
< H,D,” (/ (Y'+ YG)wl‘l) = Op, (s7+OP2D! ).
0

The part of the integral bearing on Y 2> s#! can be bounded by noticing that we have
pointwise bounds on fOY L3V since

Y
/ LIV
0

For the term involving (b, + 5°) on the set Y 2> s#', we merely control 33 Ly V by E,.
Using Hardy inequalities and recalling that By < B, my > m;, we infer that the
problematic integral is bounded by

=U

/Y KLV _ o /Y|aY£UV|UY L 1xLuV
., U2 | U3 U

HQS(7+{1)/31/2D1/2E;/2D;/2 + 8DQ + S_PDI + |bs + b2|25‘_PE1

H
< 925D, + fﬂ”“WIDlEQ + 57Dy + |b, + 6225 FE,.

We will then choose B, so that (7 + a); < 6 — (11 — @) B,, which is possible since B, <
1/3. We conclude that for all § > 0, for s, > max(S, J*, C}, §77) for some p > 0,

o0 ( 1 (
/ aéc[aécuv + §(b$ + bZ)LUY] e LEV wo
0

H
< 8(bEy 4+ Dy) + fﬁ”@ﬂlDlEQ 57Dy + b+ B[R 457
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The next term coming from (5.24) is

/ c[ (b, +b2)LUY]8 LIVw,.
0

It turns out that the main order term in 8 C[LyY] vanishes. More precisely, followmg the
decomposition from Lemma 4.1, we write D = —bY /2 + D+ D, =: Dy + D+ D,
and we decompose the operator C into Cy 4+ C + Cxy, accordingly. Concerning Co, an
explicit computation in Appendix A shows that 83{(/’0 [LuY] = Oy, (b*Y), so that, for s > s
sufficiently large,

o 1 .
/ 520, [5 (b + bZ)LUY] 9202\,
0

< HQbQ‘bX + b2|s(3—a)/32/2E;/2 < SbE, + bQ(str 52)2.

Concerning the terms involving the operator C, we use the fact that 8@15 = O, (Y "+
Y for Y>> 1 and for £ =0, 1, 2. Therefore

< DY?
CILyY] = O, (b°Y*) — 336 5

Hence, integrating by parts the term involving 8\3[15 and choosing s, large enough,

f d C[Q(b +b2)LUY}a L Vw,
0

<b’|b,

[ oy lscivw:
0
B[+ / O, (Y)]92.L2:V | w,
0

< 8bEs + 6Dy + I; (b + [92) ( —5+962 S—6+13ﬁ2)

< 8bEy + 8Dy + B (b, + ).

There remains to address the terms involving Dyy,. Notice that Dyy,, dyDyy, are bounded
in L™ (see Corollary 5.4). As above, we integrate by parts the term involving 95 Dx..
Eventually, we obtain, using Corollary 5.4

> 1 )
/O a;cl\m[§ (b + bQ)LUY] RLEVw,

H
< 8bEy + 8Dy + ?252 A0 457D,
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Gathering all the estimates, we obtain, if sy > max(Sy, J*, C3),

f R C[5 Ly V]0g LTV,
0

H H(
< 8(bEy + Do) + 28 (b + 1) + s TPDEy + 57D

We then address the second term in (5.23), for which we use the same type of
decomposition as above, writing

1 1
RNV = (a@v + 4—8(175 + bQ)LUY4) - 4—8(55 + )Ly Y*
e | :
=9V — @(bé. + ") Lo Y™

Using the formula for L' (Y?) (4.2) together with the bounds on V stemming from E,,
notice that

) ( L
aY‘CéV|Y=O = aYﬁéVW:o + 1 (ayLUlYZ) 0,

Y=0 —
and that
~ 1 L 5
WLV = 00LEV + 2 (b8 RLTY = 00 LV +Op, (5,45 (0Y +4°Y7).
Concerning the term

(5.25) / R LUC[V]05 LTV ws,
0

the computations are very similar to the ones above, using the formula for a\Q,C [-] from
Lemma 4.12 on the one hand, and the formula for 3¢L;' from Lemma A.1 on the other
hand. We leave the details of the estimates to the reader since they do not raise any
additional difficulty. We end up with

(5.25) < 8(Dy + bEy) + 6 (b, + 4°)’
H
+ 5 (7D TP D By (b + ) Ey +57").
We then consider

(5.26) 4—18(@ +4%) /O O LuC[LuY'] 05 L3 Vws,.
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A straightforward computation leads to

‘ b : s Y
IS LC[LyY'] = Oy, (m) + Y 0p (T + V)5 fo LEV.
=0

We have

<8Dy + %bz(/}ﬁ— ).

o0 b(be+ %)\ 1y oo
/o O/’I(<1+Y>U>8Y£”Vw2

Expressing oy L3V and £V in terms of £V and using the expressions of E;, Dy, it
can be easily proved that the terms of the form Og, ((1 + Y) 1oL, fOY E%V give rise to
integrals that can be bounded by

8bEy + 8Dy + Hos 2D, + s F.

Gathering all the terms, we obtain the estimate announced in Lemma 5.6.

