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ABSTRACT

In mixed characteristic and in equal characteristic p we define a filtration on topological Hochschild homology
and its variants. This filtration is an analogue of the filtration of algebraic K-theory by motivic cohomology. Its graded
pieces are related in mixed characteristic to the complex A2 constructed in our previous work, and in equal characteristic
p to crystalline cohomology. Our construction of the filtration on THH is via flat descent to semiperfectoid rings.

As one application, we refine the construction of the AQ-complex by giving a cohomological construction of
Breuil-Kisin modules for proper smooth formal schemes over O, where K is a discretely valued extension of Q, with
perfect residue field. As another application, we define syntomic sheaves Z,(n) for all n > 0 on a large class of Z,-algebras,
and identify them in terms of p-adic nearby cycles in mixed characteristic, and in terms of logarithmic de Rham-Witt
sheaves in equal characteristic p.
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1. Introduction

This paper proves various foundational results on topological cyclic homology TC
(and its cousins THH, TC™, TP) in mixed characteristic, notably the existence of certain
filtrations mirroring the motivic filtration on algebraic K-theory. As a concrete arithmetic
consequence, we refine the Ajr-cohomology theory from [BMSI18] to proper smooth
(formal) schemes defined over Ok, where K is a discretely valued extension of Q, with
perfect residue field £, and relate this cohomology theory to topological cyclic homology,
leading to new computations of algebraic K-theory.

1.1. Brewil-Kisin modules. — Let us start by explaining more precisely the arithmetic
application. Let X be a proper smooth (formal) scheme over Ok. If C is a completed
algebraic closure of K with ring of integers Og, then in [BMS18] we associate to the
base change X, a cohomology theory RI'y, (X¢,) with coefficients in Fontaine’s period
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ring A;r. We recall that there is a natural surjective map 0 : A;,y = O¢ whose kernel is
generated by a non-zero-divisor £, and a natural Frobenius automorphism ¢ : A,y —
A;r. Then § = @(§) € Ay is a generator of the kernel of =00 ¢ ' Apr— Oc. The
main properties of this construction are as follows.

(I) The complex RT'y, (Xo,) is a perfect complex of A;,-modules, and each co-
homology group is a finitely presented A;,-module that is free over A %] after
inverting p.

(2) There is a natural Frobenius endomorphism ¢ : RI'y, (Xp,) — Ry, (Xo,,)
that 1s semilinear with respect to ¢ : Ay = Ay, and becomes an isomorphism
after inverting & resp. E=q(&):

1 1
¢ RIp(Xo) |:gi| = R (Xoc) |:§i| '

(3) After scalar extension along 6 : A;;; — O¢, one recovers de Rham cohomol-
ogy:
RFAim‘(%O(;)®kiMOC =~ RFdR(%Oc/OC)'

(4) After inverting a generator i € Ajy of the kernel of the canonical map Ay —
W(O¢), one recovers étale cohomology:

1 1
Ry, (Xo,) H ~ RT4(Xe.Z,) @, AH

where the isomorphism is ¢-equivariant, where the action on the right-hand
side 1s only via the action on Ainf[i].

(5) After scalar extension along Ay,; — W(k), one recovers crystalline cohomology
of the special fiber,

RFAinf (%(’)C ) ®kme (%) x~ RFcrys (%Z/W(%)) s
@-equivariantly.

In particular, the first two parts ensure that each Hj'\mf(ffoc) :=H'(RTy,(X0,)) is
a Breuil-Kisin-Fargues module in the sense of [BMS18, Definition 4.22].

On the other hand, in abstract p-adic Hodge theory, there is the more classical
notion of Breuil-Kisin modules as defined by Breuil, [Bre0OO] and studied further by
Kisin [Kis06]. The theory depends on the choice of a uniformizer @ € Ok. One gets
the associated ring & = W(k)[[z]], which has a surjective W(k)-linear map 0:6— Ok
sending z to @ . The kernel of @ is generated by E(z) € &, where E is an Eisenstein poly-
nomial for @ . Also, there is a Frobenius ¢ : & — & which is the Frobenius on W(k) and
sends z to 2. One can regard G as a subring of A;,r by using the Frobenius on W (k) and
sending z to [’} for a compatible choice of p-power roots @ '/ € O¢. This embedding
is compatible with ¢ and 6.
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Definition 1.1. — A Brewil-Risin module is a finitely generated S -module M together with an

isomorphism
1 1
M ®6,(p S E — M E .

Our first main theorem states roughly that there exists a well-behaved cohomol-
ogy theory on proper smooth formal schemes X/Ox that is valued in Breuil-Kisin mod-
ules, and recovers most other standard p-adic cohomology theories attached to X by a
functorial procedure; the existence of this construction geometrizes the results of [Kis06]
attaching Breuil-Kisin modules to lattices in crystalline Galois representations, proving a
conjecture of Kisin; see [CL19, OB12] for some prior work on this question.

Theorem 1.2. — There is a S-linear cohomology theory R (X) equipped with a @-linear
Frobenius map ¢ : RU's(X) — RI' (X)), with the following properties:

(1) After base extension to Ay, 1t recovers the Ainp-cohomology theory:
RFG (%) ®G Ainf - RFAinr(%Oc)'

In particular, RT & (X) is a perfect complex of S-modules, and ¢ induces an isomorphism
1 1
RI's(X) ®e,s 6 [E] ~ RI'e(X) [Ei| ,

and so all H’6 (X) :== H(RTs (X)) are Brewil-Kisin modules. Moreover, afler scalar
extension to Ainf‘[i]) one recovers étale cohomology.

(2) Afier scalar extension along 0 := 6 o¢:6 — Ok, one recovers de Rham cohomology:
Rl (X)®g Ok >~ R (X/Ok).

(3) After scalar extension along the map S — W(k) which is the Frobenius on W (k) and
sends z to O, one recovers crystalline cohomology of the special fiber:

R (X)@gW (k) = Ry (X4/W(K)).

The constructions of [BMSI18] are not enough to get such a descent. In this pa-
per, we deduce this theorem as a consequence of a different construction of the Aj-
cohomology theory, in terms of topological Hochschild homology. This alternative con-
struction was actually historically our first construction, except that we were at first unable
to make it work.

Remark 1.3. — In [BS], this theorem will be reproved using the theory of the pris-
matic site, which is something like a mixed-characteristic version of the crystalline site. In
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particular, this gives a proof of Theorem 1.2 that is independent of topological Hochschild
homology. Moreover, that approach clarifies the various Frobenius twists that appear: In
parts (1), (2) and (3), one always uses a base change along the Frobenius map of W(%),
which may seem confusing.

Remark 1.4. — The Frobenius twists appearing in Theorem 1.2 are not merely an
artifact of the methods, but have concrete implications for torsion in de Rham cohomol-
ogy. Let us give one example. Take K = Q,(p'/7). In this case, the map 6 appearing in
Theorem 1.2(2) carries z to (p'/?)? = p, and thus factors over Z, C Ok. It follows from
the theorem that the Ok-complex RI'jr(X/Ok) is the pullback of a complex defined
over Z,. In particular, the length of each HQR(%/ OK)ors 1s a multiple of p; in fact, each
indecomposable summand of this group has length a multiple of p.

1.2. Quuck reminder on topological Hochschild homology (THH). — The theory of topo-
logical Hochschild homology was first introduced in [B6k85a], following on some ideas
of Goodwillie. Roughly, it is the theory obtained by replacing the ring Z with the sphere
spectrum S in the definition of Hochschild homology. We shall use this theory to prove
Theorem 1.2. Thus, let us recall the essential features of this theory from our perspective;
we shall use [NS18] as our primary reference.

THH(—) 1s a functor that takes an associative ring spectrum A and builds a
spectrum THH(A) that is equipped with an action of the circle group T = S' and a
T =T /C,-equivariant Frobenius map

@, : THH(A) — THH(A)'%,

where C, ZZ/pZ C T is the cyclic subgroup of order p, and (=)' is the Tate construc-
tion, i.e. the cone of the norm map (—);c, = (—)" from homotopy orbits to homotopy
fixed points. These Frobenius maps are an essential feature of the topological theory, and
are (provably) not present in the purely algebraic theory of Hochschild homology.

In the commutative case, the definition of THH is relatively easy to give (cf. [NS18,
§IV.2]), as we now recall. Say A is an E-ring spectrum. Then:

(1) THH(A) 1s naturally a T-equivariant E-ring spectrum equipped with a non-
equivariant map ¢ : A — THH(A) of Es-ring spectra, and is initial among
such.

(2) The map :: A — THH(A) induces a C,-equivariant map A® --- @ A —
THH(A) of E-ring spectra, given by ay ® -+ @ a,—; > i(ap)o (i(ay)) - --
o?! (2(ay—1)), where o € C, 1s the generator, and the C,-action on the left per-
mutes the tensor factors cyclically. Applying the Tate construction, this induces
amap

A®- - ®A)Y - THH(A)
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of Eo-ring spectra. Moreover, there is a canonical map of E-ring spectra
A A= (A®-- @A)

given by the Tate diagonal of [NS18, §IV.1]. This gives a map A — THH(A)"“
of Eq-ring spectra, where the target has a natural residual T/C, = T-action.
By the universal property of THH(A), this factors over a unique T =T/C,-
equivariant map ¢, : THH(A) — THH(A)"“.

We shall ultimately be interested in other functors obtained from THH. Thus,
recall that using the circle action, one can form the homotopy fixed points TC™(A) =
THH(A)'™ and the periodic topological cyclic homology TP(A) = THH(A)'T, both of

which are again E..-ring spectra. There is a canonical map
can: TC™(A) — TP(A)

relating these constructions, arising from the natural map (—)"T — (—)T. Writing
THH(—; Z,) for the p-completion of THH(—) (and similarly for other spectra), it is casy
to see that if A is connective, then 7y TC™ (A; Z,) = 1y TP(A; Z,) via the canonical map.
On the other hand, again assuming that A is connective, there is also a Frobenius map

¢/T: TC™ (A1 Z,) — (THHA)'Y)" ~ TP(A; Z))

induced by ¢,; the displayed equivalence comes from [NS18, Lemma II.4.2]. Combining
these observations, the ring o TC™ (A; Z,) acquires a “Frobenius” endomorphism ¢ =
<p/’jT : 1y TC™(A; Z,) — 7 TP(A; Z,) = 7y TC™(A; Z,). This map is the ultimate source
of the endomorphism ¢ of RI'g(X) in Theorem 1.2. In certain situations, our results
show that this map is a lift of the Frobenius modulo p, justifying its name.

Remark 1.5. — In this paper, we shall apply the preceding constructions only in the
case that A is (the Eilenberg-MacLane spectrum corresponding to) a usual commutative
ring. Even in this relatively simple case, THH(A) is manifestly an Ey-ring spectrum, so
we are relying on some rather heavy machinery from algebraic topology. On the other
hand, we rely largely on the “formal” aspects of this theory, with the only exception being
Bokstedt’s calculation that 7, THH(F,) = F,[«] for u € 7y’ THH(F,). Moreover, we will
extract our desired information from the level of homotopy groups; in fact, understanding
7y TC™ (—; Z,) will suffice for the application to Theorem 1.2.

1.3. From THH to Brewil-Kisin modules. — Let us first explain how to recover the
AQ-complexes of [BMS18] from THH, and then indicate the modifications necessary for
Theorem 1.2. We begin with the following theorem, which is due to Hesselholt [Hes06]
if R = Og,, and was the starting point for our investigations.
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Theorem 1.6 (cf. Section 6). — Let R be a perfectord ring in the sense of [BMS18, Defini-
tion 3.5]. Then there is a canonical (in R) @-equivariant isomorphism

T TC™(R; Z,) = Ae(R).

In fact, one can explicitly identify w, TC™(R; Z,), m, TP(R; Z,), m, THH(R; Z,) as well as the
standard maps relating them, ¢f. Section 6.

Now let A be the p-adic completion of a smooth Oc¢-algebra as in [BMS18]. We
will recover A2, via flat descent from 7y TC™ (—; Z,) by passage to a perfectoid cover

A — R. A convenient home for the rings encountered while performing the descent
(such as R®AR) is provided by the following:

Definition 1.7 (The quasisyntomic site, cf Definition 4.10). — A ring A is quasisyntomic'
if it is p-complete, has bounded p™-torsion (i.e., the p-primary torsion s killed by a fixed power of p),
and LA/Zp®kA/ pA € D(A/pA) has Tor-amplitude in [—1,0]. A map A — B of such rings is a
quasisyntomic map (resp. cover) if A/p"A — B/p"B ws flat (vesp. farthfully flat) for alln > 1 and
L(B//JB)/(A//}A) € D(B/pB) has ﬁr—amplitude m [—1, O]

Let QSyn be the category of quasisyntomic rings. For A € QSyn, let qSyn,, denote the category
of all quasisyntomic A-algebras B. Both these categories are endowed with a site structure with the
topology defined by quasisyntomic covers.

For any abelian presheaf ¥ on qSyn,, we write RT (A, F) = RI'(qSyn,, F) for the coho-
mology of its sheafification.

The category QSyn contains many Noetherian rings of interest, for example all
p-complete regular rings; even more generally, all p-complete local complete intersection
rings are in QSyn. It also contains the objects encountered above, i.¢., p-adic completions
of smooth O¢-algebras, as well as perfectoid rings.

The association B + 7yTC™(B; Z,) defines a presheaf of rings on qSyn,. The
next result identifies the cohomology of this presheaf with the AS2-complexes:

Theorem 1.8 (¢f. Theorem 9.6). — Let A be an Oc-algebra that can be written as the
p-adic completion of a smooth Oc-algebra. There is a_functorial (in A) @-equivariant isomorphism
0of Eoo-Ain-algebras

AQu = RT (A, 1 TC™ (=3 Z,)).

Remark 1.9. — While proving Theorem 1.8, we will actually show that on a
base of the site qSyn, (given by the quasiregular semiperfectoid rings S), the presheaf
1y TC™ (—; Z,) is already a sheaf with vanishing higher cohomology.

! Tt would be better to write “p-completely quasisyntomic”.
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There is also the following variant of this theorem in equal characteristic p, recov-
ering crystalline cohomology.

Theorem 1.10 (¢f. Section 8.3). — Let k be a perfect field of characteristic p, and A a smooth
k-algebra. There ts a_functorial (in A) @-equivariant isomorphism of Eoo-W (k)-algebras

RT s (A/W(k)) ~ Rl (A, 1y TC™ (—; Z,)).

In this case, this is related to Fontaine-Messing’s approach to crystalline cohomol-
ogy via syntomic cohomology, [FM87]. More precisely, they identify crystalline cohomol-
ogy with syntomic cohomology of a certain sheaf A,,. The previous theorem is actually
proved by identifying the sheaf 7, TC™ (—; Z,) with (the Nygaard completion of) the sheaf
A... It is also possible to deduce Theorem 1.10 from Theorem 1.8 and the results of
[BMS18].

Remark 1.11. — The topological perspective seems very well-suited to handling
certain naturally arising filtrations on both crystalline cohomology and A;,;-cohomology,
as we now explain. For any quasisyntomic ring A, define the E-Z,-algebra

Ay =RT, (A, 7)TC™ (=3 Z,)).

The homotopy fixed point spectral sequence endows 7y TC™ (—; Z,) with a natural abut-
ment filtration. Passing to cohomology, we learn that A, comes equipped with a natural
complete filtration N'=* A, called the Nygaard filtration. We shall identify this filtration with
the classical Nygaard filtration [Nyg81] on crystalline cohomology in the situation of
Theorem 1.10, and with a mixed-characteristic version of it in the situation of Theo-
rem 1.8. In fact, these identifications are crucial to our proof strategy for both theorems.
The notation A, here is chosen in anticipation of the prismatic cohomology defined
in [BS], where we will prove that Ay agrees with the Nygaard completion of the coho-
mology of the structure sheaf on the prismatic site.

For a proper smooth formal scheme X/O¢, Theorem 1.8 gives an alternate con-
struction of the cohomology theory RI'y, (X) from [BMS18] without any recourse to the
generic fiber: one can simply define it as

RT s, (%) := RTy, (X, 7 TC™ (—; Z)))

inf
where one defines the quasisyntomic site qSyn . in the natural way. Similarly, for a proper
smooth formal scheme X/Ox as in Theorem 1.2, one can construct the cohomology
theory RI'g(X) from Theorem 1.2 in essentially the same way: using the choice of the
uniformizer @ € Ok, we produce a complex of G-modules by repeating the above con-
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struction, replacing THH(—) by its relative variant THH(—/S[z]), where S[z] is a poly-
nomial ring” over 8, i.e., we work with

RI ., (X, 70 TC™(—/SIz]; Z,)).

There is a slight subtlety here due to the non-perfectoid nature of Ok: the above complex
is actually ¢*RI'g (X) where ¢ : & — G is the Frobenius; the Frobenius descended object
RI'g(X) is then constructed using an analog of the Segal conjecture, cf. Section 11.

1.4. “Motwc” filtrations on THH and its variants. — In the proof of Theorem 1.2 as
sketched above, we only needed 7y TC™ (—; Z,) locally on QSyn. In the next result, we
show that by considering the entire Postnikov filtration of TC™ (—; Z,) (and variants), we
obtain a filtration of TC™ (—; Z,) that is reminiscent of the motivic filtration on algebraic
K-theory whose graded pieces are motivic cohomology, cf. [FS02]. In fact, one should
expect a precise relation between the two filtrations through the cyclotomic trace, but
we have not addressed this question. Our precise result is as follows; the existence of the
filtration mentioned below has been conjectured by Hesselholt.

Theorem 1.12 (¢f. Section 7). — Let A be a quasisyntomic ring.

(1) Locally on qSyn,, the spectra THH(—; Z,), TC™ (—; Z,) and TP(—; Z,) are con-
centrated in even degrees.

(2) Define
Fi'THH(A; Z,) = RT,,, (A, 720, THH(—; Z,))
Fi'TC™(A; Z,)) = RT i, (A, 725, TC™ (3 Z)))
Fil'TP(A; Z,) = RT, (A, 720, TP(—; Z,)).

These are complete exhaustive decreasing mulliplicative Z-indexed fillrations.

(3) The filtered Eoo-ring Ay = =or'TC™(A; Z,) = gt TP(A; Z,) with ils ts Nygaard filtra-
tion N=* Ay is an E oo-algebra in the completed filtered derwed category DF (Z,) (cf. Sec-
tion 5.1). We write N"AL for the n-th graded piece of this filtration.

The complex A A1} = gr' TP(A; Z,)[—2] with the Nygaard filtration N >’*A A{1}
(defined via quasisyniomic descent of the abuiment ﬁltmszn) is a module in DF (Z,)
over the filtered ring A A> and is invertible as such.® In particular, for any n > 1,
AA{l}/./\f>”AA{1} is an_invertible AA/./\/'>”AA module. If A admits a map from a
perfectoid ring, then in fact A{1}is somorphic to Ay

? Formally, one can define S[z] as the free E.,-algebra generated by the E,-monoid N. In particular, . (S[z]) >~
77, (S)[z]. We caution the reader that S[z] is not the free Eoo-ring on one generator: the latter coincides with @ _, S5, as
a spectrum, so its 7, is not flat over m,.(8S). R

% We warn the reader that this statement does not imply that A,{1} is an invertible module over the non-filtered

=0

ring A,, as that deduction would need the passage to an inverse limit over all filtration steps.
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The base change A A{1} @z, A 15 canomcally trivialized to A, where the map Ay —
A is the map gr"TC™(A; Z,) — grOTl—IH(A; Z,) = A. For any Ax-module M in
]SF(Z/,), we denote by M{1} = M ®z, Ax{l V&' for i € Z its Brewil-Kisin twists.
T here are natural isomorphisms

g THH(A; Z,) =~ N" A {n}[2n] =~ N"A [ 2n],
gr'"TC™(A; Z,) ~ N="Ax{n}[2n],
gr"TP(A; Z,) ~ Ax{n}[2n].
T hese induce multiplicative spectral sequences
E) = H7(N7A,) = 7, ;THH(A; Z,)
E) = HY(NZVAL ) = 7 TC™ (A Zy)
Ej = H7(Ax{—j)) = 7_/TP(A; Z,).

The map @ : TC™(A; Z,) — TP(A;Z,) induces natural maps ¢ : Fil'TC™ (A;
Z,) — Fil"TP(A; Z,), thereby giving a natural filtration

FiI"TC(A; Z,) = hofib(¢ — can : Fi"TC™(A; Z,) — Fil"TP(A; Z,))
on topological cyclic homology
TC(A; Z,) = hofib(¢ — can: TC™(A; Z,) > TP(A; Z,)).
The graded preces
Z,(n)(A) := gr"TC(A; Z,)[—2x]
are given by
Z,(n)(A) = hofib(¢ — can : N="A \{n} — Axf{n}),

where @ : N="Ax{n} — Ax{n} is a natural Frobenius endomorphism of the Breuil-Kisin
twist. In particular, there is a spectral sequence

Eg =H (Zﬁ(_j) (A)) = ﬂ_ifl'TC (A; Z/,)

Remark 1.13. — Our methods can be extended to give similar filtrations on the
spectra TR'(A; Z,) studied in the classical approach to cyclotomic spectra. In this case,
one gets a relation to the de Rham-Witt complexes W,,QA/FP if A 1s of characteristic p,
and the complexes \KTTQA of [BMS18] if A lives over Oc.
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Remark 1.14. — In the situation of (5), if A is an R-algebra for a perfectoid
rlng R, then after a tr1v1ahzat10n A r(R){1} = Air(R) of the Breuil- K1sm tw1st a multi-
ple 5 Q: N>"AA{n} — AL\{n}/gets identified with the restriction to N=" AA - AA of the
Frobenius endomorphism ¢ : Ay — A A; in other words, ¢ : N'= >”AA{n} — A ain} is a di-
vided Frobenius, identifying the complexes Z,(n) with a version of (what is traditionally
called) syntomic cohomology.

It follows from the definition that Z,(n) is locally on qSyn, concentrated in degrees
0 and 1. We expect that the contribution in degree 1 vanishes after sheafification, but we
can currently only prove this in characteristic p, or when n < 1. In fact, in degree O,
one can check that Z,(0) = Z, =1lim Z/§'Z is the usual (“constant”) sheaf; in degree 1
we prove that Z,(1) >~ T,G,,[0]; and for n < 0, the complexes Z,(n) = 0 vanish. Mean-
while, in characteristic p, the trace map from algebraic K-theory induces an identification
Kou(—: Z,)[0] = Z,(n).

Assuming that Z,(n) is indeed locally concentrated in degree 0, one can write

Z,(n)(A) =RT, (A, Z,(n))

as the cohomology of a sheaf on the (quasi)syntomic site of A, justifying the name syn-
tomic cohomology.

We identify the complexes Z,(n)(A) when A is a smooth £-algebra or the p-adic
completion of a smooth Oc-algebra. In the formulation we use the pro-étale site [BS15]
as we work with p-adic coefficients.

Theorem 1.15 (cf- Corollary 8.21, Theorem 10.1).

(1) Let A be a smooth k-algebra, where k is a perfect field of characteristic p. Then there s an
womorphism of sheaves of complexes on the pro-étale site of X = Spec A,

Z,(n) =2 WS, [ ).

(2) Let A be the p-adic completion of a smooth Oc-algebra, where C. is an algebraically closed
complete extension of Q. Then there is an isomorphism of sheaves of complexes on the pro-
étale site of X = SpfA,

Z,(n) ~ t5"RYZ,(n),

where on the right-hand side, Z,(n) denoles the usual (pro-)étale sheaf on the generic fiber X
of X, and Ryfr denotes the nearby cycles functor.

Theorem 1.15(1) is closely is related to the results of Hesselholt [Hes96] and
Geisser—Hesselholt [GH99]. Theorem 1.15(2) gives a description of p-adic nearby cycles
as syntomic cohomology that works integrally; this description is related to the results of
Geisser—Hesselholt [GHO6]. We expect that at least in the case of good reduction, this
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will yield refinements of earlier results relating p-adic nearby cycles with syntomic coho-
mology, such as Fontaine—Messing [FM87], Tsuji [T5u99], and Colmez—Niziotl [CN17].

Remark 1.16. — If X is a smooth Ok-scheme, étale sheaves of complexes ¥, (n) on
X have been defined by Schneider, [Sch94], and the construction has been extended to
the semistable case by Sato, [Sat07] (and we follow Sato’s notation). A direct comparison
with our construction is complicated by a difference in the setups as all our rings are
p-complete, but modulo this problem we expect that T, (n) is the restriction of the syn-
tomic sheaves of complexes Z/p"Z(n) = Z,(n)/p" to the étale site of X. In particular, we
expect a canonical isomorphism in case A = Ok:

T, (Ox) = Z/pZ(n)(Ok).

If £ is algebraically closed, then in light of Schneider’s definition of ¥, (z) (Ox) and passage
to the limit over r, this means that there should be a triangle

Z,(n—1)(k) = W [—n+1]1 = Z,(n)(Ok) = T="RT(SpecK, Z,(n))

where on the right-most term, Z,(n) denotes the usual (pro-)étale sheaf in characteris-
tic 0." Via comparison with the cofiber sequence

Kk Z,) - K(Ok; Z,) - K(K; Z))

in K-theory and the identifications K(k; Z,) = TC(k; Z,), K(Ok; Z,) = TC(Ok; Z,),
such a comparison should recover the result of Hesselholt-Madsen, [HMO3], that
K(K; Z,) has a filtration with graded pieces

T="RT(Spec K, Z,(n)),

verifying the Lichtenbaum-Quillen conjecture in this case.

1.5. Complements on cyclic homology. — We can also apply our methods to usual
Hochschild homology. In that case, we get a relation between negative cyclic homology
and de Rham cohomology that seems to be slightly finer than the results in the literature,
and 1s related to a question of Kaledin, [Kall8, §6.5].

Theorem 1.17 (¢f. Section 5.2). — Fix R € QSyn and A € qSyng. There are_functorial
(in A) complete exhaustive decreasing multiplicative Z-indexed filtrations

FiI'HC™ (A/R; Z,) =RT, (A, 729,HC™ (= /R; Z,)))
Fi'HP(A/R; Z,) = RT, (A, 720,HP(—/R; Z,))

*If £ is not algebraically closed, one needs to interpret the objects as sheaves on the pro-étale site of SpfOx. More
generally, one can expect a similar triangle involving logarithmic de Rham-Witt sheaves of the special fiber, the complexes
Z,(n), and truncations of p-adic nearby cycles, on the pro-étale site of smooth formal Ok-schemes; this would give the
comparison to the theory of [Sch94|. Comparing with the theory of [Sat07] would then correspond to a generalization of
this picture to semistable formal Ok -schemes.
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on HC™(A/R; Z,) and HP(A/R; Z,) with

ar"HC™(A/R; Z,)) = LQ ) [21],
gr'HP(A/R; Z,) =~ L, r[27],

where the right-hand side denotes the p-adically and Hodge completed derived (naively truncated) de Rham
complex. In particular, there are multiplicative spectral sequences

E)=H7(LY, ») = 7 HC (A/R; Z)),
E) = HY(LQr) = 7_,_HP(A/R; Z)).

We would expect that this results holds true without p-completion.” In fact, ratio-
nally, one gets such a filtration by using eigenspaces of Adams operations; in that case,
the filtration is in fact split [Lod92, §5.1.12]. We can actually identify the action of the
Adams operation ¥,, on gr"THH(—; Z,) and its variants gr"'TC™ (—; Z,), TP(—; Z,) and
gr"HC™ (—; Z,), for any integer m prime to p (acting via multiplication on T); it is given
by multiplication by m", cf. Proposition 9.14.

1.6. Overview of the paper. — Now let us briefly summarize the contents of the dif-
ferent sections. We start in Section 2 by recalling very briefly the basic definitions on
Hochschild homology and topological Hochschild homology. In Section 3 we prove that
all our theories satisfy flat descent, which is our central technique. In Section 4 we then
set up the quasisyntomic sites that we will use to perform the flat descent. Moreover, we
1solate a base for the topology given by the quasiregular semiperfectoid rings; essentially
these are quotients of perfectoid rings by regular sequences, and they come up in the Cech
nerves of the flat covers of a smooth algebra by a perfectoid algebra. As a first application
of these descent results, we construct the filtration on HC™ by de Rham cohomology in
Section 5. For the proof, we use some facts about filtered derived co-categories that we
recall, in particular the Beilinson ¢-structure.

Afterwards, we start to investigate topological Hochschild homology. We start with
a description for perfectoid rings, proving Theorem 1.6 in Section 6. Moreover, in the
same section, we identify THH of smooth algebras over perfectoid rings. This informa-
tion 1s then used in Section 7 to control the THH, TC™ and TP of quasiregular semiper-
fectoid rings, and prove Theorem 1.12. At this point, we have defined our new complexes
A, and it remains to compare them to the known constructions.

In Section 8, we handle the case of characteristic p, and prove Theorem 1.10, and
the characteristic p case of Theorem 1.15. Afterwards, in Section 9, we show that this
recovers the AQ2-theory by proving Theorem 1.8. As an application of this comparison,

> Antieau, [Ant18], has recently obtained such results.



TOPOLOGICAL HOCHSCHILD HOMOLOGY AND INTEGRAL p-ADIC HODGE THEORY 211

we also identify the Adams operations. In Section 10, we identify the sheaves of com-
plexes Z,(n) in terms of p-adic nearby cycles, proving the second part of Theorem 1.15.
Finally, we use relative THH to construct Breuil-Kisin modules by proving Theorem 1.2
in Section 11.

Remark 1.18 (Comparison with [BMS18]). — As made clear by this introduction, a
number of results are proved in this paper that go beyond the problems addressed in
[BMS18]; the intersection 1s largely restricted to the application to the construction of
the Breuil-Kisin cohomology theory. In particular:

(1) The methods used in [BMS18] (such as perfectoid spaces, the Ln-operator) lie
squarely within arithmetic geometry. On the other hand, the methods used in
this paper (such as oco-categories, the formalism surrounding THH) are much
closer to homotopy theory.

(2) The construction in [BMS18] was engineered to admit a comparison with étale
cohomology; this comparison is crucial for applications to the cohomology of
algebraic varieties over C. In contrast, the present construction begins life close
to de Rham cohomology, and there is no easy way to compare to étale coho-
mology.

(3) A primary goal of the present paper is to construct the motivic filtration on
THH and its variants (Theorem 1.12). The comparison with [BMS18] shows
that the methods of p-adic Hodge theory have impact on questions in alge-
braic topology and algebraic K-theory. For example, we can compute algebraic
K-theory in new cases, cf. Theorem 8.23. Another application to K-theory is
the calculation that Lg)K(Z/p"Z) >~ 0 for n > 1 (to appear in forthcoming
work of the first author with Clausen and Mathew).

We see that the fact that both approaches yield the same information yields inter-
esting new information on both sides.

Conventions. — We will freely use oo-categories and the language, methods and re-
sults of [Lur09] and [Lurl8a] throughout the paper. All our derived categories are under-
stood to be the natural co-categorical enhancements. When we work with usual rings, we
reserve the word module for usual modules, and write ®" for the derived tensor product.
However, when we work over E-ring spectra, the only notion of module is a module
spectrum and corresponds to a complex of modules in the case of discrete rings; similarly,
only the derived tensor product retains meaning. For this reason, we simply say “module”
and write ® for the derived notions when working over an E.,-ring spectrum. Often, in
particular when applying THH to a usual ring, we regard usual rings as E,-ring spec-
tra and also usual modules as module spectra, via passage to the Eilenberg-MacLane
spectrum; this is often denoted via R = HR and M = HM. Under this translation, the
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derived oo-category D(R) of a usual ring R agrees with the oo-category of module spec-
tra over the E-ring spectrum HR. In this paper, we will omit the symbol H in order to
lighten notation.

Given a complex C, we denote by C[1] its shift satisfying C[1]" = C"*! (or, in
homological indexing, C,[1] = C,_,); under this convention, the Eilenberg-MacLane
functor takes the shift [1] to the suspension X.

We tend to use the notation = to denote isomorphisms between 1-categorical ob-
jects such as rings, modules and actual complexes; conversely, 2 is used for equivalences
in oo-categories (and, in particular, quasi-isomorphisms between complexes).

Degrees of complexes, simplicial objects, etc. are denoted by e, e.g., K*®; for graded
objects we use *, e.g., 7w, THH(A); finally, for filtrations we use x, e.g., Qﬁ;k denotes the
Hodge filtration on the complex €2} ,. When we regard an actual complex K*® as an ob-
ject of the derived category, we write simply K; so for example £2g /; denotes the de Rham
complex considered as an object of the derived category.

