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QUATERNIONIC ANALOGUE OF CR GEOMETRY

Hiroyuki KAMADA & Shin NAYATAN/

Introduction.

This note is an expanded version of the two talks given by the second author at the
Séminaire de théorie spectrale et géométrie. In the talks, we introduced the new notions
of hyper and quaternionic CR structures as quaternionic analogues of CR structure, and
explained the construction of a canonical connection when the quaternionic CR struc-
ture is strongly pseudoconvex (and satisfies a certain additional condition) and a pseu-
dohermitian structure, defining a Levi form, is given. The connection may be regarded
as a quaternionic analogue of the Tanaka-Webster connection in CR geometry.

The main purpose of this note is to explain the representation-theoretic meaning of
the condition characterizing the canonical connection. We have tried to keep the presen-
tation as explicit as possible, so that it would be accessible to the readers who are novice
to the classical representation theory.

Biquard [1] recently introduced the notion of quaternionic contact structure as a
quaternionic analogue of CR structure. Our quaternionic CR structure, however, is more
general to the effect that it is naturally defined on any real hypersurface in the quaternion
space.

1. Hyper & quaternionic CR structures and strong pseudoconvexity

We start with a brief review of CR structure. Let M be an orientable manifold of real
dimension 2n + 1. A CR structure on M is given by a corank one subbundle Q of T M, the
tangent bundle of M, together with a complex structure J : Q — Q. Let

QP ={zeQec|jz=v-1z},

so that Q!° is a complex rank nsubbundle of T M e C satisfying Q1°n Q!* = {0}. We shall
assume, unless otherwise stated, that the CR structure is integrable; that is, it satisfies the

Classification math. : 53C26, 32F05.
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formal Frobenius condition [T(Q!?),[(Q1%)] c I(Q"?), or equivalently

(X, Y]-UUX,JY]), [X,JY]1+JX,Y] € (Q)

and
JUXY)1-UX,JY)) =[XJY]+[JX,)Y]
forall X,Y € I(Q).

Let @ be a one-form on M whose kernel is the bundle of hyperplanes Q. Such a 6
exists globally, since we assume M is orientable, and Q is oriented by its complex struc-
ture. Associated with 0, there is a bilinear form Levig on Q, defined by

Levig(X.,Y) =dO0(X,]Y), X,)Y € Q.

Itis symmetric and J-invariant, and is called the Leviformof 8. 1f 8 isreplaced by 6’ = A6,
A # 0, then Levig changes conformally by Levigr = A Levig. We say that a CR structure
is strongly pseudoconvex if Levig is positive or negative definite for some (hence any)
choice of 6. A pseudohermitian structure on M is a strongly pseudoconvex CR structure
together with a choice of € such that Leviy is positive definite.

We now introduce a quaternionic analogue of CR structure.

Definition. Let M be a connected, orientable manifold of dimension 4n + 3. A hyper
CR structure on M is a triple of CR structures (Q;,I), (Qz,7), (Q3,K) which satisfies the
following conditions:

(i) Q; and Q; are transversal to each other;

() I(QNQ)=J(QNQ)=Q NQy;
(iii) therelation IJ = K (resp. JI = —K) holds on Q, n Q3 (resp. Q; N Q3).

Note that Qs is transversal to both Q; and Q, by the condition (ii), and the following
relations also hold:

K(QAQ)=QqnQ;
JK=IonQEnNnQ, KJj=-IonQn Q,
Ki=JjonQ1nQ, IK=-JonQ@Qn Q.
Set Q = N3_, Q,. Itis a corank three subbundle of T M, and has three complex structures

I, ], K satisfying the quaternion relations. Henceforth, we shall write ), = I, , = J and
L = K when appropriate.

Remark. One can define a CR structure (Qg,Iz) for each unit imaginary quaternion T =
ni + v,j + vsk. Roughly speaking, Ir is defined to be 11 + v»] + 13 K. Thus, associated
with a hyper CR structure, there is a canonical family of CR structures parametrized by
the unit sphere $? in Im H.

