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HARMONTIC ANALYSIS IN SCATTERING THEORY

by

G.A. VIANO

Dipartimento di [Fisica dell'Universita di Genova

Istituto Nazionale di Fisica Nucleare - Sezione di Genova

Abstract: The main part of this lecture is an exposition of the
results of a recent paper entitled: "Volterra Algebra and Bethe-
-Salpeter Lquation', written in collaboration with J.Faraut ]). Ve
do not give here the proofs of the theorems; but we shall try to

illustrate the physical meaning of the results and to describe the

framework of the theory where these results acquire meaning.



~ 42 _

1 - Introduction

N.N. Bogoliubov and D.V. Shirkov in the conclusions of the first
edition of their book(Z) "Introduction to the Theory of Ouantized
Field" (1959) wrote:

“"Whereas in quantum electrodynamics, in view of the small-
ness of the square of the charge e2 perturbation theory ceases to
be applicable only at energies unattainable in practice, in pseudo-
scalar meson theory the method of weak coupling is not applicable
at all, since the square of the corresponding charge 9,2/4 = 15
and one may consider expansions in power of this quantity only
when one is in a state of utter desperation'.

At that time prevailed the opinion that perturbation methods
could not be used in strong-interaction physics. Therefore it was
proposed an approach to the physics of hadrons based on those
principles which are sufficient to provide a basis for the construc-
tion of the S-matrix (this approach was sometimes called S-matrix
approach to strong interactions physics). These basic principles

are:

1) Conservation of Probability (Unitarity of the S-matrix);
2) Causality;

3) Crossing.

In particular the crossing property (Bros Epstein and Glaser
1965(3)) guarantees that it is possible to continue analytically the
mass—-shell particle-particle amplitude to the particle-~antiparticle
amplitude. Of course it remains to see the practical ways for
performing this analytic continuation.

But in 1968 the SLAC experiment(m drastically changed the

scenario of hadron physics. This experiment, which is usually
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(5)

referred as ''deep inelastic scattering of electrons on hadrons"

can be schematically viewed as shown in fig.l

el

fig. 1

When a sufficiently high momentum transfer reaction takes place,

the projectile, let it be an electron, sees the target as made up of
nearly free constituents. Moreover the scattering from individual
constituents is incoherent. The experiment indicates that:

The hadrons possess a ''granular' structure and these ''granu-

les" behave as point-like almost free objects. This is the basic
idea of Feymann "parton—model"(S) (1969).
Then these ‘'constituents"” may be identified with the

""quarks'". The quarks are fractionally charged particles, pre-
viously predicted by Gell-Mann on the basis of unitary symmetry
model of elementary particles.

Besides the SLAC experiment one should also take into
account another fact, which may be regarded as an experimental
result (even if it is, in a certain sense, negative): in spite of
many efforts it has never been possible to have a direct evidence

of a free quark (a quark outside the hadron).

This fact might be explained by saying that the '"quarks"

are 'confined" within the hadrons. Or, more precisely, that they
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are strongly bounded at a distance of the order of magnitude of
the radius of the hadron.

These two experimental results give the following indications:

i) At large momentum transfer (small distances among the partons)
the perturbative expansions are worth trying; indeed the quarks
are weakly bounded. Therefore at large angles (backward scatter-
ing) the perturbative methods proper of a Lagrangian field theory

*
(like Quantum-Cromo-Dynamics) may work satisfactorily

ii) The fact that the ''quarks' have never been observed as 'free-
particles" imposes restrictions to perturbation methods. Indeed at
distances of the order of magnitude of the radius of the hadron
they interact strongly and perturbative expansions do not work.
Therefore at small momentum transfer (forward scattering) we must
still use methods which are not based on perturbative expansions,

like, for instance, a S-matrix approach.
In conclusion we can say that:

a) Lagrangian field theory 1is appropriate to describe backward

scattering;

b) S-matrix non-perturbative methods are appropriate for describ-
ing forward scattering.
In this sense these two methods should be regarded as complemen-

tary.

(*) We see that the statement of Bogoliubov and Shirkov is unac-
ceptable to-day, since the perturbative expansions may have a

great role even in hadron physics.



[T - Kinematics: lHarmonic Analysis of Scattering Amplitude.

After this background let us come to scattering theory. At
the beginning we focus our attention on the s-channel {direct-chan-
nel) and write a Fourier-Legendre (or partial-waves expansion) for
the amplitude A(s,t) (s,t being the usual i‘andelstam variables).