T he remainder terms: proof of Lemma 5.7

We now consider the remainder terms occurring in the right-hand side of the dif-
ferential inequality for Eo, namely

/ DLLIN D2LLR w.
0

Following the decomposition of R from Remark 2.7, we will write R as 3+ | R, and
study the contribution of each R; separately. We emphasize that the most important
terms are R and Rs: indeed, they dictate the final convergence rate, whereas the terms
mvolving Rs and R, are small perturbations of the main dissipation terms Dy + 0E,.

¢ Remainder stemming from R;:

Using the decomposition (5.15) of the previous paragraph and using the fact that
fork>8andY > 1,

Y
3\2/L51 aSQKLI_Jl |:YkX (327)]

3
=05 (Y) + ) 0p, (Y 0) 8 LoV,

J=1
we find that

5.27) 82L3(R)
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_ _ ay Y
= (b, + 6°) b3y Ly 0Ly [(5Y5> X (527)]

5.28 + (b + )0, (7Y + B°Y*
B

3
(5.29) + (b + 5D Y Op (BY™ + 5 )3, Ly V

J=1

1 ( ( N Y
- §(bx + 0%) 05 Ly 05 Ly Ly Y + a5 Ly (Pl(s, Y)(1 — x)(—))-

§$2/7

Define

e Y
@(s,Y) := gL' gLy [Y5X (527)]

Y 1 Y U - Y
a3 2r —1 5 YY qor —1 5
(s, Y) = 3YUA (ﬁayLU |:Y X(527>:|) + U2 dyLy |:Y X(W)]
UY 31 —1 5 Y 1 47 -1 5 Y
_ ﬁaYLU |:Y X 527 + 68YLU Y X 527 .

Since we focus on the value of the above quantities for Y < s, we can replace x (Y/s*7)

Then

by 1; following by now usual arguments, the part of the integral bearing on Y > s will
be smaller than 5" for P > 0 arbitrarily large, provided my >> m, is chosen large enough.
Using Lemma A. 1, we have, for Y < s and for s > s large enough,

Y Y YS
5.30 XL Y x| — )| =diU [ —
< ) Y L [ X<52/7)] Y 0 U2
Y? = 5(1 + Y)Y+ 20Y° (Y + ) + O(hY")
+ 0
6Y° + 15Y*+ O(bY’) 5Y° + 14Y*
= > >0
U2 U2
while
Y Yys 02U  UyU
5.31 BL Yy — ) |=atu | — 4o 2= - XY )y
( ) YU |: X $2/7 Y 0 U2 + U2 Us
U2 Uy Y?2

10Y* =X —40Y° — + 120—
+ U3 U2+ U

_ 2Y*(9Y? + 29Y + 45)
= 5T +

O(hy?)
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+ O(Y*U)og Ly V.
A similar formula holds for aﬁ;L{f [Y°]. It follows that
9(5,Y) = O0p (1 +Y) ) +Op, (V) LuV + Op, (Y*) 3 L1V + Op, (5Y)
and

[BRLER = b4l )| +

b+ b|Og, (4°Y)
+1b, + 6*|Op, (1 + V) )03 LV + Lo.t.

As a consequence, since By < f,

/ [(b, + #) (s, V)] [02L2V] w,
0

s 00 U2 1/2
< Hyblb, + #*|D. (/ 711))
M

o0 1/2
+H262|b‘y+b2\E;/2(/ YQwQ)
0

+ Hyb|b, + 0|EY (57D +577).

For any 6 > 0, if s > 5y large enough (depending on §), the right-hand side is bounded by

§(bEy + Dy) + 721)2 b+ b2 + Hys®|b, + 82| "By + Hys 72Dy 457"

Gathering all the terms and using the estimates on E;, Dy, it follows that

/ (2L2R) (32L2V) Y ~“w,
0

Ho(1+Cy) .
58(bE2+D2)+2(+0)b2|b5+b2

‘2
+ Hos®|b, + 07 "By + +Hys 72D () + 57"

¢ Remainder stemming from R;: As announced in Remark 2.7, the second
remainder Ry will partly dictate the total size of the remainder. More precisely, we have,
forY > 1,

ﬁ%RQ = Oﬁl ([94Y%),
ayﬁ%RQ - Oﬁl (b4Y2) + Oﬁl (b4Y5)£%V,
W LERy = Op, (5'Y) + O, (5*Y?) v LTV + Op, (5'YH) LTV
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We infer that for all § > 0 and for s > s, large enough (depending on §),

00 H I
/ Ao LRy 03 LTV wy| < 80E, + 82 sTHG-0B 4 52 57D,
0

¢ Remainder stemming from R;:
An easy computation leads to

Y 92 -1
) [y - ( 32LyLG (LyY)
L3(Lg'LvY) = Op, (DR LEV + Lot + Uy /0 X 52 :

1
WLy (Lo LyvY) = Op, (D¢ LLV + O, (1+—Y> ILLV + Lo.t.

Y q2 —1
32LyL (LyY)
0

In order to estimate Béﬁé(LGILVY), we use the same trick as in the commutator
estimate and we replace V by its asymptotic expansion close to Y = 0. More precisely, we
write

V= <V+ %(bx + bQ)LUQY) — %(bs +b°) LY =: Vo — %(bx + %) LY,

with the convention dy = fOY. Now, by definition dyL{Voy=o = 0 and 93L3V, =
02 L% V. Moreover, it can be easily checked that