A triple (73,15, T3) of vector fields transverse to Q is called an admissible triple if it
satisfies the following conditions:

() T; € r(Qb N Q)
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() LT =T,

where (a,b,c) is acyclic permutation of (1,2,3). Note that such a triple (T3, T3, T3 ) certainly
exists, and that T is transverse to Q,. We have

TM=Q,oRI,=Q&RT, oRT; ® RT.

We call Q* = @3_, R T, an admissible three-plane field.
To define a quaternionic analogue of Levi form, we first note that there is an Im H-
valued one-form 6 = 6,i + 6,j + 63k on M such that
ker6,=Q, a=12.3,
and
Oqp0 I, =6, on Qp, (1)

where (a,b,c) is a cyclic permutation of (1,2,3). Indeed, it is enough to take an admissible
triple (Tj, T, ) and choose 9, annihilating Q, so that 6,(7,) = 1. Such an Im H-valued
one-form 6 is said to be compatible with the hyper CR structure. It is unique up to mul-
tiplication by a nowhere vanishing, real-valued function.

Letting 6 = 6,i+ 6,j + 6;k be as above, we have the following identity for X,Y € Q:

do,(X,1Y)+d6,(JX,KY)

do,(X,JY)+d6,(KX,IY)
do3;(X,KY)+dos(IX,]JY). (2)

Indeed, by the integrability of I, we have

where X,Y are extended to sections of Q. Substituting the both sides into 63 and using
(1), we obtain

62([X,Y] - [IX,IY]) = 63([X,IY] + [IX,Y]),

or
d,(X\Y) - do,(IX,IY)=d65(X,IY)+d0;(IX,Y).

Replacement of Y by JY gives the second equality of (2). We now define Levig(X,Y ), the
Levi form of 6, to be the half of this common quantity:

Levig(X,Y)

%(d@l (X,IY) + d61(JX,KY))
- %(dGz(XJY) +d6y(KX,IY))
- -;-(d93(X,KY) +d6s(IX,JY)).

Note that Levig is nothing but the J-invariant part of the “complex” Levi form Levig,
restricted to Q, and accordingly it is symmetric and invariantunder I, J, K.
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If 9 is replaced by 8’ = A9, A # 0, then Levig changes conformally by Levigr =
A Levig. As in the case of CR structure, we say that a hyper CR structure is strongly pseu-
doconvex if Levig is positive or negative definite for some (hence any) choice of 8. A
pseudohermitian structure on M is a strongly pseudoconvex hyper CR structure together
with a choice of 8 such that Leviy is positive definite.

We now introduce another quaternionic analogue of CR structure.

Definition. A quaternionic CR structure is a covering of M by local hyper CR neighbo-
rhoods which satisfies the following condition: let {(Qa.Jz)}a=1,23 and {(Q},1;)}a=123
be two such local structures defined on open subsets U and U’ respectively. f U n U’ =
@, thereis an Sp(1)-valued function o = oyny' : U N U’ - Sp(1) such that

7 - 7 — 2 ’
(Qg)q = Qu(q)-1go(q) (Ig)q = L()izoiqy TESLqeUnl’. 3)

If (sap) denotes the SO(3)-valued function corresponding to o under the double cove-
ring Sp(1) — SO(3), then the latter relation in (3) may be written as

3

L= sal, a=123.
b=1

Given a quaternionic CR structure, there are local corank three bundles Qy associa-
ted with the local hyper CR structures. But Qy = Qu on U n U’, and they give rise to a
bundle Q defined globally on M.

Let {8y} be a collection of local Im H-valued one-forms compatible with the local
hyper CR structures such that 8y = 06y o~ on U n U’, where o is as in the definition
above. Such a collection exists, and it is unique up to multiplication by a nowhere vani-
shing, real-valued function. Associated with 8y are the local Levi forms Levig,, , and one
- can verify that Levig, = Levig,, on U n U’. Hence we obtain a globally defined symme-
tric bilinear form, denoted by Levig, and using this we define the strong pseudoconvexity
of a quaternionic CR structure. A pseudohermitian structure is a collection {8y} such
that Levig is positive definite.