In the case of equal mass spinless particles, we have:

g t
A(S,t): Z o, (S) P CCOA/B) ' CO‘5'\9: 1 _2""—"? (1)
4 P / S ~ im
P=0
{beinq the relative angular monentum of the two particles.

The "Crossing Property"” means that if we write a partial-
waves expansion of the scattering amplitude in the different chan-
nels, we may regard these expansions as local representations of
the same function. The wusual way practlised for connecting the
direct channel with the crossed one, consists in tryino to sum the
series (1)  with the Watson-Sommerfeld transform obtaining the

so-called Regge representation.
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This representation splits the amplitude in two terms: the first is
the so-called background integral, the second is a sum over a
finite number of poles of the scatterinag amplitude in the complex
angular momentum plane. Now recalling the asymptotic behavicur of

the Legendre functions one ohbhtains:
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.t }\o (s)

A(Sjt)oc {»(S) (t — o0) (3)
where Ao stands for the pole with the largest Re A\n' Going in the
crossed channel and exchanging s with t one could predict an
asymptotic bahaviour for large value of s (high-energy) of the

following type:

At o f) s (cLwy W

Furthermore one could hope to connect the asymptotic behaviour in
energy of the crossed reaction with the poles of the scattering
amplitude which moving, as functions of s, in the complex angular
momentum plane, are supposed to correlate various bound-states
and resonances of the direct channel.

But this procedure is not free from defects. Let us mention

some of them:

a) The use of Watson-Sommerfeld transform requires certain proper-
ties of the partial waves al(s), continued in the complex angular
momentum plane. These properties can be proved only in non-rela-
tivistic potential scattering for certain classes of potentials like
Yukawian potentials. Therefore all the theory is borrowed from a

non-relativistic framework.

b) The idea of correlating resonances, which occur for different
partial waves by means of poles moving in the complex angular
momentum plane as function of s, does not have a sound funda-
tion. Indeed numerical calculations of trajectories for Yukawa
- type potentials (which are connected with the non-relativistic
limit of quantum field theory for strongly interacting particles ),
show that these trajectories do always leave the real axis very
rapidly, and in practice a recurrence of resonances belonging to

the same trajectory is never realized



¢) Last but not least, if we want to perform a phenomenological
analysis of experimental data (necessarily affected by noise),
connecting direct and crossed channel, uniqueness of analytic conti-
nuation is not sufficient to guarantee stability. Let us remind, in
fact, that analytic continuation is a classical example of impro-
perly posed problems in the sense of lHadamard.

All these difficulties suagest of reconsidering the problen of
the asymptotic behaviour of the scattering amplitude for large

values of s by means of different techniques. In this sense

harmonic analysis could bhe a proper mathematical tool.

To this purpose let us return to the [ourier-Legendre expan-
sion (1) and regard this series from the point of view of harmonic
analysis. First of all one could observe that formula (1) describes
at fixed s the angular distribution of the collision process; then
it factorizes the amplitude into dynamics and symmetry: the
coefficients a,l(s) contain the dynamics and the Legendre polyno-
mials reflect the symmetry. These latter functions, indeed, are the
spherical functions on S0O(3)/S0(2). Now S0(3) is precisely the
group which leaves unchanged the vector (\/?, 0, 0, 0,); 503},
in fact, is the group of spatial rotation and does not operate on
the time-component. In conclusion this expansion is obtained coupl-
ing two incoming (or two outgoing) wvarticles; the Kkinematics is
properly described in the center of mass system. Finally a
rigorous foundation of this expansion is given by a reduction of
the product representations of the Poincaré group correspoding to
the two-particles incoming or outgoing states into irreducible
components. This reduction can be realized through the technique

8)

of the Clesbch-Gordan coefficients (sce Joos ).

Then let us consider a coupling between an incoming with an

outgoing particle. Now is the squared momentum transfer t which

is fixed and we shall look for a wsroup which leaves unchanged
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the wvector (0o, 0, O, V:). The group we are looking for is
S()O(I,Z) and 500(1,3) in the case t = 0 (we shall consider the
case t= 0 only). Observe that we still remain in the direct
channel {s-channel), but now t < Q is fixed (while s is distribu-
ted); and t is precisely the squared momentum carried by the
exchanged particle.

Now we may formulate the question: is it possible to perform
a decomposition of the scattering amplitude according to the
quantum numbers of the "exchanged-object"?