We often need to use completions of modules or spectra with respect to a finitely
generated ideal. For the latter; we use the existing notion in stable homotopy theory (see,

e.g., [Lurl8b, §7.3] for a modern presentation). For modules and chain complexes, we
use the notion of derived completions (see, e.g., [BS15, §3.4, 3.5], [BMS18, §6.2]).

2. Reminders on the cotangent complex and (topological) Hochschild
homology

In this section, we recall the basic results about the cotangent complex and (topo-
logical) Hochschild homology that we will use.

2.1. The cotangent complex. — Let R be a commutative ring. Given a commuta-
tive R-algebra A, let P, — A be a simplicial resolution of A by polynomial R-algebras,
and define (following [Qui70]) the cotangent complex of R — A to be the simpli-
cial A-module Ly /g := Qj, R ®p, A. Its wedge powers will be denoted by A\ Lag =
Qb g ®p, A for each ¢ > 1. Note that the map P, — A is an equivalence in the oo-
category of simplicial commutative R-algebras, and thus the object in D(R) defined by
La/r coincides with that attached to the simplicial R-module 5211,. R via the Dold-Kan
correspondence (and similarly for the wedge powers).

As such constructions appear repeatedly in the sequel, let us give an co-categorical
account, following [Lur09, §5.5.9].

Construction 2.1 (Non-abelian derived functors on commutative rings as lefi Ran exten-
sions). — Consider the category CAlggb’ of finitely generated polynomial R-algebras and
the oo-category sCAlgy, so one has an obvious fully faithful embedding ¢ : CAlg‘f{b’ —
sCAlgg. Using [Lur09, Corollary 5.5.9.3], one can identify sCAlg, as the oo-category
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Ps (CAL f{yby) obtained from CAlgf{/y by freely adjoining sifted colimits: this amounts to
the observation that any contravariant set-valued functor I on CAlg/f{Gly that carries co-
products in CAlgg!y to products of sets is representable by the commutative ring F(R[x]).
By [Lur09, Proposition 5.5.8.15], one has the following universal property of the inclu-
sion z: for any oo-category D that admits sifted colimits, any functor f : CAlgjﬁ’b’ —- D
extends uniquely to a sifted colimit preserving functor F : sCAlgy — D. In this case, we
call I the left Kan extension of / along the inclusion z. If / preserves finite coproducts,
then F preserves all colimits.

In this language, the cotangent complex construction has a simple description.

Example 2.2 (The cotangent complex as a left Kan extension). — Applying Construc-
tion 2.1 to D := D(R) the derived oo-category of R-modules and f = Q! /R> One obtains
a functor I : sCAlg, — D(R). We claim that F(—) = L_g. To see this, note that I com-
mutes with sifted colimits and agrees with Q! sr on polynomial R-algebras. It follows that
if P, — A is a simplicial resolution of A € CAlg, by a simplicial polynomial R-algebra
P,, then F(A) ~ |Q%,. /R| >~ La,r, as asserted. We can summarize this situation by saying
that the cotangent complex functor L_ g is obtained by left Kan extension of the Kah-
ler differentials functor €' ,r from polynomial R-algebras to all simplicial commutative
R-algebras. Similarly, for each j > 0, the functor NL_ is the left Kan extension of € R
from polynomial R-algebras to all simplicial commutative R-algebras.

Next, recall from [I171, §II1.3.1] that if A is a smooth R-algebra, then the adjunc-
tion map A} Layr — €4 /R 1s an 1somorphism for each 7 > 0.

Finally, if A — B — C are homomorphisms of commutative rings, then from
(11171, §II.2.1] one has an associated transitivity triangle

LB/A®}§C — La/a = Legs
in D(C). Taking wedge powers induces a natural filtration on A'L¢a as in [171, §V.4]:
AeLea = Fil° AL Loja <= Fil' AL Lgja <= -+ < Fil' AL Lgja
= ALpa®5C < Fil'M' AL Le/a =0
of length 7, with graded pieces
g’ AL Loja > (A{SLB/A@)'];C)@?; AL Lo G=0,..0,9).

2.2. Hochschild homology. — Let R be a commutative ring. Let A be a commuta-
tive R-algebra.’ Following [L.od92], the “usual” Hochschild homology of A is defined

% Hochschild homology can also be defined for noncommutative (and nonunital) R-algebras, but we will not need
this generality.
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to be HH""(A) = C,(A/R), where C,(A/R) = {[n] = A®*"*'} is the usual simplicial
R-module. However, we will work throughout with the derived version of Hochschild ho-
mology (also known as Shukla homology following [Shu61]), which we now explain. Let-
ting P, — A be a simplicial resolution of A by flat R-algebras, let HH(A/R) denote the
diagonal of the bisimplicial R-module C,(P,/R); the homotopy type of HH(A/R) does
not depend on the choice of resolution. The canonical map HH(A/R) — HH""*(A/R)
is an 1isomorphism if A is flat over R. When R = Z we omit it from the notation, so
HH(A) =HH(A/Z).

Remark 2.3 (Hochschild homology as a lefi Kan extension). — On the category CAlgfl'{oh
from Construction 2.1, consider the functor A — HH""*(A/R) valued in the de-
rived oo-category D(R). As polynomial R-algebras are R-flat, we have HH""!(A/R) ~
HH(A/R) for polynomial R-algebras A. The left Kan extension of this functor along
i CAlg{{OZy — sCAlgy defines a functor F : sCAlgy, — D(R) that coincides with the
HH(—/R) functor introduced above: the functor F commutes with sifted colimits as
in Construction 2.1, so we have F(A) >~ [HH(P,/R)| ~ HH(A/R) for all commutative
R-algebras A and simplicial resolutions P, — A.

As C,(A/R) is actually a cyclic module, there are natural T = S'-actions on
HH(A/R) considered as an object of the co-derived category D(R) for all R-algebras A,
and the negative cyclic and periodic cyclic homologies are defined by

HC™(A/R) = HH(A/R)™T,
HP(A/R) = HH(A/R)™ = cofib(Nm : HH(A/R)z[1] = HH(A/R)'T).

For a comparison with the classical definitions via explicit double complexes, see [Hoy15].
The homotopy fixed point and Tate spectral sequences

Eg = Hi(T, JT_j-HH(A/R)) = 7_;HC (A/R),
Eg = ﬁi(T, n_jHH(A/R)) = m_;;HP(A/R)
are basic tools to analyze HC™ (A/R) and HP(A/R).

Remark 2.4 (The universal property of HH(A/R)). — In anticipation of Section 2.3,
let us explain a higher algebra perspective on HH(—/R). The simplicial R-module
C.(A/R) is naturally a simplicial commutative R-algebra, and the multiplication is com-
patible with the T-action. By left Kan extension from the flat case, we learn:

(1) HH(A/R) is naturally a T-equivariant-E-R-algebra.
(2) One has a non-equivariant E,-R-algebra map A — HH(A/R) induced by
the O cells.
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In fact, one can also show that HH(A/R) is initial with respect to these features; we
will use this perspective when introducing topological Hochschild homology. To see this,
write A ®g_ r T for the universal’ T-equivariant-E,-R-algebra equipped with a non-
equivariant map A — A ®p_r T. Then one has a natural T-equivariant map A ®g_.r
T — HH(A/R) of E.-R-algebras by universality. To show this is an equivalence, it is
enough to do so for A € CAlg’f{ob/ and work non-equivariantly. In this case, if we write T as
the colimit of * <— % LI x — *, then it follows that A g .r T = A(X)k®R AA, which is also
the object in D(R) being computed by C,(A/R).

Recall that the Hochschild-Kostant-Rosenberg theorem asserts that if A is smooth
over R, then the antisymmetrization map €2} R HH,(A/R) is an isomorphism for
each n > 0. Here, in degree 1, the element da mapsto a® | — 1 ® a for any a € A. Hence
by left Kan extension of the Postnikov filtration, it follows that the functor HH(—/R) on
sCAlgy comes equipped with a T-equivariant complete descending N-indexed filtration
Filjjxg with grﬁKRHH(— JR) >~ AL sr[2] (with the trivial T-action). As each ANL_ rl2] 1s
i-connective, the HKR filtration gives a weak Postnikov tower {HH(—/R) /Fil{xx} with
limit HH(—/R) in the sense of the forthcoming Lemma 3.3.

2.3. Topological Hochschild homology. — Topological Hochschild homology 1is the
analogue of Hochschild homology over the base ring S given by the sphere spectrum.
This 1s not a classical ring, but an E-ring spectrum (or equivalently an Ey-algebra in
the oo-category of spectra). The definition is due to Bokstedt, [Bok85a], and the full
structure of topological Hochschild homology as a cyclotomic spectrum was obtained by
Bokstedt-Hsiang—Madsen, [BHM93], cf. also [HM97]. We will use the recent discussion
in [NS18] as our basic reference.

In particular, if A is an E-ring spectrum, then THH(A) is a T-equivariant
E-ring spectrum with a non-equivariant map A — THH(A) of E-ring spectra, and
THH(A) is initial with these properties. Moreover, if C, C T is the cyclic subgroup of
order p, then there is a natural Frobenius map

@, : THH(A) — THH(A)'%

that is a map of E-ring spectra which is equivariant for the T-actions, where the target
has the T-action coming from the residual T/C,-action via the isomorphism T = T/C,.
The Frobenius maps exist only on THH(A), not on HH(A), cf. [NS18, Remark I11.1.9].

The negative topological cyclic and periodic topological cyclic homologies are
given by

TC™(A) = THH(A)™,

7 Even more generally, for any co-groupoid X and any E.-R-algebra A, the oo-groupoid valued functor B —
Map(X, Map; (A, B)) on the oco-category of FEo-R-algebras preserves limits, and is thus corepresented by some
A ®p-r X. The resulting functor X = A ®g,,.x X commutes with all colimits by construction. The discussion above
pertains to the special case X = T. In this case, the T-action on A ®g,.x T is induced by functoriality, and the unit
element 1 € T defines a map A - A ®g . r T.



216 BHARGAV BHATT, MATTHEW MORROW, PETER SCHOLZE

TP(A) = THH(A)™ = cofib(Nm : THH(A)z[1] = THH(A)"T)

There are homotopy fixed point and Tate spectral sequences analogous to those for
Hochschild homology.

We will often work with the corresponding p-completed objects. We denote these
by THH(A; Z,), HH(A; Z,), TC™ (A; Z,) etc. We note that if A is connective, then

TC™(A;Z,) = THH(A; Z,)'™, TP(A; Z,) = THH(A; Z,) ™.

Here, we use that if a spectrum X is p-complete, then so is X'T by closure of
p-completeness under limits. If X is moreover assumed to be homologically bounded
below, then the homotopy orbit spectrum X,r (and thus also the Tate construction X'T)
is also p-complete: by writing X as the limit of 7-,X (and Xt as the limit of (7-,X)r,
using Lemma 3.3), this reduces by induction to the case that X is concentrated in degree
0, in which case the result follows by direct computation.

Interestingly, if A is connective, there is a natural equivalence

hT

TP(A; Z,) = (THH(A)*)"™" = (THH(A; Z,)'%)
by [NS18, Lemma II.4.2], and therefore ¢, induces a map
9T TC™(A; Z,) — (THH(A; Z,))" ~ TP(A; Z,)

of p-completed En-ring spectra. As p is fixed throughout the paper, we will often write
abbreviate ¢ = (p;jT.

We use only “formal” properties of THH throughout the paper, with the one ex-
ception of Bokstedt’s computation of 7, THH(F,). In particular, we do not need Bokst-
edt’s computation of 7, THH(Z).

We will often use the following well-known lemma, which we briefly reprove in the

language of this paper.

Lemma 2.5. — For any commutative ring A, there is a natural T -equivariant isomorphism of
Eoo-1ing spectra

THH(A) ®THH(Z) Z~ HH(A)
Moreover, this induces an isomorphism of p-complete Eog-ring spectra
THH(A, Zp) ®THH(Z) 7z~ HH(A, Zp)

The homotopy groups w; THH(Z) are finite for i > 0.°

% In fact, they are Z for i=0 and Z/;Z if i = 2j — 1 > 0 is odd and 0 else, by Bokstedt, [Bok35b].
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Proof. — The final statement follows from the description of THH(Z) as the col-
imit of the simplicial spectrum with terms Z Qs ... ®gs Z and the finiteness of the stable
homotopy groups of spheres. The first statement follows from the universal properties of
THH(A), respectively HH(A), as the universal T-equivariant E-ring spectrum, respec-
tively T-equivariant E.,-Z-algebra, equipped with a non-equivariant map from A. The
statement about p-completions follows as soon as one checks that THH(A; Z,) @ runz) Z
is still p-complete, which follows from finiteness of w;/,THH(Z) for > 0. [

3. Flat descent for cotangent complexes and Hochschild homology

In this section, we prove flat descent for topological Hochschild homology via re-
duction to the case of (exterior powers of) the cotangent complex, which was first proved
by the first author in [Bhal2a].

Theorem 3.1. — Fix a base ring R. For each i > 0, the functor A +— N\ L is an fpgc
sheaf with values in the oo-derwed category D(R) of R-modules, 1.e., if A — B s a faithfully flat map

of R-algebras, then the natural map gives an equivalence
A'La/r 2 Iim(A'Lpr == A'Lg,p/R—= A'L@e,pepr—xs""")

Proof. — The ¢ = 0 case amounts to faithfully flat descent. We explain the : =1
case in depth, and then indicate the modifications necessary to tackle larger .
Write B* for the Cech nerve of A — B. The transitivity triangle for R - A — B*

is a cosimplicial exact triangle
LA/R ®A B. — LB'/R d LB'/A'

Thus, to prove the theorem for : = 1, we are reduced to showing the following two asser-
tions:

(1) The map A — B*® induces an isomorphism Ly /g — lim(Ls/r ®a B®).
(2) One has Tot(Lgs/s) > 0.

Assertion (1) holds true more generally for any M € D(A) (with the assertion above
corresponding to M = L, r) by fpqc descent.

We now prove assertion (2). By the convergence of the Postnikov filtration, it is
enough to show that for each 7, the A-cochain complex corresponding to m;Lig./s un-
der the Dold-Kan equivalence is acyclic. By faithful flatness of A — B, this reduces to
showing acyclicity of (77;Lige/a) ®a B 2 7;(Le o @4 B). If we set B — C* to be the base
change of A — B® along A — B, then by flat base change for the cotangent complex, we
have reduced to showing that ;L¢. g is acyclic. But B— C* is a cosimplicial homotopy-
equivalence of B-algebras: it is the Cech nerve of the map B — B ®, B, which has a



218 BHARGAV BHATT, MATTHEW MORROW, PETER SCHOLZE

section. It follows that for any abelian group valued functor F(—) on B-algebras, we have
an induced cosimplicial homotopy equivalence F(B) — F(C*). Taking F = m;1._ 3 then
shows that the cochain complex m;Lce/p is homotopy-equivalent to the abelian group
m;Lgs 2 0, as wanted.

To handle larger z, one follows the same steps as above with the following change:
instead of using the transitivity triangle to reduce to proving (1) and (2) above, one uses
the length i filtration of A'Lgs g induced by applying A’ to the transitivity triangle above
used above (and induction on z) to reduce to proving the analog of (1) and (2) for exterior
powers of the cotangent complex. 0J

Remark 3.2. — We do not know if the functors appearing in Theorem 3.1 satisfy
hyperdescent: if A — B*® is a hypercover for the faithfully flat topology on (the opposite
of) the category of R-algebras, is the natural map Ly/g — lim Lg. g an equivalence?

Lemma 3.3. — Let S be a connective B\ -ring spectrum. Assume {M,,} s a weak Postnikov tower
of connective S-module spectra, t.e., the fiber of M, 1, — M, s n-connected. Write M for the inverse
limat. Then for any right t-exact functor ¥ : D(S) — Sp, the tower {F(M,,)} s a weak Postnikov tower
with limit F(M).

Progf: — 'The assertion that {F(M,)} is a weak Postnikov tower is immediate from
the exactness hypothesis on F. For the rest, note that the fiber of M — M, is n-connected:
it 1s the inverse limit of the fibers P, of M,,, — M,, and each P, is n-connected
with P,41 — P, being an isomorphism on m,.,(—). Then F(M) — F(M,) also has an
n-connected fiber by the exactness hypothesis on F, and hence F(M) — limF(M,) 1s an
equivalence, as wanted. UJ

Corollary 3.4.

(1) For any commutative ring R, the functors
HH(—/R),HC™ (=/R), HH(—/R),r, HP(=/R)

on the category of commutative R-algebras are fpqc sheaves.
(2) Simalarly, the functors

THH(_)’ TC_(_)’ THH(_)}LT’ TP(_)
on the category of commutative rings are_fpqgc sheaves.

Proof. — (1) Theorem 3.1 and induction imply that each HH(—/R)/Filjjxy 1s a
sheaf. Taking the limit over n then implies HH(—/R) 1s a sheaf. Likewise, HC™ (—/R) is
a sheaf as it 1s the limit of a diagram of sheaves.
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For HH(—/R);r, using Lemma 3.3 for S = R[T] and I = (—),r applied to the
weak Postnikov tower {HH(—/R) /Filjjx g} with limit HH(—/R), it suffices to prove that
each (HH(—/R)/Filjjxg)ir 13 a sheaf. Using the filtration, this immediately reduces
to checking that (grLKRHH(— /R));r 1s a sheaf. But the T-action on grhKRHH(— /R)
is trivial, so we can write (gri;g HH(—/R));r >~ gri g HH(—/R)®ER,r. Using that
grﬁKRHH(— /R) >~ AL_ rlz] 13 connective, we see that the tower {grhKRHH(— /
R) ®kr§nRhT}n 1s a weak Postnikov tower, and so we reduce to showing that grﬁKRHH(— /
R) ®I§TS,ZR;,T 1s a sheaf. But each 7., R is a perfect R-complex, so the claim follows from
Theorem 3.1 again.

Combining the assertions for HC™ (—/R) and HH(—/R);r then trivially implies
that HP(—/R) is also a sheaf.

(2) As above, it is enough to prove the claims for THH(—) and THH(—),r.
For THH(—), we use that for any commutative ring A, the tower {THH(A) ®@ruuz)
7., THH(Z)} is a weak Postnikov tower with limit THH(A) by applying Lemma 3.3 to
S = THH(Z) and F = THH(A) ®tunz) — to the Postnikov tower {r-, THH(Z)} with
limit THH(Z). We are thus reduced to checking that THH(—) @ tunz) 7<, THH(Z) 1s a
sheaf for each n. By induction, this immediately reduces to checking that
THH(—-) ®ran@e 7, THH(Z) ~ (THH(-) ®run@e) Z) ®z 7, THH(Z) is a sheaf for
each n. Now 7, THH(Z) is a perfect Z-complex by Lemma 2.5, so we reduce to showing
that THH(—) ®runz) Z 1s a sheaf. But this last functor i1s HH(—) = HH(—/Z), so we
are done by reduction to (1).

For THH(—),r, one repeats the argument in the previous paragraph by applying
(=) to the T-equivariant weak Postnikov tower {THH(R) ®unz) t<, THH(Z)} to
reduce to the case of HH(—);r, which was handled in (1). O

Remark 3.5. — The previous proof also applies to HH(—/R),c, and THH(—),¢,
for any finite subgroup C, C T, and thus to HH(—/R)'“, THH(—)*“" and by induction
all TR"(—), using the isotropy separation squares.

4. The quasisyntomic site

This section studies the category of quasisyntomic rings, which is where all our later
constructions take place. In Section 4.2, we define the notion of a quasisyntomic ring as
well as the quasisyntomic site. An extremely important class of examples comes from
quasiregular semiperfectoid rings: these are roughly the quasisyntomic rings whose mod
p reduction is semiperfect (i.e., has a surjective Frobenius), and are studied in Section 4.4.
The key result of this section 1s that quasiregular semiperfectoid rings form a basis for
the quasisyntomic topology (Proposition 4.31). As p-adic completions show up repeatedly
in the sequel, we spend some time in Section 4.1 exploring the interaction of p-adic
completion with notions such as flatness.
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4.1. p-Complete flainess. — Let us begin by defining a notion of p-complete Tor

amplitude’ for complexes over commutative rings. '’

Definition 4.1. — Let A be a commutative ring, fix M € D(A), and a, b € Z L {£00}.

(1) We say that M € D(A) has p-complete Tor amplitude in [a, b] if M®II§A/ PA €
D(A/pA) has Tor amplitude in [a, b). If a = b, we say that M € D(A) has p-complete
Tor amplitude concentrated in degree a.

(2) We say that M € D(A) is p-completely (faithfully) flat f MRLA/pA € D(A/pA)
us concentrated in degree 0, and a (faithfully) flat A/ pA-module.

In particular, by definition M € D(A) has p-complete Tor amplitude [0, O] tf and only if it is
p-completely flat.

Remark 4.2. — One may replace A/pA with A/p"A for any n > 1 in the above defi-
nition without changing its meaning, Indeed, if R — S = R/I with I* = 0 is a square-zero
thickening, then M € D(R) has Tor-amplitude in [, ] if and only if M®I§S € D(S) has
Tor-amplitude in [a, 6]: The forward direction follows from the stability of Tor-amplitude
under base change, and for the converse one uses the triangle

(M®ES)®51 —> M — M®ES
in D(R).

Remark 4.3. — We will see in Lemma 4.6 below that if A has bounded p*-torsion,
then if M € D(A) has p-complete Tor-amplitude in [a, 6] and is derived p-complete, one
has M € DI“’I(A). In particular, if M € D(A) is derived p-complete and p-completely flat,
then M 1s an A-module concentrated in degree 0. In that case, the condition implies that
M/p"M is a flat A/p"A-module for all n, and a precise characterization of the p-completely
flat A-modules is given by Lemma 4.7.

Lemma 4.4. — Fix aring A, an M € D(A) and a, b € Z L1 {£00}. Let Me D(A) be the
derwed p-completion of M. The following are equivalent:

(1) M € D(A) has p-complete Tor amplitude in [a, b] (resp. is p-completely (faithfully) flat)
(2) M € D(A) has p-complete Tor amplitude in [a, b] (resp. s p-completely (faithfully) flat).

9 Recall the classical definitions: given a, b € Z U {#-00}, a commutative ring R and M € D(R), we say that M has
Tor amplitude in [a, 4] if for any R-module N, we have M@EN € DI“?/(R). If @ = b, then we say that M has Tor amplitude
concentrated in degree a; note that if « = b = 0, then the condition simply says that M is concentrated in degree 0 and flat.
These conditions are preserved under base change, and can be checked after faithfully flat base change.

10 For a more general discussion of such matters, see work of Yekutieli, [Yek18].
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Progf: — The map M — M induces an isomorphism MQSZ/pZ ~ M@IZ‘Z/])Z.
In particular, after further base change along AQSZ/pZ — A/pA, it induces an isomor-
phism

M®YA/pA ~ M@YA/pA,
which immediately gives the result. UJ

Lemma 4.5. — Fix a map A — B of rings, a complex M € D(A) and a, b € Z 11 {£00}.

(1) IfM € D(A) has p-complete Tor amplitude in [a, b] (resp. is p-completely (faithfully) flar),
then the same holds true for M®kB € D(B).
(2) If A — B s p-completely farthfully flat, then the converse to (1) holds true.

Proof. — This is immediate from the corresponding assertions in the discrete case,
noting that the condition in part (2) implies in particular that A/pA — B/pB is faithfully
flat. UJ

Lemma 4.6. — Fix a ring A with bounded p™-torsion and a derived p-complete M € D(A)
with p-complete Tor amplitude in [a, b) for a, b € Z. Then M € DI*?1(A).

Here we say that an abelian group N has bounded p™-torsion if N[p>] = N[p°] for
¢>> 0. In this case, the derived p-completion N of N coincides with the classical p-adic
completion lim, N/p"N, and this completion also has bounded p>-torsion. In fact, the
pro-systems {N/#"N} and {N®LZ/p"Z} in D(Z) are pro-isomorphic.

Progf-— As A has bounded p™-torsion, the pro-systems {A/p"A} and {AQSZ/p"Z}
are pro-isomorphic. Thus, M being derived p-complete implies that M is the derived limit
of M@YA/p"A. On the other hand, by assumption all M@YA/p"A € DI“/l(A/p"A), and
the transition maps on the highest degree H'(M®X%A/p"A) are surjective. By passage to
the limit, we get the result. UJ

Over rings with bounded p*>-torsion, we can describe p-completely flat complexes
as modules:

Lemma 4.7. — Fix a ning A with bounded p* -torsion.

(1) 1If a derwed p-complete M € D(A) is p-completely flat, then M s a classically p-complete
A-module concentrated in degree O, with bounded p* -torsion, such that M/ p"M s flat over
A/P'A for all n > 1. Moreover, for all n > 1, the map

M@, Alp'] = M[p']

s an isomorphism.
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(2) Conversely, if N 1is a classically p-complete A-module with bounded p™-torsion such that
N/p"N s flat over AJp"A for all n > 1, then N € D(A) is p-completely flat.

Proof. — (1) Lemma 4.6 implies that M is an A-module concentrated in degree 0.
The condition that M is p-completely flat implies that M/p"M = MQ%YA/p"A is a flat
A/p"A-module for all n > 1. Moreover, M is the limit of M@YA/p"A = M/p"M, so M
1s classically p-complete. It remains to prove that M[p"] = M ®4 A[p"] for all n > 1; this
implies boundedness of p™-torsion. To see this, consider the A, = AQLZ/p"Z-module
M, = M®3%Z/p"Z; tensoring the triangle

(A1 — A, = A/p'A
in D(A,) with M, gives a triangle
M,®Y (A['])[1]— M, > M@} A/'A.

Here, Mn®knA/ 1"A = M@YA/p"A = M/p"M is concentrated in degree 0 and flat over
A/p"A, and then also M,Z®k"A[p'l] = (M,z®k"A/ p”A)®k/pnAA[P"] is concentrated in de-
gree 0. Thus, using the above triangle in the second equality,

M[p']=H"'M,) =H’(M,®}% A[p']) =H’(M/p'M®% /ﬁnAA[p”])
= M/p"M @y A[p'] =M @1 A[p'],

as desired.
(2) Note first that the pro-system Z/p"ZQ%5Z/pZ € D(Z/pZ) is pro-isomorphic to
Z/pZ. We may extend scalars to A/pA to get a pro-isomorphism

A/PA{Z/PZRFA/pA}

in D(A/pA), in particular in D(A). Taking the derived tensor product N@%—, we get a
pro-isomorphism

N@YA/pA = {(NRFZ/P'Z)@5A/pA}

On the other hand, the pro-system {NQ®%Z/p"Z}, is pro-isomorphic to {N/p"N}, as N
has bounded p>-torsion. Thus, we get a pro-isomorphism

N@LA/pA = {N/p'N@ZA/pA]
We need to see that N®YA/pA is concentrated in degree 0. But
N/P'N@RA/PA = N/pP'N® 5 (A/"ARTA/pA)

and N/p"N is a flat A/p"A-module, so it suffices to see that {H™(A/p"AQYA/pA)}, for
¢ < 0 1s pro-zero. But the above discussion for N = A shows that this pro-system is pro-
isomorphic to H™'(A/pA) = 0, as desired. ]

"

"
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Corollary 4.8. — Let A — B be a map of derived p-complete rings.

(1) If A has bounded p>-torsion and A — B s p-completely flat, then B has bounded
P -torsion.

(2) Conversely, if B has bounded p™-torsion and A — B s p-completely faithfully flat, then A
has bounded p> -torsion.

(3) Assume that A and B have bounded p* -torsion. Then the map A — B is p-completely flat
(resp. p-completely faithfully flat) iof and only if AJp"A — B/p'B is flat (vesp. faithfully
flat) for alln> 1.

Proof. — Parts (1) and (3) follow immediately from Lemma 4.7. For part (2), note
that the proof of Lemma 4.7 shows that if B is p-completely flat, then

A[p"] ®aypa B/p'B — B[]

is an isomorphism. By faithful flatness of A/p"A — B/p"B, this implies that A[p"] C B[p"]
for all » > 1, which implies that if B[p‘] = B[p™], then also A[p'] = A[p*], as desired. [J

Remark 4.9. — In particular, if R is some ring and A — B is a p-completely faith-
fully flat map of derived p-complete R-algebras with bounded p>°-torsion, then

A~ iTA — = AT A —— AITA —
A LA/R - 111’n(/\lLB/RH' /\ZL(B®AB)/RH' /\ZL(B®AB®AB)/R:' )

Indeed, this follows by applying Theorem 3.1 to A/p" — B/p" and passing to the limit
over n, noting that {A/p"} and {A ®% Z/}"} are pro-isomorphic.

4.2. The quasisyntomic site. — In the following, we will work with p-complete rings A
with bounded p*°-torsion (in which case classical and derived p-completeness are equiv-
alent). To state our results in optimal generality, it will be convenient to generalize the
usual notions of smooth and syntomic morphisms by omitting finiteness conditions and
merely requiring good behavior of the cotangent complex.

We note that it would be better to say “p-completely quasisyntomic/quasismooth”
in place of “quasisyntomic/quasismooth” below; but that would get excessive for the
purposes of this paper.

Definition 4.10 (The quasisyntomic site). — We need the following notions.

(1) A ring A s quasisyntomic if the following conditions are satisfied.
(@) The ring A s p-complete with bounded p™ -torsion.
(b) Lajz, € D(A) has p-complete Tor amplitude in [—1, 0].
We denote by QSyn the category of quasisyntomic rings.

Let A — B be a map of p-complete rings with bounded p> -torsion.
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(2) We say that A — B is a quasismooth'' map (resp. cover) if*
(@) B us p-completely flat over A (resp. p-completely faithfully flat over A).
(b) Lgsa € D(B) us p-completely flat.

(3) We say that A — B s a quasisyntomic map (resp. cover) if:
(@) B us p-completely flat over A (resp. p-completely faithfully flat over A).
(b) Lg/a € D(B) has p-complete Tor amplitude in [—1, O].

We endow QSyn with the structure of a site via the quasisyntomic covers, cf- Lemma 4.17
below.

Remark 4.11 (Relation to Quillen’s definition). — In [Qui70], Quillen defines a notion of
quasiregular and regular ideals I C A. In particular, by [Qui70, Theorem 6.13], an ideal
I C A is quasiregular if and only if Ly 1)/4 has Tor-amplitude concentrated in degree —1.
A map of rings A — B is classically called syntomic if it is flat and a local complete
intersection. Note that if A, B are Noetherian and A — B 1s of finite type, then it is
a local complete intersection if and only if Lg/s has Tor amplitude in [—1, 0] [Qui70,
Theorem 5.5]; this equivalence even remains valid without the finite type hypothesis
provided that “local complete intersection” is replaced by a more general notion for non-
finite type morphisms of Noetherian rings, [Avr99]. Thus, ignoring p-completion issues,
the above definition of quasisyntomic is designed to extend the usual notion of syntomic
to the non-Noetherian, non-finite-type setting,

Example 4.12. — (1) The p-adic completion of a smooth algebra over a perfectoid
ring lies in QSyn by Example 4.24 below and Corollary 4.8.

(2) Any p-complete local complete intersection Noetherian ring A lies in QSyn
(cf. [Stal8, Tag 09Q)3] for the definition of a local complete intersection ring; it is equiv-
alent to the map Z — A being a local complete intersection in the sense of [Avr99]). The
boundedness of the p>-torsion is clear as A is Noetherian. The rest follows from (the easy
direction of) the following theorem of Avramov.

Theorem 4.13 ([Avr99, Theorem 1.2]). — A Noetherian ring A ts a local complete intersection
if and only if Linz has Tor-amplitude in [—1, 0].

Remark 4.14 (HER for quasismooth maps). — Say A — B is a map of p-complete rings
with bounded p*-torsion. Consider the p-completion HH(B/A; Z,) of the Hochschild
complex. By p-completing the HKR filtration from Section 2.2, we obtain a T-equivariant
complete descending N-indexed filtration Filfj, with gri;,. HH(B/A; Z,)~ (AL /ale]) [f
(with the trivial T-action). If A — B is quasismooth, then each (A'Ly /A[i])pA ~ (4 / A)pA[i]

" This notion is distinct from other notions with the same name used sometimes in the literature. For instance, it
differs from Berthelot’s notion of a quasismooth map (which is in terms of a lifting property with respect to nilideals, cf.
[Ber74, IV.1.5]) or Lurie’s notion of a quasismooth map of derived schemes (which, in fact, is much closer to our notion of
quasisyntomic, cf. [Lurl8b, page 9]).
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is concentrated in homological degree : by Lemma 4.7. Thus, it follows that 7, HH(B/A;
Z,) is the p-completion of the exterior algebra 2y ., thus giving a p-complete HKR
theorem for quasismooth maps.

