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THE CENTRALIZER OF A CLASSICAL GROUP AND
BRUHAT-TITS BUILDINGS

by Daniel SKODLERACK

ABSTRACT. Let G be a unitary group defined over a non-Archimedean local
field of odd residue characteristic and let H be the centralizer of a semisimple
rational Lie algebra element of G. We prove that the Bruhat-Tits building B (H)
of H can be affinely and G-equivariantly embedded in the Bruhat-Tits building
B1(G) of G so that the Moy-Prasad filtrations are preserved. The latter property
forces uniqueness in the following way. Let j and j’ be maps from B1(H) to B1(G)
which preserve the Moy—Prasad filtrations. We prove that if there is no split torus
in the center of the connected component of H then j and j' are equal, and in
general if both maps are affine and satisfy a mild equivariance condition they differ
up to a translation of B (H).

RESUME. Soit G un groupe unitaire défini sur un corps local non-Archimé-
dien de caractéristique résiduelle impaire et soit H le centralisateur d’un élément
rationnel semi-simple de l’algébre de Lie de G. Nous démontrons qu’il existe une
application affine injective H-équivariante de I'immeuble de Bruhat-Tits B (H)
de H vers I'immeuble de Bruhat-Tits B! (G) de G qui préserve les filtrations de
Moy-Prasad. La derniére propriété implique 1'unicité comme suit : soient j et j’
des applications de B! (H) vers B1(G) qui préservent les filtrations de Moy-Prasad.
Nous démontrons que j et j’ sont égales s’il n’y a pas de tore deployé dans le centre
de la composante connexe de H. En général, les deux different par une translation
de B1(H) si elles sont affines et vérifient une autre conditon faible.

1. Introduction

The subject of this article is a functoriality question for maps between
Bruhat-Tits buidlings which is connected with the representation theory of
classical groups. Embeddings of buildings of reductive groups have previ-
ously been studied for example by Landvogt [11] and Prasad and Yu [15].
The aim of this article is to show to what extend the property of preserving
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516 Daniel SKODLERACK

the Moy-Prasad filtrations determines the choice of an embedding uniquely.
It completes recent works of Broussous, Lemaire and Stevens [2], [4], which
have applications in representation theory.

More precisely Bushnell’s and Kutzko’s strategy in their theory of types
for the classification of irreducible smooth representations of GL,, (k) in [9]
is applied to other classical groups defined over a non-Archimedean local
field k. In [17], [18], [19], [20], [3] and [21] Sécherre together with Brous-
sous and Stevens gave the classification for GL,, (D), where D is a central
finite division algebra over k. Further in [22] Stevens constructed types for
unitary groups. He applied a result of his paper with Broussous [4], i.e. he
used an embedding of Bruhat-Tits buildings for a certain subgroup of a
unitary group to apply an induction. The important property of this map
is the compatibility with the Lie algebra filtrations (CLF) which by [12]
correspond to the Moy-Prasad filtrations [13]. In [4] the quaternion algebra
case is missing and the authors proposed a uniqueness and generalization
conjecture to the reader.

Let k£ be a non-Archimedean local field with valuation v and of residue
characteristic # 2, and let D be a division algebra central and finite-
dimensional over k equipped with an involution p, whose set of fixed points
in k is denoted by kg. To the classical group G := U(h), i.e. the unitary
group of an e-hermitian form A on a finite-dimensional right D-vector space
V, is attached the Bruhat-Tits building B! (G, ko) which can be described
in terms of lattice functions. To every point of B1(G, ko) there is attached
a Lie algebra filtration g, which is exactly the Moy-Prasad filtration. More
precisely if z is a point of B(G, ko) seen as a lattice function it can be
interpreted as a point of B(GLp(V), k) which has a Lie algebra filtration
g, in Endp (V). If one identifies Lie(G) (ko) with the set of skew-symmetric
elements of Endp (V) with respect to the adjoint involution of h, the filtra-
tion g, of = coincides with

t > B () N Lie(G) (ko).

Now we take an element 5 € Lie(G)(ko) whose k-algebra k[f] is a product
of field extensions F; of k. In this introduction let us assume k[5] to be
separable over k.

Its centralizer in G is an algebraic group H defined over kg which is
a product of restrictions of scalars to kg of classical groups H; which are
either general linear groups or unitary groups. In the manner of [4] we
prove the existence of an injective affine H(kg)-equivariant and toral map
jp from B (H, ko) to B(G, ko) using lattice function models. In addition
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ON CENTRALIZERS OF CLASSICAL GROUPS AND BUILDINGS 517

jg has the CLF-property, i.e.
Lie(H)(ko) N 8j, ()

is the Lie algebra flitration b, of z. This article solves the following problem:
To what extent does the CLF-property determine jg?7
In order to give an answer to this question we consider two cases.

(a) If only unitary groups appear among the H;, none of which is ko-
isomorphic to the isotropic orthogonal group of rank one, then jg
is uniquely determined by CLF.

(b) If there are no restrictions on the H; then jz is unique up to a
translation of B! (H, ko) in being affine, Z(H(ko))-equivariant and
having the CLF-property.

For the proofs we use the decomposition of &[] as a product of fields to
restrict to the cases where k[5] is a field or a product of two fields inter-
changed by the adjoint involution of k. Let us call these cases atomic cases.
The map jg is now induced by j;* constructed in [2]. In (a) k[A] is a field in
the atomic case. If /3 is non-zero we follow the strategy of [4]. The statement
follows essentially from a uniqueness statement for j5' given in [4, 10.3].
If B is zero we prove that for all unitary groups except for the isotropic or-
thogonal group of rank one the Moy-Prasad filtration determines the point
completely. For (b) to restrict to the atomic case we need further a rigidity
proposition for Euclidean buildings, stated in 10.2. We use (a) to finish the
proof of (b).

The whole strategy and the proofs do not require 3 to be separable.
In that case we define the building of Zgx,)(3) in view of [4] using lat-
tice functions and we work mainly with the rational points instead of the
algebraic groups.

The article is structured in the following way. After preliminary notation
in §2 the model of the Bruhat-Tits building of G over kg in terms of lattice
functions is explained in §3. In §4 we introduce the Moy-Prasad filtration
for our purposes. We give the building of the centralizer in §5 and introduce
the notion of CLF in §6 followed by the existence theorem in §7. The
uniqueness theorems in §9, where no GL,, is involved, and §11, for the
general case, are prepared in the preceding sections. Lastly in §12 we show
that the constructed map respects apartments.

I thank very much P. Broussous, Prof. S. Stevens and Prof. E.-W. Zink
for useful hints and fruitful communications. I want to express my gratitude
to the German Research Foundation, who supported this work within the
framework of BMS and SFB 878.
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518 Daniel SKODLERACK

2. Notation

We are given a division algebra D of finite index d and central over a
non-Archimedean local field k of odd residue characteristic. The valuation
on k and its unique extension to D are denoted by v. We assume that
the image of v|yx is Z. Further let p be an involution on D, ie. a skew
field isomorphism from D to D°P of order one or two, in particular p is an
isometry. The fixed field of p in k is denoted by k.

Remark 2.1 ([16], 10.2.2). — The existence of p implies d < 2. If k # ko,
then d = 1.

We fix an element € € {1, —1} and a non-degenerate e-hermitian form h
on an m-dimensional right D-vector space V, i.e. a Z-bi-linear map h on
V x V with values in D such that

h(’Ul/\l7 ’UQ/\Q) = ep()\l)p(h(vg, Ul)))\g

for all A1, 2 € D and v1,v2 € V. Further p|; extends to the adjoint in-
volution ¢ of h on Endp (V). For a skew field D’ with discrete valuation
the symbols op/ and pp: denote the valuation ring and its maximal ideal
respectively. We fix an algebraic closure k of k.

By a Bruhat-Tits building we always understand the extended one [6,
4.2.16.]. The set

G:=U(o):={f €Endp(V) | o(f)f =idv }

is the set of ko-rational points of an algebraic group U(c) defined over k.
We also write U(h) for U(c). We denote U(h) by G and Lie(G)(ko) by
g and identify the latter with the set Skew(Endp(V), o) of skew-symmetric
elements of Endp (V') with respect to o. The Bruhat-Tits building B*(G, ko)
is also denoted by B'(G). We repeat the strategy in [4] to describe the
building as a set of self-dual lattice functions based on the description us-
ing norms, see [8].