Each fibre of Q has a family of complex structures parametrized by the two-sphere
S? with no preferred choice of triple satisfying the quaternion relations. This amounts to
saying that the bundle Qhas a GL(n,H)- H*-structure, where GL(n,H)-H* = GL(n,H)x
Sp(1)/{=I,+1}. Achoice of pseudohermitian structure {8} gives Q a fibre metric Levig,
and it is invariant under any of the complex structures on the fibre. Thus the choice of
{6y} reduces the structure group of Q from GL(n,H) - H* to Sp(n) - Sp(1) = Sp(n) x
Sp(1)/ {£Ipn)}.

2. Canonical connection

In this section, we shall discuss the construction of a quaternionic analogue of the
Tanaka-Webster connection [5, 7] in CR geometry. Throughout this section, we shall as-
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sume that the hyper and quaternionic CR structures are strongly pseudoconvex. Since
our construction is modelled on that in the CR case, we first review it briefly.

Let (M,6) be a pseudohermitian manifold whose underlying CR structure is not ne-
cessarily integrable. We assume, however, that it satisfies the weaker form of the integra-
bility condition [T(Q"°),I(Q'°)] c I(Q ® C), which assures that g = Levig is symmetric
and J-invariant. Let T be an arbitrary transverse vector field such that 8(T) = 1; except
for this point, we follow the explanation of the Tanaka-Webster connection due to Rumin
[3], where T is the Reeb field from the beginning. For each k > 0, define a Riemannian
metric gp,x on M by

gmk = g+ k6?,
where gis extended to a positive semidefinite form on T M by defining g(T,-) = 0. There

is a unique connection V which satisfies V gy x = 0 for all k and has as small torsion as
possible. It is characterized by the following conditions:

(i) the subbundle Qis preserved by V;
(ii) gand T are V-parallel;
(iii) the torsion tensor Tor of V satisfies
(@ Tor(X,Y)o=0, X, Y €Q
(b) X € Q - Tor(T,X)q € Qis g-symmetric,

where Eg denotes the Q-component of a tangent vector E with respect to the splitting
TM = Q& RT. It follows from Vg = 0 and (iii-a) that for X,Y € I'(Q), Vx Y is given by

2g(VxY,Z) = Xg(Y,Z)+Yg(X,Z)-Zg(X,Y) + g([X,Y1q.Z)
-g([X.,Z10,Y) — g([Y,Z]o.X) forallZ € I(Q). (4)

We now determine T so that the corresponding connection V be as close to being
a unitary connection as possible. Since any orthogonal connection on a hermitian line
bundle is unitary, this step does not work when n = 1. Hence we assume n > 2 hereafter.
Fix an arbitrary T, and write T = T + 2]V for V € I'(Q). Then by (4), the corresponding
connections V and V are related by

VxY = VxY + gUUX,Y)JV - gJV.Y)JX — gJV.X)]Y. (5)
Let {ey,...,e,} be alocal unitary basis for Q1'°, and write
n n
Vei=2(wijej+wij27), Ve,-=Z((bil=ej+dJ,-je_j).
j=1 j=1

Note that V is a unitary connection if and only if ®; j = 0forall i, j. Using (5) we obtain

W;jle) = w;jler),
®;j(E) = w;j(e) +6k;Vi- 61V,
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where we write V = Z?=1 (Vie;+Vie;). @; j(ex) areindependent of V, and they all vanish
if and only if the CR structure is integrable, while «; ; (€;) can always be made zero by an
appropriate choice of V. Using (4) and d(d0)(e; e, &) = 0, we obtain

1
wij(@) = 5 (5d0(T,e)) - 6;d0(T,e)).

Hence, by choosing
— 1
Vi=5do(T.e), i=1,...n 6)

we can achieve @; j(€;) = 0. Note that (6) is equivalent to T being the Reeb field associa-
ted with 6. In particular, the resulting connection V is the Tanaka-Webster connection,
as generalized to the non-integrable case by Tanno [6].