Lemma 4.15. — Let A — B be a quasisyntomic cover of p-complete rings. Then A € QSyn
if and only if B € QSyn.

Proof. — By Corollary 4.8, we can assume that A and B have bounded p*-torsion.
Assuming A € QSyn, the transitivity triangle for Z, — A — B and the quasisyntomic-
ity of A and A — B imply that B € QSyn. Conversely, assume B € QSyn. The transi-
tivity triangle for Z, — A — B and the quasisyntomicity of B and A — B show that
Lasz, ®kB € D(B) has p-complete Tor amplitude in [—1, 1]. By connectivity, this trivially
improves to [—1, 0]. As A — B is p-completely faithfully flat, it follows that Lz, € D(A)
also has p-complete Tor amplitude in [—1, 0]. U

Lemma 4.16. — All rings below are assumed to be p-complete with bounded p™ -torsion.

(1) If A — B and B — C are quasisyntomic (resp. quasismooth), then A — C s quasisyn-
tomic (resp. quasismooth). If A — B and B — C are covers, then so 1s A — C.

(2) If A — B s quasisyntomic (resp. quasismooth) and A — C is arbitrary, then the p-adically
completed pushout C — D := BRLC of A — B is also quasisyntomic (resp. quasis-
mooth). If A — B s a cover, then so 1s C — D.

Proof. — (1) This is clear from the transitivity triangle and stability of faithful flat-
ness under Compositio/n.\

(2) Let D" := BQ%C, so D’ is p-completely flat over C by base change and D =
H’(D'). As D' is p-completely flat over C, it is discrete by Lemma 4.7, so D >~ D', As the
formation of cotangent complexes commutes with derived base change, we get that C —
D is quasisyntomic (resp. quasismooth). Moreover, faithful flatness is preserved under base
change. U

We follow the conventions of [Stal8, Tag 00VG] for sites. Recall that the axioms
for a covering family are: (a) isomorphisms are covers, (b) covers are stable under compo-
sitions, and (c) the pushout of a cover along an arbitrary map is required to exist and be
a cover.

Lemma 4.17. — The category QSyn® forms a sute.

Proof. — The only nontrivial assertion is the existence of pushouts of covers. Fix a
diagram C < A — B in QSyn with A — B being a quasisyntomic cover. Let D := B&,C
be the pushout in p-complete rings. As C has bounded p>-torsion, Lemma 4.16 implies
that G — D is a quasisyntomic cover. Lemma 4.15 then implies that D € QSyn. It is then
immediate that C — D provides a pushout of A — B in QSyn. O
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4.3. Perfectod rings. — For later reference, we recall a few facts about perfectoid
rings in the sense of [BMS18, Definition 3.5], sometimes also called integral perfectoid
rings to distinguish them from the perfectoid Tate rings usually studied in relation to
perfectoid spaces.

Defination 4.18. — A ring R 1s perfectoid if it is p-adically complete, there is some w € R such
that w0 = pu_for some unit u € R*, the Frobenius map x +— x' on R/p is surjective, and the kernel
of the map 0 : Aje(R) — R us generated by one element. Here A;((R) = W(R) where R is the
wmverse limit of R/ p along the Frobenius map, and 6 : Ay, /(R) — R w5 Fontaine’s map (written O of
there is any chance of confusion), ¢f. [BMS18, Lemma 3.2).

The main properties of perfectoid rings that we need are summarized in the fol-
lowing proposition.

Proposition 4.19. — Let R be a perfectoid ring.

(1) The kernel of 0 : Ainy(R) — R us generated by a non-zero-divisor & of the form p +
[7°Vor, where 1° = (7w, w2, . ..) € R is a system of p-power roots of an element 7w as
in the definition and o € Ay i(R) is some element.

(2) The cotangent complex Li jz, has p-complete Tor-amplitude concentrated in degree —1, and
its derived p-completion is isomorphic to R[1].

(8) The p>™-torsion in R s bounded. More precisely, R[p>] = R[p].

In particular, R € QSyn.

Progf: — Part (1) follows from the proof of [BMS18, Lemma 3.10], in particular
the construction of the element & in the beginning. For part (2), it is enough to see that
the p-completion of Lg/z, is isomorphic to R[1] by Lemma 4.4. We use the transitivity

triangle for Z, — A;¢(R) N R to see that the p-completions of Lg,z, and Lg/a,«r) agree,
as Z, — Ay,((R) is relatively perfect modulo p. But Ly, ») = ker(6)/ ker(9)’[1] = R[1]
as ker 0 is generated by a non-zero-divisor.

For part (3), we give two proofs. We start with a proof by “overkill”. As valuation
rings have bounded p™-torsion (as they are domains), it suffices to show that R embeds
into a product of perfectoid valuation rings. When R has characteristic p, this is clear:
any reduced ring embeds into a product of domains, and any domain embeds into a
valuation ring, and any valuation ring of characteristic p embeds into its perfection. In
general, we use v-descent techniques from [BS17]. Let R> — S be a v-cover of R” with
each connected component of S being a perfect valuation ring (see [BS17, Lemma 6.2]).
If S* denotes the Cech nerve of R” — S, then R” 2~ lim S* by the v-descent result [BS17,
Theorem 4.1] for the structure sheaf. Applying the functor W(—) ®%\7(Rb) R (which com-
mutes with limits) then shows that R >~ lim S**. Now any distinguished element (in the
sense of [BMS18, Remark 3.11]) in W(S) with S perfect is automatically a nonzerodivi-
sor (see [BMS18, Lemma 3.10]). So each S** is concentrated in degree 0. In particular,
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the map R — S" = §* is injective. As S was a product of perfect valuation rings, S* is a
product of perfectoid valuation rings, to the claim follows.

Now we give a more elementary proof. Write R = A; ((R)/&. If x € R[p"], then «
lifts to ¥ € Aye(R) with p"x € (§). It is thus enough to show the following: if /€ Ajr(R)
and p°f € (&), then pf € (§). Assume p*f = g& for some g € Ai,(R). Write g =Y _ [g]p'
and § =Y. [4]p' for the p-adic expansions of g and & with g, 4; € R*. We shall show
that gy = 0 € R”; this will imply p | g, and hence pf = ié € (&) as Aye(R) 1s p-torsionfree,
as wanted. We can write

g€ = laog] + ([flogl] + [Cllgo])ﬁ + hp?
for some 4 € Ap(R) = W(R"). As p* | g&, we get
apgo =0 andthen ayg + a8 =0

in R”. Multiplying the second equation by gy and using the first equation yields a;g2 =
0 € R’. But ¢; € R”* by the choice of & in (1), so g2 = 0, which implies gy = 0 as R” is
perfect. UJ

Note that Ainf(R2 = W(R") carries a natural Frobenius automorphism ®. We will
also often use the map 8 =0 o' : A;,¢(R) — R, whose kernel is generated by & = ¢(§).

4.4. Quasiregular semiperfectoid rings. — A basis for the topology of QSyn is given by
the quasiregular semiperfectoid rings, defined as follows.

Definition 4.20. — A ring S 1s quasiregular semiperfectoid if:

(1) The ring S is quasisyntomic, v.e. S € QSyn.
(2) There exists a map R — S with R perfectoid.
(3) The Frobenius of S/pS s surjective, i.e. S/ pS is semiperfect.

Write QRSPerfd for the category of quasiregular semiperfectord rings. We equip QRSPerfd with the
topology determined by quasisyntomic covers.

Remark 4.21. — For S € QRSPerfd, condition (3) in the definition ensures that
Q(IS//;S)/F/, =0, and thus Ls;r ®§S/pS € D="(S/pS) for any map R — S. This observation
shall be used often in the sequel. Moreover, it implies that Ls/z, has p-complete Tor
amplitude concentrated in degree —1.

Remark 4.22. — Conditions (2) and (3) can be replaced by the condition that there
exists a surjective map R — S from a perfectoid ring R. This is clearly sufficient; con-
versely, R@Z/)W(Sb) is a perfectoid ring surjecting onto S, where S” is the inverse limit
perfection of S/pS.
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Remark 4.23. — In Definition 4.20, condition (2) is not implied by the other con-
ditions. For example, the ring Z, itself satisfies (1) and (3) but not (2).

Example 4.24. — Any perfectoid ring R lies in QRSPerfd. Indeed, conditions (2)
and (3) in Definition 4.20 are automatic. For (1), use Proposition 4.19.

Lemma 4.25. — Fix a p-complete ring S with bounded p> -torsion such that S/pS is semiper-
Ject. Then S 1s quasiregular semiperfectoid if and only if there exists a map R — S with R perfectoid
such that Ls g € D(S) has p-complete Tor amplitude concentrated in degree —1. In this case, the latter
condition holds true for every map R — S with R perfectoid.

In particular, a ring S is quasiregular semiperfectoid if and only if it is p-complete
with bounded p™-torsion and can be written as the quotient S = R/I of a perfectoid
ring R by a “p-completely quasiregular” ideal I (i.e. Lg/g has p-complete Tor amplitude
concentrated in degree —1); in that case, whenever S = R/I for some perfectoid ring R,
the ideal I is p-completely quasiregular.

Progf. — Assume that there exists a map R — S with R perfectoid such that Lg/r €
D(S) has p-complete Tor amplitude concentrated in degree —1. Then the transitivity
triangle for Z, — R — S and Example 4.24 ensure that Ls/z, € D(S) also has p-complete
Tor amplitude concentrated in degree —1, whence S is quasisyntomic, and thus satisfies
Definition 4.20.

Conversely, assume that S is quasiregular semiperfectoid. Fix a map R — S with R
perfectoid. We shall show that Lg,g € D(S) has p-complete Tor amplitude concentrated
in degree —1. The transitivity triangle for Z, — R — S, base changed to S/pS, gives

LR/Z/7®§S/[)S E) LS/Z/)®§‘S/pS —> LS/R®§‘S/pS

As the first two terms have Tor amplitude concentrated in degree —1 (by Example 4.24
and the assumption S € QRSPerfd), it is sufficient to show that the map Bs := 7 (as) of
flat S/pS-modules is pure (1.e., injective after tensoring with any discrete S/pS-module).
We shall use the following criterion:

Lemma 4.26. — Let A be a commutative ring. Fix a map B : F — N of A-modules with ¥
Sinite free and N flat. Assume that B @ k s injective for every field k. Then B is pure.

Progf: — Write N as filtered colimit colim; N; with N; finite free (by Lazard’s theo-
rem). By finite presentation of F, we may choose a map B, : F — N, factoring B. Forj > i,
write B; : F — N; for the resulting map that also factors B. The assumption on B trivially
implies that B; ®, £ is also injective for every residue field £ of A and all j > 2. But then
B; must be split injective for j > 7 as both F and N; are finite free. The claim follows as
filtered colimits of split injective maps are pure. 0J
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As the p-completion of LR/Z/] coincides with ker(6r)/ ker(@ﬁ)[l] = R[1] (cf. Exam-
ple 4.24), Bs can be viewed as the map

ker(6r)/ ker(6r)? @ S/ 2> 1 (Ls 2, ®5S/pS)

of S/pS-modules. Note that the source of this map is a free S/pS-module whose formation
commutes with base change in S, and the target is flat over S/pS. By the above lemma,
it is enough to show that Bs ® £ is injective for all perfect fields £ under S/pS. But Bs ® &
factors B; by functoriality, and B is an isomorphism (as ¢ is so for any perfectoid ring &
by [BMS18, Lemma 3.14]). This gives injectivity for Bs ® £, as wanted. U

Lemma 4.277. — The category QRSPertd™ forms a sute.

Proof. — The only nontrivial assertion is the existence of pushouts of covers.
Fix a diagram C < A — B in QRSPerfd with A — B be a quasisyntomic cover. Let
D := B®,C be the pushout in p-complete rings. Lemma 4.16 implies that C — D is a
quasisyntomic cover. It is then enough to check that D € QRSPerfd. Lemma 4.16 implies
that D has bounded p>-torsion as the same holds for C. It is also clear that D receives a
map from a perfectoid ring. Finally, the formula D/pD = B/pB ®4/,4 C/pC shows that
the Frobenius is surjective on D/pD as the same holds true for B/pB and C/pC. U

Lemma 4.28. — A p-complete ring A lies in QSyn exactly when there exists a quasisyntomic
cover A — S with S € QRSPerfd.

Proof: — 1If there exists a quasisyntomic cover A — S with S € QRSPerfd, then
A € QSyn by Lemma 4.15.

Conversely, assume A € QSyn. Choose a free p-complete algebra F = Z/ml]
on a set I with a surjection F — A. Let ' = F, be the quasisyntomic cover obtained by
formally adjoining p-power roots of {p} L {x;},c; in the p-complete sense, so Fy 1s perfec-
toid. Let A — S be the base change of F — F,, along F — A in the p-complete sense; we
shall check that A — S solves the problem. By Lemma 4.16, A — S is a quasisyntomic
cover and thus S € QSyn by Lemma 4.15. To finish proving S € QRSPerfd, it is now
enough to observe that the ring F, is perfectoid, and the map Fo, — S is surjective. [J

Remark 4.29. — The construction of the cover A — S in the second paragraph
of the proof of Lemma 4.28 shows a bit more: the map A/pA — S/pS displays S/pS
as a free A/pA-module, and Ls/ss)/a/a)[—1] 1s a free S/pS-module (as the analogous
assertions are true for F — F.). Moreover, the ring S € QRSPerfd receives a map from
a p-torsionfree perfectoid ring.

Lemma 4.30. — Let A — S be a quasisyntomic cover in QSyn with S € QRSPerfd. Then
all terms of the Cech nerve S* lie in QRSPerfd.
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Progf. — Fach term S' is a quasisyntomic cover of S. In particular, each S' has
bounded p>-torsion by Lemma 4.16 and receives a map from a perfectoid ring (as S
does). As S'/pS' is a quotient of (S/pS)®%“*V its Frobenius is surjective. 0J

Proposition 4.31. — Restriction along u : QRSPerfd™ — QSyn" induces an equivalence
Shve (QSynOP) =~ Shve (QRSPerfdOp )
Jor any presentable oo-category C.

Denote the inverse Shve (QRSPerfd””) — Shve(QSyn) by F — F=; we shall call
F= the unfolding of F. Explicitly, given A € QSyn, one computes F2(A) as the totalization
of F(S*) where S* is chosen as in Lemma 4.30.

Proof. — It is enough to see that the corresponding co-topoi Shv(QRSPerfd”) and
Shv(QSyn) are equivalent (corresponding to the case where C is the co-category of
spaces); both sides are equivalent to the contravariant functors from the correspond-
ing oo-topos to C taking colimits to limits by [Lurl8b, Proposition 1.3.17]. We de-
fine an inverse functor Shv(QRSPerfd”) — Shv(QSyn”) as follows. There is a func-
tor QSyn”® — Shv(QRSPerfd”) sending any A € QSyn to the sheaf 4, it represents
on QRSPerfd®. This functors takes covers to effective epimorphisms (as pullbacks of
quasisyntomic maps are quasisyntomic, and can be covered by quasiregular semiperfec-
toids), and preserves their Cech nerves. This implies that for any I € Shv(QRSPerfd),
the presheaf A — Homghy(orsperfaer)(7a, F) defines a sheaf on QSyn®?, defining the
desired functor Shv(QRSPerfd®”) — Shv(QSyn). It is clear that the composite
Shv(QRSPerfd”) — Shv(QSyn”) — Shv(QRSPerfd) is the identity. In the other di-
rection, the composite

Shv(QSyn”) — Shv(QRSPerfd”) — Shv(QSyn)

1s the identity by using the previous lemma: For any I € Shv(QSyn”) and A € QSyn,
we have to show that

F(A) = HomShv(QRSPerfd”P) (ha, FlQRSPerfd"P)y

noting that there is a natural map from left to right. But %, is the colimit of the Cech
nerve /g as in the previous lemma, and thus

Homygypyrspertaer) (ha, Florspertaer) = lim Homgpyrspertaer) (Ase » Florspertacr)

=1limF(S*) = F(A),

as desired. O
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Remark 4.32. — We shall often use Proposition 4.31 for the complete filtered
derived category C = DF(R), which we will be recalled in Section 5.1 (and which
the reader should consult for the ensuing notation). Therefore we remark that the un-
folding process is compatible with the evaluation and associated graded functors for
such sheaves, i.e., if F € Shvgyr, (QRSPerfd) unfolds to F2, then F2(i) = F(;)2 and
gri(F:l) = (griF):. In particular, if F corresponds to an N-filtered object (i.c., gr’ = 0 for
¢ < 0), then passage to the underlying non-filtered sheafis also compatible with unfolding,
ie., F?(—00) = F(—00)= as they both coincide with F(0)> by the previous observations.

4.5. Variants. — In applications, we shall often need to restrict attention to smaller
subcategories of QSyn and QRSPerfd which are still related by an analog of Proposi-
tion 4.31; in particular, we will often fix a base ring.

Variant 4.33 (Slice categories, I). — Fix a ring A. We can consider the category QSyn,
of maps A — B with B € QSyn as well as the full subcategory QRSPerfd, C QSyn,
spanned by maps A — S with S € QRSPerfd. One can then check that the analogs
of Lemma 4.27, Lemma 4.17, Lemma 4.28 and Proposition 4.31 hold true for these
categories. The following lemma is quite useful in working in these categories in practice:

Lemma 4.34. — Assume A 15 perfectoid or A = Z,. For any B € QSyn,, the complex
Lg/a € D(B) has p-complete Tor amplitude in [—1, O]. Hence, the p-adic completion of ALg al—1]
lies in D=°(B).

Progf. — Let us explain the assertion about the cotangent complex first. If A=Z,,
this is true by definition, so assume that A is perfectoid. Choose a quasisyntomic cover
B — S with S € QRSPerfd. By Lemma 4.25, we know that Lg,y € D(C) has p-complete
Tor amplitude concentrated in degree —1. The transitivity triangle for A — B — S and
the quasisyntomicity of B — S then shows that Ly ®%S € D(S) has p-complete Tor
amplitude in [—1, 1], and thus in [—1, 0] by connectivity. We conclude using p-complete
faithful flatness of B — S.

For exterior powers: it follows formally from the previous paragraph (and the cor-
responding statement over B/pB) that AyLy s has p-complete Tor amplitude in [, 0].
The claim now follows from Lemma 4.6. UJ

Variant 4.35 (Slice categories, I). — There is another variant of the slice category. Fix
a quasisyntomic ring A. We consider the category qSyn, of quasisyntomic A-algebras,
with the quasisyntomic topology. Again, it has a full subcategory qrsPerfd, C qSyn,, and
the previous results including Proposition 4.31 stay true. In fact, all statements about
covers of A in QSyn or QRSPerfd are immediately statements about covers in qSyn,
and qrsPerfd,.

For a map A — B of quasisyntomic rings, there is an associated functor qSyn, —
qSyny, sending C to C®,B. Tt is however not clear that this induces a morphism of topoi,



232 BHARGAV BHATT, MATTHEW MORROW, PETER SCHOLZE

as our sites do not have finite limits. For this reason, we prefer to work in big sites like
QSyn or QSyn, to get functoriality of our constructions in the algebras.

Variant 4.36 (Restricting to topologically free objects over Oc). — In this variant, we spe-
cialize to working over O¢ where C is a perfectoid field of characteristic 0, and explain
an analog of the preceding theory where, roughly, all instances of “flat” are replaced by
“projective”; this will be used in the proof of Theorem 9.6. Define a map A — B of
p-complete and p-torsionfree rings to be a proj-quasisyntomic map (resp. cover) if the following
properties hold:

(1) B/pis a projective (resp. projective and faithfully flat) A/p-module.
(2) Legyya/p € D(B/p) has projective amplitude'? in [—1, 0].

Let qSan(’;Zj C qSyny,, be the full subcategory spanned by proj-quasisyntomic Og-alge-
bras. Let qrsl)erfdl(’;(()lJ = qSyng?f N QRSPerfd, ,, so Lys/y/oc/n[—11 1s a projective S/p-
module for S € qrsPerfd%rZ]. Note that p-adic completions of smooth O¢-algebras lie in

qSynng: the condition on cotangent complexes is clear, and any finitely presented flat
Oc/p-algebra is free.' ' _

We equip (the opposites of) qSyngzJ and qrsPerde(’f;ZJ with the topology determined
by proj-quasisyntomic covers. It is easy to see that proj-quasisyntomic maps (resp. covers)
are stable under base change and composition, which gives analogs of Lemma 4.27 and

Lemma 4.17. Remark 4.29 then ensures that objects in qSyn%ij’Op can be covered by

those in qrsPerfdgzj’Op, giving an analog of Lemma 4.28. It is then easy to see that the
analog of Proposition 4.31 holds true for these categories.

5. Negative cyclic homology and de Rham cohomology

The goal of this section is to prove Theorem 1.17. As this theorem concerns the
existence of filtrations on objects of the derived category, we start with some reminders
about the filtered derived category in Section 5.1; the main results here are the existence
of a Beilinson ¢-structure (Theorem 5.4) and the interaction of this ¢-structure with the
Berthelot-Ogus-Deligne Ln-functor (Proposition 5.8). With this language in place, we
study some important examples of sheaves on the quasisyntomic site (such as de Rham
complexes or negative cyclic homology) in Section 5.2 and prove Theorem 1.17.

12 A complex K over a commutative ring R has projective amplitude in [a, 4] if it can be represented by a complex
of projective modules located in degrees a, . .., b. This is equivalent to requiring that Exty (K, N) = 0 for any R-module N
whenever ¢ ¢ [—b, —a]; see [Stal8, Tag 05AM] for more.

'3 Write O¢/p as a direct limit of artinian local rings R; C O¢/p. Then any finitely presented flat O /p-algebra A
descends to a finitely presented flat R;-algebra A; for some ¢ 3> 0. As flat modules over artinian local rings are free, A, is
free over R;, and hence A is free over Oc¢/p.
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3.1. Recollections on the filtered derived category. — We review some formalism sur-
rounding the filtered derived category.'* Recall the following notion, where Z is the
category whose objects are the integers n € Z, and there is at most one map n — m,
which exists precisely when n > m.

Defination 3.1 (Filtered derived category). — For any Eoo-ring R, write
DF(R) := Fun(Z”, D(R))

Jor the filtered derived category of R; write DF = DF(S). We view these as symmetric monoidal

presentable stable 00 -categories via the Day convolution symmetric monoidal structure, c¢f. [GP18]. Recall
that this means that, for ¥, G € DF(R), one has

(F&KG)(® = colim F(H @G (k).

Gwen F € DF(R), we call F(—00) := colim, F(z) the underlying spectrum with F(1) —
F(—00) specifying the i-th filtration level. Such an ¥ s called complete if F(oo) := lim, F(z)
vanishes; in this case, we have F(—00) >~ lim; F(—o0) /F(1). Whrite DF (R) € DF(R) for the com-
plete filtered derived category, w.e., the full subcategory spanned by complete objects.

For F € DF(R), write gr'(F) = F(i) /F(i — 1). We shall often denote F € ]’)\F(R) as
(F(=00), F(x)) or simply F(x); the former notation reflects the intuition that I gives a
complete descending Z-indexed filtration F(x) on the underlying spectrum F(—00), and
will typically be used only in the N-indexed case (i.e., when gr'F = 0 all i < 0, whence
F(0) >~ F(—00)). The next lemma summarizes the basic properties of the filtered derived
category that we shall use repeatedly, and is well-known.

Lemma 5.2. — With notation as above:

(1) The collection of functom given by {gr'(—) }iez and F + F(00) is conservative on DF(R).
On the subcategory DF(R) the collection {gr'(—)}iez 15 already conservative.

(2) The inclusion DF(R) C DF(R) has a left-adjoint F — ¥ called completion. Explicitly,
this is given by the formula F(z) =F (z) JE(00) for all i. The completion_functor commutes
with the associated graded functors gr i(—-).

(3) Both DF(R) and DF (R) have all limits and colimuts. The evaluation functors ¥ +— F(7)
and the associated graded functors gr ‘(=) commute with all limits and colimits in DF(R)
The associated graded functors gr'(—) commute with all limits and colimits in DF (R).

(4) There is a unique symmetric monoidal structure on DF(R) compatible with the one on
DF(R) under the completion map.

" In our applications, it will be useful to work with unbounded complexes with unbounded filtrations. Moreover,
since we use the oo-categorical perspective of [NS18], we also need the filtered derived category as an oo-category. For
these reasons, we adopt the language of co-categories when discussing the filtered derived category, instead of the more
classical language used to discuss this notion, e.g., as in [BBD82].
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(5) ForF, G € DF(R) or F,Ge ]/)'F(R), we have a functorial isomorphism gr" (F ®]§G) ~
@H—j:ngrl (F) ®I§grj (G)

Proof: — See the first 8 pages of [GP18]. UJ

The next results of this section are an elaboration of [Bei87, Appendix A]. From
now on, assume that R is connective. Recall that the co-category D(R) carries a nat-
ural #-structure whose connective objects DF=(R) are those R-module spectra whose
underlying spectrum is connective ([Lurl8a, Proposition 7.1.1.13]). In the following, we
explain why this endows DF(R) with a natural ¢-structure as well.

Definition 5.3. — Let DF="(R) C DF(R) be the full subcategory spanned those F’s with
ar'(F) € D={(R) for all i; dually, DF=°(R) C DF(R) is the full subcategory spanned by those F’s
with F(7) € D='(R) for all i. We shall refer to the pair (DF="(R), DF="(R)) as the Beilinson
t-structure on DF(R); this name is justified by Theorem 5.4 below.

The Beilinson ¢-structure is not left-complete: the oo-connected objects of DF(R)
(i.e., objects in (), DF="(R)) are exactly those F’s with gr'(F) = 0 for all ¢, i.e., constant
diagrams. In particular, no complete objects are co-connected. The next result summa-
rizes the existence of this ¢-structure and describes the truncation and homology functors.
Note that it is a statement about the homotopy category of DF(R), i.e. the usual filtered
derived category as a triangulated category.

T heorem 5.4 (Beilinson). — With notation as above.

(1) The Beilinson t-structure (DF="(R), DF=°(R)) s a t-structure on DF(R). This
t-structure is compatible with the symmetric monoidal structure, i.e., DF<"(R) C DF(R)
i a symmetric monoidal subcategory.

Q) If 5" denotes the connective cover functor for the t-structure from (1), then there is a natural
isomorphism gr' o Ty (=) =~ = o gr'(—).

(3) Assume R is discrete, i.e. ;R =0 for i # 0. The heart DF(R)” := DF="(R) N
DF=(R) is equivalent to the abelian category Ch(R) of chain complexes of R-modules
via the following recipe: given F € DF(R), its 0-th cohomology HY(F) in the Beilinson
t-structure corresponds to the chain complex (H®(gr®(F)), d) where d s induced as the
boundary map for the standard triangle

ar'™! (F) := F(i+1)/F(i+2) — F() /F(i+2) — gr'(F) := F() /F(i+1)

by shifting. The resulting functor Hy, : DF<°(R) — DF(R)® =~ Ch(R) is symmetric
monoidal with respect to the standard symmetric monoidal structure on the category of chain
complexes.
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Remark 5.5. — At the level of explicit filtered complexes, the formation of connec-
tive covers in the Beilinson /-structure is implemented by Deligne’s construction of the
filtration décalée for any filtered complex (see [Del71, §1.3.3]). Thus, even though the
language of ¢-structures was invented later, [Del71] already contained an essential idea of
the proof of Theorem 5.4.

Proof. — (1) Let us explain why we get a ¢-structure. As each D=/(R) C D(R) is sta-
ble under colimits, and because each gr'(—) commutes with colimits, DF=°(R) € DF(R)
is also closed under colimits. Thus, by presentability, there is a functor R : DF(R) —
DF=(R) that is right adjoint to the inclusion. For any Y € DF(R), this gives an exact
triangle

RY) =Y — Q(Y)

defining Q(Y). We must check that Q(Y) € DF*°(R), i.e., Q(Y)(:) € D>(R) or equiv-
alently that Map(X, Q(Y)(2)) = 0 if X € D=(R). The functor F > F(i) has a left-
adjoint L; such that L;(X)(j) equals O if j > 7 and equals X if j < (with all transition
maps being the identity). In particular, we have gr'(L;(X)) = X and gr/(1;(X)) = 0 for
j #1i. Thus, if X € D=/, then 1;(X) € DF="(R). By adjointness, we have an identifica-
tion Mapp g, (Li(X), Q(Y)) = Mapp, (X, Q(Y)(2)), so it is enough to show that each
map 7 : L;(X) = Q(Y) is nullhomotopic if X € D=(R). Pulling back the preceding fiber
sequence along n gives a map of fiber sequences

RY) — F —— Li(X)

I

REY) —= Y —= Q(Y).

As X € D=/(R), we have L;(X) € DF="(R). Also, R(Y) € DF="(R) by construction. Sta-
bility of DF=(R) under extensions shows that F € DF="(R). But then by the defining
property of R(Y) — Y, the map I — Y above factors uniquely over R(Y) — Y. As the
left vertical map is identity, this implies that F splits uniquely as R(Y) & L;(X), and thus
the first fiber sequence above is split (i.e., has 0 boundary map). On the other hand, since
F — Y factors over R(Y), it follows that n factors over the boundary L;(X) — R(Y)[1];
as we just explained that the latter is 0, we must also have n = 0, as wanted.

The assertion about symmetric monoidal structures follows from Lemma 5.2(5).

(2) We shall use the following fact: any exact and ¢-exact functor between stable
oo-categories equipped with {-structures commutes with the truncation functors asso-
ciated to the ¢-structures. Now for each ¢ € Z, by definition of the ¢-structure, the exact
functor gr' : DF(R) — D(R) is t-exact if DF(R) is equipped with the Beilinson ¢-structure
(DF=°(R), DF=°(R)) and D(R) is equipped with the shift (D=/(R), D=/(R)) of the usual
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t-structure. The desired formula now follows immediately from the previous quoted fact
about stable co-categories with ¢-structures.

(3) The heart comprises those F with gr'(F) € D=/(R) and F(i) € D='(R). It is easy
to see that this forces the following:

(a) gr'(F) is concentrated in cohomological degree i.
(b) F is complete.

Conversely, any F satisfying these conditions necessarily lies in the heart: it is clear
that F € DF=°(R) by (a), and the inclusion F € DF=’(R) follows from the formula
F(i) = limi»; F())/F(j) (by (b)), the hypothesis that g/ (F) € D¥(R) for j > ¢ (by (a)),
and the stability of D='(R) C D(R) under limits. In particular, there is a natural func-
tor G : Ch(R) = DF(R)® given by G(K*)(:) = K=' and obvious transition maps; this
functor 1s exact. We shall check that G is fully faithful and essentially surjective by first
handling the bounded case, then the bounded above case (by passage to filtered direct
limits along the stupid truncation), and then the general case (by passage to cofiltered
inverse limits along the stupid truncation).

Let us first check the result in the bounded case. Write Ch’(R) € Ch(R) for the
full subcategory of bounded chain complexes; this is an abelian subcategory. Similarly,
write DF(R)?* € DF(R)® for the full subcategory spanned by bounded filtrations, i.e.,
those F’s with gr'(F) = 0 for |i| 3> 0. Itis clear that G restricts to a functor G’ : Ch’(R) —
DF(R)®?. Tt is proven in [BBD82, Proposition 3.1.8] (see also [Bei87, Proposition A.5])
that G’ is an equivalence. As the definitions in [BBD82] and here are not obviously the
same, we briefly sketch a proof. Note that every K* € Ch’(R) admits a functorial finite
filtration with graded pieces of the form M[—:], where M is an R-module, ¢ is an integer,
and as usual M[—1] indicates the R-complex given by M concentrated in cohomological
degree i. Similarly, any F € DF(R)¥’ admits a functorial finite filtration with graded
pieces of the form L;(M[—:]), where L; is the functor from (1), M is an R-module, and ¢
is an integer. Moreover, these pieces match up: for an R-module and an integer ¢, we have
G(M[—1]) = L;(M[—1]), as one readily checks by unwinding definitions. By Lemma 5.7,
it is enough to show the following: for R-modules M and N and integers ¢ and j, the
functor G induces isomorphisms

By g (M1, NI 1) = Exty e, (L(MI 1), L (N[ ])).