This decomposition should be similar to the wusual partial
waves decomposition which is performed according to the quantum
numbers of the "state' formed by the interacting particles. There-
fore it may be called 'crossed partial-waves decomposition"(”. The
problem is still to reduce the product representation corresponding
to an incoming and to an outgoing particles, into irreducible
components. This reduction can be achieved by the wuse of the
Clebsch-Gordan coefficients which have bheen evaluated by Moussa
and Stora and used precisely in this context by Joos(m). This re-
duction, in the case of spinless particles, gives rise to a Fourier
transform of the scattering amplitude A(s,t) on the symmetric space
800(1,2)/80(2)(11).

Now let wus focus our attention on this Fourier transform.
500(1,2)/50(2) is the upper sheet of the two-sheeted hyperboloid;

its Riemannian metric in terms of polar coordinates (r,/\9) reads

ds?_ dot s b ) d 9

The Laplace-Beltrami operator is:

A - rDz‘ N CoA-‘Pq R ) 1 /Dz

92 st 0 * (A n AL
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In many istances (and especially for gaining a geometrical and
intuitive insight in this Fourier transform) it is useful to consider

. . 2 :
models of hyperbolic geometry in iR . A model can be realized in

the open unit disc D in [R, equipped with the following metric:

2
‘i 2 Iy [ @L X 4+ OLy 2 ]
S =
The transformation between the coordinates (r, r\9) and (x,y) is
\’ X tc\/n/g\ (—%——) ,Oli/v\ \9
Z >/ = tO\/V\% (%“") (,05'\9

This non-euclidean disc can be identified with the symmetric space

given by:

SU(1,1}/50(2). In fact the group G = SU(1,1) i{qroup of matrices of

a b ;
the form,(E ...))la[z ~|b‘2r 1; a,bEO:J, acts as a group of
o

isometries of D by means of the maps:

vz — -——-———?z+_l> cze D, 9¢G
j bz + @&

This action is transitive; the subgroup fixing the centre of

the unit disc is SO(2) and we have the identification:

D = SU(1,1)/50(2). Here the Laplace-Beltrami operator is given by:

1 ?
et ()
A'T(i * 7) (fo * dy?

C

In this model a pencil of parallel straight-lines is given by arcs
of circles orthogonal to the unit circle, lying in its interior, and
intersecting the boundary B of the unit disc D at a common point
b. The trajectories, orthogonal to this pencil of parallel geodesics,

are the circles tangent from within to the boundary B at the point

(7)

(8)

(9)
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b. These circles are the euclidean images of the horocycles (see

b:ei+

@)

fig.2)

fig. 2

B= JD

Now the classical Poisson kernel

P(z b= 1-1z1? (10)
’ L+ 1212 — 90z <A (8- )

(where z :Izle1 , b = el*) has the following properties:

a) its level lines are the circles tangent to the unit circle at the

iy

point b = e : the euclidean images of horocycles.

b) [P(z,b)]r , }" €l s an eigenfunction of the Laplace-Beltrami

operator.

c) P(z,b) is invariant with respect to any transformation that

preserves the unit disc.

12
Therefore one can say (see S. Helgason( )) that:

212 I )
Q/‘/»(Z,L'? 1-1zl | //“EC (ji)
14121 312w (9~ )

may be regarded as the non-euclidean analog of the plane-wave.
In fact P(z,b) 1is constant on each horocycle with normal b and

passing through z. Indeed on has:
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A+ I=EL
1-1z]

<z b>= d (o2)= 4o 4 T

These facts suggest to write a non-euclidean Fourier transform, in
: . . 2

strict analogy with Fourier transform on 'R (Fourier-Bessel tran-

sform) as follows:

A+l IS
(f\,L)z e_( )< b ][(z)oLz; \eR beB

where dz is the surface element on D. Then one can formulate the

following theorem which is due to Helgason.

(13) oo A )
Theorem (Helgason ): For f € CC(D) let f denote the Fourier

transform:
JF(&,L‘): Q( VAL )<2 > ‘F(Z)”{Z/' f\elR,heB

D
Then:

¥(z): Ay > ? (A8 dbw (A1)
R°R

where

Lp = )T Atk ma) d A AL

(i,}/\ being the euclidean measure on (R , db the angular measure
+
on B. Moreover if \R denotes the set of positive reals, the map-

A 2
ping f—f extends to an isometry of L (D,dz) to L ﬂ>\ x B, Zd/v\).