3. Norms and lattice functions

The description of the Bruhat-Tits building in terms of norms and lattice
functions needs some basic properties which are collected in this section.
Proofs and more details for norms can mainly be found in [7], [8]. For lattice
functions we refer to [4] and [2].
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ON CENTRALIZERS OF CLASSICAL GROUPS AND BUILDINGS 519

DEFINITION 3.1 ([7],1.1). — A D-normonV isamap a: V — RU{oc0}
such that
e a(v) = oo if and only if v =0,
e a(v)) =v(A) + a(v),
e a(v+w) > inf{a(v), a(w)},
for all v,w € V and X\ € D. Fix a D-norm « on V. The dual o# of o with
respect to h is defined to be the D-norm

v eV~ inf{v(h(v,w)) — a(w) |w eV, w#0}.

One calls « self-dual with respect to h if it is equal to his dual. The set
of D-norms and self-dual D-norms of V are denoted by Norm},(V) and
Norm;} (V) respectively. Given a further right D-vector space V' and a
norm o € Normyp, (V') the direct sum of a and o' is defined by

(a@a)(v+0) :=inf{a(v),d' (W)}, veV, v eV

We consider a set R of D-subspaces of V' whose direct sum is V. We call R
a frame if all elements of R are one dimensional. An element o € NormJ, (V)
is split by R if « is the direct sum of the a|y, W € R. If in addition R
is a frame and (w;); is a D-basis of V' consisting of elements of ( J;;, . W
one calls (w;); a splitting basis of a.

Remark 3.2 ([7], 1.26). — Every pair of D-norms on V has a common
splitting basis.

Given two norms o, v € Norm},(V) with common splitting basis (v;)
and a real number A € [0, 1] the convex combination of o with v with A is
defined to be the D-norm on V split by (v;) whose value at v; is

Aa(v;) + (1= X)y(v;).

This definition does not depend on the choice of the splitting basis and we
get an affine structure on Normyp, (V). The Autp(V)-action on Normp, (V),
more precisely
(9-a)(v) == a(g~'v),
restricts to a U(o)-action on Normyj, (V).
The family of balls of a D-norm « leads to the idea of a lattice function:

Ao(t) ={veV |alv) 2t}, teR.

Before we give the definition we want to remark that by an op-lattice in V'
we mean a finitely generated op-submodule of V' which contains a D-basis
of V. i.e. we omit the word “full”.

TOME 63 (2013), FASCICULE 2



520 Daniel SKODLERACK

DEFINITION 3.3 ([2], 1.2.1). — A family (A(r)),er of op-lattices in V' is
said to be an op-lattice function in V' if
(1) A(r) 2 A(s),
(2) A(r) =, A(t) and
(3) A(r)pp = A(r + ),
for all r;s € R with r < s. The set of op-lattice functions in V' is denoted
by Latt (V). For the right limit of A at s we write A(s+), i.c.

A(s+) = [ J Als).

t>s

For t € R we define [t] to be smallest integer not smaller than ¢.
PROPOSITION 3.4 ([2], 1.2.4). — The map
a— A,
is a bijection from Normyp, (V) to Latt, (V). Its inverse is given by
ap(v) :=sup{t € R |v e A(t)}.

All notions for norms carry over to lattice functions in the following way.
The dual of a lattice function A is the lattice function which corresponds
to af. A lattice function is called split by a given basis if the correspoding
norm is split by this basis. The Autp(V)-action on Norm}, (V) defines an
Autp(V)-action on Latt})D(V) via push forward.

PROPOSITION 3.5 ([4], 3.3, [2], 1.2.4). — Let A be an op-lattice function
in V. Let g be an element of Autp (V') and let R be a set of D-subspaces
of V' whose direct sum is V.

(1) The function A is split by R if and only if, for all real numbers t, the
lattice A(t) is the direct sum of the op-modules W N A(t), W € R.

(2) If (v;); is a splitting basis of A, then there are real numbers a;, 1 <
1 < m, such that, for all t, we have

A) = Py,

We call (a;); the coordinate tuple of A with respect to (v;). The
map which assigns the coordinate tuple to a lattice function split
by (v;) is an affine bijection onto R™.

(3) We have (g- A)(t) = g(A(t)).

(4) The dual A* of A with respect to h is the op-lattice function whose
value at t € R is

{veV |h(w,A((-t)+)) S pp}
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Proof. — All statements except for 4 can be found in part I of [2]. Point 4
has been proven in [4, 3.3] for the case D = k, but the proof is valid for
the general case if one replaces or by op. O

The set of self-dual op-lattice functions is denoted by Latt;, (V). We recall
that we have fixed an e-hermitian form h on V.

THEOREM 3.6 ([8], 2.12). — There is a unique affine and G-equivariant
bijection from B'(G) to Normj (V).

Propositions 3.4 and 3.5 imply the existence of a unique affine and G-
equivariant bijection from B'(G) to Latt; (V). It defines on Latt; (V) a
system of apartments which correspond to the Witt-decompositions of V.

DEFINITION 3.7. — A set of one dimensional h-isotropic D-subspaces

Wi of V, | € L, is said to be a Witt decomposition of V' if:

(1) foreveryl € L there is exactly one index " € L such that h(W;, W)

is non-zero,

(2) the sum of the W is direct, and

(3) the orthogonal complement W of the sum of the W, is anisotropic.
A lattice function is said to be split by a Witt decomposition {W; |l € L} if
it is split by {W; |l € L} U{W}. A D-basis of V is adapted to {W; |l € L}
if all basis elements lie in the union of W and all W;. Further we assume
0 ¢ L and denote W by Wj.

Witt decompositions always exists, and even more, for every element of
Latt}L(V) there is a splitting Witt decomposition. A proof for the latter in
terms of norms can be found in [8, 2.13].

Remark 3.8 ([8], 2.9).

(1) The system of apartments of Latt (V) is the system of sets
Latt,lL’S(V) := {A € Latt (V) | A is split by S},

where S runs over the set of Witt decompositions of V' with respect
to h.
(2) A self dual D-norm « split by a Witt decomposition {W; |l € L}
satisfies )
a(wy) = §V(h(w07wo))7

for all wg € Wy (see [8, 2.9]).

PROPOSITION 3.9. — If « is a self dual D-norm on V and {W; |l € L}
is a Witt decomposition splitting a, then every orthogonal D-basis of Wy
splits o|w, -

TOME 63 (2013), FASCICULE 2
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Proof. — Let w’ and w” be elements of Wy which are orthogonal to each
other, then we have
aw)=a(i@W+u")+1w —w"))
> inf {o (3 (W' + ")), 0 (3 (' —w"))}
=a(uw' +u"),
and the last equality follows from

h(3(w +w"), 3w +w”) =030 —w"), 3w —w"))

and v(2) = 0. O

4. The Moy-Prasad filtrations

An op-lattice function A gives rise to an og-lattice function in A :=
Endp (V)
ga(t) :=={ac Ala(A(s)) CA(s+1), Vs € R}
called the square lattice function of A in A. It defines a Lie algebra filtration
of A in g by intersection

ga(t) :==ga(t)Ng.

In [13] Moy-Prasad attached to every point z of B(G' k') a filtra-
tion (ag¢)ier of Lie(G')(K’) for a reductive group G’ defined over a non-
Archimedean local field k’. The next theorem states that in our special
situation of unitary groups we do not need the quite involved description.

THEOREM 4.1 ([12]). — The Lie algebra filtration of a point of B'(G)
is exactly its Moy-Prasad filtration.

In this article the square lattice functions are the key for the rigidity of
Lie algebra filtrations because of the following proposition.

PROPOSITION 4.2 ([4], 3.5). — Let A be an op-lattice function in V.

(1) The o-lattice function (o(ga(t)))ser is the square lattice of A# and
we denote it by g{. Square lattice functions fixed under o are said
to be self-dual.

(2) The map

A € Latty (V) — ga
is injective and onto to the set Latt?(A) of self-dual square lattice
functions.