A2 Ly L, (YE 7y — Y?ayﬁ 2Y)

1 5\ 92 2 4 2
B (Wl—W) + 01/3(Y )BY[,UV + 01/3 (Y )ayﬁUV + l.O.t.,
while
3
03LILG Ly, Y) = Op, >~ 05(YH) L LV + Lot
=1

It follows that

/ b3y L7 (L' Ly Y) 05 L3V,
0

Y4
<8D2+—b2/ Uoﬂl(U )(a L2V) w
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00 1 9
Hyb ——(32L2V) w.
+ 2 /0‘ 1+Y( Y ~U ) Wo

+H2b\bs+b2}/ o,el( |05 L3V ws
0

1
Y(1+Y)2>
3 o
br_i_bQ}Zv/\ 01/3(Y3+i)

=1 70

Using the estimate on dyL{V from Corollary 5.4, we infer that the right-hand side is
bounded by

+ Hyb

NLEV| [05LEV | wo.

H
8(Dy + bEy) + 1 (b + )" + Hys ™D

The same method and estimates apply to 5°Lg;' (LyY7). At last, we consider

31 —1 Y 7 —1
b LU X 527 L—a4bY4—(17b2Y7+a10b3Y10+a11b3Y11Y = LU (; (S, Y)).
Note that £ (s, -) € C*(Y) and that
R Y)=0("Y"") VE<I1L.
It follows that
LILG't =0 InY) + Oy s(s™ Y 4+ 571Y?) oy LTV + Lot
WLILG'C =0 InY) + Oy s(s™ 7Y+ 571Y") 95 LTV

+ O3 (flo/ng + 574Y7)3Y£%V +1l.o.t.
4

1+Y
+ Oy5(s7Y° +57'Y7) oy LTV + Lot

dwLilg'c = o( ) + Oy5(s7Y? + Y00y LLV

We obtain, since 8y < B, < 1/3,

/ (LLLG'C L3V dyyws + v LILG ¢ v LTV ws)
0
< 8bEy + %5—27/4&1 j)2 + %S—H(mw)ﬁgEQ

and, writing dy L3V = (9y L3V + é(bj + %)) — %(b; + %),

/ B2LIL 0LV,
0
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< 8bE, + 8Dy + ?25—7 4 TQS—”(“—W? (b, + )" + 57Dy,

¢ Remainder stemming from R;,:
We recall that

Y B Y
Ri=Pi(s, V(1 - Xl)(ﬁ) + Ly (PQ(S, Y)(1— X2)<527>>,

and that for any P> 0, £ >0, 1= 1, 2, choosing B, < 2/7,

Y
8{‘;<PZ(1 — Xz) (527)> = Oﬁl (S_P).

Using the same type of computations as above, it follows that for any M > 0,
LIR'=0p,(s7") 4 Op, (s77) LTV + Lo.t. in L*(Byyw,),
WLELG Y = Op (s77) + Op, (570G LLV + Op (s ") I LTV
+ Lo.t. in L*(w,)
Iy LELG Y = Op, (s77) + Op, (s ") GLEV + Op (s ) LEV
+ Lo.t. in L*(w»).

Thus, choosing my and my large enough,

f (E%R4£%V8yyw2 + ayﬁ%R4ayﬁ%VU)2)
0

<80Ey+s5s P+ 5 PE,+ 5Dy,

f g LER 05 LV wy| < 8bEy + 8Dy + 57 + 57Dy
0

Gathering all the terms, we obtain the estimates announced in Lemma 5.7.
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Appendix A: Useful formulas

e We will often need to transform derivatives of V into quantities involving Ly V, L3V
and their derivatives. In order to do so, we start from the following observation

Y
(A.1) 92V = LyLyV =ULyV — Uy / LuV,
0
from which it follows, applying the same idea to dgLyV,
Y
SV =UdyLyV — Uyy / LuV,
0
Y
(A.2) gV =U’LIV — UUy f LIV + Uydy LoV — Uy Ly V
0
Y
(U 4 3V) / Lov.
0
Notice that for derivatives of U higher than or equal to two, we decompose 34U into
0L U + 9EV. This is related to the fact that we have pointwise estimates on d¢U, but
not on higher derivatives. Now, in the formula giving 94V, we can write 33V in terms of
Ly V. Obviously, we can iterate this procedure. As a consequence, for any £ > 2, we can
express 94V in terms of L,V for [ < k/2.

o We will also need the explicit expression of 35 L', which is given in the following
Lemma, whose proof is straightforward and left to the reader.

Lemma A 1. — For any function W which vanishes at a sufficiently high order near Y = 0, we

have
» YW W
oyL; W = Uyy ; ﬁ—i_T’
97 —1 3 YW W oy W a@w
oLy W=0;U i ﬁ+a UU2 8YUW+ O
W
=0 U/ —+8 U— +8yaYU
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and
Y'w UddU — UyyU U?
31 —1 a4 Y YYYY Y
Ly W=aU | ﬁ+2< = )W+Qﬁayw
Uy PBW
—2—0oywW .
2o W g

e Lventually, setting Dy := —bY /2 and

_ W Dy (Y. _
ColW] := 2LU1(D06> - 8Y(FO/0 LU1W>,

we need to compute 8580 [LyY]. By definition, LyY = YU — UyY?/2, so that

b ( YU Y?
ColLuY] = —E{QLgl(YZ) — Lgl( 5 Y) - ay<2—U) }

Now, integrating by parts,
Y*Uy Y Y*Uy Y\ 3 :
L' =dy|U =—ody| — ~L;'(Y?).
(7)ol [ () e

b
CO[LUY] == _ZLI_JI (YQ) .

