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QUATERNIONIC ANALOGUE OF CR GEOMETRY

Hiroyuki KAMADA 8 Shin NAYATANI

Introduction.

This note is an expanded version of the two talks given by the second author at the
Séminaire de théorie spectrale et géométrie. In the talks, we introduced the new notions
of hyper and quaternionic CR structures as quaternionic analogues of CR structure, and
explained the construction of a canonical connection when the quaternionic CR struc-
ture is strongly pseudoconvex (and satisfies a certain additional condition) and a pseu-
dohermitian structure, defining a Levi form, is given. The connection may be regarded
as a quaternionic analogue of the Tanaka-Webster connection in CR geometry.

The main purpose of this note is to explain the representation-theoretic meaning of
the condition characterizing the canonical connection. We have tried to keep the présen-
tation as explicit as possible, so that it would be accessible to the readers who are novice
to the classical représentation theory.

Biquard [1] reeently introduced the notion of quaternionic contact structure as a
quaternionic analogue of CR structure. Our quaternionic CR structure, however, is more
genera] to the effect that it is naturally defined on any real hypersurface in the quaternion
space.

1. Hyper b quaternionic CR structures and strong pseudoconvexity

We start with a brief review of CR structure. Let M be an orientable manifold of real
dimension 2n +1. A CR structure on M is given by a corank one subbundle Q of TM, the
tangent bundie of M, together with a complex structure J : Q — Q. Let

Qll0 = \Z e Q®C | JZ-

so that Q10 is a complex rank AÏ subbundle of TM $ € satisfying Ql*°n Q}-° = {0}. We shall
assume, unless otherwise stated, that the CR structure is integrable; that is, it satisfies the

Classification math. : 53C26,32F05.
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formai Frobenius condition [T(Q]'°)X(Qh0)] c IXQ1'0), or equivalently

[X,Y] - [JXJYl [XJY] + [JX,Y] e Y(Q)

and
MX,Y] - [JXJY]) = [XJY] +

Let ö b e a one-form on M whose kernel is the bundie of hyperplanes Q. Such a 9
exists globally, since we assume M is orientable, and Q is oriented by its complex struc-
ture. Associated with 9, there is a bilinear form Levie on Q, defined by

Levid(X,Y) = de(XJY), XtY e Q.

It is symmetrie and ƒ-invariant, and is called the Leviform of 9. If 0 is replaced by 0' = À 9,
À * 0, then Leviö changes conformally by Levie' = À Levi^. We say that a CR structure
is strongly pseudoconvex if Levi^ is positive or négative definite for some (hence any)
choice of 9. A pseudohermitian structure on M is a strongly pseudoconvex CR structure
together with a choice of 9 such that Levi^ is positive definite.

We now introducé a quaternionic analogue of CR structure.

Définition. Let M be a connected, orientable manifold of dimension An + 3. A hyper
CR structure on M is a triple of CR structures ( Q\ ,ƒ), ( QzJ), ( Qs,K) which satisfies the
following conditions:

(i) Q! and Q2 are transversal to each other;
(ii) / ( ( à n Q3) = J(Q2 n Q3) = Qi n Q2;

(iii) the relation IJ = K (resp. ƒƒ = -if) holds on Q2 n Q3 (resp. Qi n Q3).

Note that Q3 is transversal to both Q\ and Q2 by the condition (ii), and the following
relations also hold:

K(Q3 n Q,) = % nQ2]

JK = ƒ on Qs n Q^ JC/ = - ƒ on Q2 n Q],

Kl = ƒ on Qi n Q2, /iT = - ƒ on Q3 n Q2.

Set Q = n^=1 Qa. It is a corank three subbundle of TM, and has three complex structures
I, J, K satisfying the quaternion relations. Henceforth, we shall write Ix = I, I2 = ƒ and
h = K when appropriate.

Remark. One can define a CR structure ( QçJç) for each unit imaginary quaternion t> =
i/]i + i/J + i;3k. Roughly speaking, Iç is defined to be Vj I + i/27 + 1̂3 AT. Thus, associated
with a hyper CR structure, there is a canonical family of CR structures parametrized by
the unit sphère S2 in Im M.

A triple ( TitT2tT^) of vector fields transverse to Q is called an admissible triple if it
satisfies the following conditions:

(i) Ta
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(ii) IaTb= Tc,

where (a,b,c) is a cyclic permutation of ( 1,2,3). Note that such a triple ( T\, T2, T$ ) certainly
exists, and that Ta is transverse to Qa. We have

TM = Qö ® D&rö = Q e RJi e KT2 e

We cal! Q1 = e^=1 IR Ta an admissible three-plane field.