Using the definition of L; as a left-adjoint as well as the explicit definition of L, one com-
putes that Extyyp g, (Li(M[—2]), L;(N[—])) vanishes if i > j and equals Extf{lﬁ (M, N) if
¢ <J. On the other hand, by twisting, the left side above identifies with Ext¢, g, (M, N[ —
J1). The claim now follows from Proposition 5.6 applied with ¢ =17 —.

Let us now extend the result to complexes that are bounded above. Let Ch™ (R) C
Ch(R) be the full subcategory of bounded above complexes K* (i.e., K' = 0 for i > 0).
Any such K* can be written functorially as the filtered colimit colim; K== of bounded
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complexes. Here K=" — K* is the displayed truncation of K*, and can be viewed as
the universal object in Ch(R) mapping to K which vanishes in degrees < —i. Simi-
larly, write DF(R)®~ € DF(R)? for the full subcategory spanned by those F which are
bounded above (i.e., gr'(F) = 0 for i > 0). Any such F can be written functorially as the
filtered colimit colim; F=~" of bounded filtrations. Here F=~' € DF(R)%*’ is defined by
F=7'(j) = F()) ifj > —i and F(j) = F(—?) ifj < —i, and has a similarly universal property
to the one for K==, One then checks by reduction to the bounded case (and using that
G : Ch(R) — DF(R)® commutes with filtered colimits) that G induces an equivalence
Ch™(R) ~ DF(R)”~ on bounded above objects.

Finally, we handle the general case. Any K* € Ch(R) can be written functorially
as the N-indexed inverse limit lim; K=’ of bounded above complexes; here K* — K=' is
the displayed truncation of K, and is the universal map from K*® into a complex that
vanishes in degrees > 7. Note that the N-indexed diagram {K='} is essentially constant
in each degree j. Similarly, any F € DF(R) can be written as the N-indexed inverse
limit lim; F=! of bounded above filtrations. Here F=' is defined by F=(j) is 0 if j > ¢ and
F='(j) = F()/F( + 1) for j < i, and the map F — F=' is the universal map from F into
an object G of DF(R)® with g (G) = 0 for j > i. Note that the N-indexed diagram {F='}
is essentially constant on applying gr for each j. One then checks by reduction to the
bounded above case (and using that G carries the N-indexed limit diagrams in Ch(R)
which are essentially constant in each degree to N-indexed limit diagrams in DF(R)® that
are essentially constant after applying each gr’) that G induces an equivalence Ch(R) =~
DF(R)? of abelian categories.

The final statement follows from Lemma 5.2(5). O

The proof above used the following description of Ext-groups in the abelian cate-
gory of chain complexes of R-modules.

Proposition 3.6, — Let R be a commutative ring. For an nteger ¢, write K* = K[c]*®
Jor the “shuft to the left by ¢ autoequivalence of the abelian category Ch(R) of chain complexes,
i.e., Kle)' = K™, Then for R-modules M and N regarded as complexes with trivial differential,
EXtEh(R) (M, Nl[c]) =0 forall 1 € Z 1f ¢ > 0, and wdentifies with Exti{”(M, N) /¢ <0.

Progf: — We work in the abelian category of Z-graded R-modules. For a graded
R-module K*, write K*{c} for the “shift to the left by ¢” autoequivalence of graded
R-modules, i.c., (K*{c})’ = K'**. Write S for the graded ring R[€]/(e?) where € has
degree 1, so S =R @ R{—1} as a graded R-module. Then Ch(R) can be thought of as
the abelian category of graded S-modules in the abelian category of graded R-modules:
restriction of scalars along R — S gives the underlying graded R-module, while the ac-
tion of € € R yields the differential. Under this correspondence, the twisting notations are
compatible. Thus, we must compute Extg’ g},(M, N{¢}) for R-modules M and N (regarded
as graded S-modules placed in degree 0 with € acting as 0). We shall use the standard
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infinite resolution

(= S{=3@xM—>S{-(—D}@&M— -
— S{—1}®& M — S® M) > M

of graded S-modules, where all the transition maps are induced by multiplication by €.
Applying RHomg ,,(—, N) to this resolution and noting that RHomg (M, N{z}) = 0 for
¢ # 0 for grading reasons, we learn that RHomyg ,,(M, N{c}) vanishes if ¢ > 0, and equals
RHomg (M, N)[c] if ¢ < 0, as wanted. ]

The following lemma was also used above.

Lemma 5.7. — Let G : A — B be an exact functor between abelian categories. Assume that
there exists a collection S C A of objects of A with the following properties:

(1) Each object of A admits a finite filtration with graded pieces in S.
(2) Each object of B admits a finite filtration with graded pieces in G(S).
(3) For X, Y €S, the functor G induces byjections Ext’y (X, Y) = Extz(G(X), G(Y)).

Then G is an equivalence.

Proof. — Let us first show that if X € S, then Ext’y (X, Z) = Extz(G(X), G(Z)) for
all Z € A. This holds true for Z € S by assumption. Applying (1) and the 5-lemma using
(3) then implies the claim for all Z. Next, holding Z fixed but letting X vary through all
of A and repeating the previous argument gives Ext (W, Z) = Extz(G(W), G(2)) for
all W, Z € A. In particular, we have shown full faithfulness. Essential surjectivity follows
from (2) by induction on the length of the filtration using the statement about Ext'-groups
just proven to facilitate the induction. UJ

Theorem 5.4(3) is somewhat surprising at first glance: it extracts an honest chain
complex out from a construction involving derived categories, thus implementing a
“strictification” procedure. Another such construction is the Berthelot-Ogus-Deligne
Ln-functor that played a central role in [BMS18] (see Proposition 6.12 in op. cit. for an ex-
plicit example of the “strictification” implemented by Lz). We now explain why the latter
1s a special case of the former by explaining a description of the Ly-functor in terms of fil-
tered derived categories. This result is crucial to the sequel and will be used in particular
in Corollary 7.10.

Proposition 5.8. — Let R be a ring, and let 1 C R be an ideal defining a Cartier divisor. Fix
KeD(R). Let I* @ K € DF(R) be the I-adic filtration on K, i.e., the i-th level of the filtration is
I' ®x K with obvious maps. Then LK identifies with the R-complex underlying 3" (I* ® K).
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The reader familiar with [Del71] will have no difficulty deducing Proposition 5.8
from Remark 5.5: the object 7;K*® defined below coincides with Dec(F)?(K*) in the no-
tation of [Del71, §1.3.3], where I denotes the I-adic filtration on K.

Progf. — Choose a complex K* representing K such that each K' is I-torsion-
free. Then we have an evident filtered complex (I*K*) representing I* ® K € DF(R). By
definition, n;K* C K*[1/1] is the subcomplex with (7;K*)" = {x € 'K" | dx € I"T'K"*'}.

Define a filtration G** on n;K* via G** = I'K* N n;K* as subcomplexes of K*[1/1].
Then there is an evident inclusion

B:G** - I'K"
of filtered complexes, and hence a map
B:G"—TI'K

in DF(R). We shall check that this map is a connective cover map for the Beilinson-¢-
structure, which will prove the proposition.

To check this, we need to check that gr'8 : gr'G* — gr'I*K identifies the source
with = of the target, and that B(00) is an equivalence. Note that 8(00) is an equivalence
as in any given degree 7, the map G** — I’K*® is an isomorphism in degrees i > 7.

On the other hand, by construction the map of complexes gr'G** — gr'I*K* is
injective, and the inclusions I""'K" C (7;K*)" C I"K” imply that is an isomorphism for
n < ¢ and the left-hand side is zero for n > 7. It remains to see that in degree ¢, the image
1s precisely the set of cocycles. But this follows from the exact definition of n;K®. UJ

Remark 5.9. — The interpretation of Ln; coming from Proposition 5.8 gives a
concrete measure of the failure of L, to preserve exact triangles: if K — L — M is an
exact triangle in D(R), then the induced sequence on applying Ln; is an exact triangle
if the boundary map Hj,(M) — Hy(K) is the 0 map. Via Theorem 5.4(3), the latter is
equivalent to requiring that the boundary map H'(M®ER/I) - H™'(KQER/I) be the

zero map for all ¢.

Corollary 5.10. — With notation_from Proposition 5.8, the functor Lny : D(R) — D(R)
of 00-categories has a natural structure as a lax symmetric monoidal functor. In particular, it takes
Eoo-R-algebras to Eo-R-algebras.

Proof. — By the previous proposition, the functor Ln; can be written as a composite
of the following three functors:

(1) The functor K - I*QEK : D(R) — DF(R).
(2) The connective cover functor ‘L'BSO :DF(R) — DF(R).
(3) The functor F — F(o0) : DF(R) — D(R).
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It is a general fact that the connective cover functor is lax symmetric monoidal. In fact,
a right adjoint to a symmetric monoidal functor is always lax symmetric monoidal by
[Lurl8a, Corollary 7.3.2.7], and 7;" : DF(R) — DF="(R) is right adjoint to the sym-
metric monoidal inclusion DF=(R) C DF(R).
The functor F +— F(—00) : DF(R) — D(R) is symmetric monoidal; for this, note
that
(F®§G)( 00) = colim cohm FQ)@%G(/{) = Cohm F(j)®RG(k)

i——00 J+

= colim F(j)@R %olim G(k) = F(—OO)@RG(—OO).
J—>—00 ——00

Finally, the functor K > I*®EK can be written as the composite of the symmet-
ric monoidal functor K — Lj(K) (from the proof of Theorem 5.4) and the functor
Fr— I*®I§F that is lax symmetric monoidal as I* € DF(R) has a natural structure as
Es-algebra in DF(R). In fact, I* has a strict commutative ring structure on the level of
filtered R-modules (thus, of filtered chain complexes). U

5.2. De Rham complexes and negative cyclic homology. — Now we return to the qua-
sisyntomic site, and fix a base ring R € QSyn. Our goal in this section is to prove Theo-
rem .17 relating negative cyclic homology to de Rham cohomology.

Example 3.11 (Hodge-completed derived de Rham complex). — Consider the DF(R)-
valued presheaf on QSyny’ determined by the p-adic completion (L2 /R Lo /R) of the
Hodge-completed derived de Rham complex. We claim that this is a sheaf. By closure of
the sheaf property under limits and the behavior of limits in DF(R), we are reduced to
checking that A = (A ALA/R) is a sheaf on QSyny for all 7, which follows from Theo-

rem 3.1.

Example 3.12 (p-completed derived de Rham complex). — Consider the D(R)-valued
presheaf on qSyny determined by the p-adic completion of the derived de Rham com-
plex; we will simply denote this as L£2_,z and leave the p-adic completion implicit.
We claim that this is a sheaf. It is enough to check that A > LQyr®%FZ/pZ is a
sheaf. The conjugate filtration on derived de Rham cohomology modulo p endows
LQ,r®FZ/pZ with a functorial increasing exhaustive N-indexed filtration with graded
pieces Ay\La/r[—11®FZ/pZ. As any A € qSyny is quasisyntomic over R, each graded
piece, and hence each finite level of the filtration, takes values in D=~'(R). The claim
now follows as sheaves valued in D="!(R) are closed under filtered colimits in the corre-
sponding presheaf category.

If R is perfectoid or R = Z,, the same discussion applies to the larger site QSyny’,
using Lemma 4.34.

The next example is a toy example of the key construction of this paper:
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Example 3.13 (Recovering Hodge- and p-completed derived de Rham complex from
HC™). — We shall need the following result describing the Hochschild homology of
quasiregular semiperfectoid R-algebras:

Lemma 5.14. — Fix S € qrsPerfdy ; if R s perfectord or R = Z,, we allow more generally
S € QRSPerfdy.

(1) For each i > 0, the S-complex NsLs/r[—i] is p-completely flat, and in particular its
p-completion is concentrated in degree 0.

(2) We have 7,,, HH(S/R; Z,) = 0, and there is multiplicative identsfication of o, HH(S/
R; Z,) with the p-completion of AN'Lg rl—1].

Progf: — 1It suffices to prove part (1): The HKR filtration then implies (2) as the
p-completion of griy. g HH(S/R) >~ ALLg/r[7] is concentrated in degree 2i by part (1).
Moreover, by stability of p-completely flat modules under divided powers, it suffices to
handle the case : = 1.

IfR =2Z, and S € QRSPerfdy, then Lg/r[—1] is p-completely flat by Remark 4.21.
If R is perfectoid and S € QRSPerfdy, we use Lemma 4.25 for the same conclusion. Fi-
nally, if R € QSyn is general and S € qgrsPerfdy, then Lg/g has p-complete Tor-amplitude
in [—1, 0] but Qé/R =0, so Lg/r[—1] is p-completely flat. ]

In particular, for S € qrsPerfdy, as 7w, HH(S/R;Z,) lives only in even degrees,
the homotopy fixed point spectral sequence calculating HC™(S/R; Z,) degenerates to
yield a complete descending multiplicative filtration on 7oHC™ (S/R; Z,) with the i-th
graded piece being the p-completion of AiLgs/r[—i]. By the same reasoning used in Ex-
ample 5.11, it follows that 7oHC™ (—/R) is a D(R)-valued sheaf on qrsPerfdy, and thus
unfolds to a sheaf (moHC™ (—/R; Z/))):l on gSyny by Proposition 4.31. Again, if R is
perfectoid or R =Z,, the discussion applies also to QSyny,.

Proposition 5.15. — The sheaf (meHC™ (—/R; Zp)):l on qSyny s canonically identified
with the p-adic completion Lo /R 0f the Hodge-completed deriwed de Rham complex from Fxam-
ple 5.11.

Proof. — It is convenient to use filtrations. Thus, for S € qrsPerfdy, viewing
moHC™ (S/R;Z,) with the filtration defined via homotopy fixed point spectral se-
quence as above gives a DF(R)—Valued sheaf I on qrsPerfdy. This unfolds to a DF(R)
valued sheaf F= on qSyny; the underlying sheaf of complexes coincides with the sheaf
(moHC™ (—/R; Zp)):l of interest. In the paragraph above, for a quasismooth R-algebra A,
we have identified gr'(F =)(A) with the p-adic completion of 2 /R[—i]; as R has bounded
p>-torsion, so does A by Lemma 4.16, and hence this graded piece is concentrated in
cohomological degree ¢ by quasismoothness and Lemma 4.7. In particular, F2(A) €
DF(R)O As the equivalence in Proposition 4.31 is symmetric monoidal, Theorem 5.4(3)
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tells us that F2(A) is given by a commutative differential graded R-algebra of the form

A— (Q}A/R); - (Qi/R); o

By checking in the example of A = li[\x] one concludes that the differential coincides
with the de Rham differential (see [NSI8 Lemma IV.4.7] for a similar calculation).
In other words, F2 coincides with LE_ sk on the category of quasismooth R-algebras.
Hence, their left Kan extensions (as functors to DF(R)) to all p-complete simplicial com-
mutative R-algebras also coincide. But these extensions, when restricted to qSyny, agree
with the original functors as the same holds true for the associated graded functors of ei-
ther functor (as they are given by the p-completions of A'L_g[—i]). The result follows. [J

In fact, we can now prove Theorem 1.17.

Proof of Theorem 1.17. — We analyze the sheaf (79, HC™ (—/R; Zp))j on gSyng
for any n € Z. For n < 0, periodicity (given by multiplication by the generator of
1, HC™ (R/R; Z,) >~ R) shows that it gets identified with (moHC™ (—/R; Zp)):, as de-
sired. For n > 0, the analysis of the previous proof shows that on quasismooth R-algebras
A, it is given by a complex

(Qur), = (), =

and one can identify this as a subcomplex of the complex for (moHC™ (—/R; Zp)):l via
multiplication by the generator of 7_,,HC™ (R/R;Z,) = R. By left Kan extension, we
get this description in general.

It remains to see that the filtration is complete and exhaustive. Completeness
can be checked locally on qSyng, and is evident on qrsPerfdy as the Postnikov filtra-
tion 1s complete. To see that it is exhaustive, we note that on any homotopy group
7 FilI"HC™ (A/R; Z,), the filtration is eventually constant and equal to 7;HC™ (A/R; Z,);
indeed, it suffices to take z sufficiently negative so that : > 2n.

The case of HP is similar, but easier by 2-periodicity. U

6. THH over perfectoid base rings

The first goal in this section, realized in Section 6.1, is to analyze the theories
THH, TC™ and TP for perfectoid rings, and in particular prove Theorem 1.6. In fact,
with little extra effort, we can also identify THH of a smooth algebra over a perfectoid
ring in Section 6.3, which generalizes a result of Hesselholt; the key tool here is Theo-
rem 6.7, which explains why the topological theory provides a I-parameter deformation
of the algebraic theory. The formulation of these theorems in explicit terms entails mak-
ing certain choices; one can formulate the results in a more invariant way in the language
of Breuil-Kisin twists, which is discussed in Section 6.2.
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For the rest of this section, fix a perfectoid ring R, and set A,y = Ay r(R) with the
map 0= 0]{ : Ainf—) R.

6.1. THH, TC™ and TP for perfectord rings. — Bokstedt calculated 7, THH(F,) to
be a polynomial ring on a degree 2 generator [Bok85a]. Using his result, we can prove
the analog for any perfectoid ring:

Theorem 6.1. — The ring w, THH(R; Z,) = Rlu] s a polynomial ring, where u €
7’ THH(R; Z,) = myHH(R; Z,) = ker(0)/ ker(0)? is a generator of ker(0) / ker(6)*.

Proof. — We first claim that m;HH(R; Z,) = R if s > 0 is even and = 0 else (however
without identifying the multiplicative structure, which would be a divided power algebra).
This follows from the HKR filtration, as the graded pieces are given by (AgLg /Zﬁ)/f[i] >~
R[2:], cf. Proposition 4.19.

In particular, HH(R; Z,) is a pseudocoherent complex of R-modules, i.e. it can be
represented by a complex of finite free R-modules that is bounded to the right (but not
to the left). Thus, the same is true for

THHR; Z,) @runez) Z=HH(R; Z,),

where we use Lemma 2.5. By induction using the finiteness in Lemma 2.5, all
THH(R; Z,) ®runuz) T<, THH(Z) are pseudocoherent, which implies that THH(R; Z))
itself is pseudocoherent.

Next, we check that for any map R — R’ between perfectoid rings the induced
map

THH(R; Z,)®;R'— THH(R; Z,)

1s an equivalence. It suffices to check the assertion after tensoring over THH(Z) with Z
(as then by induction it follows for the tensor product over THH(Z) with 7., THH(Z),
and one can pass to the limit). Thus, it suffices to see that

HH(R; Z,)®xR'— HH(R; Z,)

is an equivalence, which the HKR filtration reduces to (/\i{LR/Z[, ) /f QER ~ (AiR,LR/ /z,) /?;
but this follows from the description (LR/Zﬁ);[—l] ~ (kerf)/(ker8)? = R - u, which is
compatible with base change [BMS18, Lemma 3.14].

We know by Bokstedt’s theorem that the theorem holds true for R =F,, cf. [NS18,
Theorem IV.4.4]. Thus, the base change property implies that it holds if R is of charac-
teristic p.

In general, we argue by induction on ¢, so assume the result is known in de-
grees < 1. As then 7 .;/THH(R;Z,) is a perfect complex of R-modules, it follows that



244 BHARGAV BHATT, MATTHEW MORROW, PETER SCHOLZE

7., THH(R; Z,) is still pseudocoherent, and in particular M = 7,/ THH(R; Z,) is a finitely
generated R-module. Consider the map

— M=nTHH(R;Z,)
0 else

, {R- u’?  ieven >0,
M =
and let R is the direct limit perfection of R/p. Then R — R is surjective, the kernel lies
in the Jacobson radical, and R is a perfect ring of characteristic p. By the base change
property and freeness of 7/ THH(R; Z,) for j <1, we see that

M ®g R =7, THH(R; Z,),

which by the known case of characteristic 4 is given by M’ ® R =R - #/? (if i is even, or
0 else). Thus, the map

M/®RE—> M@RE

1s an isomorphism.

In particular, if 7 is odd, then M ®g R = 0, which by Nakayama’s lemma implies
that M = 0, as desired. If 7 is even, then Nakayama’s lemma implies that M' =R — M
is surjective. To see that it is an isomorphism, it suffices to see that the rank of M at
all points of SpecR is at least 1, as R is reduced. All points of characteristic p lie in
SpecR C SpecR, and we know that M ®g R = R, giving the result in that case. On the
other hand, rationally we have

M®zQ=7THHR;Z,) ®,Q=7HHR;Z,) ®, Q~R®;Q

using THH(Z) ®z Q = Q (Lemma 2.5), showing that the rank of M at characteristic 0
points is also at least 1. U

Write ¢ : THH(R; Z,) — THH(R; Z,)'“” for the cyclotomic Frobenius, and ¢/ :
TC"R;Z,)) — TP(R;Z,) >~ (THH(R; Zp)tcﬁ)’lT for the induced map (using [NSI18,
Lemma II.4.2]). These fit into a commutative diagram

AT

(1) TC"(R; Z) TP(R; Z,)

can \L can

THH(R;Z,) —— THH(R; Z,)"%
¢

of Ex-ring spectra, where the vertical maps are the usual ones (cf. also [NS18, Corol-
lary 1.4.3] for the right vertical map).
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Proposition 6.2. — The square obtained by applying 7, to the square (1) above is given by

u|—>cr,v|—>(p($)a’1

Ainelu, v]/(wv — §) Ao, 071
@-linear
6-linear \L u—>u, v—>0 8 -linear \L oo
u—>o |
Ru] Rlo,07].
R-linear

Here & has degree O and is a generator of the ideal ker(0), u and o have degree 2, while v has
degree —2.

Before embarking on the proof, we note that in addition, we also have the canonical
map

2) TC™(R; Z,) — TP(R; Z,).
Proposition 6.3. — The map on 1, obtained from the canonical map in (2) above is given by

un—)éa,v»—)a’l

Ajnelu, v]/(uv — §) Ainlo, 071,

Ainr-linear

where we use the presentations from Proposition 0.2.

More precisely, the statement is that generators «, v, 0 and & can be chosen such
that these descriptions hold true. Now we prove both propositions together.

Proof. — First, we identify F(R) := myTP(R; Z,). Note that by the Tate spectral
sequence, TP(R;Z,) is concentrated in even degrees, and F(R) has a multiplicative
complete descending filtration I I'F(R) C F(R) with or'F(R) = 7y, THH(R; Z,)=Rin
degrees ¢ > 0, and = 0 else. In particular, F(R) — 7y THH(R; Z,) = R is a p-adically
complete pro-nilpotent thickening. By the universal property of A;,r [Fon94, §1.2], we
get a unique map A;r — F(R) over R. Moreover, this sends the ideal ker(9) into
Fil'F(R) = ker(F(R) — R), and thus by multiplicativity ker(6)' into F I'F(R). We claim
that this induces a graded isomorphism A;,; = F(R). For this, we need to check that the
maps on gr' are isomorphisms, i.e. certain maps R — R are isomorphisms. This can be
checked after base change to perfect fields of characteristic p. As all constructions are
functorial in R, we can therefore assume that R = £ is a perfect field of characteristic p.
But then there is a map F, — £, and using functoriality again, we are reduced to the case
of F,, where it follows from [NS18, Corollary IV.4.8].

Morecover, the Tate spectral sequence implies that TP(R; Z,) is 2-periodic, so
we find an isomorphism 7, TP(R;Z,) = Ainlo, 071 by choosing a generator o €
T TP(R; Z,).
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Looking at the homotopy fixed point spectral sequence for TC™(R; Z,), which
maps to the Tate spectral sequence via the canonical map, we see again that every-
thing is concentrated in even degrees, and that generators in degree 2 and —2 multiply
to a generator for Fil' F(R) = ker(8) C F(R) = A,.¢; thus, we can find an 1somorphism
T, TC™(R; Zy) = Ajpelu, v]/(wv — &) C Aplo®'] under which v+ o~! and u+— &0 un-
der the canonical map.

Next, we identify

Mo 1 1 TC™ (R; Z,) = Ay — mTP(R: Z) = Ay

For this, we look at the commutative diagram

1 TC™(R; Z,) 7 TP(R; Z,) 7,RT=R
R —— n,THHR;Z,) — 7, THH®R;Z,)"> ——= 7R =R/p.

By [NS18, Corollary IV.2.4], the lower composite is given by the Frobenius map x > .
The left vertical map is given by 6 : A,y — R by construction. The right upper horizontal
map is also 0 : Aj,r — R, and the right-most vertical map is the canonical reduction map
R — R/p. It follows that the map f = my¢"" makes the diagram

S
Ainf - Ainf

' o

R—¢>R/p

commute. As Ay, is the universal p-adically complete pro-nilpotent thickening of R/,
this shows that / must be the Frobenius map ¢.
Now we claim that the map

709" 1y TC™(R; Zy) = Ajr - u— my TP(R; Z,) = Ay - 0

1s an isomorphism. Again, this can be checked after replacing R by a perfect field, and
then by F,, where it follows from [NS18, Proposition IV.4.9]. In particular, « maps to ao
for some unit & € Ay, Replacing & by ¢! (a)&, we can then arrange that « maps to o
on the nose. By multiplicativity, it follows that v maps to ¢ (&)o'
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It remains to get the description of THH(R; Z,)"“”. We have a commutative dia-
gram of rings

u0—>0,w—>(p(§)0_l

Ajnelu, v]/(uv — §) Ao, 07']

@-linear

O-linear \L u—>u, v—>0

R[u] 7, THH(R; Z,)'.

As v 0 on the left (for degree reasons), this induces a natural map
Aulo.07)/0@)0 ™ =R[0.07'] > 7, THH(R; Z,)'“,

which is f-linear. It remains to see that this is an isomorphism. For this, it is enough to
see that the natural map of E-ring spectra

TP(R; Z,) ®rc-rz,) THH(R; Z,) > THH(R; Z,)'“

is an equivalence, 1.e. (1) is a pushout. More generally, for any T-equivariant THH(R;
Z,)-module M (such as M = THH(R; Zp)‘C/J via @), we claim that the natural map

M'T ®rc-r:z,) THHR; Z)) - M

is an equivalence. For this, we note that THH(R;Z,) = TC™ (R;Z,)/v is a perfect
TC™(R; Z,)-module, so both sides commute with limits in M. By Postnikov towers, we
can therefore assume that M 1s bounded below, so after shifting coconnective. In that case,
both sides commute with filtered colimits in M, and we may assume that M is bounded

above as well, and then by induction concentrated in degree 0. But then the result follows
from M*T /v = M, which is the first part of [NS18, Lemma IV.4.12]. 0

We note that the final paragraph of this proof actually implies the following result
for R-algebras A.

Proposition 6.4. — For any connective Eoo-R-algebra A, the natural maps
TC (A Zy) /v =TC (A Z) ®1c-r:z, THHR; Z,) > THH(A; Z))
and
TP(A; Zp)/é =TP(A; Z)) ®rpriz,) THH(R; Z,)'“ — THH(A; Z,)'“

are equivalences of Eog-1ing spectra.



248 BHARGAV BHATT, MATTHEW MORROW, PETER SCHOLZE

In particular, the map ¢ : THH(A; Z,) — THH(A; Zp)"‘clf can be recovered from
the map ¢ : TC™(A; Z,) — TP(A; Z,) by modding out by v. In traditional approaches
to the cyclotomic structure on THH, one would first analyze ¢ : THH(A; Z,) —
THH(A; Z,)' by hand; here, we will not do such an analysis but instead identify di-
rectly @"T. The present discussion shows that the identification of ¢ then also leads to
an identification of ¢.

Progf: — This follows by applying the equivalence
M'T ®rc-r:z,) THHR;Z)) - M

valid for any T-equivariant THH(R; Z,)-module M to M = THH(A; Z,) resp. M =
THH(A; Zp)tcf’. In the second case, we also use that

TP(R; Z)) ®1c-rz,) THH(R; Z,) — THH(R; Z,)'“

is an equivalence. O

6.2. Brewl-Kisin twists. — Before going on, we want to make the previous iden-
tifications more canonical. Let Aj{l} := myTP(R;Z,); this is a free Aj,-module of
rank 1. For any Aj,-module M and : € Z, we define the Breuil-Kisin twist M{:} =
M ®a4,, Aine{1}®. If M is an R-module, then M{z} denotes the corresponding twist when
M is considered as A;,r-module via 6.

With these notations, there is a natural isomorphism of graded rings

7. TP(R: Z;) = €D Auli)
€Z

where Ay,{} sits in degree 2i. The canonical map 7, TC™(R; Z,) — 7, TP(R; Z,) is an
isomorphism in negative degrees, and has image (ker0)'A;,{i} in degree 2i > 0. On
the other hand, the Frobenius map ¢ : 7, TC™ (R; Z,) — 7, TP(R; Z,) induces on 7_
a @-linear Frobenius endomorphism @u, -1} : Ane{ —1} = Ais{—1} that becomes an iso-
morphism after inverting & on the source, respectively £ on the target. In particular, we
have a map @a, (1) : Ain[‘{l}[é] — Ain[‘{l}[é]. It sends £A; {1} into Ay{1}. Below, we will
relate this to the Breuil-Kisin-Fargues twist from [BMS18, Example 4.24].

Defining the Nygaard filtration on A as NZA L =EApfori >0 and NZA =
Ay for 1 <0, we see that

7. TC™(R; Z)) = PN Auedi).
1€Z
Moreover, if we set N'Ayyr = N2 A /N ZHA = R then the formula THH(A; Z,)=
TC™(A; Z,) /v implies that

7, THH(R; Z,) = PN Auli}.

>0
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But we know that there is a canonical isomorphism 7, THH(R; Z,) = (ker )/ (ker 0)> =
N'TA,p. Tt follows that N'Ay {1} >~ NTA; ¢ canonically, or in other words Ay{1} ®a. .0
R =R canonically. This explains our choice above to define R{1} = Ay {1} ®, 5 R as

the base change via 6; the base change via 6 is canonically trivial.

On the other hand, THH(R; Zﬁ)fcf) =TP(R; Z/,)/g, and so

7, THH(R; Z,) = P /6t = P RE).

1€Z 1€Z
Next, we know that
¢ : THH(R; Z,) —> THH(R; Z,)'“

identifies the source with the connective cover of the target. We see that R{1} = N 1Ay =

(kerf)/(ker6)?* canonically.
Let us summarize the discussion.

Proposition 6.5. — Consider the Ang-module A {1} = 1y TP(R; Z,) with the ¢-linear map

1 1
PAief1} = 2@ :Ainf{l}[g:| = Ainr{l}[g],

which induces an isomorphism & Ay 1} = Ape{1}.

(1) There are natural isomorphisms

Aine{1} ®a,0 RER,
Aine{1} ®n, 6 R = (ker®)/(ker 9)2 =R{1}.

(2) There are natural isomorphisms

7, THH(R: Z,) = PR} = PN Au.

>0 >0
7. TC(R: Z,) = PN Auli),
€Z
7, TP(R; Z,) = @) Audi),
€Z

under which the canonical map TC™ — TP corresponds to the inclusion N'='Ayy —
Ay, and the Frobenius map TG~ — TP corresponds to the Frobenius Ainf{i}[é] —

Ainr{ i}[é], which sends N'Z A1} into Apel1).
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Remark 6.6. — In this remark, we show that these Breuil-Kisin twists agree with
those of [BMS18, Example 4.24]; this is essentially the only spot in the paper that uses
“classical” results about topological Hochschild homology. We recall the construction of
loc. cit. which works in the case that R is p-torsion-free. Starting from the description
Apr = l(ir_nF W, (R) identifying the projection A;r = W,(R) with é, Ay = W, (R) as
in [BMS18, Lemma 3.2], where the kernel of 6, is generated by the non-zero-divisor
£ =¢ g0(§ ) ERRE (5), one has canonical isomorphisms

A1} ® 4,0 W, (R) = (ker6,)/ (ker 6,)*.