We now turn to the quaternionic case. As above, our construction proceeds in two
steps: first we construct a certain connection V for each admissible three-plane field
Q*. Next we determine Q* so that V satisfy a certain restriction. Let (M,8) be a hyper
CR manifold with a choice of pseudohermitian structure. We denote the Levi form of
by g. Let Q* be an admissible three-plane field, so that we have the splitting

TM = Qe Q. @
Set g+ = 6,2 + 6,2 + 652, and for each k > 0, define a Riemannian metric gy x on M by

gmx = g+kg*,

where g is extended to a positive semidefinite form on T M by defining g(U,-) = 0 for all
U e Q+*.The splitting (7) is orthogonal with respect to all gy «. As in the CR case, there
is a unique connection V which satisfies V gy, 1 = 0 for all k and has as small torsion as
possible. We shall state a characterization of this connection as

PropOSITION 2.1. — Ler (M,0) be a hyper CR manifold with a choice of pseudoher-
mitian structure, and let Q* be an admissible three-plane field. Then there exists a unique
affine connection V on M satisfying the following conditions:

(i) the subbundle Q is preserved by V;
(ii) the Levi form g is V -parallel;
(iii) the three-plane field Q* is preserved by V;
(iv) the metric g* on Q* is V -parallel;
W) forX,Y € QandU,V € Q*,
(@) Tor(X,Y)q=0;
() Tor(U,V)q. =0;
() X € Q~ Tor(U,X)q € Q is g-symmetric;
@) U e Q" — Tor(U,X)g: € Q' isg"-symmetric.

Here Eq and Eq. respectively denote the Q- and Q*-components of a tangent vector E
with respect to the splitting (7).
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Note that for X,Y € I(Q), VxY is given by the same formula as (4). The proof of this
proposition is given in [2]. See also [1].

Our next task is to determine Q*, and we shall do this as follows. For the moment,
we shallregard V as a connection on Q. Take a local adapted orthonormal frame for Q:

{€4-3, €4x-2 = I€41-3, Eak—1 = JE€4k-3, €4k = K&gk-3}1<kgns

and let w be the corresponding matrix of connection forms of V. We regard w as being
defined on Q. Then its (sp(n) + sp(1))*-component w* gives an obstruction for the
Q-partial connection

Ve (X,Y) €e(Q) xT(Q) -~ VxY € I(Q)

preserving the Sp(n) - Sp(1)-structure of Q. w* is tensorial, and (w*), is an element of
Qy* @ (sp(n) + sp(1))* for each point g. We shall now require that w* be as small as
possible.

We write down the connection forms of V with respect to a special complex frame
for Q. Let
QW ={XeQecC!|IX=vV-1X}.

Then we have the orthogonal decomposition
QeC=0Q" e QY

and J interchanges the two components. If {¢,,...,&4,} is an adapted orthonormal frame
for Q, then

k-1 = i E4h-3 — \/:T&u——z » 2k = L E4k—1 — \/:T£4k
V2 V2

1<k<n
is a unitary basis for Q' and J : Q' — Q!0 s given by

Jexk-1 =&, Je =—-€r-1, k=1,...,n
We define one-forms w;;and w;; (i,j =1,...,2n) by

2n

Ve; = E (w,-J-ej -+ w,J'e_]) .
j=1

Corresponding to the fact that V is an SO(4 n)-connection, (w; ;) is skew-hermitian and
(w; ;) is skew-symmetric. The requirement on V as above leads to the following condi-
tion:
z 1
S [@ek-r @D + wan (@) + S @ik ranlTep) | = 0, ®
k=1
I=1,...,n, j=21-12L
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One can then prove

THEOREM 2.2. — Suppose that the symmetric bilinear form h on Q defined by

3
h(X,Y)= (2n+4)g(X.Y) - Zd@a(X,IaY), XY € Q,

a=1

is nondegenerate. Then there exists a unique admissible three-plane field Q* for which (8)
holds.

We call the corresponding connection the canonical connection associated with (M,0).
The proof of this theorem is given in (2].

Note that h remains unchanged under the deformation of hyper CR structure as in
(3), and so the definition extends to the quaternionic CR structure. The construction of
the canonical connection also extends to the quaternionic CR structure. The condition
on hissatisfied if the quaternionic CR structure is equivalent to that induced on a strictly
convex real hypersurfaces in H”*!, for example. In fact, h is positive definite in this case.