Therefore

Using the formula above for 931", we obtain

b(.s [YY2 Y2Uyy —2YUy +2U
2 _ - 3
32Co[LyY] = —4{8YU T = }

Appendix B: Estimate on the modulation rate

Lemma B.1. — Let y € (0, 5), and let ¢ : [so, 51] = R be such that
51
/ sY@(s) ds < +00.
50
Assume that there exists a constant € > 0 such that for all s € [so, 1]

|6+ 0] < /o,

1 — 1
€ <h() <.
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Then for all s € [s0, 11,

1 1
‘b(s)——‘s Te
S

2 51 1/2
55 l+e l_v/

-+ 2 Y o(t)dt .
2T U—onsoy ( ¢(>>

1
— —b(%)
S0

In particular:
o Ifp(s) =]s~ ", the inequality becomes, with y =3 +n/2,
2 1/2
§L07 ke oy
2 Ymnl—e)?

o More generally, if y > 3, then there exists a constant n > 0 (n = (y — 3)/2) such that for
all s € [so, 511,

1
— — b(%)
S0

bs) =~

1 1 +€
<<
] —e€

$2 L+ey?

2 Ui

[CRRES
©=71=7

where | = ﬁ : o (t)dt.

Progf: — The assumption on 4 entails

b d 1 Je 1
== (5= )| <X < N
Zh ‘ ds(“ b)‘_ RS- Ve
Integrating the above inequality between sy and s and using a Cauchy-Schwarz inequality
yields
1 1 1 51 1/2 s 1/2
s——|<lso— + ( / t’”(p(t)dt) (/ (= dlf)
‘ b~ b | T (- e)Z(
| 1 5 12
<50 — + / ty(p(t)dt> .
Db | (- e)?( NER

Now, multiplying the above inequality by 4/s < (1 + €)s™?, we obtain

1

50

50

b(so)

l1+e€ </1 V2ot
+ tV<p(t)dzf> .
(1-€)2\J, VOI—y

Since so/b(sp) < (1 — 6)_15(2), we obtain the inequality announced in the Lemma. ]

1
— b(sp) 5—2

‘b(;)—%' <(l+e)
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Lemma B.1 has in particular the following consequence:

Corollary B.2. — Assume that b satisfies the assumptions of Lemma B.1 for some y €]3, 4.
For s > sy, define b by
~ - ~ 1
b+ bb=0, blsmyy = —
S0

Then there exists a universal constant C such that if so> (_](Je VYD forall s > s,

Progf. — Since b satisfies a linear ODE, we have simply

b(s) = ! exp(— /J‘ b(s’)ds’).
S0 50

According to Lemma B.1, for all s > s,

In i —_ Ce,y,so S / b(S/)ds/ S In i + Cfs}’w‘o’
50 5 50
where
3%}/
l1+e€ I+e 2 25
= ¢+ PO
0T )2 (1_6)2J ( V) Yy —3
Therefore
e Cero . ¢Cer
<b(s) =
5 s

Now, if 5o > C(Je =2/ we have
Cern < 1 4 e, ¢ Cern > 1 — ¢,

which completes the proof. UJ

Appendix C: Proof of Lemma 3.6

As much as possible, we treat sub-solutions and super-solutions simultaneously. For any
AL > 0, kL > 2, we consider the function

(6y)"°
4

We will choose £ = 7/3 for sub-solutions and £, = 10/3 for super solutions.

~ 3ky—2

+A YT

Wil ¥) =
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We claim that W satisfy the following properties:
e Choosing k- = 7/3, there exists C such that if C_ > C, then for all A_ > 0,

3b
(C.1) W — 20W_ + 9y W — YWy, W +2<0

on the domain {y > C_Z_?’/‘*} N{W_ >0} )
Similarly, choosing £, = 10/3, there exists C > 0 such that if C_ > C, for all
Ay >0

3b -

(C.2) oW — 20W + ?w8¢W+ — VWi W, +2>0 V¢ >C_p"

e There exists a constant A such that if AL > A and if s is large enough (depend-

imngon Ay, G, aand C_),

(C.3) W_(5, C_E™*) < W(s, G0 *) < W (s, G0 7/4).

e There exists a constant A, depending on M such that if AL > A,
(C.4) W_(s0, ¥) < W(so, ¥) < Wiso, ¥) Vi > Cs)/"
Proof of mequalities (C.1) and (C.2)

We first compute the transport term. We have

g(ki - 2) b,[;gkjik_z wki 2 O

35
BWa — 20Wa £ Ty W = A,

provided £y > 2. We now address the computation of the diffusion term, which we treat a
bit differently for the sub- and for the supersolution. The heuristic is that if ¥ > Cs** for
some C large enough (i.e. Y > C's"/* for some large C), transport dominates the diffusion
term. We prove this fact by distinguishing between two different zones:

~ 3 3kr-2

e When ¢¥/3 > 1///‘1773&772, Le. ¥ K b *7=* we can perform asymptotic expan-
sions of v/ W and 9y, W.. We have

/Wi _ (61ﬂ)2/3 (1 n 2A4 wki—%[;%i[z n O(w'Qki_%ZSkj‘:zQ))’

2 64/3
64/31p_2/3 9A:tk:|: (/fi - 1) Fo 47373 =2
— —4/3p—=—
awvjwi—T(lﬂ:Twi /A )»
so that
— Wiy We +2
QAi 4

(9K2 — 9ks + 2) Y75
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Therefore, if

Bhe —2), 4 _ -
— > M(%i — ks +2)y Yy = CLb,

then
3b
o,Wi —20W, + ?pawwi —vWidy,y Wy +220.

Hence we define

o 16(9K2 — 9% +2)\ !
ky +— ?)X64/3(/fi—2) ’

and recalling Lemma 3.5, we obtain inequality (C.1) on Cpb %" < ¢ «
- 3 3ke—2

b T3==1 provided e is sufficiently small. We then take C_ :=max(Cy,, C;).
We now consider larger values of ¥. This is where we treat separately the sub-
and the supersolution. Concerning the subsolution, we can use the weaker esti-
mate

<

2
which leads to, taking &= =7/3,

3b
W — 20W. + gy W — Wy W +2

1 - 623 28 -
< —A_be’/”fwﬂ = TA‘EWDM + 2.

The right-hand side above is negative if € is small enough and

1#7/3 - E[;—Wr‘

Noticing that 27/28 < 5/4, we infer that if s, is large enough, 527128
~ 3 3k_—2

b~ 11 = p=5/* and thus (C.1) is proved on the set [C_5~**, 00) N {W_ > 0} if
5o 1s sufficiently large.

We now consider the supersolution, choosing £, := 10/3. We replace esti-
mate (C.5) by

9/3 3
/—W+§<(6102) +\/A>+w5/36>’
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so that

3b
W, = 20W, + 93y Wo = /Wy Wy +2
> A0y — C(1+ ATy %),

for some universal (and computable) constant C. It is easily checked that the
right-hand side is positive as soon as ¥ > s”'°. Furthermore, since &, = 10/3,

33=2 _ | and therefore /1% « 51 7=" . Thus inequality (C.2) i df
13— = |, and therefore "1 < +=*. Thus inequality (C.2) is proved for

Y > Cyg 31;_3/4 rovided s, 1is sufficiently large.
/ p Yy larg

Proof of inequality (C.3)

Inequality (C.3) is an immediate consequence of the asymptotic expansion (3.6).
Indeed, we need to choose A such that

607 2/3 3 b at

<A CYPp2,

—ACYT < z—w(

It is clear that once C_ is fixed, we can pick Ay sufficiently large (depending only on Ay
and C_) so that the above inequality is satisfied provided € is small (e.g. € < 1/2, recalling
Lemma 3.5) and s is sufficiently large, so that the O(s%) term can be neglected.

Proof of nequality (C.4)
Since —Mj inf(so_lYQ, 1) < Uyy(sp) — 1 <0, we infer that

Y? M, I Y?

Then for 1 €K ¥ K 53/ 2 performing the same computations as the ones leading to (3.6),

(6y)"°

W(S()v W) = 4

(14+26y) ™ +O(s5; ' v** +y7"))
and therefore there exists a constant M, depending only on My, such that

69 | 69
4 + 2

_ MSO—IwQ _Mwl/3

4/3 2/3
<W(s, ¥) < (6‘? + (WQ) + Ms; ' 4+ My '/,
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The estimate follows on the set C_ s%/ f<y 50 , prov1ded A_, A, are large enough
3 3k—=2

(depending on Mj). Furthermore, recall that W_ (s, Cf LS 4) =0and s " < s since
k> 2 (if 5 1s large). Thus the inequality W_(so, 1//) < W(sy, ¥) i1s valid on the domain
of definition of W_. On the other hand, for ¢ > cso 7 W (50, V) > A+ 132, Therefore,

since W(sp, ¥) < limy_ o U(sp, Y)? < 50, we infer that W(sy, ¥) < W+(50, Y) for Y >
6/5 3/2

csg/ Since s, <K sy, we infer that W(sy, ¥) < W, (s, ¥) on the domain of definition

0fW+.

Conclusion

Putting together inequalities (C.1), (C.2), (C.3) and (2.21) and applying the max-
imum principle on the domain {s € [so, 5,1, ¥ > C_67%*}, we deduce that W_(s, ¥) <
W(s, ¥) < W, (s, ¥) within this parabolic domain.

Appendix D: Proof of Lemma 3.7

As in paragraph 3.2, the real issue is to control Uyy — 1 in the zone Y 2 s'/* (or equiva-
lently, ¥ > s%*). To that end, we rely on the equation in von Mises variables, and we use
the computations in the proof of Lemma 3.2. We set

F(s, ¥) := VW, y W — 2

and we recall that F satisfies (3.3). We now construct a function F such that =MbY (s, %)% <
F(s, ) <0 for some constant My and for ¢ = O(s), and such that

1 3b N
O.F — 5GP +2) + S0, F - VW, F<0 ins> s,y > Ch 3,

F(s,¥) <F(s, V)
on {so} X (053/4, oo) U {lﬁ =Ch M, s> 50} U {y =00, s> 5}.