Proof. — The proof in [4, 3.5] is valid if one replaces F by D. a

ANNALES DE L’INSTITUT FOURIER
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5. The centralizer

In the following the symbol Z,(?) denotes the centralizer of ? in *, and
Z(?) denotes the center of 7. Let us fix an element 8 € Skew(Endp(V), o),
such that the k-algebra k[3] is a product of fields E;, i € I, with identity
element 1;. We call § separable if E;|1;k is separable for all i. The central-
izers Z¢(B) and Zg(B) are denoted by H and H. If 3 is separable then the
algebraic group H is reductive and defined over kg and its set of kg-rational
points is H (see appendix A).

Notation 5.1. — There is an action of o on I via o(1;) =: 1,;). We
denote by I the fixed point set of the action of o on I, and we divide the
set I \ Iy into two disjoint parts, i.e. we choose a positive part I, and a
negative part I_, such that

0'([+) = I,.
We define —i := o(i) and put V; := 1;V. For i € Iy we denote by (E;)o the
set of fixed points of o in E;, and for i € I we put (F;)o := F;.
The group H is the product of sets of rational points of classical groups
over the (E;)g. More precisely, for ¢ € I, the E;-algebra Endg,g, p(V;)
is Ej-algebra isomorphic to Endp, (V/), for some finite-dimensional vector

space V/ over some skew field D) central and of finite index over E;. We
define

U(U|EndD{(Vi’))a i € I
GLp (V)),  iel
and H; := H;((E;)o). There is a canonical group isomorphism from H to

[Le 1, u1, Hi which motivates the following definition for the Bruhat-Tits
building of H :

Hi =

B(H) = [ B'H;, (E)o)

i€I+U10
Remark 5.2. — 1If 8 is separable the above isomorphism extends to a
ko-isomorphism
(5.1) H= ] Res,,m (H).
ieloUl

Thus there is a isomorphism of affine buildings from B! (H, kg) to B! (H).

The Lie algebra of H is isomorphic to
@ SkeW(EndEi®kD(‘/;)a U) & @ EndEi@kD(Vvi)

iclp i€l
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and we denote the ith factor by g;. We define the Lie algebra filtration of
x = (2;)ier,ur, to be the direct sum of the Lie algebra filtrations of the z;,
ie.
ba(t) := @ (8i)a (1)-
i€loUly
where we take the square lattice function for ¢ € I, and identify
Endg,g,p(Vi) with Endp, (V).

6. Compatibility with the Lie algebra filtrations
DEFINITION 6.1.

(1) A set with Lie algebra filtrations (LF-set) is a pair (X, L) such that
X is a set, L is a Lie algebra, and for each © € X, there is Lie
algebra filtration ((L;)(t))ter, i.e. a decreasing sequence of subsets
of L.

(2) Given two LF-sets (X,L) and (X', L") and a map ¢: L — L'

(a) amap f: X — X' is compatible with the Lie algebra filtrations
(CLF) if

d(L,(t)) = im(¢) N L}(x)(t)
holds, for all x € X and all real numbers t.
(b) g: X’ — X iscompatible with the Lie algebra filtrations (CLF)
if
G(Ly(ry(t)) = im(¢) N L (¢)
holds, for all x' € X' and all real numbers t.

In this article we consider buildings together with the set of rational
points of a Lie algebra of an algebraic group. Mostly ¢ is a canonical in-
clusion. An example of a CLF-map is given in [2]. The theorems in this
section are valid without the assumption on the residue characteristic and
the existence of an involution on D. Firstly, we introduce two important
LF-sets after the following theorem.

DEFINITION 6.2.

(1) Two op-lattice functions A and A’ on V are equivalent if there is a
real number t such that

A(s) = N (s —t) =t (A +£)(s),

for all s € R. The set of equivalence classes of elements of LatttljD (V)
is denoted by Latt,, (V). A map f on Latt, (V) of the form

FA) = A+t
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is called a translation. For a map g, such that f o g exists, we define

g+t=fog.
(2) An action of Autp (V) on Latt,,, V is given by
a.[A] := [a.A], where (a.A)(t) := a(A(t)).
(3) The affine structure on Latt,ljD (V) induces an affine structure on

Latt,,, (V).

Let us consider the non-extended building B(Autp(V)) and the extended
building B! (Autp(V)).

THEOREM 6.3 ([2], 1.2.4, [7], 2.13, [7], 2.11(iii)). — The extended build-
ing of Autp (V) is in affine and Autp(V)-equivariant bijection with the set
Lattll)D (V). For two such Autp(V')-equivariant affine bijections f and g,
there is a real number t, such that

=g+t

and the map f induces via

[z] = [f(2)]
a unique affine and Autp(V)-equivariant bijection from B(Autp(V)) to
Latt,, (V).

Remark 6.4. — For z € B(Autp(V)), we attach to z and to [z]
the square lattice function of a correspoding op-lattice function. By the
above theorem both LF-sets (B! (Autp(V)),Endp(V)) and (B(Autp(V)),
Endp(V)) are well-defined, i.e. do not depend on the choices made. In
(B(Autp(V)),Endp(V)), a point is uniquely determined by its Lie algebra
filtration (see [2, 1.4.5]), whereas in (B!(Autp(V)), Endp(V)) two points
with the same Lie algebra filtration are translates of each other.

THEOREM 6.5. — [2, IL.1.1] Let E|k be a field extension in Endp(V),
G := Autp(V) and H := Z5(E). We consider the non-extended buildings
B(G) and B(H) as LF-sets as constructed in the above remark. Then there
is a unique CLF-map jg from ‘B(é)EX to EB(I?) The map has the following
properties.

(1) It is bijective.
(2) It is H-equivariant.
(3) It is affine.
The map j¥ := (jg)~! is the unique map satisfying 2. and 3..

In the above setting the CLF-property of j© implies uniqueness.

TOME 63 (2013), FASCICULE 2
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THEOREM 6.6 ([4], 10.3). — Under the assumptions of Theorem 6.5,
suppose that the points y € B(G) and = € B(H) satisty

9, NEndpe,p(V) 2 b,
Then jE(z) = y.

Proof. — In [4, 10.3] this theorem was proven for the case where D = k
and F is generated by one element. The proof did not use the second
assumption, and it carries over to D # k without changes. g

The map j¥ is induced from a map between the extended buildings. We
fix an E-algebra isomorphism from Endgg, p(V) to Endp/ (V') where D’
is a central skew field over F and V' is a right D’-vector space.

_ Tueorem 6.7 ([2], 11.3.1,1L4, [7], 2.11(iii)). — There is a bijective affine
H-equivariant CLF-map
7e. Latt) (V') — Latt) (V)5
such that
5] =57 ()
for all A € Latt(l)D, (V'). The image is the set of op-lattice functions which

are in addition og-lattice functions. For every other bijective affine H-

equivariant map j from LattiD, (V") to Latt})D (V)E™ the composition j~' o

j  is a translation of LattiD, (V.

Proof. — The existence of j ¥ is stated in Lemma [2, I1.3.1]. The affine-

ness is proven in [2, I1.4] for jg, but the proof actually shows that j~ P
is affine. The H -equivariance follows from the formula given in [2, I1.3.1].
The fact that the image of j¥ is the set of E*-fixed points implies that
im(j'v E) only consists of og-lattice functions and contains a representative
for every element of im(j¥). Being E*-equivariant and convex, the image of
]"VE must contain every op-lattice function of Latt] (V). The last assertion
follows directly from [7, 2.11 (iii)]. O

7. CLF-map from B'(H) to B!(G)

We are now returning to the situation of section 5. Before we state the
first theorem we give a definition in analogy with the set of fixed points in
the building.
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DEFINITION 7.1. — An og-op-lattice function of V' is an op-lattice func-
tion in V' which splits under (V;) such that, for every i, the function
t— At)NV;

is an og,-lattice function in V;. We denote the set of og-op-lattice functions
by Latt! (V).

OE,0D

The next theorem has been proven for D = k in [4].

THEOREM 7.2. — There is an injective, affine and H-equivariant CLF-
map
j: BYH) — BYG)
whose image in terms of lattice functions is the set of self-dual og-op-lattice
functions in V.