In the remainder of this section, we shall explain how the condition (8) is deduced
from representation-theoretic investigation. Q,™ ® (s p(n)+sp(1))* isan Sp(n)xSp(1)-
module whose model is H” ®(sp(n) + sp(1))*. Swann [4] wrote down the irreducible
decomposition of this module explicitly, which we shall review. Let E (resp. H) be the
standard complex S p(n)(resp. S p(1))-module, with the left action of Sp(n) (resp. Sp(1))
through the inclusion Sp(n) ¢ SU(2n) (resp. Sp(1) = SU(2)). Then we have

H'eC=E®H (9)

and

(sp(n) +sp(1))* ® C = AJE ® S°H (10)
as complex Sp(n) x Sp(1l)-modules. In fact,
A’H"®C (as SO(4n)-modules)
A*(E ® H) (11)
(S’E @ Cwy) ® (Cwg ® S’H) @ (ASE ® S?H),

so(4n) ® C

m m

n

where wg = 22;1 €1 A e and wy = f] A £, (see below for the notation). Since

S2E = sp(n) and S?H = sp(1), we conclude (10). It follows from (9) and (10) that
(H*e(sp(n) +sp(1))*) ® C (E ® H) ® (ASE ® S?H)

(E ® AJE) ® (H ® S?H) (12)

(KeAJE®E) ® (SH e H),

1

n

n

where K is the irreducible complex Sp(n)-module with highest weight (2,1,0,...,0).
Therefore, we have the irreducible decomposition
(H" ®(sp(n) +sp(1))*) ® C
= (K®S°H) e (AJE e SH) @ (E e S°H)
e(KeH)e (ASE® H) ® (E ® H).
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Note that if n = 2 then A3E = 0 and there are four irreducible components. In this case,
we have checked that the components of w* correspondingto K @ S*H and E ® S°H
both vanish. On the other hand, in general, it is impossible to kill the component of w*
corresponding to K ® H by an appropriate choice of Q*. We shall see that the condition
(8) represents the vanishing of the E ® H-component of w®. It remains to carry out
similar observation when n is general.

We want to understand the component of an element of H”?® (s p(n) + sp(1))* cor-
responding to E ® H explicitly. We start by making the correspondences (9) and (10) more
explicit. For (9),let I : H” — H”" be the complex structure given by the right multiplica-
tion of i"!, and set

V={XeH'eC|IX=V-1X},

so that we have H® ® C = V @ V. Let (&1, .. .,£4,) be the standard basis for H* = R*",
and define a complex basis for V by

1 1
k-1 = ﬁ(&lk‘:i - V=1&p-2), ex= ﬁ(&w—l - Vv=1&), k=1,...,n

~Also, let (ey, . ..,e5,) and (f},f2) respectively denote the standard basis for E = C?” and
H = C2. Then the correspondence

er-1 = €108, er - enof,

-1 ~ —exef, e —- ep_10f)

(k=1,...,n) gives anisomorphism H” ® C = E ® H. Thisis an isometry with respect to
the standard inner product on H"® C = C*” and the one on E @ H described as w} @ w};,
where wg = Y1, €5, A €5, and wjy = £ A £, Here (e], ... ,e3,) and (f].£;) denote
the bases for E* and H*, dual to (e, ...,e3,) and (f},f,) respectively.

For (10), we shall find the elements of (sp(2) + sp(1))* ® C corresponding to ge-
nerators of A3E ® S?H, by tracing the isomorphisms in (11) backwards. For example, we
obtain

(€26-1 A €21-1) ® (fi - f1) € AJE ® S*H
~  (e-1© 1) A (€1 8 f)) € A2(E © H)
- BrAG e NH"®C.
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We record here the results of computation:

(a1 Aey_)e(fi-fi) ~ exaey
(-1 ney_1)® (- £5) < e Aeyy

1 _ —
(e2r-1neyy)o(fy - fr) - E(ezk—l A€l — €1 Aey)

(e2x Aex) () - f1) « el Ae

(e ney) ®(fy-fy) — e Aey

| R .
(e ney) o (fy - ) - E(—ezk—l A ey +e_1 A ey)

n
(eax Aegm1)o® (- f)) « -y Aer+ ‘;(Skl E €m-1 A €m

m=1
n

1
(e2x ney—1)o® (f, - £2) — exney+ ;5kl E €m-1 N em
m=1

1 —_—
(eax nezi1)o® (fy - £2) -~ 5(—ezk—1 A e_1 — €] A ex)

1 n
+ 2—5k1 Z(eZm—l A em-1+&m A eym)
m=1

The inverse of the isomorphism H ® S?H = S*H @ H embeds H into H ® S?H by
sprweH ~ e, -w)-HH e (f;- w) € He S*H.