Let us postpone for a moment the construction of F and explain why the estimate of the
Lemma follows. First, notice that (F — F) satisfies

oF—-F) - QLW(E— PE+F+2)+ %WM(E— F)

— VWi, (F—F) <0

ms > sg, Y > Cy,

and (F — F); = 0 on the parabolic boundary of the domain {s > 5, ¥ > Cy% 1. We
then multiply the above inequality by (F — F), integrate in ¥ over [C6~%/*, +00) and
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use the same argument as in Lemma 3.2. It follows that (F —F), =0, and thus I > I for
all s > s5, ¥ > CH~%*, In particular, for Y < ¢s'/3,

My,
Uyy(.f, Y) —1 Z —7bY .

and the estimate announced in the statement of the Lemma follows.

We now turn towards the construction of F. According to Lemma 3.6, there exists
A_ > 0and C_ > 0 such thatif ¥ > C_p~%4,

(6y)"°
4

W(s, ) > —A_y7p
Let us construct I by treating separately the intervals (C_67%*, cb=>/*) and (cb~>/*, +-00),
for some small constant ¢ > 0 to be determined. 5
o For ¥ € (C_6~3/*, ch™>/*) we take F(s, V) = —ba (y** — '), for some large
—_—

=:g(¥)
constant o to be determined. Then

1 3b
oF ——FEF+2 — 0, F —vWoy, F
F QW—(—+ )+ QW vE vy K

g "
W3/2 +g :|

~O 1 ~
= —bb—'® — —F + bav'W
gV T oWk e [

Let us evaluate the term in brackets in the right-hand side. On the set (C_Z_g/ b Y,
we have

| 6y A
W3/2 5( 4 — Ay

2 Al - :
— 5/4 2 —5/2
_9_W(1+mwb + O(¥’s )).

Therefore

8
W3/2

5 % (1 Ay o(ww/?)) (2 — 1)

2 —4/3 2 —5/3
910 +9W

9A_
<
~9.6!/3

+ g//

w—l/SZS/A} _i_O(wQ/zZF)/Q + ¢_2/31~95/4).
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Using Lemma 3.6, we see that W = O(y*® + /;_21//10/3). Therefore, for any o > 0, pro-
vided ¢ 1s small enough and s is large enough, we have

_ A
bavw[ s +g”]

9. 61/3’

o Ebz%wl/z_i_yz/z}a\/xwyz

whence
1 3b
o,F — Q—WE(E +2) + gl/fawﬁ —vVWay, F<0

on s € (so,51), ¥ € (CJN)_W‘, 65_5/4)

if the constant ¢ is chosen small enough, depending on A . ) .
We also need to check that F < F on {s =5, ¥ € (C_s; ", sy’ )} U {y = C_b~3/4}.
According to Lemma 3.4, we have, for ¢ = C_b~%/*,

62/3 /¢ a—6
F(s,¥) = _7]”/]2/5 + O(ST).

Therefore it is sufficient to take & > 6%/° and s large enough. On the other hand, on the
set {s=s9, ¥ € (C_sg/4, 653/4)}, since we know that

Y? Y* Y?
Y+7—MOSJIESU(50,Y)§Y+7 VY >0,

we have Y = (6v)!/* + O(1), and therefore assumption (3.9) implies
Fso, ¥) > —2Mg6%%5, 92 — Oy 7).

Therefore, choosing o = max(6%°, 12M,), we have F < Fon {s =5, ¥ € (C_53/4, 058/4)}
Uf{y = C_b_S/d‘}_. Note that since Y ~ (6%)!/? for 1 < ¥ < s'/3, this choice of @ amounts
to taking My = M max(1, My). N N

e We now define F for ¥ > ¢6=°*. On that interval, we choose F = —/ (s, 1/!!)5/4),
for some function / to be determined. Since F, dyF should be continuous at ¥ = ¢b=>/*,
we require that

f(s, C) :a[62/3zl/b _ 61/327/12] ::gl(s)a
Ao 15316 —9/3%
a;f(s, C) — 5[26 1/5b1/() —¢ 2/3b7/12] ::g2(5)~
As a consequence, we choose

f6,.0 = (a()+26) (& —0)x @) +H(©),

where H € C> N W2 (R) is strictly increasing on [¢, +00[ and such that H(¢) = H'(¢) =
0, and x € C{°(R) is a cut-off function. We make the following additional assumptions:
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there exists ¢’ > ¢’ > ¢ such that x =1 on [¢, ], x =0 on [¢’, +00[, and H"(¢) < —1
for ¢ €[, "], H'(¢) <0 and 2 < H(¢) for ¢ > ¢”. With this choice, and recalling that
W > Cc*3p75 for v > ¢h™* for some universal constant C, we have

1 3b
o.f ——FF+2 — Yo, F—~Woy, F
K 2W_(_+ )+ QW v E vy E

1
< —[g; () + &) (& — o) + begg(s)]x(é)
+ G PP ((01(5) + 2 () (€ — ) x (@) + H(@))
— ib{H/(C) +VWH?9H
1 .~
+(a1(5) + @) — 6))(—1/)4“)(’(;“) + x/V_Vlf/Qx”(é“))

+ 20, ()VWE %' (£).