Proof. — The product decomposition H = Hi€I+UIo ZU(hi|(Vi+V7i)2)(5i+
B—;) leads us to three steps:
(1) the case where E is a field;
(2) the case where I has cardinality one;
(3) the general case.

Step 1: We use the map j¥ from Theorem 6.5 and the following diagram.

Latt,,, (V') EN Latt,, (V)
T T

B (H) BHG)

We have to prove that, for x € B!(H), the square lattice function of j¥(x)
is self-dual. The latter follows from Theorem 6.6 because the square lattice
function of z is self-dual and j¥ is a CLF-map. The assertion about the
image of j¥ |31y follows from 6.5 and the CLF-property.

Step 2: To prove the lemma we denote the unique element in I, by ¢ and
we define

A#=i(t) == {v e V_; | h(v,A((—t)+)) C pp}
for A € Latt})D (Vi). The map
(7.1) g€ Autp(Vi) = (9,0) +a((g7",0)) € Autp (Vi) & Autp(V_y)

defines a k-embedding from GLp(V;) to G mapping Zqr,,, (v;)(fi) onto H.
An injective, affine and Autp(V;)-equivariant CLF-map from
BL(GLp(V;), k) to B(G) in terms of lattice functions is given by

(7.2) A € Latt) (Vi) — (A @ A#-%) € Latt;, (V).
Now we apply Theorem 6.7 to finish step 2.
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Step 3: We take the direct sum of the maps constructed in the steps
before. O

8. Factorization

In order to analyze the set of CLF-maps from B!(H) to B!(G) this
section reduces the problem to the case Where Iy U I, has cardinality one.

LEMMA 8.1. — There is at most one index ¢ € I such that 8; = 0 and
if such an index exists, it has to be in Ij.

Proof. — Assume that 3; and §; are zero for two different indices ¢ and j.
Taking a polynomial P with coefficients in & such that 1; = P(8) we obtain
firstly

1, =11, = 1,P(8) =1,P(0)
and secondly

0=1,1; = P(8)1, = P(0)1,
which is a contradiction. The second assertion follows from —8_; = o(;)
and the uniqueness. (|

Let us recall that the embedding of h into g is realized by mapping an ele-
ment (a;)ierour, of ([Ties, Skew(Endg, g, p(Vi), o)) x(IL;e;, Ende,e.p (W)
t0 (Vg @) + (e, (@ — ola)):

ASSUMPTION 8.2. — For the rest of the section we fix elements y €
B1(G) and z € B (H) such that
Gy N h = hm

The element x is given by a tuple (x;)icr,ur, - The set Lie(H;)((E;)o) is
denoted by b;. For i € Iy, we write b, and b,, for the Lie algebra filtration
and the square lattice function of x;, respectively.

LEMMA 8.3. — The lattice function corresponding toy splits under {V; |
iel}.

Proof. — The assertion is equivalent to the fact that all idempotents 1;
are elements of g, (0).

Case 1: We first consider an index ¢ € I;. Then 1; is an element of b, (0)
and thus 1; — 1_; is an element of g, (0) by 8.2. Therefore

1,+1_; = (11 — 171')2 S gy(())

Hence 1; and 1_; are elements of g, (0), since 2 is invertible in o.
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Case 2: We take an index ¢ € Iy and we assume that 3; is not zero. Since
B; is skew-symmetric and central, we have, for all ¢ € R,

Biba, (t) = ba, (t + v(B))
and
Biba, (1) = B (6 1(B)) N {w € Bi | o (w) = w).

By the invertibility of 2 in oy, every element of E(t) is a sum of a skew-
symmetric and a symmetric element of b, (¢), which implies

b, (0) = b, (0) + Biba, (—(B:))
c gy(O + gy(V(ﬁz))gy(_V(ﬂz»
C gy(0).

Thus the ith idempotent 1; is an element of g,(0).

= =

Case 3: If there is an index ig such that 8;, = 0, it is unique by Lemma 8.1
and the two cases above imply

Ly =1-Y 1, €g,(0)

i#io
O
The idea of the proof of case 2 is taken from [4, 11.2]. We define G; :=
U(h‘(vhq/ii)z), forie IyuUl,.
COROLLARY 8.4. — For non-negative indices there are elements y; €

B1(G;, ko), such that the direct sum of the lattice functions of the y; is the
lattice function of y.

Analogous to the definitions for G we use g; and g,, for Lie(G;)(ko) and
the Lie algebra filtration of y;, respectively.

LEmMMA 8.5. — For all i+ € Iy U I we have

Proof. — For t € R we have

Do (0 = i (t)ﬂbz(gy(t)ﬂ(@Gi))ﬂ
:(@gym) (B5:) = Blaw0 ).

where ¢ runs over I U I, and we obtain the assertion. ]
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The last two lemmas lead to a factorization of any CLF-map. More pre-
cisely we prove the following proposition.

PROPOSITION 8.6. — Let 97 denote the canonical map from B (], G,
ko) to B (G, ko) which maps a tuple of self-dual lattice functions to its sum.
Every CLF-map j from B'(H) to B(G) factors under 11, i.e. there is a
unique map

7 BYUH) = %1(1_[ G, ko) such that j = ¥y o .

The map T is
(1) a CLF-map,
(2) affine if j is affine, and
(3) H-equivariant if j is H-equivariant.
Proof. — The image of j is contained in the image of the injective,
affine and [T, Touls G, (ko)-equivariant map 1y by Corollary 8.4. The CLF-

property of 7 is a consequence of Lemma 8.5. This proves the proposi-
tion. g

9. The case where [, is empty

We denote the following algebraic group

to %) (0 0) rew)

by O%. It is a form of Oy over the prime field of k.

Remark 9.1.

(1) The group U(h) is kg-isomorphic to O if and only if D = k = ko,
V' is two-dimensional over k and isotropic with respect to h and o
is orthogonal.

(2) The connected component of O% is k-isomorphic to G, implying
that B1(0%, k) is affinely isomorphic to R.

(3) All points of B1(O%, k) have the same Lie algebra filtration. Espe-
cially all of its affine endomorphisms are CLF-maps.

The remark forces us to exclude O% from the factors.

THEOREM 9.2. — There exists only one CLF-map from B*(H) to B(G)
if I is empty and no group H; is (E;)g-isomorphic to O%.

For the proof we need the following operations on square matrices.
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DEFINITION 9.3. — For a square matrix B = (b; ;) € M, (D) the matrix
B is defined to be (byy1—j,r+1—i)i,;, i.€. B is obtained from B by a reflection
along the antidiagonal. We define further

B := (p(bij))ij-

Proof. — Applying Lemma 8.5 we can assume that E is a field.

Case 1: (8 is not zero. Compare with [4, 11.2]. We fix an arbitrary CLF-
map j from B(H) to B!(G) and an arbitrary element  of B*(H). By the
same argument as in case 2 of Lemma 8.3 we obtain

b (t) € g)(2)(t)
for all real numbers ¢. Theorem 6.6 implies the uniqueness.

Case 2: 3 is zero. If ¢ is of the second type there is a skew-symmetric non-
zero element 8’ in k and we can replace 3 by 8’ and apply case 1. Thus we
only need to consider the case where o is of the first kind. We fix a point y €
B1(G) and fix an apartment containing y. This apartment is determined
by a Witt decomposition. We choose an adapted basis (w;)1<j<m such that
the Gram matrix Gram,,)(h) of the e-hermitian form % has the form

0O M O
eM 0 O
0 0 N

with M := antidiag(1,...,1) and a diagonal regular matrix N. From 3.9
we deduce that the self-dual op-lattice function A corresponding to y is
split by this basis. It is thus described by its intersections with the lines
w; D, i.e. there are real numbers a; such that

A(t) = @ ’U}ipgt_ai)d] .

Thus the square lattice function of y in ¢ is
~ t+a;—a;)d
gy(t) = @pg NE,

i,j

where E; ; denotes the matrix with a 1 in the intersection of the ith row
and the jth column and zeros everywhere else. See for example [2, 1.4.5].