Now returning to the Poisson kernel and wusing the polar
G ——— e N .
,\/ 2 2 i

X

i o
coordinates (i.e. writing: z = +y e = tanh (r/2)e ),

(12)

(13)

(L4)

(15)
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we obtain:
JMEE i - gzl F
r 121 g1zl cr(d-)

——

- 4 " cl i
.__( LOA-’e\Q -.A/'VV\X/\Q,(_O,& Q,@_*)) y /\A (_ )

Then the integral

bt ~ M
L (h gL st (o - org) g
i i
O N
- @/w (co/}?w R,) (17,/-
where @(Coshr) is the Legendre function of the first kind.

—

These functions are spherical functions on G/K (G=SU(1,1),

K=50(2)). Indeed (let us denote these functions by @ ) we have:

i) They are bi~invariant under K

@(kxw):§gw LoxeG o ko Kelk o (48)

ii) They are eigenfunctions of the Laplace-Beltrami operator.

iii) They satisfy the following equation

S@(x ky) OLR: <I>(X) {)(}/)) X/YGGJ Kek (13)
K

which, returning to the classical notation, reads as follows:

iw

A @Ib\ <co/3’€\fL& coﬂk\‘lz +A;W\£\'21 /’Jl\wff\/{z COA&F) ‘)lﬁF:
O

2T

- @[\\ (QOAK%B @/A Cw/&ﬁ\r%) : /ug.ij
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which is the well-known product formula for the Legendre functions
of the first kind.
Now let us return to the non-euclidean Fourier transform
written before. Then if f is bi-invariant under K, then this
Fourier transform reduce to classical Mehler transform; indeed we

have:

T T)E > P ayde

D +00
_ ET\'S @

0

(1042‘0,) fCCOd/en Q) A'L\/\B\/L ol 2 (20)

A1
2

Q(H\Af) @b '}[\ (A, b) dp (A b —
B

bl

LAl e, (arha) £ () Tand )2 A o)

I

o

the last one is a term similar to the background integral of the
Regge representation continued in the crossed channel, if we ob-
serve that the kinematics of the crossed coupling (coupling between
an incoming with an outgoing particle) gives precisely: coshr =

2
-1 + 2s/(4m"~t) (in the case of equal mass particles).

Remark: Up to now we have obtained a term which corresponds to
the background integral in the complex angular momentum re-
presentation; what about poles? We have seen that the asymptotic
behaviour is dominated by the poles. Indeed, up to now we have
considered amplitudes which are square-integrable on the group
manifold; then these amplitudes approach zero faster than 5—1/2 as

s-— 00 , well below the asymptotic value indicated hy the experi-



ments.

A possible way for overcoming this difficulty is extend the
domain of the Fourier integral operator to include realistic ampli-
tudes which are polynomially bounded, recognizing that the range
of the integral operator then contains generalized functions (distri-

. . Jee (14)
butions). This way has been followed by Ruhl .

A second possibility involves to find a Laplace transform for
functions defined on S()O(l,Z)/S()(?,). As far as we know no risorous
result has been obtained, up to now, in this direction (in spite of

many conjectures dispersed in physical journals). 1 think that this

is an open question.

I1T - Dynamics: Partial Diagonalization of Bethe-Salpeter Equation.

Bethe—Salpeter(' in 1951 proposed an integral equation
which permits the study of relativistic bound-states. As we have
seen starting by the crossing property and the analytic continua-
tion one could conjecture that the asymptotic behaviour of the
scattering amplitude for high wvalues of s is controlled by the
bound-states and resonances in the crossed channel. Furthermore
let us remind that the singularities of the scattering amplitude
corresponding to bound-states are outside the convergence circle of
perturbative expansions. Therefore a non-perturbative method apt
for studying the high-energy cross-sections could be to consider
the Bethe-Salpeter equation regarding the momentum tranfer as a
fixed parameter.