We now prove that the right-hand side of the above inequality is non-positive by looking
separately at the zones (¢’, +00), [¢, ¢"] and [, ¢']:

e For ¢ > ¢", we have x(¢) =0, and therefore

1 3b
o,F — Q_WE(E +2)+ El/faufﬁ — \/Wawﬁ

1

1 ~
. - / 5/21y”
= 2WH(§)(2 H(?)) 4b;H (&) +WbPH".

The assumptions H'(¢) > 0, H"(¢) <0, H(¢) > 2 on (", +00) ensure that the
right-hand side is non-positive on this interval.

e tor ¢ €[, "], we have H"(¢) < —1, and without loss of generality, we also
assume that H'(¢) > 1 on this interval. It follows that

1 3b
o.F — Q—WE(E +2)+ E‘/fawE — \/WBWE

< (_J(Otbi)l/()c_l/gcl + MR sup H)

[f/,bj/]
L, s
— —C/b _ CCQ/SbJ/S
4
+ Clix wesard%c " max(¢', 1).

It is clear that the term —1/4¢'b dominates all others for s, sufficiently large.
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e Tor ¢ € [¢, /], the computation is slightly more complicated because we expect
that H”(¢) > 0 in a vicinity of ¢ = ¢, and H'(¢) = 0, so we cannot use the good
sign of H' in a vicinity of { = ¢. However, using the formulas for g;, g, we have

1
8 () + &)@ =) + 7 b2(s)
= T—;’[Z‘/%W(g — o)+ 022 + 70)] = 0.

Noticing that B < bb"1? and VWH/2 = 0(55/3) on the interval ¢ € [¢, ('], we
infer that all terms are easily dominated by the above quantity, so that

1 3b
OF — o EE+2) + Ty, E — VW F <0

in this region as well.

The assumptions on the initial data also ensure that F(so, ¥) < F(so, ¥) for
v > 658/ * The result follows.

Appendix E: Proof of Lemmma 4.11

Recall that

Copi=4supo(r,a, n),

>0

cem = ([ Grrm) ([ (+3))
r,a, ) = —_— — )
v o r (MY‘FYT)Q 0 2

Forall w € (0, 1), foralla>0,r> 0

( )<(/°° 4 dY)(/’(YH“rﬁ)dY)
i a 1) = . Yita 0 92

2 4 1
< + -
T GB+a? BG+a@2+4a

where

2.2
-9 3

Let K > 1 such that

8+ 8 <9
9 3K~ 10
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Then 4sup,_x ¢(r, a, ) <9/10, so that for all u € (0, 1), for all « > 0,

= 9
Cop =< max(E, 4 sup @(r,a, ,u)).

0<r<K

Now, for all r € [0, K], for a, u > 0,

3,0( ) (/ml y_ dY)(/,Y”(YJrYQ)dY)
P\, a, = — nyY ——— —
@ M , (/’LY+Y?)2 0 9

([ awm) ([ (+3))

+ 7{,6{\/ lnYY“ Y+— dY .
r (lLY‘}‘%)Q 0 2

There exists a constant Ck such that for all a € (0, 1/2), for all © € (1/2,1),

o0 Y—a K YQ
/ (I+InY)———0—dy, f (1+|lnY|)Y”(Y+—)dY§CK.
K (LY +5)? 0 2

It follows that for all » € [0, K], for all a € (0, 1/2), for all uw € (1/2, 1),

KnY| G
|9.0(r, a, )| < Cx 4 Cx sup dY Y'*tqy
o<<k \J, Yt 0

K 1 r .
+CKOS§?£K([ YQ+adY)(A|1nY|Y dY)

Notice thatif Y € [0, K], then [In Y| <In(2K) —InY. Then, performing explicit integra-
tions by part in the integrals, we observe that there exists a constant Ck such that

sup  sup  sup
a€[0,1/2] pel1/2,1] r€[0,K]

aago(r’ a, l‘l’)‘ S CK~

We infer that for all » € [0, K], for all « € [0, 1/2], for all u € [1/2, 1],

o(r,a,m) < @(r, 0, u) + Cga.

Let us now compute explicitely ¢(r, 0, n). We have

1 1 /1/ 1 1 1 1
— —=—= ——J+s+——1
(LY + )2 p? (M (QM +Y Y) Y2 (2u +Y)2>

(1.0, 1) 1(11< ! )+1+ : )(72+73>
7,0, u) =—\ —In - —+—=.
4 H w2\ \2u+r r 2u4+rJ\2 6

so that
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The function (r, u) = @(r, 0, w) is WH* in [0, K] x [%, 1], and therefore |@(r, 0, u) —
@(r, 0, D] < Cklp — 1]
A careful study of the function

00 0.1 = (1 7 +1+ 1 72+73
’ (pr,,—n2+r r 24rJ\2 6

shows that it is increasing and converges towards 2/9 as » — 00. Eventually, we obtain