Varying 7, the natural maps on the right correspond to p times the natural map on the
left. This determines the transition maps when R is p-torsion-free, and then A; {1} as

Apef 1} = 1<1r_n Aine{1} @4, WAR).

r

Coming back to THH, we know that as THH(R; Z,) — THH(R; Z,,)tc/’ is a con-

nective cover, also the map
THH(R’ Zp)/zC/ﬂ N (THH(R, Zp)lC/,)}ler ~ THH(R’ Zp)[cpﬂrl

induces an equivalence of connective covers. Moreover, the same input implies that the
map from the genuine fixed points

TR*"'(R;Z,) = THH(R; Z,)” — THH(R; Z,)"%

1s again a connective cover by a result of Tsalidis, [15a98], cf. also [NSI18, Corol-
lary I1.4.9]. By [HM97, Theorem 3.3], there is a natural isomorphism 77y TR " (R; Z,)=
W,;+1(R) under which the transition maps for varying » correspond to the Frobenius
F:W,.1(R) > W,(R). Thus, THH(R; Zp)zcﬁ“rl is an even 2-periodic ring spectrum with
7y given by W, (R). The equivalence

TP(R; Z,) ~lim THH(R; Z,)”

from the proof of [NS18, Lemma II.4.2] then induces an isomorphism A =
1<i£11 W,(R) = A;r on the level of my. This must be the identity by compatibility with

6 and the universal property of Ay,r. This implies that the map
A =mTP(R; Z,) — 1 THH(R; Z,)” = W,(R)
is given by 6,, and in particular is surjective. As both spectra are 2-periodic, it follows that

THH(R; Z,)'” = TP(R; Z,) /£,
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and thus
7, THH(R; Z,) = P W, R) ).
1€Z
On the other hand,

TP(R; Z,) >~ (THH(R; Zﬁ)lcf,r)h(T/cﬁ)

by [NS18, Lemma II1.4.1, I1.4.2]. Looking at the resulting spectral sequence computing
7o (whose abutment filtration is determined by multiplicativity to be given by powers of
ker6,), we see that there is a canonical isomorphism

W,R){1} = H*(T/C,, W,(R){1}) = (kerd,)/ (ker§,)".

Moreover, the natural transition maps on the left correspond to multiplication by p on
the right (the factor of p coming from the covering T/C, — T/C,+1). This shows that
Aie{1} has the description given in [BMS18, Example 4.24]; we leave it to the reader to
check compatibility with the Frobenius map.

6.3. THH for smooth algebras over perfectoid rings. — Let R be a perfectoid ring. The
following theorem expresses why the topological theory yields a deformation of the al-
gebraic theory; it will be useful in controlling the topological theory. Here and in the
following, when a perfectoid base ring is fixed, we will usually omit Breuil-Kisin twists.

Theorem 6.7. — Let A be an R-algebra. Then there s a T-equivariant cofiber sequence
THH(A; Z,)[2] - THH(A; Z,) — HH(A/R; Z,)

of THH(A; Z,)-module spectra. In particular, by passage to fixed points, there 1s an induced cofiber
sequence

TC™(A; Z)[2] > TC™(A; Z,) > HC™ (A/R; Z,)

of TC™(A; Z,)-module spectra. Likewise, by passage to the Tate construction, there is an induced cofiber
sequence

TP(A; Z,)[2] LA TP(A; Z,) — HP(A/R; Z,)
of TP(A; Z,)-module spectra.

Progf. — As HH(A/R) = THH(A) @ rinw) R by Lemma 2.5, and HH(R/R) =R,
it is enough to prove the first statement for R itself. In this case, note that u €
7, TC™(R; Z,) can be viewed a T-equivariant map S[2] — THH(R; Z,), and hence a
THH(R; Z,)-linear T-equivariant map THH(R; Z,)[2] 5 THH(R; Z,). The cofiber
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of this map is the discrete THH(R; Z,)-module R non-equivariantly, and thus also
T-equivariantly: any discrete module over a T-equivariant connective E.,-ring carries
a unique T-action (the trivial one). U

Next, we shall describe 7, THH(A; Z,) for a quasismooth R-algebra A. First, we
give a general construction relating differential forms and THH.

Construction 6.8. — For any R-algebra A, we shall construct a natural graded
A-algebra map

Ma (QZ/R)2 — m,/ THH(A; Z))

of graded derived p-complete A-modules; here the left side denotes the graded A-module
obtained as H of the termwise derived p-completion of the exterior algebra 2% r- Tosee
this, observe that we have a natural (often called “antisymmetrization”) A-module map

Q! , — mHH(A)

for any ring A."> Now the canonical map THH(A) — HH(A) is an isomorphism on 7
[NS18, Proposition 1V.4.2]. Applying this observation for 7, thus gives an A-module

map
Q! , — m THH(A).

Applying the observation for 7y, and using that 7, HH(A) is an anticommutative graded
ring, the preceding map extends to a map

vz — m THH(A)
of graded A-algebras. Composing with p-completions gives a graded A-algebra map
QT\/Z — ., THH(A; Z,).

By the universal property of H of derived p-completions, this gives a graded A-algebra
map

(25 /Z); — 1, THH(A; Z,),

where the left side is defined as H of the termwise derived p-completion of the graded
ring 2} 7. To finish constructing f, 1t is now enough to show that for any R-algebra A,
the natural map Qf\/z — Q) s Induces an isomorphism on H° after applying derived

1> The S'-action on HH(A) endows w,HH(A) with the structure of a commutative differential graded algebra
whose 0-th term is A; the differential is usually called the Connes differential. As HH(A) can be computed by a simplicial
commutative ring, 7, HH(A) is strictly graded commutative (i.e., odd degree elements square to 0). The universal property
of the de Rham complex gives a map €2}, — 7.HH(A) carrying the de Rham differential to the Connes differential.
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p-completion. Note that the map Qix/z — Q) sr 18 surjective with p-divisible kernel (as
this holds true for i = 1 since € sz 1s p-divisible by the perfectoid nature of R). But then

—

the homotopy fiber of the map € 1z = Q' & In D(A) obtained by applying the derived
p-completion functor lies in D=, so applying H gives the claim.

The map constructed above linearizes to an isomorphism in favorable cases:

Corollary 6.9 (Hesselholt). — For any R-algebra A, the map in Construction 6.8 linearizes to
give a map

(@i x), ® . THH(R; Z,) — 7w, THH(A; Z,)
of graded A @ 7, THH(R; Z,)-algebras. If A is quasismooth, this map is an 1somorphism.

Progf: — Only the last statement requires proof. We begin by noting that the com-
posite

(Qiw), > . THH(A; Z,) > 7, HH(A/R; Z,)

is an isomorphism of graded rings by the HKR filtration. This implies that the long exact
sequence on 7, obtained from the first fiber sequence in Theorem 6.7 decomposes into
short exact sequences

A

0— my THH(A; Z,) > mTHH(A; Z,)) — mHH(A/R; Z,) = () /R)p

— 0

where the surjective map comes equipped with a preferred section, and the final iso-
morphism comes from Remark 4.14. This easily implies the assertion in the corollary by
induction on 1. U

The following filtration will only play a technical role.

Corollary 6.10. — The functor THH(—; Z,) on the category of p-complete R-algebras admits
a complete descending multiplicative N-indexed filtration P*(—) with gry THH(—; Z,) beng naturally
dentified with

@ (/\iL_/R); [7].

_Ofifn
Progf: — The assertion of the corollary holds true on the category of quasismooth
R-algebras by Corollary 6.9 simply by using the Postnikov filtration. By left Kan extension
in p-complete spectra, one gets a filtration P*(—) as in the statement above as THH(—)
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commutes with sifted colimits of R-algebras; the completeness of THH(—) with respect
to P*(—) is a consequence of the fact that P, is n-connective for any p-complete R-algebra
A (by left Kan extension from the quasismooth case). U

7. p-Adic Nygaard complexes

Let R be a perfectoid ring and write A;,¢ = AinAf(R). We shall explain in Section 7.2
how to extract an A;-valued cohomology theory Ag for quasismooth R-algebras S by
unfolding 770 TC™ (—; Z,). The abutment filtration for the homotopy fixed point spectral
sequence unfolds to give a filtration, called the Nygaard filtration, on Ag that will be cru-
cial in the sequel. To carry out the unfolding effectively, we describe TC™ for quasiregular
semiperfectoid rings in Section 7.1. This description is also used in Section 7.3 to prove
Theorem 1.12.

7.1. 'TC™ for quasiregular semiperfectoids. — First, we discuss the topological Hoch-
schild homology of a quasiregular semiperfectoid R-algebra.

Theorem 71.1. — Let S € QRSPerfd, and let M = nl(LS/R)If be the associated
p-completely flat S-module.

(1) @, THH(S; Z,) 15 concentrated in even degrees.
2) Multiplication by the generator u € wo' THH(R; Z,) gives a natural injective ma
p 7y e g p) g Y 4

iy THH(S: Z,)) > 7o, THH(S: Z,).

(3) Write wo THH(S; Z,) = colim; 7wy, THH(S; Z,) = o THH(S; Z,)[u"'] for the
colimat of multiplication by u; we may view this object as an increasingly filtered commu-
tatwe R-algebra. There is a_functorial identification

(F;‘M); = or, w1 THH(S; Z,)

of graded rings (where the left side denotes the p-completion in graded rings). In particu-
lar, each 7o/ THH(S; Z,) admuts a finite increasing filtration with graded pieces given in
ascending order by (F]SM)/]A Jor0<j<u.

(4) Each 7o THH(S; Z,) 15 p-completely flat over S.

Progf. — By Corollary 6.10, the spectrum THH(S; Z,) admits a complete descend-
ing multiplicative N-indexed filtration with gr" TTHH(S) being

&y (AgLS/R);[n].

0<i<n
i—n even
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Note that (ALLs /), has p-complete Tor amplitude concentrated in homological degree
¢ by Lemma 5.14, and hence it lives in degree ¢ by Lemma 4.7. But then the displayed
terms above live in degree ¢ + n, which is even. This implies (1) by completeness of the
filtration.

For (2) and (3), we use the T-equivariant fiber sequence

THH(S; Z,)[2] > THH(S; Z,) - HH(S/R; Z,)

from Theorem 6.7. The preceding paragraph shows that 7, THH(S; Z,) lives in even
degrees, and the same holds for HH(S/R; Z,) by Lemma 5.14. Thus, the long exact
sequence on homotopy for the previous fiber sequence gives short exact sequences

0 — my o THH(S; Z,) 5 o THH(S; Z,) — 7o HH(S/R; Z,) — 0.
Using the identification 7o, HH(S/R; Z,) = JTi(AéLS/R)[JA = (I‘éM)pA from Lemma 5.14,

we can write this as
0 — 79;_s THH(S) = 75, THH(S) — (F;M); — 0.

This proves (2) and (3) by induction; the assertion about multiplicativity is a consequence
of the multiplicativity of the map THH(S; Z,) — HH(S/R; Z,).

Finally, (4) follows from the last exact sequence above by induction as (I'sM)/ is a
p-completely flat S-module. U

For any R-algebra A, we view 7, TC™ (A; Z,) resp. w, TP(A; Z,) as a graded alge-
bra over the graded ring

7. TC™(R; Z,)) = Ay, v]/(wv — §) resp. m, TP(R;Z,) = Ao, 07'].
In particular, 77, TP(A; Z,) is 2-periodic. By passing to fixed points, Theorem 7.1 yields:

Theorem 7.2. — Let S € QRSPerfdy.

(1) The homotopy fixed point spectral sequence caleulating 'VC™ (S; Z,) and the Tate spectral
sequence calculating TP(S; Z,) degenerate. Both 7w,/ TC™(S; Z,) and 7w, TP(S; Z,) live
only in even degrees. Moreover, the canonical map 7w, TC™ (S; Z,) = m, TP(S; Z,) is
injective in all degrees, and an isomorphism in degrees < 0.

(2) The (degenerate) homotopy fixed point spectral calculating TC™ (R; Z,) or the (degenerate)
Tate spectral sequence caleulating TP(R; Z,) endows

can

KS =myTC™(S;Z,)) = ny'TP(S; Z))

with the same complete descending N-indexed filtration N E*KS, called the Nygaard fil-

tration, for which it is complete. 'There are natural identifications of the associated graded
NiAs = 7y, THH(S; Z,) for all i > 0.
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(3) The filtration level N='As C As = 10 TC™(S; Z,) is identified with 715, TC™(S; Z,)
via multiplication by the element v' € w_o; TC™(R; Z,),

M TC™(S: Z,) > mTC™(S; Z,).
iT
(4) The cyclotomic Frobemius 7w, TC™(S; Z,) LN . TP(S; Z,) induces an endomorphism
@s : As — Ag by (2). This endomorphism maps N'=' As to &' As. This gives a natural
divided Frobenius @s.; : N=' As — Ag such that

0sln=iag = E'ps.i
(5) There is a natural isomorphism of R-algebras ZS JE= L /R, and KS is & -torsion-free.

Proof. — As w, THH(S; Z,) lives in even degrees, (1) and (2) are immediate. Part (3)
follows by unwinding the statement that THH(S; Z,) 1s a T-equivariant THH(R; Z,)-
module spectrum at the level of the homotopy fixed point spectral sequences.

For (4), we use the last statement of (2) and the identity ¢(v) =0~

For (5), we use Theorem 6.7 to obtain 7y TC™(S;Z,)/§ = nHC™(S/R; Z,),
Proposition 5.15 then implies that 7, TC™(S; Z,) /& = L/S\ZS/R. Moreover, that theorem
shows that any &-torsion in 7y TP(S; Z,) would be detected by HP,(S/R; Z,), but this is 0
by the Tate spectral sequence and the fact that HH,4q(S/R; Z,) = 0 by Lemma 5.14(2). [J

Remark 7.3. — Let S € QRSPerfd but do not fix a perfectoid ring mapping to S.
Then (1) and (4) in Theorem 7.1, and (1) and (2) in Theorem 7.2 continue to hold, i.e.,
do not depend on the choice of a perfectoid ring mapping to S.

7.2. Unfolding to A _,. — We begin by unfolding THH:

Construction 7.4 (Unfolding 7o/ THH). — By Theorem 7.1(3), for each S €
QRSPerfdy, the S-module 7o, THH(S; Z,) admits a functorial finite increasing filtration
with graded pieces given by (AgLs/r) ,[—j1 for 0 <j <7in ascending order. Theorem 3.1
then implies that o/ THH(—; Z,) is a D(R)-valued sheaf on QRSPerfdy’. By Proposi-
tion 4.31, it unfolds to a D(R)-valued sheaf (o, THH(—; Zp)):l on QSyny’; this sheaf
admits a similar filtration by functoriality of unfolding. In particular, it takes values in

D='(R).

A tangible consequence of this discussion is the construction of the “motivic” fil-
tration on THH:

Proposition 7.5. — For any A € QSyny, the spectrum THH(A; Z,) admits a_functorial
complete descending N-indexed T-equivariant filtration such that g THH(A; Z,) is canonically an
A-module spectrum with trivial T -action that admits a finite increasing filtration with graded preces given

by (/\{ALA/R);[QZ' —J1 for 0 <j <1 n ascending order.
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Proof. — The claim holds true on QRSPerfd, simply by using the double speed
Postnikov filtration thanks to Construction 7.4. It then follows in general thanks to The-
orem 3.1 and Corollary 3.4 and functoriality of unfolding, U

Remark 7.6. — By left Kan extension in p-complete T-equivariant spectra, Propo-
sition 7.5 extends to all p-complete R-algebras.

We now lift the discussion to TG . First, let us give the analog of Construction 7.4
by constructing p-adic Nygaard complexes; these are the main objects of interest from
the perspective of a comparison with integral p-adic Hodge theory.

Construction 7.7 (Unfolding 7ty TC™). — Consider the DF(A;y)-valued functor on
QRSPerfdy given by (A( ) N= A( )) with notation as in Theorem 7.2. By the same
theorem, this functor is a sheaf, and thus unfolds to a sheaf (A( ) N= A( )) on
QSyny’. As the equivalence in Proposition 4.31 is symmetric monoidal, this sheaf is val-
ued in E-algebras in DF(Ay). By construction, for any A € QSyn;, the underlying
Eoo-Ajn-algebra Ay is (p, §)-complete (as it is given by a limit of the values for objects
of QRSPerfdy, which are all (p, §)-complete) and comes equipped with a complete de-
scending multiplicative N-indexed filtration A= >*AL\ Write N ZAA for the i-th graded
piece. The cyclotomic Frobenius induces a Frobenius semilinear map @, : Ay — Ay
When F is a perfectoid R-algebra, then AF = Ape(F), N= >ZAF = ker(6y)’, and gy is the
usual Frobenius on A;¢(F).

The associated graded pieces N A, constructed above coincide with those in Con-
struction 7.4.

Proposition 1.8. — For A € QSyny, each N A gr'THH(A; Z,)[—2i] is functorially
an A-complex that admits a finite increasing filtration with graded pieces gien in ascending order by
(/\jALA/R),f[—j]ﬂW 0<j=<u

Proof. — As N iK(_) = (7, THH(—; Z,,)):l by Theorem 7.2(2), this assertion is sim-
ply a reformulation of Construction 7.4. U

The complexes A, constructed above deform de Rham cohomology across 0 :
Ainf — R.

Proposition 7.9. — For A € QSyny, there is a natural identification of Eoo-R-algebras
An/E ~LQup.

Progf: — This follows from Theorem 7.2(5) by descent. O

For the purposes of our later comparison with the AQ2-theory, we record some
features of the Nygaard complexes for p-adic completions of smooth R-algebras.
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Corollary 7.10. — Assume A € QSyny s the p-adic completion of a smooth R-algebra of
relative dimension d. Then

(1) For each i > 0, we have N'A, € DOmCONA, ) and NZT A, € DOV(A,p). In
particular, we have (Z N =A A) € DF="(A).

(2) The ring H (AL) has no @' (&)-torsion for any r € Z.

(3) The linearization of the Frobenius map @a_factors functorially over a map

KA - L’Is‘P*ZA ~ ¢.Lin; ZA
of Exo-algebras in D (Ayyp).

Proof. — Yor (1), everything follows from Proposition 7.8.

For (2), we may assume by Zariski localization that A admits an étale map to a
torus, so that we can choose a quasisyntomic cover A — F in QSyny with F perfectoid
by extracting p-power roots of the coordinates on the torus. As Z(_) takes values in D=,
the map H° (K A) — HO(XF) 1s injective by the sheaf property. But ZF ~ A¢(F), and this
ring has no ¢’ (§)-torsion for any r € Z: as F is perfectoid, the image of § € Aj(F) is a
nonzerodivisor and ¢ is an automorphism.

For (3), we shall use Proposition 5.8 (including its notation). Note that for any A €
QSyng, the Frobenius map ¢ : A A= ZA defines a map

NE*KA - %g*KA = §*¢*KA

of Ex-algebras in ﬁ‘(Ainf‘): this is clear for A € QRSPerfd, by Theorem 7.2 and thus
follows in general by descent. For A as in the corollary, the left side lies in the connective
part DF=" by (1), so the map above factors uniquely over 75" of the target. This gives the
desired map by Proposition 5.8. 0J

Remark 7.11. — Iterating Corollary 7.10(3) gives a functorial map
Ay~ (Lnsfﬂ*)wZA = Lﬂs,‘/’iZA,

factoring r-fold Frobenius on ZA; here & =&¢~'(§)--- ¢ "' (§) generates the kernel of
0, : Ainr = W,(R), and the natural identification of functors (Lng¢,) > Lng ¢, falls out
immediately by expanding both sides. For instance, when » = 2, we have

Lngp.Line@. = Lnelng1 69, = Lng ;.
where the last isomorphism uses Ln,Ln, >~ L, cf. [BMSI18, Lemma 6.11]

We shall also need the following non-Nygaard-completed variant of A in the se-
quel.
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Construction 7.12 (Non-complete variant of A ). — For A the p-adic completion of a
smooth R-algebra, we have A, /& >~ L2, /r by Proposition 7.9 and the fact that the com-
bined Hodge and p-adic filtration is commensurate with the p-adic filtration for smooth
R-algebras. By left Kan extension in (p, §)-complete A;,-complexes, we obtain a new
functor A+ A, on all p-complete simplicial commutative R-algebras. By construction,
we have an identification A_y/&§ >~ L_ . This implies A is a D(A;y)-valued sheaf
on QSyny’ (by Example 5.12) and that 1t takes discrete values on QRSPerfdy’. We warn
the reader that unlike A, the Eo-algebra A, depends on the choice of the perfectoid
ring R mapping to A, at least a priori.

7.3. Motivic filtrations. — The “motivic” filtration for TC™ is given by the following
proposition, which proves most of Theorem 1.12 when working over a fixed perfectoid
base ring.

Proposition 7.13. — For any A € QSyny, we have:

(1) The spectrum YC™(A; Z,) admils a funclorial complete and exhaustive descending mul-
tiplicative Z-indexed filtration with gr'TC™(A; Z,) = N AA[2i]. In particular, there
exists a spectral sequence

E): HY(NZVAL) = 7, [TC(A; Z)).

(2) The spectrum TP(A; Z,) admats a_funclorial complete and exhaustwe descending multi-
plicative Z-indexed filtration with gr'TP(A; Z,) = A[21). In particular, there exists a
spectral sequence

E):H7(Ay) = 1, TP(A Z,),

For A € QRSPerfdy (and thus for A = R atself), both filtrations are given by the double speed Postnikov

Sfultration on the corresponding spectra.

Proof. — (1) For each n € Z, the functor A > 75, TC(A;Z,) on QRSPerfd,
is a sheaf by Theorems 7.2 and 7.1 (and stability of sheaves under limits). Write
FiI"'TC™ (—;Z,) for its unfolding. As n varies, this gives a ﬁ‘(Ainf)-valued sheaf
FiI"TC™ (—; Z,) on QSyng; here the completeness follows from the completeness of the
Postnikov filtration and the fact that a DF(A;,)-valued sheaf on QSyn; takes complete
values if and only if its restriction to QRSPerfd; does so. The i-th graded piece of this
sheaf is (7o, TC™ (—; Z]))[Qi]):l = NZZX(_)[Qi]. It remains to prove that the filtration is
exhaustive; but on any homotopy group 7, Fil"TC™(A; Z,), the filtration is eventually
constant and equal to 7, TC™ (A; Z,); indeed, it suffices to take 7 sufficiently negative so
that ¢ > 2n.

For part (2), the argument is identical. UJ
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The use of the perfectoid base ring R above is rather mild: the spectra TC™(A; Z,)
and TP(A; Z,) as well as their Postnikov filtrations are obviously independent of the
choice of R, and the only role played by R is in making sense of the Breuil-Kisin twist. In
fact, this can also be done in a direct way, thus proving Theorem 1.12 in general:

Proof of Theorem 1.12. — Parts (1) and (2) clear; part (4) follows formally by reduction
to the case of a perfectoid base ring once (3) is known, and part (5) follows formally from
part (4). Thus, it remains to prove part (3).

Assume first that A 1s an R-algebra with R perfectoid. Then the Breuil-Kisin twist
AA{ 1} = AR{ 1} @2, AA is trivial by the above discussion. After base change along AA —
A, it is even canonically trivial: The map

gr'TP(A; Z) ®x, A — gr*'HP(A/A; Z,)
is an equivalence, and thus
An{l} ®z, A=gr'TP(A; Z,))[-2] ®z, A=gr' HP(A/A; Z,)[—2] = A

canonically.

In the general case, it suffices to prove that AA{I} is an invertible Ax module in
the presentably symmetric monoidal stable co-category DF(Z), and commutes with base
change: As tensoring with the invertible module Az[ {1} is an equivalence on the category
of completed filtered AZ -modules, and in particular commutes with all limits, all other
statements of Theorem 1 12 follow via descent.

Write ﬁizo (Z) for the oco-category of N-filtered complexes of abelian groups. This
1s a presentably symmetric monoidal stable co-subcategory of I/)T?(Z). Write Gr(Z)- :=
Fun(N, D(Z)) for the co-category of N-graded objects in D(Z); this is also a presentably
symmetric monoidal stable co-category (via the Day convolution symmetric monoidal
structure). Taking associated graded gives an exact and conservative symmetric monoidal
functor

gt : DF(Z)20 — Gr(Z)s,.

In particular, if A € CAlg(DF(Z)~,), then gr*(A) € CAlg(Gr(Z)-), and taking associ-

ated gradeds gives an exact and conservative symmetric monoidal functor
gr’: ModA(]’)-F(Z)Zo) — Modg«(a) (Gr(z)zo)-
We need the following lemma:

Lemma 7.14. — Fix M,N € Mod,(DF(Z)~,) with a map n: M @, N — A in
Moda (DF-¢(Z)). Assume the following:
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(1) The natural map gr®(M) ®g0(a) g (A) — gr*(M) s an equivalence, and similarly
Jor N.
(2) The map n induces an isomorphism gr®(M) ®er0(A) gr’(N) = gr’(A).

Then 1 s an equivalence. In particular, both M and N are invertible A-modules.

Progf: — As gr* is conservative, it is enough to show that gr*(n) is an equivalence.
By (1), this reduces to checking that gr’(n) is an equivalence, but this is exactly ensured

by (2). O

We apply the lemma to M = An{1} and N = A {—1} as completed filtered mod-
ules over Aj. By the above discussion, we know that there is a canonical isomorphism
gro(z Afl}) > g’ (KA) locally for the quasisyntomic topology, which thus glues to such
an isomorphism by descent. In particular, condition (2) follows (as there is a compatible
such isomorphism for gro(/A\A{—l})). On the other hand, condition (1) can be checked
locally in the quasisyntomic topology, and for quasiregular semiperfectoid A, it follows by
2-periodicity of the Tate spectral sequence for TP(A; Z,). U

7.4. The syntomic sheaves Z,(1) and K-theory. — As in the statement of Theo-
rem 1.12(4), for any quasisyntomic ring A we introduce its “syntomic cohomology”

Z,())(A) == gr'" TC(A; Z,)[—2i] = hofib(p — can : NZA (i} — Ax(3}).
In the case of S € QRSPerfd, this is given by the two term complex
Zp(z')(S) = (T[Qi—l,Qi]TC(& Zp))[—Qi]
= hofib(¢ — can : 15, TC™(S; Z,) — 15 TP(S; Z,))
with cohomology
H(Z,()(S)) = TCoi(S; Z,),  HY(Z,()(S)) = TCoi_1(S; Z,).

We can relate these Z,(2) to algebraic K-theory using the following theorem; this
will appear in forthcoming work of Clausen, Mathew, and the second author. We denote
by K(—) the connective algebraic K-theory of a ring, and by K(—; Z,) its p-completion.

Theorem 7.15 (J[CMM18]). — Let S be a ring which is Henselian along pS and such that
S/pS is semiperfect, e.g., S € QRSPerfd. Then the trace map K(S; Z,) — t=0TC(S; Z,) 15 an

equivalence.

Using this, we can identify the complexes Z,(n) for n < 1. First, we handle the case
n<0.
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Proposition 7.16. — For n < 0, the sheaf of complexes Z,(n) = 0 vanishes. For n =0, there
is a natural isomorphism Z,(0) = l(ir_nr Z/pZ.

Progf. — For any connective ring spectrum A, one has m;TC(A;Z,) = 0 for
¢ < —1 by comparison with the classical definition of TC, cf. [NS18, Theorem II.4.10]
noting that the spectra TR'(A) are all connective. Moreover, using the identification
o TR (A) = W,(A), one sees that m_, TC(A; Z,) is given by the cokernel of F — 1 :
W(A) — W(A). As one can extract infinite sequences of Artin-Schreier covers in
QRSPerfd, this map is locally surjective. Thus, Z,(0) is locally concentrated in degree 0.

Finally, locally in QRSPerfd, the ring S is w-local (in the sense of [BS15], so in par-
ticular any Zariski cover of Spec S is split), by passing to the p-completion of the ind-étale
w-localization of [BS15]. As any Zariski cover splits, it follows that the rank function from
Ky (S) to locally constant functions from Spec S to Z is an isomorphism. This implies the
identification Z,(0) = l(ir_ny Z/'Z by passage to the p-completion, using Theorem 7.15. [

Using Theorem 7.15 and results on algebraic K-theory in low degrees more seri-
ously, we can identify Z,(1).

Proposition 7.17. — The sheaf of complexes Z,(1) on QRSPerfd is locally concentrated in
degree 0, given by 'T,G,,.

Proof. — We begin by proving that, for any S € QRSPerfd which is both w-local
and for which S* is p-divisible, there are natural isomorphisms

Ko(S;Z) =T,(8*),  Ki(S;Z,)=0.

It 1s classical that, for any local ring B, the symbol map B* — K, (B) (splitting the deter-
minant) is an 1somorphism, that the resulting product B* ®z B* — Ky(B) is surjective,
and that K (B) is torsion-free (it is = Z). Since any Zariski cover of SpecS is split, these
properties remain true for S. Therefore K;(S) = S* and Ky(S) are both p-divisible and
Ko (S) is p-torsion-free. The desired identities immediately follow.

It remains to show that such rings S provide a basis for QRSPerfd. Given any
S € QRSPerfd, let S — S% denote its w-localization, which is a faithfully flat, ind-Zariski-
localization, whence Lgz/s >~ 0 and S”/pS? is still semiperfect. Next, denote by S'// the
S-algebra obtained by formally adjoining pth-roots of all units, i.e.,

S =S[X,:ue S*]/(X, — ' :ueS”).

Then S — S'’ is a composition of an ind-smooth map followed by a quotient by a
quasiregular ideal, whence Lgi/ /s has Tor amplitude in [—1, 0]. Iterating these two pro-
cesses countably many times, we set

S = colim(8% — (597 = ((5%) )" = ()" > ---).
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Observe that Lg,/s has Tor-amplitude in [—1, 0], that S — 57 is faithfully flat, and that
the units in S? are p-divisible; moreover, S? is w-local, since w-localization is a left adjoint,
[BS15, Lemma 2.2.4], and hence commutes with all colimits.

Let S7 be the p-adic completion of S; then Sq 1s a quasisyntomic semiperfectoid
which is a quasisyntomic cover of S. Moreover S is still w-local: indeed, since it is
p-adically complete, this is equivalent to the w-locality of Sv /p = S?/p, which follows from
that of S? [BS15, Lemmas 2.1.3 & 2.1.7]. Finally observe that all units of Si admit a
pth-root, by using Hensel’s lemma to lift a root from S7/p* (S7/2% in the case p=2). O

The previous proposition proves the case n =1 of the following conjecture, which
will be proved in characteristic p in Section 8.4.

Conjecture 7.18. — The sheaf of complexes Z,(1) on QRSPertd s locally concentrated in
degree O, given by a p-torsion-free sheaf.

Remark 7.19. — K-theoretically, the conjecture predicts that on QRSPerfd the
sheafification of Ky;(—;Z,) is p-torsion-free and that the sheaﬁﬁcatlon of Ko;_ 1( yZ,)
vanishes; this vanishing is equivalent to the surjectivity of ¢; — 1 : /= >ZA( i — A( i}

Remark 7.20. — Let S € QRSPerfd. Once As has been identified with the pris-
matic cohomology of [BS] (see Remark 1.11), the p-torsion-freeness part of the conjecture
will follow, as we now explain.

That identification will show that the Frobenius ¢ on Ag arises from the finer
structure of a p-derivation in the sense of J. Buium, i.e., there exists § : As — Ag satisfying
P50 = p(x) — 2, 8(1) =0, 8(v) = ¥30) +93(x) + pB()S0), 8(x+) = 5(x) +50) +
L=t A standard lemma about p-derivations shows that if px = 0 then ¢(x) = 0.

Given a p-torsion clement x € HY(Z,(0)(S)) = ker(\/ 2iAg{i) Y5 Agli)), we can
now show that x = 0. Let R — S be a perfectoid ring mapping to S so that we can identify
é;' @; with ¢ : N'= >ZAS — As Then the lemma on p-derivations tells us that ¢(x) = 0,
whence Eix = E'p;(x) = ¢(x) = 0. But £ = ¢(&) = & mod p, so we deduce &x =0,
whence x = 0 thanks to the &-torsion-freeness of As (Theorem 7.2(5)).

Proposition 7.21. — The sheaf Z/ ' (i) :=Z,(1) /" commutes with filtered colimits in QSyn.

We give two proofs. The first proof (which was our original proof) uses the above
remark along with K-theory and [CMM 18], while the second proof (discovered while
this paper was being refereed) is more elementary and self-contained, relying ultimately
on the contracting property of the Frobenius in characteristic p (Lemma 7.22).

Proof via K-theory. — It is enough to prove this for a filtered colimit in QRSPerfd
by passing to functorial quasiregular semiperfectoid covers and quasisyntomic descent.
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But given S € QRSPerfd, we have explained in the previous remark that H" (Z,(1)(S))
is p-torsion-free for all i. Therefore Z/pZ(2)(S) 22 (T2i—1.00 TC(S; Z/p'Z))[—21], which
commutes with filtered colimits of rings by Theorem 7.15 and the commutation of alge-
braic K-theory with filtered colimits. 0J

Durect proof of Proposition 7.21. — By induction, we may assume 7 = 1. Recall that we
have defined

(3) Z/pZ()(A) :=hofib(g; — 1 : N AL} /p — Anli/p).