It is enough to show that g, is determined by the Lie algebra filtration
gy- Indeed, a class of op-lattice functions contains at most one self-dual
lattice function. Thus the self-dual square lattice function of a point of
B1(G) determines the point uniquely.

The adjoint involution of h

B — B? = Gram(,,)(h)~"(B”)" Gram(y,)(h)
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on M,, (D) has under (w;)1<;<m the form

By Bip Bigs Cz2,2 f§172 eMCi,N

By1 B Bas | r— eCa 1 Cia MC{ N

Bs1 B3 Bsgs EN_lc,éZ:BM N_lCESM N_ngjgN
The matrices By,1, B1,2,B2,1 and By are r x r-matrices and C' := B”

where r is the Witt index of h. By the above calculation we obtain that
E7.is +E; j, —E; j or AE,; with (4, j) # (u,l) for some A € D*. From the
self-duality of g, and since 2 is invertible in o, we get:

o t+a;—a; o
gy(t) Nk(E;; — E7;) = TR (o E7;).

For the calculation see Lemma 9.4 below. Thus we can obtain the exponent
aj — a; from the knowledge of the Lie algebra filtration if F; ; is not fixed
by 0. We now consider two cases.

Case 2.1: We assume that there is an anisotropic part in the Witt decom-
position, i.e. N occurs. The matrix F; ., is fixed by o if and only if ¢ equals
m. Thus from the knowledge of the Lie algebra filtration we know all diffe-
rences a; — a,, for all indexes ¢ different from m, and thus by subtractions
we know the differences a; — a; for all 7 and j.

Case 2.2: Now we assume that there is no anisotropic part in the Witt
decomposition. If € is —1, no E; ; is fixed and we can obtain the differences
a; — a; for all i and j. As a consequence, we only have to consider the case
where h is hermitian and D = k (see [8, 1.14]). Here the matrix E; ; is fixed
by o if and only if ¢ + 7 = m 4+ 1. Thus we can determine all differences
a; — aj where ¢ +j # m + 1. If m is at least 4 for an index 4 there is an
index k # i with ¢ + k& # m 4+ 1 and we can obtain a; — @,4+1—; if we add
ak — Q41— t0 a; — ag. If m equals 2, then the group G is k-isomorphic to

& which is excluded by the assumption of the theorem. O

The idea of taking the root system of GLp (V) with respect to the Witt
basis was given by P. Broussous. To complete the proof we need the fol-
lowing lemma.

LEMMA 9.4. — For all t € R we have
il k= pf].

Proof. — For an element z of k, we have z € pgd] if and only if v(z) >
@. There are integers [ and s such that 1 < s < d and

[td] =1ld + s
Thus [t] =1+ 1 and we get that v(z) > @ if and only if v(x) > [t]. The
“only if” follows from v(z) € Z. O
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Remark 9.5.

(1) In particular the proof of Theorem 9.2 shows that, if H; is (E;)o
isomorphic to O%, then 3; has to be zero and ¢ is of the first kind.

(2) For positive indices H; is not isomorphic to Oy because the latter
is not connected.

(3) Let us assume that g is separable. The above remarks and 9.1 imply,
for i € Iy U I, that OY is ko-isomorphic to Resg,), |k, (H;) if and
only if H; is (E;)o-isomorphic to O%.

10. Rigidity of Euclidean buildings

To have an approach to a uniqueness statement if there are no restrictions
on I we show that Euclidean buildings are rigid for functionals.
DEeriniTION 10.1.

(1) A set with affine structure is a pair (S, *) consisting of a non-empty
set S and a map
%:[0,1] x S x § — S,
which we denote
tsy + (1 —t)sg := *(t, s1, $2).

(2) An affine functional f on a set S with affine structure is an affine
map from S to R, i.e.

fltw+ (1 =t)y) = tf(x) + (1= 1)f(y),
for allt € [0,1] and z,y € S.

PROPOSITION 10.2. — Let Q be a thick Euclidean building and || be
its geometric realization. Then every affine functional a on || is constant.

For the definition of a thick Euclidean building and its geometric real-
ization see [5, VI.3].

Proof. — Let Cy, Cs and C3 be three pairwise different adjacent cham-
bers having a common co-dimension 1 face S. We denote by P; the unique
vertex of C; which is not a vertex of S. The line segment [P;, P»] meets
[Py, P3] and [P, Ps] in a point Q € |S|. This can be seen as follows. We
are working in three different apartments simultaneously. If A;; denotes an
apartment containing C; and Cj, for different ¢ and j, the affine isomor-
phism from |A13] to |Ay3] fixing |A13 N Aq3] sends [Py, P] to [Py, Ps] and
thus the unique intersection point in [Py, Py]N|C}|N|Cy| lies on [Py, Ps], and
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similarly on [Ps, P»]. Without loss of generality assume that a(Q) vanishes.
If a(Py) is negative then a(P») and a(P;) are positive by the affineness
of a. Thus a(Q) is positive since it lies on [Py, P3]. A contradiction. Us-
ing galleries we obtain that a is constant on vertices of the same type. An
apartment is affinely generated by its vertices of a fixed type. Thus a is con-
stant on every apartment and therefore on |Q|, since any two apartments
are connected by a gallery. O

PROPOSITION 10.3. — If G is not kg-isomorphic to O%, then every
affine functional on B'(G) is constant.

Proof. — Not being kg-isomorphic to O%, the unitary group U(h) has no
ko-rational characters on the connected component of the identity implying
that the non-extended and the extended buildings are equal (see B.3). If G
is totally isotropic, then B!(G) is a point and otherwise it is the geometric
realization of a thick Euclidean building. Now we apply Proposition 10.2.

g

PROPOSITION 10.4.
(1) A k*-invariant affine functional on B'(GLp(V),k), ie. on
Latt}  (V), is constant.

(2) Every k*-invariant affine functional on B*(O%, k) is constant.

Proof.

(1) Every fiber of a k*-invariant affine functional on B!(GLp(V), k) is
a union of classes of op-lattice functions. It therefore factorizes to an
affine functional on B(GLp(V), k). Now we apply Proposition 10.2.

(2) This follows from part 1, because B'(O%, k) is isomorphic to
BL(G,,, k) via a k*-equivariant affine bijection.

U

11. The general case

We introduce the notion of a translation in order to understand the class
of affine CLF-maps which satisfy a mild equivariance condition.
DEFINITION 11.1.
(1) A translation of Latt, (V') is a map from Latt, (V) to itself of the
form
A= A+s

where s is a real number.
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(2) A translation of Latt, (V) is the identity if G is not ko-isomorphic
to O,

(3) A translation of B (H, ko) is a product of translations of the factors.

Remark 11.2. — A translation of B1(O%, k¢) is included in the defini-

tion because (0%)? is kg-isomorphic to G,,, i.e. there is a natural bijection
from B(O¥, ko) to Lautt,lc(J (ko).

Let us fix a map j from B(H) to B(G) constructed as in the proof of
Theorem 7.2. In this section we are going to prove:

THEOREM 11.3. — If ¢ is an affine and Z(], H?((E;)o))-equivariant
CLF-map from B'(H) to B (GQ) then j~' 0 ¢ is a translation of B (H). In
terms of lattice functions, the image of ¢ is the set of self-dual og-op-lattice
functions in V and ¢ is [ [, HY((E;)o)-equivariant.

1

The composition of j~ with ¢ is possible by the following fact.

PROPOSITION 11.4. — The image of a CLF-map from B'(H) to B'(G)
is a subset of the set of og-op-lattice functions.

Proof. — By Lemma 8.5 we can assume that
Iyuly ={i}.

Case 1: = 0. The field F is k and there is nothing to prove.

Case 2: i € Iy and 8 # 0. There is only one CLF-map by Theorem 9.2
and it fulfills the assertion by Theorem 7.2.

Case 3: i € I.. We choose two arbitrary points y € B(G) and z €
B!(H) such that g, Nh = b,. The lattice function A of y splits under
(Vi, V_;) by corollary 8.4. By self-duality it is sufficient to prove that ANV;
is an og,-lattice function. The building

B (H) = B (GLp,e.n(Vi), E:)

is identified with the set of lattice functions over a skew field whose center
is F;. Thus we get

e (a—a%) € gy(0) for all a € op ,

o T, — 7, € gy(1), and

o 7 — (757 € 8y(—3),
where e is the ramification index of E;|k and 7, is a prime element of F;.
We conclude that 1;A is an og,-lattice function O

Proof of Theorem 11.3. — Proposition 11.4 enables us to define

T::j_loq[)
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because the image of j is the set of all og-op-lattice functions in V.