- 9
Cop < max(l— 4 sup ¢(r,0,1) + Cga+ Ck|u — 1|>

0 ’ 0<r<K
9 8
< —,—+C Cglp—11).
_maX<10 3 + Cka+ Ck|u |)
Therefore, choosing a sufficiently small and u sufficiently close to 1, we obtain

9
< —

C, :
7“ 10
Appendix F: Proofs of Lemmas 2.14 and 2.15

Proof of the trace result (Lemma 2.14)

For any Y € [0, L], write

[

[f(Y) —f(0)] =

1 L 1/2
3 QY‘“a’Y) Y
= V1 —I—a(./; Odf)

It follows that
L
FO) <27 (V) + 2( f (8Yf)2Y‘”dY)Y1+“.
0

Multiply the above equation by (Y + Y?)Y ™ and integrate over [0, L.]. We obtain

L L
LMV(O)|25@(f V(Y)\Q(Y+Y2)Y“dY+L4<f (8yf)2Y“dY)>,
0 0

which leads to the desired inequality. 0J
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Proof of the coercivity result (Lemma 2.15)

Let us consider the quantity
(F.1) / U(8yL2V) ),
0

where w; = Y1 + s7#Y)™ 2 = w,(1 + s7#Y)~% In order to prove the coercivity
result, we go back to the diffusion term that is bounded from below by D, (plus some
lower order terms), namely

_ / DLLIN D2LLV Wi,
0

or rather, to the same integral where w, is replaced by w;. We set

- ooa2£VQ~ ooaSEVQ~
Dl(s)::/0 7(\([; )w1+/0 7(\{[}} )w

Note that we obviously have D, <D,.
We recall (see the proof of Lemma 4.7 with / = 9¢ Ly V) that for any § > 0, P > 0,
provided m; and s, are sufficiently large,

1-

D, —8bE, — 5" — 5Dy < — / LIV LGV b
0

<7Dy 4+ bE; + s+ 5TD,.

On the other hand, set 4 := £ V. Then 82LyV = Lyh, so that, using the identity
oyLy = Udy — Uyy fOY and performing several integrations by parts,

- f gLV G LGV ) = / vh(dyLuh) W, + f dvh Luhdyw,
0 0 0
00 00 Y
=/ U(dyh)*w, —/ ayh(/ h)ﬁ)l
0 0 0
o) Y
+/ (1—UYY)3Y/Z(/ /z)zbl
0 0
1 o) 00 Y
——/ hQ(Uayu?l)y—/ aw(f /z)UyayzD1
2 0 0 0

= /OO[U(aY/l)2 + 1],
0

00 Y 1 00 Y 2
+/ (1 —Uw)ayh(f k)ﬁ)l — —/ (f /z) Oyy W
0 0 2 0 0
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1 00 00 Y
+§/ hQ(Uyayﬁ)l—Uayyﬁ)l)—i-/ h(/ h)(UYY—l)ayzbl
0 0 0
1 o] Y 2
_5/ (/ h) ((1+ Uyy)dyy by + Uy i, ).
0 0

The first term in the right-hand side is precisely (F.1). The two terms with (Uyy — 1) in
the integrand can be bounded in the same fashion as the analogous remainder terms in
Lemma 4.7, and therefore satisfy, for any 6, P > 0,

[} Y oo Y
f (1— UYY)BYh</ h)ﬁ)l f h(/ /z)(UYY — D)oyw,
0 0 0 0

< S[Dl + bE; + / [UGvh)* + /F]wl] +57"+5"Dy.
0

_|_

Using the bound |Uyy| < My and noticing that 331, < 0, there remains to upper-bound

00 00 Y 2
/ hQ(UY|8YzI)1|+U|8YY1])1|)+/ (/ /z) Oy W, .
0 0 0

Notice that [dyw,| < C,, .Y 'w,, and dyyw; < C,, .Y *w;. Hence, using a Hardy in-
equality together with the bounds on Uy, it is sufficient to upper-bound

/ (1+Y ) w,
0

Let us first consider the integral between 0 and 1. By a Hardy inequality, we have

1 1 dY 1
/(1+Y1)h2ﬁ)1§4/ 1 50,1/ Y'=(ayh)2dY.
0 0 Y1+a 0

Since

YBEV BLYV
dyh = UYY/ Y UL ,

we have, for Y € (0, 1),

(B3 LV

|vhl* < DY + =

and therefore
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There remains to control the integral for Y > 1. To that end, we write

YOlLuV  92LyV

— 1152 —
h=Lg' (33LuV) = Uy o =

Once again, a simple Cauchy-Schwarz inequality yields

( /Y 8%21;\/)2 ( /°° (02L;V)? ) ( /Y Y2 )
—— ] < ——w,
0 U2 0 Y2U 0 U3w1

<Co Di(1+YPw).

It follows that

[ee) [e's) 32£ V 2 o
/ R, 52] (‘”Ui‘;)uvﬁrcml,am/ (1+Y 7w, )1+ Y)W,
1 1 1

S 2]31 + Cnn,as(g_a)ﬁlDl S Cm1,as(3_a)ﬂlDl-

Eventually, we infer that for any P > 0, provided m; and sy are large enough, for any
S 2 50,

F.2 U(aY,CLV)Q + (EUV)Q lI)] < Cm aS(Bia)ﬁlDl + bEl + Sip + SiPDQ.
1s
0
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