Fix the perfectoid field C = Q;‘Vd of characteristic 0. By quasisyntomic descent, we
can assume that A is a O-algebra.

First, we observe that the desired compatibility with filtered colimits on the cate-
gory of p-torsionfree quasisyntomic Oc-algebras follows immediately from Lemma 7.22:
the lemma implies that, for m > 0, we can work modulo N/ 2nA () /p when computing
Z/pZ()(A) via (3), and it is easy to see that (N>ZAA{ }/p)/(./\/'>’"AA{ }/p) commutes
with filtered colimits for all m > 1.

In fact, by left Kan extension and Nygaard completion, one can define an endo-
morphism ¢; of N =nA ali}/p for any m > /i and any quasisyntomic ring A over Og.

b=
This still has the property that the resulting map

@ = LN=" AN p— N="Asli/p
is an equivalence. Thus, one can repeat the above argument for any A. O

Lemma 7.22. — Fix a perfectozd field G of characteristic O as well as a p-lorsionfree quasisyn-
tomic Oc-algebra A. For m > p l+ , both @; and 1 preserve N =nA a2}/ p functorially in A, and the
resulting map

0 — 1 NZ"A{i}/p— NZ"Anli}/p
is an equivalence.

Progf- — As we work over our fixed perfectoid ring O, we can ignore the Breuil-
Kisin twists. By quasisyntomic descent, we may assume A is quasiregular semiperfectoid
and p-torsionfree. In particular, each N kAA/ p 1s concentrated in degree 0. The com-
plexes N'= AL /p are then also concentrated in degree 0, and moreover are &-torsionfree,
where & € A;¢ generates ker(6). Setting 5 = ¢ (&), we can then compute the map

@i INZZXA - ZA
as induced by the map é “igp of ’A\A[l / § ]. One then computes that
¢i(N2mZA) C gm_iZA
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for all m > i. Working modulo p and using that & = £ mod pA,, this gives
(pi(szZA/p) - ép(m_i) ZA/ﬁ-

As EkZA C NZ/“KA for all £, taking m > % then shows that

‘Pi(NZmZA/ﬁ) C szHKA/P-

Thus, for such m, not only does ¢; preserve N Z’"ZA/ p, but in fact it induces a topo-
logically nilpotent endomorphism of NZ="A,/p. But then ¢; — 1 is an automorphism of
N="AL/p, as wanted. O

8. The characteristic p situation

The goal of this section is to specialize the previous discussion to F,-algebras and
prove Theorem 1.10 as well as Theorem 1.15(1). We begin in Section 8.1 by discussing
the Nygaard filtration on the de Rham-Witt complex in multiple different ways. This dis-
cussion is put to use in Section 8.2 where we record some structural features of Ay (S)
for S quasiregular semiperfect. These tools are then used to prove Theorem 1.10 in Sec-
tion 8.3. Finally, the explicit description of the Nygaard filtration on A.,y(S) obtained in
Section 8.2 is employed in Section 8.4 to prove Theorem 1.15(1).

8.1. The Nygaard filtration on the de Rham-Witt complex. — As preparation, we recall
the Nygaard filtration on the de Rham-Witt complex. Let £ be a perfect field of char-
acteristic p and A a smooth £-algebra; let WQY = W23 | be the usual de Rham-Witt
complex of Bloch—Deligne—Illusie [Il179]. Various versions of the Nygaard filtration have
appeared in the literature [Kat87, I1.1], [IR83, III.3], [Nyg81]; here we fix the version
of interest to us and explain its relation to the filtered Ly, functor. The general theme
will be that the Nygaard filtration is the filtration by the subobjects where ¢ is divisible
by p. As we are dealing with complexes, it is not a priori clear what this means, but it
1s true on the level of the actual de Rham-Witt complex (for smooth algebras), on the
level of the de Rham-Witt complex in the derived category (for smooth algebras) when
formulated in terms of the filtered Ln,, and also on the level of the derived de Rham-Witt
complex for quasiregular semiperfect algebras, where the derived de Rham-Witt complex
is concentrated in degree 0.

Definition 8.1. — Let N='WQS € W, be the subcomplex

PTIVIWA) = fVWERL — o VWL — VWO — W,

— WQH — ...,



266 BHARGAV BHATT, MATTHEW MORROW, PETER SCHOLZE

This defines a descending, complete multiplicative N-indexed filtration on WS2%. We define
NWQS = NZWQS/N=TTWaS

as the associated graded.

Recalling that the groups WQ]A are p-torsion-free, that FV = p, and that ¢ = p'F,
one sees immediately that the restriction of the absolute Frobenius ¢ : WQ{ — WQ3 to
NZWQS is uniquely divisible by ', thereby defining the divided Frobenius

0= 1% : NZIWEQS, — W

In fact, the proof of Proposition 8.5 below even shows that N'Z'WQ3, is the largest sub-
complex of W% on which ¢ is divisible by p'.

Both the conjugate and Hodge filtration on €23 can be recovered from the Nygaard
filtration; we begin with the conjugate filtration:

Lemma 8.2. — The composition
N=WQsL 5 was — a8
lands in T='Q2%, s and kills NZ=FYWQS . Moreover, the induced map
@; mod p: N'WQS — t5'Q%
s a quasi-isomorphism.
Progf. — The comments immediately above show that ¢; is injective with image
given by the complex
WA) — - = WQ! - FWQ, — pFWQH — pFWQ — ...
Since dF = pFd, the composition to £2% has image in 7='Q%. Similarly, the restriction of
@; to N=TTWQS has image
PW(A) = - = pWQT! — pWQ, — pFWQT! — p FWQF? — ... |
which vanishes in 3.
Therefore ¢; sends N*WQS, isomorphically to
WA /p— - = WQL /p— FWQ, /pWQ, — 0 — - -,
which is precisely the canonical truncation 7=(WQ%/p) (which maps quasi-isomor-

phically to T=/Q%) since 4~ (pWQL") = FWQ{ by [11179, Eqn. 1.3.21.1.5]. O

Noting that clearly pN='WQS € N=H'WQS, and secondly that the canonical pro-
jection WS — Q4% — Q7' kills N=F'WQS, we now explain how to recover the Hodge
filtration:



TOPOLOGICAL HOCHSCHILD HOMOLOGY AND INTEGRAL p-ADIC HODGE THEORY 267

Lemma 8.3. — The sequence
WQ/NZWQS, & W /N WS — Q3
is a cofiber sequence.
Progf: — The indicated multiplication by p map is clearly injective with cokernel
WA /p -S> - 5 Wi /p S WL VW, 5 05
The natural map from this to Qijk 1s a quasi-isomorphism by [I1179, Corol. 11.3.20]. U

In the following we recall the well-known result that the divided-Frobenius-fixed
points on the Nygaard filtration recover the dlog forms in the de Rham—-Witt complex.
For any smooth k-scheme X, denote by W, Q4 Jog EW .24 the pro-étale subsheaf given
by the image of the map of pro-étale sheaves

dahl A

dlog[-]: G¥¢ — W, Q4 R ®
B T / AR TTANTTR
and set WQ%JOg ;= lim, W,Q%’log as a pro-étale sheaf.

Proposition 8.4. — Let X be a smooth k-scheme. Then the sequence of complexes of pro-étale
sheaves

0= WO, [—i] = N=WQ§ 2 WQL -0

s exact (ie., exact in each degree). Moreover, WQX log Concides with the derwved inverse limut
Rlim, W, Q% | .

Proof. — Let Spec A be an affine open of X. Then, in degrees n > ¢, the map ¢; — 1
is given by p"~'F — 1 : WQ% — W, which is an isomorphism since p"~'F is p-adically
contracting. Meanwhile, in degrees n < 1 there is a commutative diagram

piflfnv ]
W - N=WQY W,
l_pi—l—rl\/

in which the curved arrow (hence also ¢; — 1) is an isomorphism since W2 is p-adically
complete (resp. V-adically complete in the boundary case : =n — 1).
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It remains only to analyze the behavior of F — 1 : WQi — WQL. To do this, we
recall that the sequence of pro-sheaves on Xy
0— {W, 2%}, = (W) — W) -0
1s exact [I1179, Thm. 1.5.7.2]. In particular, taking the inverse limit of this sequence of pro
sheaves gives an exact sequence of pro-étale sheaves and shows that WQ%’log coincides
with the derived inverse limit Rlim,W,Q%’ln o O

We continue with two different perspectives on the Nygaard filtration.

8.1.1. Nygaard filtration via L. — First, we explain that the Nygaard filtration nat-
urally appears as the canonical filtration on the Ln-functor (Proposition 5.8) via Ogus’s
generalization of Mazur’s theorem.

Proposition 8.5. — The absolute Frobenius ¢ : WQS — WS induces an isomorphism
@ WQL — n,WQ, C WQY
of complexes as well as isomorphisms
@ : NZWQS = Fil'n,WQs,

of complexes for all 1 > 0, where I ilinl,WQR = p'WQ N n,WQS is the filtration on 1, defined in
(the proof of) Proposition 5.8.

Proof. — Since W2, is p-torsion-free for all n > 0, the standard relations ¢ = p*F
and FV = VF = p on the de Rham-Witt complex show that ¢ : NZWQS — WQS is
injective with image given by the subcomplex

FWQA) > PWQL — - = pWQIT - JFWQ, — fTFWQ, — - .

But [1l179, Eqn. 1.3.21.1.5] states that A7 (pWQLT) = FWQ, whence this complex is
precisely Fil'n, WQS. UJ

Given a smooth £-variety X, we define the Nygaard filtration on Ru*Ogﬁw,{) to
be that induced by the Nygaard filtration via Illusie’s comparison quasi-isomorphism
Ru, Ox iy = WQS. Here u: Xy, — Xz, denotes the projection from the crystalline
site to the Zariski site.

Corollary 8.6. — Let X be a smooth k-variety. Then Berthelot—Ogus’ quasi-isomorphism ¢ :
Ru, (’);g:w p = Ly Ru, (9;3:\,( » M@y be upgraded to a filtered quasi-isomorphusm, in which the source
has the Nygaard filtration and the target has the filtered décalage filtration.

Progf: — This is the content of the previous lemma since ¢ is given by the absolute
Frobenius after identifying Ru, Oy, with WQS. O
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8.1.2. Nygaard filtration in the presence of smooth lift. — Recall that if A is the p-adic

completion of a smooth W (k)-algebra lifting A, there is a natural quasi-isomorphism
Q5w = WAL
where the left-hand side is understood to be p-completed. Assuming that a Frobenius lift
® : A — A has been chosen, we explain how to identify the Nygaard filtration under this
isomorphism. We expect that the Nygaard filtration (in filtration degrees > p) cannot be
obtained without the choice of a Frobenius lift.
: tel max(i—e,0) e
In the following proposition, the complex p Q% WO denotes

lbiA_d)pz IQI d PQ d Ql~ QZ-H

A/W (k) A/W (/f) A/ W(k) A/W (k)

Proposition 8.7. — The comparison map o : Q2%

we WQS induces quasi-isomorphisms

max(i—e,0) e > .
o:p QA/“(/C) — N=WQS

Jorall 1> 0.

Progf: — We first recall that construction of 0. The lifted Frobenius ¢ induces the
(unique) Dieudonné-Cartier-Witt homomorphism 6 : A — W(A) compatible with the
Frobenius maps and the projections to A. This in turn induces Illusie’s comparison map

QA/\N(k) — WQL

(which is a quasi-isomorphism). In fact, it may be quickly seen that o is a quasi-

isomorphism as the composition 2% /p 2 W A/p = €23, is the identity map,

A/W(k)
whence o modulo p 1s a quasi-isomorphism, which is enough to deduce that it is a quasi-
isomorphism.
Note that o indeed maps p™>~*0 Q2 to N='WQS, since p = VF. To prove

AWK _ ' .
that it is a quasi-isomorphism we proceed by induction on : > 0, the case ¢ = 0 having

already been treated by the previous paragraph. Easily calculating the graded pieces of

the filtration (in particular, we point out that the graded pieces of the filtration on €% WG

have zero differential), one must check that each of the maps
VW, Wi

Y TTRRA i - i
pVWQ’A (0<j<9), o: QA/V‘(“/[)_)VWQj\

1{)0’ 52]A/V\ (k)/p

induces an isomorphism

Q. Jp—>H

A/W(E)

(YW VWQ! Mo VWi 4 Wszg)
T VWA pVWQL pVWQZ L VWQL
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for 0 <j <. The de Rham—Witt identities already used in the proof of Proposition 8.5
easily show that

PWQY

— A <
- pVV\'szfA@dVQg roJ
we, ..
—a J=1
VWQ +aVQy ! ’

which is isomorphic via the restriction map (and dividing out the extraneous copy of p
when j < i) to €, /i Therefore the map which must be checked to be an isomorphism is

simply the canonical identification o : €’ /p— Qf\, completing the proof. U

A/W(E)
8.2. The case of quasiregular semiperfect rings. — As in Construction 2.1, we define the
derived de Rham-Witt complex LWS2_, and its Nygaard filtration N Z*LW_, on the
category of all simplicial F,-algebras via left Kan extension from the category of smooth
F,-algebras, as functors to the oo-category of p-complete Eq-algebras in DF(Z,).

Our goal will be to study these in the case of quasiregular semiperfect F,-algebras
(Definition 8.8), i.e. quasiregular semiperfectoid rings of characteristic p. As is relatively
well-known, for such rings the above theories are closely related to divided powers and
crystalline period rings. However, here we want to emphasize that the relevant filtration
1s not the Hodge filtration (corresponding to the divided power filtration) but rather the
Nygaard filtration.

The results of Section 8.1 immediately induce derived analogues, as we now ex-
plain. By taking the first part of Lemma 8.2 and left Kan extension, we obtain a natural
fiber sequence

gimodp

(4) N=FTIWQ) - N ILWQ) —— Lt¥'Q°

7/F[J

Secondly, Lemma 8.3 implies the existence of a natural fiber sequence
) LWL /NZLWRL & LWL N LWL — L%y,

where the quotients in the first and middle terms really denote cofibers.
Now we wish to compute the derived de Rham—Witt cohomology of the following
class of rings:

Defination 8.8. — An Fy-algebra S s called semiperfect if and only if the Frobenius ¢ :
S — S is surjective; in other words, the canonical map S" — S is surjective, where S” :=lim,, S is the
wmverse limut perfection of S.

A semaperfect F,-algebra S is quasiregular if and only if Lsx, (which we note is > Lgs») is
a flat S-module supported in homological degree 1; in other words, if and only if S = S” /1 where 1 is a
quastiregular ideal of S".
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In particular, an F,-algebra S is quasiregular semiperfect if and only if it is quasireg-
ular semiperfectoid in the sense of Definition 4.20.

Definition 8.9. — Gven a semperfect ¥ -algebra S, let A, (S) be the divided power envelope
of W(S") — S (where our divided powers are required to be compatible with those on (p) C W(S)),
and let Ay (S) be its p-adic completion. Note that Ay (S)/p = Dg» (1) is the divided power envelope
of S* along the ideal 1 C S".

Denote by ¢ : Aqry(S) — Ay (S) the endomorphism induced via_functoriality from the absolute
Frobemius ¢ : S — S, and define the decreasing Nygaard filtration on Ay (S) by

NZA L (S) = {x € A (S) : 9(0) € Ay (S))

Jor1>0. Let KcrYS(S) denote the/gompletion 0of Acrys(S) with respect to the Nygaard filtration, with its
completed Nygaard filtration N='Ays(S).

As usual, we write A (S) = NZA (S) /N =T Ay (S) for the induced graded
of the Nygaard filtration.

As a consequence of a comparison with derived de Rham—Witt cohomology, we
will eventually see in Theorem 8.14 that if' S is quasiregular semiperfect, then Ay (S) is
p-torsion-free. However we first need an additional piece of structural information about
A..(S), namely the conjugate filtration on A(S)/p.

Defimation 8.10. — If A is an F,-algebra and 1 C A an ideal with divided power envelope
Du (1), the increasing conjugate filtration

0 =Fil“"D,(I) CFIDA®@D) C - -

on D (1) is the filtration by A-submodules defined by letting Fl<™ D5 (1) be the A-submodule generated
by elements of the form a[lh] “e- a%’"], wherem >0, ay,...,a, €1, and Z:":l i<+ 1)p.
Proposition 8.11. — The conjugate filtration on DA (1) has the following properties:

(1) 1t is multiplicative and exhaustive.

(2) FilD (1) is the A-submodule of D (1) generated by elements of the form a1 - . . g,
wherem >0, ay,...,a, €L, and Y " K <n.

(3) There is a well-defined surjective map of graded A-algebras

L1 (1/1) @arp A/o1) — gri™D,(),

- )
130 I /| (pk)! b1 [phal
a, a," Q1> (l | k] a ay™".

=1
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@b!
phE
in F,. Moreover, one checks that the map in part (3) is compatible with divided powers.

We remark that the rational number lies in Z(), and in particular is a unit

Proof: — (1) The filtration is clearly multiplicative and exhaustive.
(2) Recall that, forany e € I, £ > 1, and 0 <r < p, there 1s a divided power relation

A g g1 O
(pk+1)!

where the fraction (pk!)/(pk + r)! on the right side is a p-adic unit; since rla"l = @’ € A,
we have shown that a/#*"
exponent of each generator as [; = pk; + 7;, one easily proves (2).

(3) Note that, if a, 6 € L, then (ab)?" = pl(d")?p"" = 0 for all £ > 1; the same
argument as in (2) then shows that (ab)!"! € Fil;™ D, (1) for all / > 0 (it even vanishes if
[ = p). Recalling the behavior of divided powers on the sum of two elements now reveals
that, if x € I?, then ! € Fil;""DA(I) for all / > 0. This shows that the desired map is

well-defined, i.e., depends only on the residue classes of ¢ modulo I?.

I'belongs to the A-submodule generated by a”*!. By writing the

Moreover, the map is surjective, as all generators of the divided power algebra
are in the image. The factor in front is chosen so as to make the map compatible with
multiplication. U

The conjugate filtration is actually related to the conjugate filtration on (derived)
de Rham cohomology.

Proposition 8.12. — Let S be a quasiregular semiperfect ¥ -algebra and T = ker(S” — S).
Then 18255, ~ 1.8Q2ss» 15 concentraled in degree 0, and there is a natural isomorphism

Acrys(S)/p ; LQS/F/,-

Under this isomorphism, the comjugate filtration on A.y(S)/p = Dg» (ker(S” — S)) agrees with the
conjugate filtration Lt ="Q2s g, , and the surjective map

T3 (1/T7) = gri™ (Auys(S)/p)

from Proposition 8.11(3) is an isomorphism (note: since A = S” is perfect, we may omit the
®asreA/ QL) from Proposition 8.11(3).)

~ Moreover, the divided power filtration on Aqy(S)/p gets identified with the Hodge filtration
LQ;}FP.

Progf. — Concentration in degree 0 follows from Ls/, > Ls/s being a flat module
in degree 1. By [Bhal2b, Proposition 3.25], there is a comparison map

LQs/p, = Auys(S)/p-
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By [Bhal2b, Theorem 3.27], this is an isomorphism if S is the quotient of a perfect
F,-algebra by a regular sequence; we actually only need the case S = F,[X'/"]/X and
tensor products thereof (and the case of perfect rings themselves). In fact, the proof of
[Bhal2b, Theorem 3.27] even shows compatibility with the conjugate and Hodge filtra-
tions, and the divided power structures on associated gradeds for the conjugate filtration.
Thus, the proposition holds true in this case.

Now for any quasiregular semiperfect F,-algebra S, we may consider the quasireg-
ular semiperfect ring S = Sb[XJ/pw,i e I]/(X;,7 € I) where 7 ranges over all 1 € [ =
ker(S” — S); this maps surjectively onto S via sending le " to the image of ¢!/ in S.
Then also Lg /F,,[_ 1] = i/i2 — Lgp [—11=1/ I? is surjective, and hence the same is true
on all divided powers. It follows that both L.€2g E, L2/, and Acrys(g) /b= Auys(S)/p
are surjective, and in fact the maps on all graded pieces are surjective. The result is true
for S as it is a filtered colimit of tensor products of algebras for which we know the result.

This has the consequence that L 2g JF, = A (S)/p is surjective, and preserves the
filtrations; on associated gradeds for the conjugate filtration, one gets the surjections

T (/1) = gr, LQs/r, — gri®™ (Aays (S) /1)

To finish the proof, it suffices to show that L€2s/r, — S 1s a divided power thicken-
ing; indeed, this will induce an inverse map A.(S)/p — L& /¥, by the universal prop-
erty. For this, we will actually show that LW g — S is a divided power thickening. Note
that LW 2g is concentrated in degree 0 and flat over Z,, as its reduction modulo p is L 2s.
Thus, it suffices to see that for any x € ker(LWSg — S), all " lie in n!ker(LWQg — S).
For this, we can again replace S by S. But then we have a natural map

LWQs — Ay (S)

by left Kan extension of the equivalence W 2, >~ RI'(A/Z,) in the case of smooth
F,-algebras. This map is an equivalence as it is an equivalence modulo p by what we
have already shown, and Acrys(S) is p-torsion free for a ring S of the form Sb[X; v OO, 1€
I1/(X;, 1 € 1), cf. [SW13, Proposition 4.1.11] and the discussion before it. In particular,

we have the desired divided powers. UJ

At the end of the proof, we have used the derived de Rham-Witt cohomology of S.
Its basic properties are as follows.

Proposition 8.13. — Let S be a quasiregular semiperfect ¥ ,-algebra. Then:

(1) The derived de Rham-Witt complex LW Qg is concentrated in degree O and flat over Z,.
(2) The Nygaard filtration N=TWS is concentrated in degree 0 and a submodule of
LWQg /E,-
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(3) The map
> ~ <i
®; mOd[? ‘NZ= IWQs=Lr= QS/F/] — LWQs/p = LQS/Fp

is injective.
(4) The map LW Qs — S is a divided power thickening.

Progf. — Part (1) follows from LWS2s/p = LLs/5,. The second part follows from
the description of the graded pieces N'LWEs in terms of wedge powers of the cotangent
complex which are all concentrated in degree 0; the same holds for part (3). The last part
was proved at the end of the proof of the last proposition. UJ

The following result is the main structural result about A (S) in case S is
quasiregular semiperfect; related results may be found in [Bhal2b, FJ13].

Theorem 8.14. — Let S be a quasiregular semiperfect ring.

(1) The ring Acys(S) s p-torsion-free.
(2) The map

@; mod p: N'Ay(S) = Auys(S)/p

is injective and has image Fil:*" (Acrys(S)/p), for each 1 > 0.

(3) There is a natural @-equivariant isomorphism Ay (S) = LW compatible with the
Nygaard filtrations.

4) The zmage of NZA,s(S) = Ay (S)/p = LQS/F/] agrees with the Hodge filtration
LQQ—/F In particular, the Nygaard-completed A(M(S) reduces modulo p to the Hodge-
completed derwed de Rham complex:

Ao (8)/p = TQm,,

which by Proposition 8.12 1s also the divided power completion of Ay (S) /p.
(5) The map ¢ mod p : Ayys(S)/p — Acys(S)/p satisfies ¢(x) = ' for all x €
Ay (S)/p.

We warn the reader that the Nygaard completion differs from the divided power
completion: for p = 2, the divided power completion of the Nygaard complete ring Z, is
simply Fy as (2% /(2")!) = (2) in Z, for all n > 1.

Proof. — By part (4) of the previous proposition, there is a natural map A.(S) —
LWQg. At the end of the proof of Proposition 8.12, we proved that this is an isomorphism
for S of the form SD[XZ«1 7 oo, 1 € I1/(X;, 1 € I). Moreover, in that case, the map is compatible
with the isomorphism of Proposition 8.12. By surjectivity of the maps induced by S— S,
we see that in general, the map is compatible with that isomorphism. As the target is
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p-torsion-free, it follows that the map A.(S) — LW is an isomorphism in general,
and in particular part (1) follows.

It follows by induction from part (3) of Proposition 8.13 that the Nygaard filtra-
tion on LW is precisely the submodule on which ¢ is divisible by p’. Thus, we see
that the Nygaard filtrations are identified, proving part (3). Then part (2) follows from
Proposition 8.13(3).

Part (4) is now a consequence of the derived version of Lemma 8.3. For part (5), we
may again reduce to the case of Sb[Xil/pm, 1el]/(X;,i€]),and thento S = F,)[X'/poo]/X
by decomposition into tensor products. Then as an F,[X'//" J-algebra, A.(S)/p is gen-
erated by X'/i!, and both ¢(X'/i!) = X?/i! and (X'/i!)? = X" /(i!)! are divisible by p, as
(pi)! is divisible by p(!)’. O

Remark 8.15 (Canonical representative for crystalline cohomology). — Let A be a regular
F,-algebra, and let S = A,y denote the perfection of A, i.e., the direct limit of A LAt
-+, Write (S/A)* for the Cech nerve of A — S. We shall explain why!® Rl (A/Z,) €
D(Z,) is computed by the cochain complex

Acrys((S/A)*) = Acrys(s) - Acrys(s ®a S) g Acrys(s ®a S A S) oy,

thus giving a canonical cochain complex calculating RI'¢(A/Z,). Note that A, S €
QSyng , and the map A — S is a quasisyntomic cover of A by a perfect ring: the faith-
ful flatness of A — S follows from the regularity of A (by the easy direction of Kunz’s
theorem), whilst Popescu’s theorem [Stal8, Tag 07GB] ensures that Ls/a 2~ L g, [1] has
Tor amplitude concentrated in degree —1. By quasisyntomic descent, it is thus enough
to show that the D(Z,)-valued presheaf A (—) on QRSPerdep is a sheaf, and that
its unfolding Acrys(—):l coincides with RI'¢y(—/Z,) on regular F,-algebras. By The-
orem 8.14(3), the first assertion reduces to checking that B — LW is a sheaf on
QSyan, which follows from Example 5.12 and the isomorphism LW/p > L&y, .
The second assertion then reduces (by another application of Popescu) to checking that
LWQg >~ RI',(B/Z,) for smooth F,-algebras B. But for such B, the canonical map
gives an quasi-isomorphism LWQg > W3 : this reduces to the analogous isomorphism
Ly/p, >~ Qf /E, for derived de Rham complex, cf. [Bhal2b, Corollary 3.14]. It re-
mains to observe that there is a canonical isomorphism WQ§ ~ R (B/Z,) by Illusie

11179, §IL1].

Question 8.16 (Drinfeld). — Remark 8.15 gives a canonical cochain complex Acy((S/A)*)
computing the crystalline cohomology R crys(A/Z,) of a regular ¥ ,-algebra A. Another such com-
plex is given by the Illusie’s de Rham-Witt complex WS, Thus, there s a canonical isomorphism
Ay ((S/A)*) = WS . the derived category D(Z,). Is there a natural map (as opposed to a zig-
zag) between these two complexes realizing this isomorphism in the derived category?

16 A careful exposition with additional context has recently been provided by Drinfeld [Dril8].
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8.3. Relation to TC™. — Finally, we want to obtain the relation to TC™, as fol-
lows. Recall that by Theorem 7.2, for a quasiregular semiperfect S, the ring Ag =
7y TC™(S; Z,) is a p-complete p-torsion-free Z,-algebra complete for the Nygaard fil-
tration - ZZXS C ZS, and there are compatible divided Frobenius maps

% >IN A
wi:fZN_AS—)AS.
y
One subtlety is that in addition to the cyclotomic Frobenius map ¢, there is also the
map ¢’ induced by the Frobenius endomorphism of S, and moreover Ag /p has its own
Frobenius endomorphism. These maps turn out to be all the same a posteriori, but we
need to distinguish between them in the proof.
The main result is as follows.

Theorem 8.17. — The maps ¢ and @' on As agree, and induce the Frobenius map x — x on
As /p- There is a_functorial @-equivariant isomorphism A= KcryS(S) = ms with the Nygaard
completion of the derived de Rham-Witt complex that identsfies Nygaard filtrations.

The tsomorphism As = ﬁN\QS lifis the isomorphism

As/p= moHC™ (S/F)) = LQq s,
Jrom Theorem 7.2(5) and Proposition 5.15.

This theorem implies Theorem 1.10 by quasisyntomic descent, as ﬁ\/\ﬂs unfolds
to LWE2, for all A € QSyng , and restricts to the de Rham-Witt complex on smooth
algebras.

Progf: — We give the proof as a series of steps. The key step of the proof is the
1dentification for S = F,,[Til/ 7”1/(T — 1). Once that case has been settled, one can show
that ZS — S is a pd thickening, which provides us with a functorial map A.,y(S) — ZS,
which can be shown to extend to the Nygaard completion and be an isomorphism.

Preliminaries. — If'S is perfect, then the result follows from Proposition 6.2. Moreover,
for general S, we know that modulo p, there is a functorial isomorphism

Zs/ﬁ = msm = Xcrys(s)/p

by Theorems 7.2(5) and 8.14(4). In particular, by functoriality in S, this identifies ¢" with
the Frobenius map of Ag/p by Theorem 8.14(5).
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The case of S = Fp[Til//’w]/(T —1)=F,[Q,/Z,]. — For this, we use an argument that
we learned from Akhil Mathew. Consider the E,-ring spectrum B =8[Q,/Z,], a spher-
ical group algebra. Then

THH(S) = THH(B) ®s THH(F,)
as THH is a symmetric monoidal functor, cf. [NS18, §IV.2]. On the other hand,
THH(B) ®s Z = (THH(B) ®s THH(Z)) ®rucz) Z
=THH®B ®s Z) Qrunz) Z
=THH(Z[Q,/Z,]) @iz Z
=HH(Z[Q,/Z,])

using Lemma 2.5. By [NS18, Corollary IV.4.10], there is a natural T-equivariant map
Z — THH(F,) of E,-ring spectra, and so we get a natural T-equivalence

THH(S) = THH(B) ® THH(F,) = (THH(B) ®s Z) ®7 THH(F,)
=HH(Z[Q,/Z,]) ® THH(F,).

Now we claim that for any connective T-equivariant M € D(Z) (such as M =

HH(Z[Q,/Z,])), the map
M — M ®z THH(F,)

induces a map
MT - (M ®z THH(F,))"

that identifies the target as the p-completion of the source. Indeed, the target is always
p-complete, so we need to prove that it is an equivalence after modding out by p. By
[NS18, Lemma IV.4.12], it 1s thus enough to prove that

M% — (M ®z THH(F,))""

is an equivalence. Both sides commute with writing M as the limit of 7.,M by using
Lemma 3.3, so we can assume that M is bounded, and then by induction concentrated
in one degree. We can also assume that M is killed by p, and thus an F,-vector space. The
result is true if M = Z by [NS18, Corollary IV.4.13], and thus for M = F,. It then follows
formally that it holds for arbitrary products of copies of F,, and thus for every F,-vector
space by passing to direct summands.

Applied to M = HH(Z[Q,/Z,]), we arrive at an equivalence of E,-ring spectra

HP(Z[Q,/Z,; Z,) ~ TP(F,[Q,/Z,]).
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On the other hand, Theorem 1.17 gives an isomorphism
7 HP(Z[Q,/Z,); Z,) = (LQ2q,/2,) 1))

If R is a flat Z,-algebra with a Frobenius lift and R = R/p, there is a natural quasi-
isomorphism (2% )7 — W2} by Proposition 8.7 that moreover intertwines the com-

R/Z
bined p-adic and I—fodge filtration on the left with the Nygaard filtration on the right.
By left Kan extension and using the natural Frobenius lift on Z[Q,/Z,], this implies that

there is a natural isomorphism

(mZ[Qp/Zp]/Z); ~ LWQF,q,/z,-

In summary;,

ﬂOTP(Fp[%/ZP]) = m,HP(Z[Q,/Z,]; Zp) = mpﬁ[%/zp].
It follows from the construction that this isomorphism is compatible with the isomor-
phism

70 TP(S)/p = o HP(S/F,) = LQs)x, -
This shows that for S =F,[Q,/Z,], there is indeed an isomorphism of rings

T TP(S) = Ay (S).