If we know that 7 is a translation, then all assertions of Theorem 11.3
hold: A translation is a bijection and we conclude that ¢ and j have the
same image. The [, HY((E;)o)-equivariance of ¢ follows because j and 7
are [[, H?((E;)o)-equivariant.

We denote the coordinates of 7 by 7;, ¢ € Iy U I;. We need two steps to
show that 7 is a translation. Let us fix i € I U ;.

Step 1: We prove that the coordinate 7; only depends on z;.

Case 1.1: i € Iy, such that O¥ is not (E;)g-isomorphic to H;. By Theo-
rem 9.2 we have 7,(z) = x;, for all z € B(H).

Case 1.2: We assume that we have an index ¢ € I such that H; is
(E;)o-isomorphic to O%, whose building is affinely isomorphic to R by
Remark 11.2. If we fix an index ¢t € (I U 1) \ {i} and coordinates z; for
l € (TUly)~{t}, then the map

xy = ()
is constant by Proposition 10.3 or 10.4. Thus 7; does not depend on x;.

Case 1.3: i € I Let us fix € B'(H). The lattice functions A, ;) and
A, are equivalent by the CLF-property of 7. We define a;(z) to be the real
number such that

An(ac) =A,, + al(x)
The map a; is affine, since 7; is. By an analogous argument as in case 1.2 we
have that a; does not depend on the ¢th coordinate, for ¢ € (I U Iy) ~ {i}.
Step 1 allows us to define a map 7; from B! (H;, (E;)o) to itself by

Ti(x;) == 7i(x), = € B (H).
Step 2: Here we show that 7; is a translation. We firstly consider an index
i € Iy such that H; is (E;)o-isomorphic to O%. In this case we have k = kg
and E; = 1;k. We identify B1(0%, k) with R. The SO% (k)-equivariance of
T; gives
Ti(xs +1) = 7(2;) + 1.
The affineness property implies that 7; is a translation. For ¢ € I, the
map a; in case 3 of step 1 is an affine functional and the k*-equivariance
of 7; implies the k*-invariance of a;, because one gets in terms of lattice
functions
Ami + ai(Amy) = Ti(Amg) = (Ti(A))m
=A+ ai(A) —1=Am, + ai(A)7
where 7y is a prime element of k. Thus a; is constant by Proposition 10.4.
|
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12. Torality

In this section we want to prove that the map constructed in section 7
respects apartments and is toral if 5 is separable.

DEFINITION 12.1. — A map
f:BY(Gy, ko) — B(Ga, ko)

between two extended buildings of reductive groups defined over kg is called
toral if, for each maximal kq-split torus S of GGy, there is a maximal kq-split
torus T' of G5 containing S such that f maps the apartment corresponding
to S into the apartment corresponding to T'. An analogous definition applies
to maps between non-extended buildings.

Maximal kg-split tori of G can be characterized in terms of Witt decom-
positions. Given a Witt decomposition {W; | I € L} of V, there is exactly
one maximal kg-split torus T of G which satisfies

a(T) (ko) = {g € G(ko) | g(W)) C W, L € L, (g —idv)(Wo) C {0}}.

We recall, that W is the orthogonal complement of the sum of all W;. Every
maximal kg-split torus arises in this way, because they are conjugate to each
other by elements of G(kg). The D-vector spaces W, | € L, are exactly
the irreducible T'(ko)-invariant D-subspaces of the orthogonal complement
of
{ve V] tv)=wv, forall t € T(ko)}.

Analogously one shows that the set of maximal k-split tori of GLp(V)
is one-to-one correspondence with the set of all decompositions of V' into
one-dimensional D-subspaces.

LEMMA 12.2. — The map vy from B ([]; G;, ko) to B (G, ko) defined
in Proposition 8.6 by

Y1 ((A)ieroury ) = @ A;
i€loULL
is toral.

Proof. — For ¢ € Iy U I, let S; be a maximal ky-split torus of G; and
{W} | | € L;} be the corresponding Witt decomposition of V; + V_;.
Further let A; be the apartment of S; in B! (G, ko). Let a; be an element
of A; seen as a self dual D-norm on V; + V_;. By [8, 2.9] the norm

0= e
7
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has the form )
a(z wé) =3 ilgf(y(h(wé, wp)))
K3
on V, := >, W¢, ie. this form does not depend on («;);. Let us take a
splitting Witt decomposition {W* | 1 € L.} of V, for the restriction of o
to V. Then the torus Hl S; is a subtorus of the maximal kg-split torus 7',
which corresponds to the Witt decompostion

U Wiier}

1€lpUILU{a}
of V, and ¢y maps [[, A; into the apartment of T O
PrOPOSITION 12.3. — The map j constructed in the proof of Theo-

rem 7.2 maps apartments into apartments. Furthermore, j is toral if 8 is
separable.

Without loss of generality we may assume that Iy U Iy = {i} by
Lemma 12.2.

Proof i € I,. — The map j’in of Theorem 6.7 from B (H) to
B! (GLp(Vi), k) = B (Resyjk, (GLp(V;)), ko)

maps apartments into apartments and is toral if §; is separable by [2, 5.1].
We prove that the canonical map ¢, see (7.2), from ‘Bl(ReSk‘kD(GLD(Vi)),
ko) to BY(G, ko) defined by

A € Latt} (Vi) — (A @ A% %) € Latt), (V)

is toral. A maximal k-split torus S of GLp(V;) corresponds to a decompo-
sition of V; in one-dimensional D-subspaces, i.e. there is a decomposition
Vi = @, Vi, such that

S(k) =7({g € GLp(V;) | g(Vi,) C V;, for all 1}).
Let V_; ; be the subspace of V_; dual to V; ;, i.e.
Voj={veV.| h(v,Vix) ={0}, k #j},
and let T be the torus given by the decomposition

V= @ il DV_ip).

Under the map (7.1), from AutD(Vi) to Autp(V;) @ Autp(V_;) defined by
g € Autp(Vi) = (g,0) +a((g7*,0)) € Autp(V;) @ Autp(V_;)

the set S(k) is mapped into T'(k) and under ¢ the apartment of S is mapped
into the apartment of T. Let S’ and T” be the maximal kq-split sub-tori
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of Resyr,(S) and Resyx, (T') respectively. The set S’(kg) is mapped into
(T" N G) (ko) under (7.1). The image of ¢ only consists of self-dual lat-
tice functions. Hence ¢ seen as a map from B'(Resy, (GLp(V;)), ko) to
B1(G, ko) is toral. O

From now on we assume i € Iy. Here we need the notion of tori adapted
to a decomposition of V.

DEFINITION 12.4. — Assume we are given a decomposition
V=vVteVv -eVv"®

such that V't and V'~ are maximal totally isotropic and V't ® V'~ is
orthogonal to V' with respect to h. A maximal ko-split torus T of G is
adapted to (V' ,V'= V') if there is a Witt decomposition {W; |l € L}
corresponding to T with anisotropic part V'° such that
PNV =v'"T and PWinV'T)=V'".
l l

We say that an apartment of B'(G) is adapted to (V'*, V'~ V') if every
lattice function in this apartment is split by (V'*, V'~ V'0).

Proof i € Iy. — We have F = E;. There are a central division al-
gebra A over F and a finite-dimensional right vector space W such that
Endgg,p(V) is E-algebra isomorphic to Enda(W). We identify the E-
algebras Endgg, p(V) and Enda (W) via a fixed isomorphism and we fix
a signed hermitian form hg which corresponds to the restriction og of
o to the E-algebra Enda(W). Let r be the Witt index of hg. We fix a
decomposition

(12.1) W=Wrew )eWw’

such that W+ and W~ are maximal isotropic subspaces of W contained in
the orthogonal complement of WP, Let e, ,e_ and ey be the projections to
the vector spaces W, W~ and WY via the direct sum (12.1). We define

Vii=etV, V7 :=e Vand V0 := V.