This kind of Bethe-Salpeter equation in the case of etastic

scattering of spinless particles reads as follows:

i { CLL { \
A(RX«’FL/G\): B (FQ’/FL/1>+ \i(P@)F/q)H(F/FB/ﬂ> F Qi
R

A arafical representation of e‘q.(?ﬁj is aiven in fis.3
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fig. 3

In this equation the amplitude A is an unknown function,
while B and K are supposed to be known. The functions A, B and
K are functions invariant under 500(1,3), depending on three four-

vectors (pa, Py q). But for fixed q (fixed momentum transfer) the

functions A, B and K are functions depending on two four-vectors,
and are invariant under the subgroup G of the Lorentz trans-

formation fixing the vector q:
a) if q = 0, the group G is 500(1,3) itself;

2
b) In the case t = q <€ 0; one may choose a coordinate system
such that: q = (0,0,0, \/-t) 1is fixed and the group G is then
SO (1,2).
o

One of the difficulties in treating eq.(?i) is due to the fact
that without suitable assumptions the integration domain in the
last term of this equation is not bounded. But if on assumes that
the amplitude A is not the whole amplitude but the absorptive part
only, then one can use support conditions.

The support condition are the following:

i) for the amplitude A and the potential B the support is



contained in the set

Po. + Bl (Fo»”l)g?" (), + (R, ) 20

( ) is the time-component;
o]

74

ii) for the kernel ¥ the support is contained in the set

b P () oo s ()= (7)) e

If we make the further assumption that the external momenta p
a

and p, are spacelike, then also p' is neccessarily spacelike.
D

At this point one can still make the position p =x, p

a hrfﬂy ’

p'=z; forget about q which is fixed and rewrite the Bethe-Salpeter

equation in the following fornm:

A(uy)=B(xy)+ K (xz) Rz y) o = (23)
D ()

which turns out to be a Volterra integral equation of the second
kind.

i ("

Indeed let be X :m and ..()_the forward light-cone in (R

defined by:

2 1 )(2 o X, >0
Xo - x1 T T Tme-a ? ’ °
We consider on X the ordering associated with ﬂ : for x, v in X

we note xS vy if (x - y) belonags to L1 , and x>y if (x ~ v)

belongs to the closure ..D. of -Q For this ordering the set

D (7. x) =h2eX | yeze

——

is bounded. It is emnty if (x - y) does nel belona to .O..



A kernel K(x,y) is said to be a Volterra kernel if Kix,y) is

(x—y)é.()_} and vanishes out of r‘ .

continuous on r‘:i (x,vy)

Remarik: Observe that we are using the support conditions for the

absorptive part and the asswnptions that p and p, are spacelilke
a ,

but we add also the hypothesis that the amplitude A, the potential
B and the kernel K are continuous functions on the sets containing
the support; this latter assumption is quite restrictive, but at this
stace of our research we do not take care of specific and more
realistic models for the kernel and the potential. llowever it is
reasonable to think that it 1is not too difficult to remove this

condition.

The product of two Volterra kernels K] and K? is given by:

K # Kk Coy)=| K ook y)dz ay
Dy x)

where K] # K, is again a Volterra kernel. ilence the space VXY of
L

Volterra kernels is an algebra: the Volterra algebra of the ordered

space X.

. . i
If K is a Volterra kernel we define K# by:

K*t 2K (2.5 %)
K# <k"1)# K

—

K* " @25. V)

Problem: For K and B oiven in V(X) find a kernel A in V(X) such

that:

A(oy)-| Kuz) REy) dz = B () (26)
D (y, %)

This is a Volterra intesral equation of the second kind and it can

also be written:
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A-KkK# R=8

We can prove a theorem on the existence and uniqueness of the

solution of eq.(26).

Theorem: The equation (26) has a solution which is unique. 1t is

given by:

A(":}’): B(x y) + R(x,2)R(z y)d=
D (y. x)

where
e'e)

Rey)=2 |<~# k<></7)

k=1
The series (28) converges uniformly on bounded sets and R is a

Volterra kernel.

Proof: The proof runs essentially along the lines indicated by M.

Riesz in his classical paper "L'intégrale de Riemann-Liouville et

(16)

le probléme de Cauchy" .

Now let us sketch a theory of Volterra algebra on the hyper-

boloid with one sheet.

Let X be the hyperboloid with one sheet in IR , defined by:
)(Z xQ X2 1
~Xo + %, +Xg =

The Lorentz group G = 500(1,2) acts transitively on X. The pseudo-

riemannian metric induced on X by the Minkowsky metric:
g 2 ? 2

is invariant under G. We shall denote by d@ the corresponding

surface element. The isotropy subgroup of the point e, = (0,0,1) is

(27)

(93)
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i = 500(1,1); i.e. the one parameter subgroup of the following

< aﬁj& A9 A WJ& «9 &)

matrices:

Jf _ /MA/\Q,\ 9 LOﬁ'{)\ '\9 0
. \/\9 =
O 9] 1

Let us also introduce the one parameter subgroup A of the follow-

ing matrices:

’(,QJQQ\ g o M\,\ﬁ\ E |

O { o

A l\,WQ\ g o (,0’32\ §

AV )
1

and we define:

+

A :%ageﬂl\§>o

For x = (xo,xl,xz) and y = (_yo,yl,yz), wo3 note x »py if (x-y)
belongs to L) (the forward light-cone in IR ), and x >» vy if (x-y)

belongs to the closure D} ofﬂ. For this ordering the set

D (y %)= %ZGX Y<K (29)

is bounded. This ordering is invariant under G. Let G be the set
+
of g in G such that g:;ez> 62, 92 = (0,0,1). The set G is a
§ | N
semi-group and A = A ﬂ G+.
+

We can prove the following



Proposition: The semi-group G has the following decomposition
rroposition: 24 ! . ) T

Cf+ = H H+ H (30)

X; in  terms of then the surface element is given by: d@ -
sin£§ d { d /9

Now let r‘ be the oraph of the ordering restricted to the
hypnerboloid with one-sheet: r‘:g (x,y} ¢ X = X | y < x} . A func-
tion K(x,y) on X x X s called a Volterra kernel if K is conti-
nuous on r‘ , and wvanishes out of r ;o if !'{] and {(2 are two Vol-

terra kernels their product is given hy:

ki# K, (%)) = K, (1 2) K, (2 y) d o) (31)
DG )

where the set D(y,x) is defined by equality (29). The kernel
Kl# K2 is again a Volterra kernel, hence the set of Volterra
kernels is an alaebra (Volterra algebra V(X) of the ordered space
X).

e kernel K is said to be invariant under G if, for any g

K (4% 97) = K ¢y)

The set V(X)uof the invariant Veolterra kernels is a subaloehra of

VIiX).

One can identify an invariant Volterra kernel K with a func-

{

tion f on G which is continuous on the closure & of G, vanishes
¥ ’

out of G, and it is bi-invariant uander M. The identification is
v
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given by:

K (9er, €)= T (3)

Hence we shall consider the element of the algebra V(X)w as func-
tions on G as well. Now we have the following
Theorem: The algebra V(X)”(of invariant Volterra kernels is commu-

tative.

v

A function belonging to V(X)" depends only on one variable;

for such a function f and for E), 0, we will use the following

% <£1 hs: '£‘1>: j;[“”e‘ ;]/ %1 ,»Rfc- H | € A

Then we can provide an explicit formula for the composition pro-

duct in V(X)'ﬂl:

Proposition: For two functions f

1[1 # ]Kz [wA}C@] -

g A8 T)
iy j‘*

(
f[i [M? S  A %A'\ng\ < cosha 49]0\/49 fg [mﬁzj/s;,wﬂr;ol,t
where 0o = d( g , T) is the positive root of the equation:

(39)
hF ot - aink 3 ombhc b 4

] and f2 in V(X)”we have:
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Next we introduce the Poisson kernel and the Ep_herical

functions on the one-sheet hyperboloid.

To this purpose we introduce the one-parameter subgroup N

of G, consisting in the following matrices:

L #? z 4 g7
i+2 ; Z
'ﬂ(Z\ = Z 1 Zz
1 52 _ 12
-2z 7 1 3 £
The map
Nxf— X
(M (2), Ob§>~—}%(z) oui €,
is a diffeomorphism of N x A on the open set{x € X‘ X +x2 > O},

If x = nlz

which contains the set {X € X .)aE ey

X )ezj],,

we have:

(X = /bwve\g +?|Z—2~’2~9vE

X, = ;

4 X{y= ¢
2,5
X = Q0'5£\ L z%¢
L Xp= oS- g
and nl(z)a belongs to G+(i.e. g e, > ez), iff §>O and
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¢

| z1<l-e 7. 1t follows that G

is containad in NA L.