The same arguments apply to F,[T*//"] (which is a perfect ring for which we already
know the result), and so we see by functoriality that the map

W(E,[T*7]) = 7y TP(E,[TE/77]) — 70 TP(S) = Ay (S)

1s the natural injective map. On its image, we know that ¢ = ¢'. As the map

vt} 2.0

has dense image, it follows that ¢ = ¢’ on KS =1y TP(S), and agrees with the Frobenius
of A,y(S). As on N='Ag, the Frobenius ¢ is divisible by £/, it follows that it maps into
N ZZXcrys(S). To prove that they agree, we argue by induction and use the short exact
sequence (5). Using this, it is enough to prove that

Ro/(pBs+ AR = L2,

as quotients of As/p = Awy(S)/p = LS x,. But the Nygaard filration was defined in
terms of the abutment filtration for the Tate spectral sequence, and modulo p this reduces
to the abutment filtration for the Tate spectral sequence for myHP(S/F,) (equivalently, the
homotopy fixed point spectral sequence for myHC™ (S/F,)), which was identified with

the Hodge filtration in the proof of Proposition 5.15. Thus, the theorem holds true for
S= Fp[Til/pm]/(T — 1), or equivalently for S = Fﬁ[Tl/ﬁ“]/T'
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More reductions. —  If the result holds true for S; and So, then it holds true for S, ®F, So,
as both A51®52 and A(,rys(Sl ® Sy) are given by completions of A51 ®z, AM respectively

Am/S(S ) ®z, Ams(SQ) for the tensor product of the Nygaard filtrations; indeed, this can
be checked modulo p, where it follows from the above discussion. By passage to ten-
sor products and filtered colimits, the theorem holds true for any algebra of the form

R[X;/pw, 1€ I]/(X;, 1 €I), where R is any perfect algebra.

The general case. — TFor a general ring S, we know now that if S=¢ [X, 1 ,1e1]/(X,,
i € I), where I =ker(S" — S), Wthh has 1ts natural surjection S — S, then the theorem
holds true for S. The natural map A — Ay is surjective, and is surjective on all steps
of the Nygaard filtration (by checklng on associated gradeds for the Nygaard filtration).
In particular, we see that ¢ = ¢’ on Ag Moreover, we see that the ideal ker(AS — S)
has divided powers, by reduction to the case of S. In particular, we get a functorial map
A..(S) — Ag. This map is compatible with the Nygaard filtration, again by reduction to
the case of S. Therefore, it induces a functorial map Am/h(S) — AS By reduction to the
case of S, this is surjective, and induces surjections on all steps of the Nygaard filtration.
To finish the proof, it remains to see that the map ALm(S) /p— As /p 1s an isomorphism.
But this is an endomorphism LQS/F — LQS /F,» and we know that for S it is the identity
endomorphism. Thus, the same holds true for S, as desired. U

A consequence of the discussion is the following description of THH and THH'“,
and a version of the Segal conjecture.

Corollary 8.18. — Let A be a smooth k-algebra of dimension d. For all 1 € Z, there are natural

isomorphisms

gr' THH(A) = (t='Qua1)[21]
and

gr' THH(A)' >~ Q4 4[21],

where the filtration on THH(=)“r is defined as usual via quasisyntomic descent of the double-speed
Postnikoo filtration. Under this equivalence, the map ¢ : gt THH(A) — gr' THH(A)'" is the natu-
ral map T='Qap —> Qai-

In particular,

¢ : THH(A) — THH(A)™
is an equivalence in degrees > d.

The last part was observed earlier by Hesselholt [Hes18, Proposition 6.6].
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Progf. — The identification THH(A)“» >~ TP(A)/p from Proposition 6.4 is com-
patible with filtrations (by checking for quasiregular semiperfect rings) and thus induces
equivalences griTHH(A)‘CP >~ WQ,/pl2:] = Qa[2¢]. Under the general equivalence
between NA, and griTHH(A)[:Qi], the compatbility with filtrations (Nygaard re-
spectively Ln) of the equivalence A, >~ Ln,A, is equivalent to the assertion that the
maps gr'THH(A) — gr'THH(A)'® induced by ¢ induce isomorphisms gr' THH(A) =~
="'gr'THH(A)'“, giving the result. O

8.4. K-Theory, TC, and logarithmic de Rham-Witt sheaves in characteristic p. — Here
we apply the results obtained so far in this section to analyze the syntomic sheaves from
Section 7.4 in characteristic p, identify them in terms of algebraic K-theory, and show
that their pushforwards to the étale world recover p-adic motivic cohomology in its guise
as a logarithmic de Rham-Witt sheaf.

Lemma 8.19.
1) For any quasiregular semiperfect ¥ ,-algebra S and 1 > 0, the operator
4 [
¥ — 1 :Nzixcrys(s) - Kcrys(s)

i surjective.
(2) Forany 1 > 0, the operator

0 — 1 NZ Ay (—) = A (—)

is surjective as a map of sheaves on QRSPerdeﬁ.

Progf: — (1) By p-completeness of both sides it is enough to prove surjectivity mod-
ulo p. When restricted to N/ 22'“AC,VS(S), the map

Y — 1 :NZH—I/A\CWS(S) - ervs(s)/l7

agrees with minus the canonical map, as ¢; is divisible by p on A/ ZZJrl&rys(S). It follows
that the image

=it

LQg/Fp - ITQS/F,J = Kcrys(s)/p

of N ZZ'JFI/A\CWS(S) lies in the image of ¢; — 1; this can be identified with the divided power
filtration Fﬂ;;'ACWS(S) /b C Ay (S)/p by Theorem 8.14(4).
When restricted to p/N- ZZ'_IACWS(S), the map
i — 11 pN=TTRL () > A (S)/p

agrees with

Qi1 = Pi—1 _/7 . Nzi_lxcrys(s) - Kcrys(S)/p
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This factors over the map

Ni_lxcrys(s) = LTSi_lQS/F,, — I/AS\ZS/FP :Kcrys(s)/p'

Thus, also L=~ IQg/Fﬁ = Fllwn]Acrys(S)/p lies in the image of ¢; — 1. But for ¢ > 0, one
has

Fil" Ay (S)/p + Filli Ay (8)/p = Aurys(S) /p

as in general for all j > 1,

Fﬂ;grlljxcrys (S)/ﬁ + FllpdACWS(S)/p ACWS(S)/p’

giving the result.
(2) The case 2 > 0 1s covered by part (1), which also shows that ¢ — 1 mod p:
Ams(S) — Acm(S)/p hits all of F111dAcm(S)/p Moreover, the composition

A (S) Y5 A8 —> S

1s surjective, when viewed as a sheaf over S € QRSPerde , since Artin—Schreier exten-

slons exist in QRSPerfd Since AmS(S) is p-adically complete and the union of a tower
of Artin-Schreier extensions is still a cover in QRSPerfdg, , this proves the desired surjec-
tivity. U

Combining the previous lemma with the identifications of Theorem 8.17, we ob-
tain exact sequences of sheaves

AT _
0 — 715, TC(=) = 75, TC™ (=) —5 7, TP(=) = 0

on QRSPerfdg . In particular, this shows that the syntomic sheaf Z,(z) on QRSPerfd,
is concentrated in degree 0 and identifies with nQZTC( ), which is p-torsion-free (smce
we know from Theorem 8.17 that 7o, TC™(S) =N = >1Ams(S), which is p-torsion-free by
Theorem 8.14—to be precise, it easily follows from the definition of the Nygaard filtration
that p-torsion-freeness of A, (S) implies the same for its Nygaard completion). We have
proved most of:

Proposition 8.20. — Comjecture 7.18 s true in characteristic p. More precisely, for any S €
QRSPerdep, the complex Z,(1)(S) is concentrated in degree O and given by the p-torsion-free group

A (S)P='.

Proof: — We claim that the natural map

o ker(NZAys(S) L5 Aya(S)) = ker(NZR0 () 25 Ae(9))
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is an isomorphism. This implies the result, as the left-hand side is in fact equal to
A, (S)*=", using the definition of the Nygaard filtration. By the definition of the Ny-
gaard filtration, the Frobenius map A.y(S) = Ay (S) factors canonically over the Ny-
gaard completion Acm(S) In fact, we have a natural commutative diagram

NZiAcr}fs(S) L— ACFYS(S)

SNt

NZRn(S) o Aur(S).

This implies that « is injective. Indeed, assume that x € N~ ZiAcryS(S) satisfies @;(x) = x,
and that a(x) = 0. Then in partlcular @;(x) = B(a(x)) =0, and thus x = ¢;(x) =0

On the other hand, if y € ./\/'>’ACWS(S) satisfies @;(y) =y, then x = B(y) € A.ys(S)
maps to y and satisfies ¢(x) = @(B(»)) = B(@(»)) = p'B(») = p'x, and therefore lies in

A () = ker(NZAuyi(S) 2= A (9)).
as desired. O
For smooth A, passing to quasisyntomic cohomology yields the following corollary.

Corollary 8.21. — Assume that A 15 a smooth k-algebra and X = SpecA. Let A :
qSyny — Xpree be the natural map of sites. For all 1 > 0, there is a natural isomorphism

RAZ,(5) = W, [—i].

Progf. — This follows from the description of gr'TC™ and gr'TP and Proposi-
tion 8.4. 0

Remark 8.22. — In the setting of the previous corollary; it is classical that the projec-
tion map Xgpr — X sends the sheaf u to W”Q%(,log[_ 1], cf. [11179, §I1.5]. The previous
corollary may be viewed as an analogue for higher weight p-adic motivic cohomology in
characteristic p, as was conjectured by Milne [Mil76, Remark 1.12], except that we use
the quasisyntomic rather than the flat topology.

We also record the following calculation of connective algebraic K-theory. It
may be applied, for example, when S = Oc,] /p, in which case @izo (ACrYS(S)wsz)[ 1% 1=

D B (S)?="" is the graded ring defining the Fargues—Fontaine curve, [FF18]. This

crys
was conjectured in 2013 by the third author (based on evidence in degrees < 2) and
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sparked much of this work. Indeed, the formula for TC as Frobenius fix points on some-
thing else made it natural to guess that this “something else” should have homotopy
groups A.,y(S), and this is what we have realized here in terms of TC™ and TP.V

Corollary 8.23. — For any quasiregular semiperfect ¥,-algebra S, the K-theory K.(S; Z,)
vanishes in odd degrees, while

Ko (S: Zy) = P A (5977

i=0
Proof. — As in Section 7.4, Theorem 7.15 allows us to identify
HY(Z,()(9) ZKu(S:Z)),  H'(Z,()(S) =Ko (S: Z)),

so this follows from Proposition 8.20. O

9. The mixed-characteristic situation

The goal of this section is to prove Theorem 1.8, i.e., we compare ZA with A2,
in case A is the p-adic completion of a smooth O¢-algebra. This goal is realized in Sec-
tion 9.2 using some lemmas in almost mathematics collected together in Section 9.1.
Next, in Section 9.3, we check that the identification A, >~ A2, constructed earlier car-
ries the Nygaard filtration on the left to the filtration on A2, coming from its definition
via Proposition 5.8. Finally, in Section 9.4, we check that the Adams operations act with
weight 7 on gr'TC™ (A; Z,) (and variants) for any A € QSyn; even though this statement
has nothing to do with O, its proof reduces to the case where A is as above, whence we
can use Theorem 1.8.

The following notation will be held fixed throughout this section.

Notation 9.1. — Let C/Q, be a perfectoid field containing p,~, and set Ay, =
Ai(O¢). Let o :=[€] — 1 € Ajr where € € OE = lim,,, » O¢/p is a compatible system
of primitive p-power roots of unity. Then ¢~' (i) | u. For r > 1, set &, = ﬁ € Ay and
§=6,50& &1 | pforallr,

9.1. Some almost homological algebra. — As preparation, we recall some facts from
almost mathematics. We shall be interested in almost mathematics over A; In the
p-complete setting, 1.e., we are interested in the quotient ﬁ(Ai“nf) of the oo-category
D(Ajy) of p-complete Ay,-complexes by the full subcategory of those whose cohomology
groups are killed by W(m"). Recall that such complexes form a stable subcategory, so that
one can pass to the Verdier quotient (for the oo-categorical version, cf. e.g. [NS18, §I.3]).

17 Tt was also one of the inspirations for [NS18] as the classical TR or TF do not have the right form.
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In fact, complexes whose cohomology groups are killed by W(m®) form a ®-ideal, so
D(A{,) is a symmetric monoidal stable co-category by [NS18, Theorem 1.3.6]. The fol-
lowing lemma allows us to replace W(m”) in the preceding definition by much smaller
ideals:

Lemma 9.2. — Ford > 1, set J, = U,((pf"(u)d) C Ay 50J4 CJy CW@) for all d.
Then p is a nonzero divisor on Ain/Jq for all d. Moreover, the p-adic completion of any ], coincides with
W(m’).

Proof. — Note that ¢~V () | ¢ 7" (u), so we may regard each J, as a filtering
union of the principal ideals (¢~ (11)?). To show that p is a nonzerodivisor on Ay¢/Jq, it
thus suffices to show that p is a nonzerodivisor modulo ¢~ (u)?. By Frobenius twisting,
we may assume 7 = 0. Note that @ i1s a nonzero divisor modulo p, so (p, ) and then
also (p, u?) forms a regular sequence. We are now done by the general fact that if (x, y)
form a regular sequence in a commutative ring A, then x is a nonzerodivisor modulo y: if
xa = by, then x| b as y is regular mod x, whence y | a (as we can divide xa = xéy by x as x
is a nonzerodivisor in A), and thus x is a nonzerodivisor modulo .

It follows from the previous paragraph that B, := Ay,¢/Js 13 a p-torsionfree ring
Moreover, since it is clear that (J;, p) = (J1, ) = (p, W(m®)) as ideals of Ay, the ring
B,/p identifies with Ay,r/(W(m®), p) 2 &, and is thus perfect and independent of 4. But
then the p-adic completion of By, is a p-torsionfree and p-complete ring lifting £, and must
thus coincide with W(k) for all . This implies in particular that J, C J; C W(m") give
the same ideal on p-adic completion, as wanted. 0J

Consider now the evident natural transformations
Ln,—--—Ln,, — Ly, —---— L

of endofunctors on the full subcategory D;O (Ayp) of D=(A,,0) where H' is torsion-free.

Lemma 9.3. — Fix K € D;O (Ainp) that s p-complete. Then each cohomology group of the
cofiber Q of the natural map Ly, K — Rlim, Loz K of p-complete complexes is killed by W(m").

Proof. — As K is p-complete, the same holds true for Ln/K for any nonzero
S € Ay by [BMS18, Lemma 6.19]. Applying this for f = u, &, and using stability of
p-completeness under limits, it follows that both Ly, K and R lim, Ln; K are p-complete,
and hence so is Q). By Lemma 9.2, it is enough to show that for each i, there is some
d > 0 such that H'(Q) is annihilated by J,.

As Ly preserves cohomological amplitude by [BMS18, Corollary 6.5] while R lim
changes it by at most 1, we may assume after shift that K € DI*“(A; () for some d > 1
with H(K) torsion-free. We may then represent K by some K® with K' =0 for i < 0 and
for i > d, and K' torsionfree. Consider the following diagram of subcomplexes of K*:

nK C---Cne K C--- Cre,, K T K*.
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As o =¢7"(u) - &, we can write 7,K* = n,-,yn: K*. As K has cohomological ampli-
tude ¢, multiplication by ¢~"()? on g K* thus factors over 1, K*®. It formally follows
that multiplication by ¢ ()¢ on both the source and target of the map

Ln,K — Rlim Ly, K~ RlimLn, K

factors over the map. But then ¢~"(u)? annihilates each H'(Q). As this is true for all 7,
we have shown that J, - H(Q) = 0 for all 7, as wanted. U

The following technical result shall be used later.

Lemma 9.4. — If M s the (p, §)-completion of a free Anp-module, then the natural map

M — Homy, (W(m"), M)

inf

s an 1somorphism.

Proof. — As everything in sight is §-complete and &-torsionfree, this reduces to
checking that M/§ — Hom(m, M/£) is an isomorphism. Injectivity is clear as M/§ is a
torsionfree O¢-module. For surjectivity, write M/& = P, ;Oc as the p-adic completion
of a free Og-module. Regard M/ as a submodule of N =[], O¢ in the usual way:
M/& C N is the set of sequences (&) € [ [. (9?J such that for all »> 0, we have |a;| < |p"|
for all but finitely many ¢ € I.

Now it is clear for valuative reasons that N = Hom(m, N). Under this identifi-
cation, the subgroup Hom(m, M/§) C Hom(m, N) corresponds to the set of sequences
(a;) € N=1]],;; Oc such that, for each € € m, we have (€ - ¢;) € M/§, i.e., for each such
€ and each n > 0, we must have |e€ - ¢;| < [p"| for all but finitely many : € I. Applying this
condition for € = p then shows that for all n > 0, we have |a;| < |p"~!| for all but finitely
many ¢ € I; as this holds true for all n, we immediately get (¢;) € M/& C N, as wanted. [J

For future reference, we note that the functor RHom,, (W(m®), —) kills all the
“almost zero” objects, 1.e., those M € D(A;,;) whose cohomology groups are killed by
W(m"): this follows because

W)@, Au/W(m’) = 0.

In particular, we may regard RHom,,  (W(m®), —) as a functor ﬁ(Ai“nf) — ﬁ(Ainf). One
can show that this functor is right adjoint to the quotient map.

9.2. The comparison map. — Our goal now is to compare the K(_) theory con-
structed by unfolding 77y TC™ to the AQ-theory from [BMS18]. We shall need the follow-
ing variant of the latter that makes sense for all p-complete O-algebras:
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Construction 9.3 (Noncomplete AS2-complexes for arbitrary rings). — Recall that [BMS18,
Theorem 1.10] gives a functor

A AQ, = Ln,RT (Spf(A)c, A

from p-adic completions of smooth Oc¢-algebras to E-Aj-algebras. Two important fea-
tures of this construction are:

(1) AQ4 1s (p, §)-complete.
(2) There is a natural isomorphism A2, /§ >~ L2y, 0.

Following Construction 7.12, by left Kan extension in (p, §)-complete A;,-complexes,
we obtain a functor AQ_, on all p-complete simplicial commutative Oc-algebras. This
functor satisfies the obvious analogs of (1) and (2) above. As in Construction 7.12, it
follows that A2, is a sheaf of Ey-A;-algebras on QSyn%)C and takes discrete values
on QRSPerfdg)C.

We can now state and prove the main theorem.

Theorem 9.6. — Let A be an O¢-algebra that can be written as the p-adic completion of a

smooth O¢-algebra. There is a natural isomorphism A A S AQ A 0f Eoo-Ainr-algebras that is compat-
thle with Frobenius.

Proof. — Before explaining the proof, let us explain the idea informally. As we
understand Ag for S perfectoid, it is easy to construct a comparison map Ay —
RI'(Spf(A)c, Air). To factor this over Ly, of the target (and thus producing a map to
AQ2,), we use the criterion from Lemma 9.3 as well as the behavior of Frobenius on the
Nygaard filtration on An coming from Corollary 7.10. At the end, this only gives a fac-
torization in the almost category, so we employ a trick involving left Kan extensions to
topologically free objects in QRSPerfd,, , to get back to the real world.

Let us now explain the proof as a series of steps.

A primitive comparison map. —  Let us first construct a functorial ¢-equivariant comparison
map

ba: Ay — RT(Spf(A)c, Ay

for the p-adic completion A of a smooth Og-algebra. For this, observe that for every map
A — R with R perfectoid, we have an induced functorial map A A= ZR = Air(R). As
RI"(Spf(A)c, Aiye) can be regarded as a limit of the functor R = A;,(R) on a subcategory
of perfectoid A-algebras, we formally obtain the map 4.
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Constructing the comparison map in the almost category. — We shall now refine b, to obtain a
functorial comparison map

a . R a
it AL = AQY

of E-algebras in ﬁ(Afnf) for the p-adic completion A of a smooth Oc-algebra. Consider
the oco-category C of Ey-algebras in ﬁ(A?nf). The oo-category C comes equipped with
an endofunctor F : C — C given by A — Ln:¢.A. Given any co-category with an endo-
functor F, we have the co-category of fixed points C* of pairs of an object X € C and an
equivalence X 2~ F(X). Moreover, we have the oo-category C~¥ of objects X € C with
a map X — F(X); and the oo-category C'~ of objects X € C with a map F(X) — X.
If C admits sequential limits, then there is an endofunctor R of C'~ given by sending
F(X) — X to the inverse limit R(X) of - -+ — F(F(X)) — F(X) — X with its natural
map F(R(X)) - R(X). If Y — F(Y) is an object of C”" and F(X) — X an object of
C'™ together with a commutative diagram

Y —— F(Y)

e

X — FX),

then this factors canonically over a similar map from Y — F(Y) to F(R(X)) — R(X).
In our case, A} lies in C~7 as there is a natural map

ZA — Ln:z o, KA

by Corollary 7.10. On the other hand, RI'(Spf(A)c, Ajy) lies in C'™, as ¢ is an auto-
morphism and there is a natural map LRI (Spf(A)c, Aiyp) — RI(Spf(A)¢, Aiyp) since
RI'(Spf(A)¢, Aiy) € D;O (Ajnr). Moreover, the diagram

can

Ax LUE(P*KA NN
\L Lng @iba l @sbA
can
ba Lng o RT (Spf(A)c, Ainp) —— @RI (Spf(A)c, Ajnp)

~ 2

_ ~

=z >~

RI(Spf(A)c, Ainp)

commutes without the dashed arrow, and thus also with the dashed arrow by inverting
the lower equivalence. Thus, by passing to the almost category, we are in the abstract
setup, and get a map of E-algebras

KZ — l(ir_n(Lng(p*)”RF (Spf(A)c, Ainf)a
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n ﬁ(Ai“nf) that commutes with the respective maps to/from their Lng ¢, —. But the right-
hand side is equivalent to AQ{ by Lemma 9.3. More precisely, applying the same argu-
ment for A2, with its equivalence to Ln: A2, we get a natural map of E-algebras

AQ{ = La, RT (Spf(A)c, Ainy)” — lim(Lnep.)"RT (SpHA) ¢, Ainr)'

in ﬁ(Afnf) that commutes with the respective maps to/from Ln;¢,—, and this map is an
equivalence by Lemma 9.3.

Lifting the almost comparison map ¢ to the real world. — By left Kan extension in
(p, &)-complete Aj-complexes, we obtain an almost map ¢f : A\ — AQ} for any
p-complete Oc¢-algebra A (see Constructions 7.12 and 9.5 for the definitions). For
S € QRSPerfd,,, both As and AQg are discrete. Hence, we can identify ¢§ with
an honest map Ag — Hom, (W(m’), AQs) for S € ORSPerfd,,, recalling that
Hom,, (W(m”), —) is the right adjoint to the forgetful functor M +— M“. Now if
S e qrsPelrfdngJ (see Variant 4.36 for the definition), then Lemma 9.8 identifies this with
an honest map

dR . As — AQg

In other words, on the category qrsPerfdPé;Zi C QRSPerfd,, from Variant 4.36, we have
constructed the comparison map ds as above. Using the equivalence in the last statement
of Variant 4.36, we may unfold the map ds to a functorial comparison map

dA . AA — AQA
for any A € qSynng. As p-adic completions of smooth Og-algebras lie in qSynng , this
construction restricts to a functorial comparison map on the category of p-adic com-
pletions of smooth O¢-algebras. It is also clear by descent that dy is a map of Eqo-Aj-
algebras that is compatible with Frobenius.

Showing dx s an isomorphism. —  Note that both A A/& and A2, /& are naturally identified
with L2, ,0.,. By completeness, to show dy is an isomorphism, it is enough to check that
dx/& 1s an isomorphism. Using Lemma 9.9, we must verify the following:

Claim 9.7. — If A is the p-adic completion of a smooth O -algebra, the map H(dy/(p, §))
induces the identity map on (A/p)D = A/p @0 e Oc/p under the isomorphisms

H (/0. 8)) = H (L 00/m) = (A/H

and

H’(AQ4/(p, §)) = H (L ps00m) = (A/pY

comang from the Cartier isomorphism.
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But this follows from the analogous statement in the perfectoid case. Indeed, af-
ter a localization, we may choose a cover A — R in qSyng,” with R perfectoid. Then
dr 1s the identity map by the construction of the primitive comparison map b, and
hence H%(dr/(p, §)) is also the identity map. As A — R is injective modulo p, the map
LQu/p /e = Lwyp 00/ also induces an injective map on H, and hence it follows
that H(dy/(p, £)) is the identity map. UJ

The following two lemmas were used above.

Lemma 9.8. — Assume S € qrsPerfdlz;Zj (see Variant 4.36 for the definition). Then
AQs = Homy,, (W(m”), AQs).

Proof. — As S is O¢-flat, we have AQs/(p, &) >~ L /0c/p- By assumption
S/p is a free O¢/p-module and Ly oq/n[—11 is a projective S/p-module. But then
AN'Lis/p 10 p—i1 = Tis (1 Lis 10 /p) 18 @ projective S/p-module (and free over Oc/p)
for all 2. By (non-canonically) splitting the conjugate filtration, one sees that L$2s/,) /00 /p)
is also a free O¢/p-module. It follows that AQg is the (p, £)-completion of a free Ajy-
module: the sequence (p, §) is regular in AQ2s as the derived quotient AQs/(p, &) =
L2/ /0c/p 1s discrete, and then a basis of AQ2s/(p, §) lifts to a topological basis of
AQs. The claim now follows from Lemma 9.4. [

Lemma 9.9. — Let A be the p-adic completion of a smooth Oc-algebra. Let n = Qa 0, —
Qa0 be a map of p-completed En-Oc-algebras with mod p reduction 7. If H (7)) is the identiby,
then H* () s the identity, and thus 1 s an isomorphism.

Proof. — View H*(77) as a graded endomorphism of a graded ring R* :=
H*(£2(a/5/0c/p)- By the Cartier isomorphism, R* is generated in degree 1. As we have
assumed H’(7) is the identity on R, it is enough to show that the resulting R"-linear map
H!(®) : R! = R! is also the identity. Now H*(%) is compatible with the Bockstein differ-
ential B, : R" — R!, so the map H'(%) acts as the identity on ,BP(RO) C R'. But, by the
Cartier isomorphism, R' is generated as an R’-module by 8,(R"): under the Cartier iso-
morphism, the Bockstein corresponds to the de Rham differential. As H' (77) is R"-linear,
the claim follows. U

9.3. Mygaard filtrations. — Moreover, we identify the Nygaard filtration.

Proposition 9.10. — Let A be the p-adic completion of a smooth Oc-algebra. The mapAZ A
Lz @y A fiom Corollary 7.10(3) is an isomorphism, and identifies the Nygaard filtration N'=' A 5 with
the filtration on Lng _from Proposition 5.8.

In other words, the equivalence A, ~ AQ, carries the Nygaard filtration N~ A
to the filtration on AQ24 coming from the equivalence AQy 2~ L@, AQ24.
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Progf: — As the equivalence A A > A2, commutes with the maps to their Ly @, —,
the first statement follows from the corresponding statement for AQ24.

For the statement on Nygaard filtrations, we need to see that the maps of associated
gradeds is an equivalence. We know that A" ZK A 1s a complex of A-modules concentrated
in degrees [0, 7] with cohomology groups €2, J0¢» 0 =J =, by Proposition 7.8. For the
right-hand side, we use the equivalence Lng(p*KA >~ ¢.Ln; AQ2, to see that the graded
pieces are isomorphic to ¢, T='AQ,/ £ . By [BMS18, Theorem 8.3, Theorem 9.4(i)], its

cohomology groups are also given by €/, J0, for 0 <7 <7, and O else. Thus, we must check

that certain endomorphisms €2/ 0 Q, /0, are 1somorphisms. This can be checked
after base extension along A — A ®¢,, k, where £ is the residue field of O¢. Then it
follows from the results in characteristic p. U

Remark 9.11. — We briefly explain how to make the Nygaard filtration explicit
in coordinates. Recall that if one fixes a framing [ : O¢ (T, ..., T3') — A that is the
p-adic completion of an étale map, one gets a corresponding flat deformation A of A to
Ay (along 6 : Ajyr = Oc) and there is an explicit complex computing AQ,, given by a
¢-de Rham complex

=A— Ao >A=0

®-

7 Q1~\/ Ainf
=1

that can be defined as a Koszul complex K ( Y. i ), cf. [BMS18, Defini-

1 A 9 log.(Tl)’ ? 9,log(Ty)
tion 9.5]. Here, ¢ =[€] — | € Aj,r. Under this equivalence, the map

AQ — Ln: . AQy = §0*L77§AQA
is given by the map of complexes

AL R Vg 2V S PN S VSN

inf

induced by the map ¢ : A — A sending all T; to T?. Now a direct computation shows
that this implies that one can describe the Nygaard filtration as the filtration

max(i—e,0) . °
§ q_QA/Ainf - q_Q;\/ Ainf

as in Proposition 8.7.
Having identified the Nygaard filtration, we can now identify THH and THH'“

more precisely, and verify a version of the Segal conjecture. Recall the complex Qy =
AQ, ®,, .5 A from [BMS18, §8], whose cohomology groups are €2/, Joc{—1}
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Corollary 9.12. — Let A be the p-adic completion of a smooth O -algebra of dimension d. For
all 1 € Z, there are natural isomorphisms

gr' THH(A; Z,) > (t5'Qa{i})[21]
and
gr' THH(A; Z,)' ~ Q,(3}[2i],

where the filtration on THH(—; Z,)'" is defined as usual via quasisyntomic descent of the double-speed
Postnikov filtration. Under this equivalence, the map ¢ gr'THH(A; Z,) — gr'THH(A; Z,)'“ is
the natural map (‘L’<ZQA){Z}[2Z] — QA{Z}[QZ]

In particular,

¢ : THH(A; Z,) — THH(A; Zﬁ)tcf’
is an equivalence in degrees > d.

Progf: — 'The identification THH(A; Zp)tcﬁ ~TPA;Z,)/ £ from Proposition 6.4
1s compatible with filtrations (by checking for quasiregular semiperfectoids) and thus in-
duces equivalences

gr' THH(A; Z,)'% ~ AQ, /E{i}[2i] = Qa (i} 21].

Under the general equivalence between N A, and gr'THH(A; Z,)[—21], Proposi-
tion 9.10 is equivalent to the assertion that the maps gr' THH(A; Z,) — gr'THH(A; Z,)"
induced by ¢ induce isomorphisms gr THH(A; Z,) >~ t=""gr' THH(A; Z,)', giving the
result. U

9.4. Adams operations. — A consequence of the functorial identification between
A A and A€2, is the identification of the Adams operations. Let us recall their construction
first.

Construction 9.13. — Note that p-completed THH(A; Z,) can also be defined as the
p-completion of A ®r, ., T}, where we consider the p-completion T) = K(Z,, 1) of the
circle. This implies that the automorphisms Z; of T} act functorially on the Eq-algebra
in cyclotomic spectra THH(A; Z,). In partlcular there are natural Z-actions on all

objects considered throughout, such as the quasisyntomic sheaves A( ) and the Breuil-
Kisin twist A( y{1}; these operations are called the Adams operations.

We can now identify the Adams operations.
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Proposztwn 9.14. — The Z -action on the quasisyntomic sheaf A( ) 18 trwvial, and the ac-

tion on A( W1} s gwen by the natuml mulliplication action. The same holds true for all steps of
the Nygaard filtratwon. In particular, y € Z, acts via multiplication with y* on gr ‘THH(—; Z,),

gr'TC™ (—; z,), gr'TP(—; Z,) and gr'TC(—; Z,), foralli € Z.

Progf: — First, note that as As is concentrated in degree O for S quasiregu-
lar semiperfectoid, the triviality of the action is a condition, not a datum. Moreover,
Nz >ZAS C AS is an ideal in this case, so if the action is trivial on As, then this also holds
for the Nygaard filtration. Similar remarks apply to the Breuil-Kisin twist. R

Assume first that R is perfectoid. Then the universal property of A;(R) = Ar —
R as the universal p-complete pro-infinitesimal thickening, together with the triviality of
the ZX -action on R, implies that the ZX -action on A;,¢(R) is trivial. To identify the action

on AR{ 1}, we use the identification of Breuﬂ-Klsm twists after Proposition 6.5; this shows
that there are natural isomorphisms

H?(T/C,, Ar{1}/E) = kerd,/(kerf,)?,

equivariant for the Z *-action. In particular, the Z,-action is trivial on the right. As Z;
acts through multiplication by the inverse on H*(T, Z,) = H2(T?, Z,), we sce that pr

must act through multiplication on KR{Q / €, and then also on the inverse limit KR{ 1}.
By the base change property of A(){1}, it remains to show that in general the
Z;-action on Ag is trivial if S is quasiregular semiperfectoid. We may assume that S is an
Oc-algebra by passing to a quasisyntomic cover. Going through the proof of the equiva-
lence between A, and AS2,, we see that all maps are equivariant for the Z; -action when
the source is equipped with the Adams operations and the target with the trivial action.
Moreover, this equlvarlance persists for the Nygaard filtration. Thus, the Z;-action on
the E-algebra A, in DF(Ayy) is functorially trivial on the category of p- adlc comple-
tions of smooth Og-algebras. By left Kan extension, it follows that the Z;-action on As
is trivial if S is quasiregular semiperfectoid and admits an O-algebra structure. U

10. p-Adic nearby cycles

Our goal in this section is to prove the following theorem. On the one hand, this
gives a very precise assertion relating p-adic nearby cycles to syntomic cohomology; on
the other hand, as explained by the second author in [Morl18], it is also closely related to
the results of Geisser-Hesselholt, [GHO06].