Consider the following diagram.

B (H) +— B (U((h5)lwoxwo) Eo)xB (GLA(WT),E) — B(GLA(WT),E)

Ls La

BHG) «— B (U(h|y0y0)ko)xB(GLp (V1)) — B(GLp(VT),k)
where the vertical maps are induced by j. The right horizontal maps map
a pair (x,A) to the class of A. The right vertical arrow satisfies the CLF-
property and its image only consists of E*-fixed points of B(GLp(V™T), k),
both properties inherited from j. Thus the map in the right column is j¥,
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i.e. the inverse of jg, because otherwise we could construct a CLF-map
from B(GLp (V1) k)F” to B(GLA(WT), E) different from jp, but such
a CLF-map is unique by [2, II.1.1.]. Now j¥ maps apartments into apart-
ments which implies that j maps apartments adapted to (W*, W=, W?0)
into apartments adapted to (V*,V—,V0).

We now prove that j is toral if E|k is separable. Let us assume that
E|k is separable. This implies that the right column j¥ is toral by [2, 5.1]
which implies the torality of « because the only maximal Fy-split torus of
the anisotropic group U((hg)|woxwo) is the trivial group. The torality of
« implies the torality of j on tori adapted to (WT, W=, W?). Hence j is
toral because the triple (W, W~ W) was chosen arbitrarily. O

Appendix A. The centralizer of a separable
Lie algebra element

We prove the representation of the centralizer as a product of general
linear groups and Weil restrictions of unitary groups if J is separable. We
still rely on the notation from section 2. For more details about the Weil
restriction we recommend [23, 1.3.] and [10, 20.5.]. The definitions of D;
and V; are given after notation 5.1.

PROPOSITION A.1. — Let us assume that 3 is separable. The centralizer
Zc(p) is ko-isomorphic to
H ReS(Ei)o\ko (U(O—‘EndEi®kD(Vi))) x H ReS(Ei)o\ko (GLD;(Vi/));
i€lp i€l
in particular it is reductive and defined over k.

Before we come to the proof, we need some preparations on restriction
of scalars.

LEMMA A.2. — Let D’ be a skew field of finite index such that the
center, denoted by E, is a non-Archimedean local field. Let V' be a finite-
dimensional right D’-vector space. Assume further that ¢’ is an involution
on Endp/ (V') whose set of fixed points in F is Ey. Let ko be a subfield of E
such that Ey|ko is separable and finite. Then U(o’ ®y, idq) is ko-isomorphic
to Resgy |k, (U(U’)), for any algebraic closure Q) of E.

Remark A.3. — If V is an affine variety defined over Ey there is a
Gal(Q]kg)-equivariant isomorphism

Resg, 1k, (V) = [[ V7.
Y
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defined over the normal hull of Eylko, where v passes through the set T
of all field embeddings Fy — 2 fixing ko, and one obtains V7 from V in
the following way. We choose an automorphism 7 of 2 whose restriction to
FEy is . Let Py,..., P, be polynomials in ¢ variables with coefficients in Ej
such that

Vi={zecQ" |Px)=0,i=1,...,1},
for some ¢t € N. One defines

V7= {(:}/(Ij))lgjgt | T € V} = {IIZ S Qt | P;Y(IZ’) = 0, 7= 1, .. .,l},
where P is the polynomial obtained from P; by applying 7 to the coeffi-

K2
cients.

Proof of Lemma A.2. — The Q-algebra Endp: (V') ®j, © is canoni-
cally isomorphic to Endp/ (V') ®g, Eo ®k,  and Ey Qg, € is isomorphic
to QlFo: kol yia

€ Qo w — (Y(e)w)qer.
We denote by Q7 the left Ey-vector space (2 under the action
e w:="vy(e)w.

Thus

EndD/(V’) (2PN Ey Rko 3= H EndD/(V') KRB, Q7.

v
The fact that o' fixes Ey implies that o’ ®, idq is the product of involutions
o' ®g, idg~. It is enough to prove
U(U/ ®R, idov) = U(O'/ ®p, idg)7.
To show the latter, we fix v and we choose an extension v to 2. The ring
isomorphism
[oR EndD/(V’) R E, Q— EndD/(V’) R E, Q7
sending f ®p, w to f ®p, Y(w) satisfies
P o (0! ®p, idg) = (¢/ ®g, idg~) o P.

Thus an element g of Endp, (V') ® g, Q lies in U(o’ ®g, idg) if and only if
®(g) lies in U(0’ ®g, idg~ ), which proves the lemma. O

Proof of Proposition A.1. — Without loss of generality we assume that
I(] @] I+ = {Z}

Case 1: Iy = {i}. We fix an algebraic closure Q of E. We have

Zindp (V)@k, 2 (B Oko 1) = Zgnap (v)(8) @k, Q
EndD; (‘/;/) Rko Q.

12

TOME 63 (2013), FASCICULE 2



542 Daniel SKODLERACK

The involution defining U(o) on Endp (V) ®g, Q is 0 ®y, id. The above Q-
algebra isomorphism defines an involution o} ®, id on the right side of the
equation where o7 is an involution on Endp/(V;') whose set of fixed points
in F is Ey. By Lemma A.2 the group U(o] ®4, id) is the Weil restriction
of U(c}) from Ey to ko.

Case 2: I; = {i}. The algebra E is a direct product of two fields E;
and E_; and we define Fy to be the set of fixed points of ¢ in E. In the
following part of the proof we use the bijections

E, = Ey—E_;, e, —~e;+o(e;) — ole).
We fix an algebraic closure Q of Ey. As in the proofs of Lemma A.2 and
case 1, we get the product decomposition
ZEndp (V)@r, (B Ok 1)
= Zgndp(v)(B) @k,
(Endp,(V/) @ (Endp, (V)™) @4,

[T (Endp, (v}) @ (Endp, (vV}))?) @5, )

[T((Endo, (V) @5, ) @ (Endp (V) @, 2)°7).

Y

12

12

1%

The unitary group
{9 € (Endp, (V) ®p, Q)@ (Endp, (V) @5, Q)7 | g(0 @, ida)(9) = 1}

is E;-isomorphic to GLp, (V/). We conclude as in the proof of Lemma A.2.
O

Appendix B. Rational characters

In this section we show that the extended and the non-extended buildings
of G are equal in almost all cases. The following statement is common
knowledge, but we give a prove for the sake of completeness. Let X*(?),
denote the set of kg-rational characters of 7. Let us recall that by definition
B1(Q) is different from B(G) if and only if the set X*(GP)y, is non-trivial
(see [6, 4.2.16]).

DEFINITION B.1. — The special unitary group SU(h) of h is a con-
nected reductive group defined over kg, whose set of rational points, which
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we denote by SU(h), is the intersection of U(h) (ko) with the kernel of the
reduced norm on Endp (V).

Remark B.2 ([14], 2.15).

(1) If o is a unitary involution, then G is a k-form of GL,,4(k).
(2) If o is symplectic, then G is k-isomorphic to SU(h) which is a k-

form of the symplectic group Sp,,,;(k), in particluar G is semisim-
ple.
(3) If o is orthogonal, then G is k-isomorphic to SU(h) which is a
k-form of the special orthogonal group SOmd(];f), in particular G°
is semisimple if md # 2.
We further need the following theorem.

PROPOSITION B.3. — X*(G%)y, # 1 if and only if

(B.1) m = 2 and d = 1 and o is orthogonal and h is isotropic.

LEMMA B.4. — Let L|L' be a field extension and n € N. Let L be an
algebraic closure of L. Let ¢ be an L'-algebra monomorphism from M,,(L)
into My, (L). Then there is an element 1 in Gal(L|L’) inducing an L'-algebra

automorphism of M,,(L) via
((aij)ij) = (¥(aij))iz,
such that W o ¢ is an L-algebra monomorphism from M, (L) into M, (L).
Proof. — The map from M,, (L") ®/ L to M, (L) defined by
TRy d(z)y
is surjective, and thus im(¢) contains a L-basis of M, (L). In particular
¢(L) is a subset of the center L of M,,(L). Now choose ¢ € Gal(L|L’) such
that ¥~ equals ¢. O
B.3. — A semisimple group is perfect and has therefore no characters.
By remark B.2 the only cases left are:
(1) o is unitary.
(2) o is orthogonal and md = 2 and not (B.1).
(3) Situation (B.1).
Case 1: We have D = k by Remark 2.1. There is an isomorphism of
k-algebras with involution

(Endy, (V) @, ky 0 @y, idj;) =2 (M, (k) x M,y (k), 5)

with
(B,C) = (CcT,BT),
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and we have k-isomorphisms
G = U(o ®p, id;) 2 U(F) = GL,, (k).