+

i

The numbers (z, 'g} are called  Dieroecvelic  cocrdinatea,  bo
terms of them the surface element is crven by da -

For a complex number }\ we defive the funciion i

P oy=e " b x= wihugd

A
and the Poisson kernel P (x, /\9) bhy:

/')‘ A ) 5
p (9 =P (45 %)

we have
A ) A
P (x) = (X * %)

P A
/\ f ) - o )] Y
(CLE ei ’ )} st (.(' D"{’/E)’\ % “+ ’)“h\/&ll g ((0.{‘;{(_1‘ ,(j?‘! }

Then we have the following

Proposition:

a) The function P = satisfies the relationship:
3\ B\E i\ e o)
SN 23)
P (M(Z) Q/_E X> ~ € P (x\/\ {

b) For x 3 e, Re A 0

+ 00

| P Roldbo | [Pros|ddces (L)
H - o0

c¢) Furthermore, if f belongs to G+

Pxﬁﬁqiﬂ: P%ﬁ%”\ﬁkm>$£ (35)
H L
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Next for Re)\> 0 we define the spherical function i on G+ by:
A ,
36
é\(ﬁ): S P (’ejez>cl’e\ ( )
’ H

The function (*) is bi-invariant under 1 and

C /?\ - +mu>6 +A}\/\/\/P/\ CO“'@\&‘J\A»& (37)
beorts]=| (b5 vmah eoshd)

— QO

This function coincides with the Legendre function of the second

kind. With the classical notation we have:

@\[comg] ngt\-i(w&&i)

s

Next we have the following

Theorem: The spherical function % satisfies a product formula:

for g, and ¢_. in G
21 22 +

H<I>5 (34 9,) 44 = § ) §, ()

This formula can also be written when ql = a§ 10, = a’(,
L
follows:

f (I) LOA&\E A L+A/\/\’\X/\§Amg\ COAJL’S]J&—
ch\[w&&?] {k [coA’Q\t] (38)

As well as in the case of two-sheeted hyperboloid we obtain,
by the wuse of the Poisson kernel, the product formula for the
LLegendre functions of the first kind; analogously in the case of
one-sheet hyperboloid we obtain, throuch the Poisson kernel intro-
duced above, the product formula for the Legendre function of the
second kind.

Then we can define the spherical lLaplace transform [ of a

function f belonaing to the Volterra aluebra V(X)w by:
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§<A): ?(X) PZ\ (%) o ) (29)
X

whenever the integral converges. Integrating in polar coordinates

}E (A= j f [oh3] @X[Loﬂh] sk 345 (ko)

Next we can prove the following

Theorem: Let 0()‘0, and let V(X)o( be the space of functions f in
V(X)% such that

‘H‘Ud :XXH (x)

The space V(X)ol

tions f. and f_ in V(X)# we have:
1 2 d

4 bl < e I,

~
The spherical Laplace transform [ of a function f in V(X)d is

o
P o£x<oo

Z

is a subalgebra of V(X)  , and for two func-

defined for Re 5\>/0( analytic for ReA)OQ and for f1 and f2 in
n
V(X)« we have:

T ~ ~

% i ﬁ» (A) = ]ﬁicx) .g? (A) (L1)



Remark: Since

$,[ohi] o c Q) F (5 o)

(L.3)

with

(M) = y“*”ﬁ’o“ MJ&&)“\ ol 9 _

S M)
r<3\+ -f‘z—.)

a function f of V(X)ﬂ/ belongs to V(X

)o( iff

[ [t e

In order to obtain the inversion of the Laplace transform, it is
convenient to compute the spherical Laplace transform of a function

f, using horicyclic coordinates:

+ 0

=) [ S S SR

|zlsi~e"g

Next we define the Abel transform of f as:

a{:@): Qi/zj {2(%(3)0»?)4/3 Qm
2l 1=
so that the spherical Laplace transform is the composition of the

Abel transform and the usual Laplace transform:

+ 00
~

toy-] apee @y o

o
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Therefore we can arrive at the followinga

\’)

Proposition: Let f be a function in V(,'\,dh

e s

then for 3 > 0

such that, for > ol

Tt

X;[CO/J&g ——-—i:— +°&5<§,6’+'¢V) -?(G’“F:U}')OLV

with

Q(E,Z\B: C’\";Z‘) B\—i) (cw&g)

where (A(aof‘e“g)is the Legendre function of the first kind.
Analogous treatment can bhe done on the hyperboloid with one

. 4 . . . .
sheet in m ; this latter analysis 1is relevant in the case t = 0

(forward scattering), where the little aroup is SO (1,3).
' o

Finally we return to the Bethe-Salpeter equation in the case

t ¢ 0. We write (x = X"Xg)’ with x' = (xo,xl,xz); Yy o= (y',yg),

with y' = (y ,y],yZ). The vectors x' and y' are the components of
“o 71

x and vy orthogonal to the fixed momentum transfer . Ve will

further assume that x' and y' are spacelike. Then we can write:

X‘ZKM, )f>0/' —Mi-pui-wwzz:i

3 2 ¢
7‘: Y, >0 -V, 4V tY =1

Introducing polar coordinates we can rewrite the Bethe-Salpeter

convolutive kernel as follows:



oL (3,7)

S "’( [f{, Y‘/ CO"VV/\E (,o))/?/\"( - A‘/\/\/\/Qp kS A'wﬁ\’u 00142\49;33 }/3]0“9

\
J

) (L?)

lgl and % being the lower and upper limits for z2 given by:

X3+ Va _J_QAW/PA§ (B, (K3 g -_~ Jwaﬂ\E
? 2 E

Taking the spherical Laplace transform we have:

'g\“/[ S x3/>’3>:

:S H[&,Q/ Codﬂxg L X3, YSJ %5‘ E(,a&yz\gj /MMQ\? 01/} (Ltg)

@/\ [M,J&\gl _ 9 QMW!&;)

Since the Laplace transform carries convolutive product into ordi-

nary product, at the end we obtain the following equation:

A(%,Q;L‘ X3, YB): B (g}a;i )X3,>g)+

S‘*%S ‘19{§ R(K? VX, %)ﬁ AL 3/>’3).

(19)
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Analogously in the case t = 0 (working with the little group

S()O(I,S)) we reduce to the following equation:

+ 00

(g 0)= B (3,0 )+ ) KA R A s 9

These equations can be further diagonalized, if the equations re-

dilatation. In this case one can perform a
}

Mellin transform involving the radial variables: .g ; ?, and r. Let

main invariant under

us recall that this dilatation invariance holds true in the limit of

zero mass for the internal particles.



1]

(2]

[3]

[e]

7]

(8]

o]

_ 70 -

R EFERLENCES

J.Faraut and G.A.Viano - Volterra Algebra and Rethe-
Salpeter Fquation - submitted to Journal of Mathematical
Physics

N.N.Bogoliubov and D.V.Shirkov - Introduction to the Theory
of Quantized Field - Interscience Publishers - New York
(1959).

J.Bros, H.LEpstein and V.Glaser - A Proof of the Crossing

Property for Two-Particle Amplitudes in General Quantum Field

Theory - Comm. Math. Phys. 1, 240-264(1965)

W.K.H.Panofsky - Proceedings of the 14th International Con-
ference on IHligh-Energy Physics - Vienna p.23 (1968).

E.Leader and E.Predazzi - An Introduction to Gauge
Theories and the New Physics - Cambridge University Press -
(1982).

J.M.Charap and S.Fubini - The Field Theoretic Definition of

the Nuclear Potential - Nuovo Cimento 14, 540-559 (1959),

R.G.Newton - The Complex j-Plane - Benjamin - New York
(1964).

H.Joos - Zur Darstellungstheorie der Inhomogenen Lorentz-
gruppe als Grundlage Quantenmechanischer Kinematik -

Fortsch. Phys. 10, 65-146(1962).

F.T.Hadjioannou - On the Use of the Imaginary Mass Repre-
sentations of the Poincaré Group in Scattering Amplitudes -

Nuovo Cimento, XLIV A, n®l pag. 185-212 (1966).



[10]

[ 4]
[1 5]
Le]

tl.Joos - Complex Angular Momentum and the Representations
of the Poincaré Group with Space-Like Momentum - Lectures in
Theoretical Physics VII A p.132-138 (Boulder Summer School
1964).

G.A.Viano: On the Geometrical Interpretation of the Harmonic
Analysis of the Scattering Amplitude - Comm. Math. Phys. 26,

290-300 (1972).

S.lelgason - Lie Groups and Symmetric Spaces - Battelle
Rencontres (C.M. DeWitt and J.A. Wheeler Editors) - New York

- Benjamin - p.1-71 (1968).

S.Helgason - Harmonic Analysis in the Non-Euclidean Disk -
Conference on Harmonic Analysis - Lectures Note in Mathe-

matics - Springer Verlag p.151(1971).

W.Ruhl - The Lorentz Group and llarmonic Analysis - New

York - Benjamin (1970).

E.E.Salpeter and H.Bethe - A Relativistic Equation for Bound

- State Problems - Phys. Rev. 84, 1232-1242 (1951).

M.Riesz - L'Intégrale de Riemann - Liouville et le Probléme

de Chauchy - Acta Mathematica 81, p.1-217 (1949).