Similarly, the inverse of the isomorphism E ® A3E = K @ AJE & E embeds E into E® A3E
by

n
S weE ~ Z [e2r-1 ® (€21 A W)g — €21 ® (€21 A W)o] € E ®A5E.
k=1

We shall now identify the component of (w*), € Qq* ® (sp(n) + sp(1))* corres-
ponding to E ® H. Mappinge;;_; ® f; € E ® H by sg ® sy, we obtain

SE ® sy (e~ @ fy)
n
= S [e2k-1 ® (e2x A €21-1)0 — €2k ® (€211 A €211)]
k=1

elfief-fi)-Hhe(f-fi)] € (E®ASE) ® (H ® S’ H).
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Under the first two isomorphisms in (12), this corresponds to
n

z {(exx-1 ®f)) ® [(e2c A ex_1)o® (F, - f1)]
=1

— (e ®f)) ® [(exx-1 A €21-1) ® (5 - £1)]

—(exr-1 ®6) ® [(€2x A €21-1)0 @ (£ - £1)]

(e ® fr) ® [(€21-1 A €21-1) ® (£ - f1)]}
€ (E ® H) ® (AJE ® S*H)

n

— | —
- E {eZk ® [5(—92k—1 A ej_1 — €] A ey)
=1

n

1 — -
+E5kl E (&m_1 A eam-1+e€m A eZm)]
m=1
— 1 - _—
+ér1 ® E(eZk—l A €1 — ey1-1 A )

n
—_— — 1 —
—€p-1 ® [—eZk-] A e+ ;5“ E €2m-1 N eZm]

m=1
+ex ® (35 A m}
€ (H"®A’H") @ C.

Note that at each point g € M, we can express the connection form w as

n
w = E W;j®P; A @j+ E wi-]-sﬁ/\qoj+ E W;;®P; NP,
1<i<j<2n 1<i< j<2n i,j=1

where (@, ...,Q2,) is the dual of the unitary basis (e, .. .,ey,) for (Q,,)"0 = V. Then
the coefficient of the component of w+* corresponding to e,;-,®f; € E ® H is given by

k=1 m=1

n n
1 1 S
z :{[E(_ka—l,Zl—l — W) + _2n6’d E :(“’_2m—' T2m-1 1 w_2m,2m)] (€x)

n
1 —— 1
+5(w2k—1.§7 — Wy 78 (@r1) — [‘wzk—l,ﬁ + 'ﬁ‘skl Z wzm—‘l,m] (e2x-1)
m=1

+w§E2_[(eZk)}

(1 .1 —
= {E(—wzk—l,zl-l - wy (@) + 'z—n(wzk—l,zk—l + Wig o) (@1)
k=1

1 -
"'E(wzk—l,ﬁ - Wy;_y75) (@x1)

1
+wi—rzi(€k-1) - ;u’_—zk_l’ﬁ(eﬂ-l) + w-iji(ezk)}-
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We now use the following relations which are consequences of the integrability of the CR
structures (Qgu,l;), a = 1,2,3 (see [2]):

(W, 13777 — Dp30) (X)) = (war-12k + W212k-1)JX),
(wy 3% + Wyy557) (X) —(wa-1,2k-1 — Wa128) (JX),
XeQeC, kl=1,...,n

Then the above coefficient can be rewritten as

n

3 1
> E [ka—I.ZI(eZk—I) + W21 (exx) ~ ;w2k—1,2k(922—1):| .
k=1

Up to a constant, this is the complex conjugate of the left-hand side of (8) with j = 21.
Likewise, computing the coefficients corresponding to the basis of E ® H, we obtain the
left-hand sides of the equations (8) as well as their complex conjugates.
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