The last isomorphism is induced by the projection to the first coordinate.
Let x be a ko-rational character of G. A character of GL,,(k) is a power
of the determinant. Thus, because of Lemma B.4, x|¢ must be a power of
det |¢ or podet|g. We now fix a basis of V' to get a k-isomorphism from
M,, (k) to Endg (V). The involution o o ()? is conjugate to the transpose
map, which implies

X(@) ™ = x(o(x)) = p(x(x)) = x(x),
for all © € G. The last equality follows from x(G) C ko. In particular the
only possible values of x on G are 1 and —1. Thus y is trivial, because G
is connected and G is Zariski-dense in G by [1, 18.3].

Case 2: We have k = kg, since o is orthogonal. If d = 2 There is an
element a € SU(h) \ {1, -1}, because SU(h) is Zariski-dense in SU(h)
by [1, 18.3]. We have that k[a] is its own centralizer in D, because the
index of D is two, in particular the commutative group SU(h) is a subset
of k[a]. if we introduce a k-basis of D which contains 1 and a, then the
identity from SU(h) to U(c|j[e)) can be extended to a k-isomorphism from
SU(h) to U(o|ke)- By case 1 there is no k-rational character on SU(h).

Let us now assume d = 1 and SU(h) is anisotropic. There is a k-basis of
V such that the Gram matrix of h is of the form

e 0
0o f)’
and we identify Endy (V) with Ma(k). A short calculation shows that

SU(h):{<a Cf>|a,c€k:s.t.a2+ef02:1}.

—ce a
We fix square roots y/e and /—f. The conjugation with

Ve VT
(£ )

2 2

maps SU(h) to SOL. The explicit formula for the map is

(5 D (7 1 dg) et

—ce a

Thus a rational character of SU(h) is of the form

( ‘ Cf) = (a+ ev/=ef)?,

—ce a
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for some integer z. The inverse of (a + ¢v/—ef) is (a — ev/—ef). If 2z is
positive, we apply the binomial expansion to get coefficients o und v in k

such that
(a+cv/—ef)? =a+yy/—ef.

The element v is zero, because v/—ef ¢ k since h is anisotropic. Thus a
k-rational character y of SU(h) satisfies

x(z) = x(a™1),
for all x € SU(h). The density of SU(h) in SU(h) and the connectivity of
SU(h) imply that x is trivial.
Case 3: Here G is kg-isomorphic to O% implying that G° has non-trivial
ko-rational characters. O

BIBLIOGRAPHY

[1] A. BOREL, Linear algebraic groups, Grad. Texts in Math., vol. 126, Springer-Verlag,
New York, 1991, 2nd enl. ed., x+308 pages.

P. Broussous & B. LEMAIRE, “Building of GL(m, D) and centralizers”, Transform.
Groups 7 (2002), no. 1, p. 15-50.

[3] P. BRoussous, V. SECHERRE & S. STEVENS, “Smooth representations of GL(m,D),
V: Endo-classes”, arXiv:1004.5032v1, 2010.

[4] P. Broussous & S. STEVENS, “Buildings of classical groups and centralizers of Lie
algebra elements”, J. Lie Theory 19 (2009), no. 1, p. 55-78.

[5] K. BROWN, Buildings, Springer-Verlag, New York, 1989, viii+215 pages.

2

[6] F. BRUHAT & J. T1TS, “Groupes réductifs sur un corps local. II. Schémas en groupes.
Existence d’une donnée radicielle valuée”, Inst. Hautes Etudes Sci. Publ. Math.
(1984), no. 60, p. 197-376.

, “Schémas en groupes et immeubles des groupes classiques sur un corps
local”, Bull. Soc. Math. France 112 (1984), no. 2, p. 259-301.

, “Schémas en groupes et immeubles des groupes classiques sur un corps

local. II. Groupes unitaires”, Bull. Soc. Math. France 115 (1987), no. 2, p. 141-195.

C. BusHNELL & P. Kutzko, The admissible dual of GL(N) via compact open

subgroups, Ann. of Math. Studies, vol. 129, Princeton Univ. Press, Princeton, NJ,

1993, xii4+313 pages.

[10] M.-A. KNus, A. MERKURJEV, M. RosT & J.-P. TiGNOL, The book of involutions,
AMS Colloquium Publications, vol. 44, Amer. Math. Soc., Providence, RI, 1998,
xxii+593 pages.

[11] E. LANDVOGT, “Some functorial properties of the Bruhat-Tits building”, J. Reine
Angew. Math. 518 (2000), p. 213-241.

[12] B. LEMAIRE, “Comparison of lattice filtrations and Moy-Prasad filtrations for clas-
sical groups”, J. Lie Theory 19 (2009), no. 1, p. 29-54.

[13] A. Moy & G. PrAsAD, “Unrefined minimal K-types for p-adic groups”, Invent.
Math. 116 (1994), no. 1-3, p. 393-408.

[14] V. PraToNOV & A. RAPINCHUK, Algebraic groups and number theory, Pure and
Appl. Math., vol. 139, Acad. press, Inc., BOSTON, 1994, Transl. from the 1991
Russ. orig. by R. Rowen, xii+614 pages.

7]

(8]

[9

TOME 63 (2013), FASCICULE 2



546 Daniel SKODLERACK

[15] G. PraAsaD & J.-K. YU, “On finite group actions on reductive groups and buildings”,
Invent. Math. 147 (2002), no. 3, p. 545-560.

[16] W. SCHARLAU, Quadratic and Hermitian Forms, Springer-Verlag, Berlin and Hei-
delberg, 1985, x+421 pages.

[17] V. SECHERRE, “Représentations lisses de GL(m, D). I. Caractéres simples”, Bull.
Soc. Math. France 132 (2004), no. 3, p. 327-396.

, “Représentations lisses de GL(m, D). II. -extensions”, Compos. Math.
141 (2005), no. 6, p. 1531-1550.

[19] ——, “Représentations lisses de GL(m, D). III. Types simples”, Ann. Sci. Ecole
Norm. Sup. (4) 38 (2005), no. 6, p. 951-977.

[20] V. SECHERRE & S. STEVENS, “Représentations lisses de GLy, (D). IV. Représenta-
tions supercuspidales”, J. Inst. Math. Jussieu 7 (2008), no. 3, p. 527-574.

, “Smooth Representations of GLy, (D) VI: Semisimple Types”, Int. Math.
Res. Not., 2011.

[22] S. STEVENS, “Semisimple characters for p-adic classical groups”, Duke Math. J. 127
(2005), no. 1, p. 123-173.

[23] A. WEIL, Adeles and algebraic groups, Prog. in Math., vol. 23, Birkhduser Boston,
Mass., 1982, iii+126 pages.

(18]

21]

Manuscrit recu le 28 février 2011,
révisé le 9 aott 2011,
accepté le 21 février 2012.

Daniel SKODLERACK
Universitat Miinster
Mathematisches Institut
Einsteinstrasse 62

48149 Miinster (Germany)

skodlerack@uni-muenster.de

ANNALES DE L’INSTITUT FOURIER


mailto:skodlerack@uni-muenster.de

	1. Introduction
	2. Notation
	3. Norms and lattice functions
	4. The Moy-Prasad filtrations
	5. The centralizer
	6. Compatibility with the Lie algebra filtrations
	7. CLF-map from B1(H) to B1(G)
	8. Factorization
	9. The case where I+ is empty
	10. Rigidity of Euclidean buildings
	11. The general case
	12. Torality
	Appendix A. The centralizer of a separable Lie algebra element
	Appendix B. Rational characters
	Bibliography