In the following result, Z/p"Z(:) denotes the usual étale sheaf on the space X on
which p is invertible, and on the p-adic formal scheme X, it denotes the syntomic sheaf of
complexes from Section 7.4

Z/P'ZG) =Z,())/p" = hofib(p — 1 : N=A{} — A{i}) /4,



TOPOLOGICAL HOCHSCHILD HOMOLOGY AND INTEGRAL p-ADIC HODGE THEORY 293

which we in fact restrict to the étale site of X, where Theorem 9.6 tells us that we get the
complex

Z/p"Z(i) =hofib(p; — 1 : NZAQ{} - AQ{d})/p".
So far, these objects are entirely unrelated.

Theorem 10.1. — Let X be a smooth formal scheme over Spf O with generic fiber X. Consider
the map of sites r : Xg — X There is a natural equivalence

Z/p'ZG) ~ TRY,Z/YZG)
of sheaves of complexes on X, compatible in n.

Remark 10.2. — The complexes Ry, Z/p"Z(2) appearing in Theorem 10.1 are
essentially the nearby cycles complexes for the morphism X — Spf(Oc), as introduced by
Deligne in [GDK, §XIII.1.3]. The key differences are: (a) X is merely a formal scheme in
our context (and thus X is a rigid space), while loc. cit. works with schemes, and (b) we can
ignore the passage to the algebraic closure that is present in loc. cit. (as the residue fields
of O are algebraically closed). We do not use any non-trivial theory concerning nearby
cycles complexes in the sequel.

Remark 10.3. — From Theorem 10.1, one obtains a similar statement on the pro-
étale site after passing to the inverse limit over n. The statement at finite level n has the
advantage that the compatibility for varying » implies that the individual étale nearby
cycle sheaves Riy,Z/p"Z >~ Ry, Z/p"Z (i) are flat over Z/p"Z.

Remark 10.4. — For future use, note that any sheaf F on QSyn,, naturally yields
a sheaf on X, for any étale map {{ — X, one defines F({l) =lim F(R), where the limit
runs over the category of affine open subsets Spf(R) C 4l. This gives a sheaf because
p-completely étale (or even smooth) covers give quasisyntomic covers.

By Remark 10.4, we obtain sheaves N ='AQ{i}/p" on X. We start by showing that
as a sheaf of complexes on X, the complex

hofib(g; — 1 : NZAQ(} — AQ(:}) /4"

1s concentrated in degrees < ¢; for this, we may assume that n = 1. We can assume that
X = SpfA is affine and that A admits a framing [ : O¢ (Tfl, e, le) — A that is the
p-adic completion of an étale map. This induces a flat deformation A of A to Ay, which

1s formally étale over Ainf(T]il, ceey T}H). In that case, we have equivalences
_ . >i __ &max(i—e,0) .
AQA - q_QA/Ainl' N AQA - E q_QA/Ainf’
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as explained in Remark 9.11. Trivializing the Breuil-Kisin twist, the map ¢; : N='AQ, —
AQ, is given by

max(i—e,0)
g (p E q QA/Am[ q QA/Amf

Recall that in degree j, the A-module ¢- Q]L\ A is free with basis given by d,log(T,,) A

- A d,log(T,) for varying integers 1 <a; <--- < @ < d. On this basis, ¢ acts by multi-
plication by & as
¢(d,log(T,)) = £d,log(T,).

In particular, in degree ¢, the basis elements d,1og(T;) A - - - A d,10g(T}) are fixed points

of i =§""¢p.
Using these representatives, it suffices to see that the map of complexes

Elp—1: qQA/A /b= 495, /1)

is an isomorphism on ¢-Q; . /p forj > i and is étale locally surjective for j = i. Writing

A Aint
everything in terms of the above basis, we need to see that

o—1:A/p—A/p
is étale locally surjective, and for j > ¢ the map
§7p—1:Mp—AJp

is an automorphism. The former statement follows from the existence of Artin-Schreier
covers in X (noting that this étale site is equivalent to the étale site of SpfA/p, both
being equivalent to the étale site of Spec A/p), and the latter statement follows from the
existence of the inverse operator

B — iR Al
In summary, we get the following result.
Proposition 10.5. — The natural map is an equivalence of sheaves of complexes on X

=hofib (TN ZAQi} /' “— T='AQL:} /")

— hofib(NZAQ(i} £=> AQL}) /1.
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We note that = N='AQ >~ t='AQ via ¢;. Under this equivalence, the homotopy
fiber above may be rewritten as

léw'

7='hofib(r¥'AQ/p —— T5'AQ/p"),

where ¢~ : T'AQ — T'AQ is the composite

TYAQ = L, TR, Aprx

o ! . gl . '
= Lnfﬂ_l(lt)tSZRv*Ainf,X - LnsLnf/’_l(u)TSle*Ainf,X — 1SAQ.

We will continue with this description.

We formulate the next step somewhat more abstractly for convenience. Assume
that A is a p-power-torsion ring in some topos equipped with an automorphism ¢, and
suppose that i, & € A are non-zero-divisors satisfying the relation u =&¢ ' (u); set §, =
Ep (&) ' (&) sothat u =&~ (u) for all ¥ > 1.

Suppose that C € D="(A) is a complex such that H’(C) is j-torsion-free, and that
¢ : G~ C is a given g-semi-linear quasi-isomorphism. In our application, we will take
A = Aje/p" on the topos X, and C = Rv,A;rx/p". In the next two lemmas we make the
following assumption.

(As) The map 1 —&'p~" : C/w/C — C//Cis a quasi-isomorphism for all > j > 0.

Remark 10.6. — The assumption (As) is satisfied for C = Rv, Ay x/p"; indeed, for
this, it suffices to see that 1 — E'p~! is an automorphism of Apex/ (", w). It is enough
to handle the case n =1, where one gets Ay,r x/(p, ,uf )= A; / ,uf The map 1 —&'¢~
injective, asif f € (’) satlsﬁesf & go_l(f) € ;U(’)X ,theng = satlsﬁesg we 1(g) €

(/9\';( , which by integral closedness of (’) C (’)X implies that g E (9 . For surjectivity, it
is enough to see that 1 — &'p ™! is surjective on OX , which by integral closedness of
(/9\b - € O reduces to surjectivity of 1 — &g~ on (’) This follows from the existence of
Artin-Schreier covers in characteristic p, and the tilting equivalence. Some further details
of these arguments may be found in [Morl8].

Lemma 10.7. — Assume (As). Let 1 > 0 and j > 1. Then

(1) the endomorphism 1 — E“H=" of H'(C)/wH!(C) is injective for £ = 0 and an auto-
morphism_for £ > 0;

(2) the endomorphism 1 — & @ =" of H'(C)[ ] is surjective for € = 0 and an automorphism
Jor€ > 0;

(3) the endomorphism 1 — E*@~" of H(C)[w/]/H' (C)[ 1] is an automorphism_for £ > 0.

Proof. — (1) & (2): The fiber sequence C LYcINY's /wWC is compatible with the
endomorphisms 1 —&p~", 1 —&p~! 1 —&Hp! respectively; therefore the Bockstein
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sequence
0 — H'(C)/wWH'(C) —» H'(C/w'C) » HT(O)[w] - 0

is compatible with the endomorphisms 1 — P~ 1 —&p~! 1 — Efp~! respectively.
Since the endomorphism on the middle term is an automorphism by assumption, the

desired injectivity and surjectivity claims in (1) and (2) follow. Moreover, to prove the rest

of (i) and (ii) it remains only to show that 1 — &%p~! is injective on H'!(C)[w/] for all

¢ > 0 (because then we deduce the desired surjectivity on the left term thanks to the
Bockstein sequence). Considering the exact sequence

0 — H*(C)[] — H*(C)[w] & H* () [w].

which is compatible with the operators 1 — &g~ 1 — &%~ 1 — £ 1p™! respectively,
a trivial induction reduces us to the case ) = 1. But the map

£ i HH (O[] > HT(C)[u]
1s the restriction of
pgﬁflgofl . Hi+l(c) N HiJrl (C)

since & = p mod ¢~ '(u). So, finally, we must show that 1 — p&~'¢™" is injective on
H*!'(C); but this operator is even an automorphism of C (hence of H™!'(C)), since C
was assumed to be derived p-adically complete.

(3): The assertion is trivial if j = 1, so assume j > 1. The injection

w H(O)[]/H (O] — (O[]

is compatible with the endomorphisms 1 —&‘¢ ™!, 1 — & 1p™! respectively. But the endo-
morphism on the right side is injective by (2), whence the endomorphism is also injective
on the left side; but it 1s also surjective by (2). 0

For any i > 0, we define §'¢ " : t='Li,,C — t='L,C to be the composition
: - i :
5L, C ~ 150,10 C = 7L L1, C = 5Ly, C.
The &'gp~"-fixed-points are essentially unchanged under L.
Lemma 10.8. — Assume (As). Associated to the commutative diagram

1—gip~!

=L, C =Ly, C
C G,




TOPOLOGICAL HOCHSCHILD HOMOLOGY AND INTEGRAL p-ADIC HODGE THEORY 297
the induced map
t=hofib(1 — &'¢™" on 'Ly, C) — t='hofib(1 — &'¢ " on C)
s a quasi-isomorphism.

Proof. — It i3 enough (we leave it to the reader to draw the necessary nine-term
diagram of fiber sequences) to show that 1 — &'¢p~" acts automorphically on the kernel
and cokernel of ¢ : F/(Ln .C) — H/(C) for all j < ¢, automorphically on the kernel when
J =1, and injectively on the cokernel when j =1.

For j = 0, we have H(Lyj,,C) = H"(C) as H°(C) is u-torsion-free, so there is noth-
ing to prove. Assume now that j > 0. Recalling the isomorphisms w/ : H/(C)/H/ (C)[u] =
H (Ln,C) [BMS18, Lemma 6.4], we see that for each 0 <j < i the canonical map ¢ fits
into a natural exact sequence

0— H(C)[pu] —» H(C)[W] - H(Lny,C) - H(C)
— Hj(C)//J/HJ(C) — 0,
which is compatible with the operators 1 — & 7g™! 1 — &7~ 1 —&lp~! 1 —&p!,

1 — &g~ respectively. Then all desired properties of 1 —&‘p~" on the kernel and cokernel
of ¢ follow immediately from the previous lemma. U

Finally, we can finish the proof of Theorem 10.1. By Proposition 10.5,

hofib(NZAQ{} /" £ AQ{i) /p”)
= t=hofib(t SN ZAQ(i} /p' “— T'AQLi}/p").
Now Lemma 10.8 says that under the identification
T=hofib(tN=AQ{i})/p" “— TIAQUd} /")
= thofib(rAQ/p" s TEAQ/y),
one has
r=hofib(rSAQ/p — TIAQ/)
= 25 hofib(Rv:Aurx /8 ~—ts Rv,Ayex/f)-
On the other hand, on the pro-étale site of the generic fiber X, the map

1—£ip™!
Ame [’ —_— Ame/p
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is surjective (by the argument of Remark 10.6), and the kernel is given by Z/p"Z(z) =~
Z/p"Z - 1. In summary,

hofib(NV='AQ{i}/p" *— Y7L AQI) /1) = TSRuZ/PL()
= =Ry, Z/p"Z(D),

as desired.

11. Breuil-Kisin modules

In this section, we use relative THH to prove Theorem 1.2. Before explaining what
we do, let us gather the relevant notation.

Notation 11.1. — Let K be a discretely valued extension of Q, with perfect residue
field £, ring of integers Ok and fix a uniformizer w € Ok. Let K be the p-adic com-
pletion of K(z'/#™) and let C be the completion of an algebraic closure of K, and
Apr = Aie(Oc). Let & = W(k)[[z]l; there is a surjective map 0 : S — Ok determined via
the standard map on W(%) and z + @ . The kernel of this map is generated by an Eisen-
stein polynomial E(z) € G for @w. Let ¢ be the endomorphism of & determined by the
Frobenius on W(k) and z — 2. We regard G as a g-stable subrlng of Alnf(OKoo) or Ay by

the Frobenius on W(k) and sending z to [@"]’ where @’ = (e, wﬁ wﬁz ....) € OKoo
is our chosen compatible system of p-power roots of @ ; the resultlng map 6 — Ay 18
faithfully flat and even topologically free (see [BMS18, Lemma 4.30 and its proof]). Write
=00 ¢ : 6 — Ok. The embedding & C A, is compatible with the 6§ and 6 maps.

Our goal in this section is to prove the following more precise local assertion that
implies Theorem 1.2.

Theorem 11.2. — 1o any smooth affine formal scheme Spf(A) / Ok, one can funclorially attach
a (p, z)-complete Eoc-algebra Ayjs € D(S) logether with a ¢-linear Frobenius endomorphism ¢
AA/G — AA/G inducing an isomorphism AA/G Qa0 6[ ]~ AA/S[ 1, and having the following
Jeatures:

1) (AQ2 comparison) After base extension to Aiy, there s a functorial Frobenwus equivariant
b q
isomorphism

Ays ®]€5Ainr ~ AQAOC

0of Eioo-Ainr-algebras. ~
(2) (de Rham comparison) After scalar extension along 6 := 6 o ¢ : & — Ok, there is a
Junctorial isomorphism

KA/G ®Ié,g Ok >~ (R4/04)"
0f Eoo-Ox -algebras.
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(3) (Crystalline comparison) Afier scalar extension along the map & — W(k) which is the
Frobenius on W (k) and sends z to 0, there is a functorial Frobenius equivariant isomorphism

A/ ®EW(E) ~ Ry (A/W(H)).

In particular, for a proper smooth formal scheme X/QOx, setting RU s (X) := RI(X, A /&) (see
Remark 10.4) gives the cohomology theory wanted in Theorem 1.2."

As explained already in Section 1.3, the construction of ’A\A/G uses relative THH.
Thus, let S[z] := S[N] be the free E-ring spectrum generated by the commutative
monoid N, so 7,.(S[z]) = (7.S)[z]; we regard G as an S[z]—’%lgebra via z — z, and thus
Ok is an §[z]-algebra via z = @ . Roughly, we construct Ay,g by repeating the con-
struction of KA using THH(—/S[z]) instead of THH(—). More precisely, we use this
idea in Section 11.2 to construct the Frobenius pullback ¢*A,,s (Corollary 11.12). In
Section 11.3, we then descend this construction along the Frobenius on & to construct
A ,/s; this additional descent uses the structure of THH(Ok /S[z]) (and variants) as well
as the analog of the Segal conjecture proven in Corollary 8.18. To carry out this out-
line, we need a good handle on THH(—/S[z]), and we record the relevant features in
Section 11.1.

11.1. Relative THH. — We recall the structure of THH(S[z]) and use that
to endow THH(—/S[z]) with a cyclotomic structure. Recall the definition: for any
E-S[z]-algebra A, the spectrum

THH(A/S[z]) = THH(A) ®unesi S ZA @ s T

is the universal T-equivariant E-S[z]-algebra with a non-equivariant map from A. To
endow THH(A/S[z]) with a Frobenius map

lC/,

¢, : THH(A/S[z]) — THH(A/S[z])"",
we recall a few results about THH(S[z]).

Proposition 11.3. — The T-equivariant Eoo-ring spectrum THH(S[z]) s given by
S[BYNI], where BY denotes the cyclic bar construction, with its natural T-action. Concretely, BYN
is equivalent to the topological abelian monoid which is the closed submonoid of S x Z given by the
union of S' x N and the zero element 0 = (1, 0) € S' x Z; the T-action is given via letting t € T
act on (s,n) € S' x Z via (s, n) = (t"s, n), where we write the group structure on S' multiplicatively.

The map THH(S[z]) = S[BYN] — S[z] = S[N] s induced by the map BYN — N :
(s,n) = n. Themap ¢, : THH(S[z]) — THH(S[2])“ factors naturally over THH(S[2])"“r =

18 To see that it is a perfect complex of G-modules, reduce modulo p and z and use the crystalline comparison.
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S[BYNI, and in fact over S[(BYN)"], and is induced by the T = T /C,-equivariant map
BYN — (BYN)“r given by (s, n) > (s, pn). In particular, the diagram

THH(S[z]) —~ THH(S[2])"

L

S[z] S[z]“,

s a T-equivariant commutative diagram of Eoo-ring spectra.

Remark 11.4. — By the Segal conjecture S ~ S/, so one can compute that

S[z]"“ ~ (S[.z])/f is the p-completion of S[z] as a spectrum.

Proof. — See for example [NS18, Lemma IV.3.1]. The explicit description of BYN
can be deduced from the description of BYZ as the free loop space of S' (which is equiva-
lent to S' x Z with given T-action), cf. [NS18, Proposition IV.3.2]. The final commutative
diagram follows formally. U

Next, let us explain why relative THH carries a cyclotomic structure.

Construction 11.3 (Construction of the cyclotomic structure on THH(—/S[z])). — For any
Es-S[z]-algebra A, there is a natural map

THH(A/ S[z]) =THH(A) ruusy Slz]

¥p®1

— THH(A)'” Qrunsie) Szl
C
— THH(A)'" @qyypys1y S[<1'Y — THH(A/S[2]) ",

where the first map comes from the cyclotomic structure of THH(A), the second map
exists thanks to the commutative square in Proposition 11.3, and the last map comes from
the lax symmetric monoidal nature of (—)*. By construction, this map is T = T/C,-
equivariant and linear over S[z] — S[z] given by z > 2 provided we regard the target
as S[z]-algebra via the natural map S[z] — S[z]"» — THH(A/S[z])"“".

In particular, THH(A/S[z]) is a cyclotomic spectrum in the sense of [NS18], and
in fact a cyclotomic E-algebra over the cyclotomic E-ring spectrum S[z], where S[z]
is equipped with the trivial T-action and the T = T/C,-equivariant map ¢, : S[z] —
S[z]"“” sending z to 2.

There are two simple comparisons between the relative theory and the absolute
theory. The first describes the specialization z = 0 and is the main source of the crys-
talline comparison.
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Lemma 11.6. — Assume that A is an Ok -algebra, regarded as S|z]-algebra via z +— @ .
Base extension along S[z] — S sending z to 0 gives

THH(A/S[z]) ®s1 S ~ THH(A Qo k),
compatibly with the T-action and @,.

Progf: — The base change property and its compatibility with the T-actions fol-
lows from the base change property of THH together with the observation that both
commutative squares in

S[z] Ok A
=1
S k AQo k

are Cartesian in E-rings. The compatibility with ¢, follows by observing that the map

S[z] =8 S intertwines the Frobenius map on S[z] (determined by z + 2 and used to
define the cyclotomic structure) with the identity on S. U

For the second, we observe the following proposition.
Proposition 11.7. — After p-completion, the map
THH(S['"]) — S['"]
is an equivalence.

Proof. — By tensoring with THH(Z) over S and using Lemma 2.5, this reduces
to the same question for HH(Z[z'/#"]), which in turn follows from the vanishing of the
p-completion of L1~ 7 = 0 by the HKR filtration. 0J

From this, we learn what relative THH looks like after base change to S[zﬁ%" ].
Corollary 11.8. — For any Ox -algebra A, the p-completion of
THH(A/S[2]) ®s S| ~ THH(A[w 7] /S[2'"7])
agrees with
THH(A[w "™ ]; Z,) = THH(A ®0, Ok..: Z,)).

compatibly with the T-action and @,
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Remark 11.9. — Philosophically, the equality (after p-completion) between relative
THH over “perfect” base rings such as S[z!//" ] and absolute THH is the reason that one
can define the AS2-theory in terms of absolute THH while one needs relative THH for
the Breuil-Kisin descent.

11.2. Frobenws twisted Brewil-Kisin modules. — In this section, we construct com-
plexes that will end up equaling ¢*A,,s in the context of Theorem 11.2. As the latter
complexes have not yet been defined, this notation does not yet make sense; instead, we
rename the map ¢ : & — & as the map & — &V, and construct complexes A, /g1
that will eventually descend to &.

Thus, let us write S for a copy of &, which we regard as G-algebra via ¢ : & —
S =6, We write 0D : 6D — O for the usual map & — Ok, z+> @, that was
denoted 6 : & — Ok before. Then there is a natural inclusion G <> Air(Ok ) which
is W(k)-linear and sends z to ["]; on & C &V this is the inclusion & — A, «(Ok)
fixed earlier. The diagram

6(_1) I inf(OKoo)

-

Ok Ok..

commutes, and there is a natural diagram

Ry Air(Ok.)

l Ge-D l g
OK[W 1//7] E—— OKoo’
where §-D : 5D — Okl '] is defined to make the diagram commute; in particular,

z+> @'/, Using the base change properties for relative THH, it is easy to check the
following by reduction to the perfectoid case:

Proposition 11.10. — On homotopy groups,
7. THH(Ok/Slz]; Z,) = Ok[u]
where u 1s of degree 2,
7, TC™ (O /Slzl; Z,) = & [u, v]/(ww — E)
where u is of degree 2 and v s of degree —2,
. TP(Ox/S[z]; Z,) = 6" [0*']
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and

7, THH(Ok /S[21: Z,)"" = Ok [wr "][0*'],
where & has degree 2. The canonical map

7. TC™ (Ok/Slzl; Z,) — 7. TP(Ok /812 Z,))
sends u to Eo and v to o~ The diagram

oyt

., TC™(Ok/Slzl; Z,) . TP(Ok/S[z]; Z,)

| w |

7, THH(Ok /S[21; Z,) — = m. THH(Ok/S[z; Z,)'

us given by
(p,ul—)U,Ul—)(p(E)O'_l
S Vu, v]/(wv — E) SV o™!]
\L 0D > u,v>0 l 6D g0
Oklu] = Okl o]
Progf: — This follows from the results of Section 6 by base change. 0J

Moreover, if S is quasiregular semiperfectoid, then also S® o, Ok .. is quasiregular
semiperfectoid. This implies the following proposition, using Theorem 7.2.

Proposition 11.11. — If'S € QRSPerfd, s quasiregular semiperfectord, then THH(S/
S(z]; Z,), TC™(S/S[z]; Z,) and TP(S/S[z]; Z,) are concentrated in even degrees, and S +
m THH(S/S[z]; Z,) respectively S — w;TC™(S/S[z]; Z,), S — nw;/TP(S/S[z]; Z,) define
sheaves on QRSPerfd, with vanishing cohomology on any S € QRSPerfd,_ .

In particular, we can define a sheaf
gr"TC™(—/S[2); Z,) = g TP(—/S[2]; Z,)
of Eoo-&V-algebras on QSynp, by unfolding 7y TC™ (—/8[z]; Z,); it is equipped with

a natural Frobenius endomorphism compatible with the one on &, This construction
proves Theorem 11.2 up to a missing Frobenius pullback:
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Corollary 11.12. — Let X = Spf(A) be an affine smooth formal scheme over Ox. The
complex Ay /g1 = ar’TC™(A/S[z]; Z,) 15 a (p, z)-complele object of D(GTY) that admits a
natural Frobenius endomorphism @. This construction has the following properties:

(1) There is a natural @-equivariant isomorphism

Aysen ®Ié(_1)Ainf(OKoc) i~ AA@K00

0of Eoo-Aint(Ok ., )-algebras, and thus a ¢-equivariant isomorphism

—

Ay ®L ) A(Oc) > AQa,,
0of Eso-Ainr(Oc)-algebras.
(2) There is a natural isomorphism
KA/6<*1>®Ié<—1>,9<—1) OK s (QA/OK)A

of Eoo-Ox -algebras.
(3) Afier scalar extension along the map &=V — W(k) which is the identity on W (k) and
sends z to 0, there is a_functorial Frobenius equivariant isomorphism

Ays @Y% W) = R4y (A /W(h))

of Eoo-W (k) -algebras.
(4) The Frobenius ¢ induces an isomorphism

Ay s G —— [~ Ay s | ——
A/SED Qs g o(E) A/SED o(5)
All completions are above are with respect to (p, z).
Proof. — Part (2) comes from the natural equivalence gr’TP(A/S[z];Z,)/E ~

gr'HP(A/Ok; Z,) and Theorem 1.17. The first equality of part (1) now comes from
the identification

gr’TP(A/S[2]: Z,)®s1S[2"" ] ~ g’ TP(A® 0, Ok.,: Z,),

obtained by passing to graded pieces in the similar statement for TP itself (which fol-
lows from the same statement for THH). The second equality of part (1) follows from
Theorem 1.8 and the identification

Ap®a, Ok Ainr(Oc) = AB@@KOO O¢

for any B € QSyny,__, for which it suffices to observe that modulo ker 6, both sides com-
pute Hodge-completed derived de Rham cohomology, which satisfies the required base
change. Part (3) now comes from Theorem 1.10 and the identification

grOTP(A/S[Z]; Zp) Rsp S = grOTP(A Qo k)
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since A is flat over Ok. For part (4), we shall check that the cofiber of ¢*ZA/G<—1) —
A, s becomes acyclic on inverting ¢ (E). The map ST — A(Oc) is a topological
direct summand, so by part (1), it suffices to show that the cofiber of *AS2y, — A2,

1s acyclic on inverting ¢ (§) = § ; this follows immediately from the definition of AQ. [

Remark 11.13. — The complex A a/an from Corollary 11.12 does not give the
complex A a/6 desired in Theorem 11.2. Concretely, one cannot recover the consequence
discussed in Remark 1.4 from Corollary 11.12.

Remark 11.14. — Our construction naturally equips AI\/@;( 1 with a complete de-
scending multiplicative N-indexed filtration N'= AA/@ n coming from the homotopy
fixed point spectral sequence. This filtration is compatible with the Nygaard filtration
via the identifications in Corollary 11.12(1) and (3), and with the Hodge filtration via the
identification in Theorem 11.2(2). It is thus reasonable to refer to this as the Nygaard
filtration on A, g¢.

11.3. Frobenius descent. — We now explain how to descend the complex ZA/@H)
from Corollary 11.12 along & — &, This relies on the following observation.

Proposition 11.15. — For any Ox-algebra A, the map ¢ : TC™(A/S[z]; Z,) —
TP(A/S[z]; Z,) extends naturally to a map

C™(A/S[zl; zp)H ®sia S[<'"] — TP(A/S[z]; Z,).

If A is quasiegular semiperfectord, then the source s concentrated in even degrees, and A
mo(TC™ (A/S[2]; Zp)[%]) defines a sheaf with vamishing cohomology on QRSPerfdy, . Denote ils
unfolding to QSyn by gr’(TC™(—/Sl[zl; Z,) [%]). By functoriality of unfolding, we have a natural
map

1
Jor A € QSyng,_. If A is the p-adic completion of a smooth O -algebra, this map is an equivalence.

Progf- — The extension of the map follows from the observation that for A = Ok,
the element « maps to o under ¢, and thus becomes invertible; and that the map is linear
over S[z] — S[z], z+— 2.

As for A quasiregular semiperfetoid, each 7, TC™(A/S[z]; Z,) 1s a sheaf with van-
ishing higher cohomology, it follows by passage to filtered colimits that the same is true
for 7,/ TC™(A/S[z]; Zp)[i]. To check that

1
ar’ (TC‘(A/S[Z]; Z,) [;D ®z1 Z[2'"] — o TP(A/S[2]; Z,)
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is an equivalence for the p-adic completion A of a smooth Ox-algebra, it suffices to see
that for 7 at least the dimension of A, the map

gr'(TC™ (A/S[2]: Z,))) ®z: Z[2'"] — gr'TP(A/S[z]; Z))

is an equivalence. For this, we can reduce modulo z'/#; then it suffices to see that for a
smooth k-algebra A, the Frobenius map

or'(TC™(A)) — gr'TP(A)

is an equivalence for : at least the dimension of A. But this follows from the version of the
Segal conjecture, Corollary 8.18, by passing to homotopy-T-fixed points. 0J

Proof of Theorem 11.2. — For the p-adic completion A of a smooth Og-algebra,

define
—~ |
Ay = gro (TC_(A; Z,) |:—i|)
u

as in Proposition 11.15. It follows from this proposition that we have a natural identifica-
tion

(6) Aye ®e.an 87V = Ay s,
We can also define the (linearized) Frobenius
XA/e R, 6 KA/G R6.con O — XA/G
as the following composition
ZA/@ Q& can S~ KA/G(—U
= o’ (TP(A/S[2]; Z,)) = g*(TC™ (A/S[2); Z,))

nvert u 0 _ 1
— o’ TC™(A/S[2]; Z,) -

= AA/G

One verifies that this base changes to the Frobenius endomorphism of A A/an under (6),
thus descending the pair (AA/6< n, ) along & — &V, All assertions of Theorem 11.2
now follow from Corollary 11.12. O

We end with two remarks on the Nygaard filtration. First, we explain why the
Nygaard filtration does not descend along ¢.
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Remark 11.16. — The Nygaard filtration on (p*,A\A/G ’:/:A\A/@(_n from Re-
mark 11.14 does not obviously descend along ¢ to a filtration on Ay/e. In fact, there
cannot be a functorial descent. For instance, if the projection A /g1 —> gr'Ay gcn = A
descended functorially along ¢ : & — &V, then one could globalize to conclude that
each smooth formal scheme X/Ox descends canonically to the subring W(k)[@?] C Ok

(which is the image of & AR Ok), which is clearly nonsensical: any elliptic curve with
good reduction whose j invariant lies in Og — W(k)[@”] gives a counterexample.

Secondly, we prove that ¢*ZA/@ identifies with LnEZA/@ via the Frobenius, in
analogy with AS2.

Remark 11.17. — In the situation of Theorem 11.2, consider the Frobenius map

DA - gD*AA/@ >~ AA/G(—1> — AA/G

of Ex-algebras in D(&). The source of this map comes equipped with the Nygaard
filtration N'=*A , &0 from Remark 11.14. The target of the map comes equipped with
the E-adic filtration (E)* ® AA/G We claim that the map ¢, above lifts to a map of
Ex-algebras in DF(S) of the form

NZ*KA/@;H) LGN E)ye ZA/Gv

and that this map is a connective cover for the Beilinson ¢-structure. In particular, by
Proposition 5.8, this implies that @, factors as

can >

(Y AA/GS = LUEA/\/G — AA/G

To prove the above assertion, one checks that NE*KA/GPI) € DF="(&) just as in Corol-
lary 7.10. Once we have shown that @, lifts to a filtered map @, as above, the rest will
follow by base change to Oc (i.e., via Theorem 11.2(1)) as & — A, is topologically free.
Thus, we are reduced to checkmg that the restriction of ¢, to N'= A A/ 1s functori-
ally divisible by E' compatibly in 7. Unwinding definitions and unfolding, this reduces to
checking that for S € QRSPerfd,, , the composite

T TG (S/8121: Z,) 2> o TC™(S/8121: Z,)

can _ 1
= (TC (S/SLzl; zp)[;])

is functorially divisible by Ef compatibly in i. The divisibility follows as

i

=" 7, TC™ (Ok/SIzl: Z,) [1]
u u
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To get functoriality as well as compatibility in z, it is enough to check that E is a nonzerodi-
visor in 7, (TC™ (S/S[z]; Zﬁ)[i]) ~ . (TC™(S/S[z]; Zp))[i]. As inverting  is flat, we are
reduced to showing that E is a nonzerodivisor in the graded ring 7,,(TC™ (S/S[z]; Z,)) C
m.(TP(S/S[z]; Z,)). As the larger graded ring is 2-periodic and concentrated in even
degrees, it is enough to check that the cone of multiplication by E on 7o TP(S/8[z]; Z,)
is discrete. But this cone identifies with L 2,0, (see proof of Corollary 11.12(2)), which is
discrete as S € QRSPerfd,, .
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