To define a quaternionic analogue of Levi form, we first note that there is an lm H-
valued one-form 9 = #ii + Ö2J + ö3k on M such that

= Qa, a = 1,2,3,

and
0a°Ib = Oc on Qb, (1)

where (a,b,c) is a cyclic permutation of (1,2,3). Indeed, it is enough to take an admissible
triple {Ti, T2, T3) and choose 6a annihilating Qa so that 6a{ Ta) = 1. Such an lm H-valued
one-form 6 is said to be compatible with the hyper CR structure. It is unique up to mul-
tiplication by a nowhere vanishing, real-valued function.

Letting 9 = 0ji + Ö2J + 03k be as above, we have the following identity for X,Y € Q:

dOx {XJY) + d0l UXtKY) = dO2(XJY) + d92(KX,IY)

= d03(X,KY) + d03(IXJY). (2)

Indeed, by the integrability of ƒ, we have

KiX.Y] - [IX,IY]) = [XJY] + [/X,y],
where X,Y are extended to sections of Q. Substituting the both sides into ö3 and using
(1), weobtain

o2([x,Y] - [/xjy]) = 03([XJY]

or
dö2(X,y) - dez(IXJY)

Replacement of Y by JY gives the second equality of (2). We now define Levig (X,Y ), the
Levi form of 0, to be the half of this common quantity:

Levi9(X,Y) = i(rfÖ1(X,/y) + d01(7X,^7))

= l(dO2(XJY)+de2(KXJY))

Note that Levi^ is nothing but the /-invariant part of the "complex" Levi form
restricted to Q, and accordingly it is symmetrie and invariant under /, J, K.
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If 9 is replacée! by 9' = \9, A * O, then Levi# changes conformally by Levi^ =
A Levig. As in the case of CR structure, we say that a hyper CR structure is strongly pseu-
doconvex if Levi^ is positive or négative definite for some (hence any) choice of 9. A
pseudohermitian structure on M is a strongly pseudoconvex hyper CR structure together
with a choice of 9 such that Levi^ is positive definite.

We now introducé another quaternionic analogue of CR structure.

Définition. A quaternionic CR structure is a covering of M by local hyper CR neighbo-
rhoods which satisfies the following condition: let {(Qa,Ia)}a=\,2,3 and {(Q'aJa)}a=\,2,3
be two such local structures defined on open subsets U and U' respectively. If U n U' *
0, thereisan Sp(l)-valued function a = o"[/nt/' ' U n U' -* Sp(l) such that

ïeS2,qeUnU'. (3)

If (sab) dénotes the SO(3)-valued function corresponding to a under the double cove-
ringSp(l) — SO(3), then the latter relation in (3) maybewritten as

3
Ja = Yl SabIb' a = lf2'3'

b=\

Given a quaternionic CR structure, there are local corank three bundies Qu associa-
ted with the local hyper CR structures. But Qu = Qu' onU n U', and they give rise to a
bundie Q defined globally on M.

Let {9y} be a collection of local lm H-valued one-forms compatible with the local
hyper CR structures such that 9\j> = a9\ja~l on U n U', where a is as in the définition
above. Such a collection exists, and it is unique up to multiplication by a nowhere vani-
shing, real-valued function. Associated with 9y are the local Levi forms Levi^, and one
can verify that Levigy = Levi^, on U n U'. Hence we obt'ain a globally defined symme-
trie bilinear form, denoted by Levi^, and using this we define the strongpseudoconvexity
of a quaternionic CR structure. A pseudohermitian structure is a collection {öy} such
that Leviö is positive definite.

Each fibre of Q has a family of complex structures parametrized by the two-sphere
S2 with no preferred choice of triple satisfying the quaternion relations. This amounts to
saying that the bundie QhasaGI(w,IHl)-IHI*-structure, whereGI(n,IHl)-IHl* = GL(n,M)x
S p( 1 ) / {± 7„+i}. A choice of pseudohermitian structure {9y} gives Q a fibre metric Levi^,
and it is invariant under any of the complex structures on the fibre. Thus the choice of

reduces the structure group of Q from GL(nM) • M* toSp(n) - Sp(l) = Sp(n) x

2. Canonical connection

In this section, we shall discuss the construction of a quaternionic analogue of the
Tanaka-Webster connection [5, 7] in CR geometry. Throughout this section, we shall as-
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sume that the hyper and quaternionic CR structures are strongly pseudoconvex. Since
our construction is modelled on that in the CR case, we first review it briefly.

Let (M,G) be a pseudohermitian manifold whose underlying CR structure is not ne-
cessarily integrable. We assume, however, that it satisfies the weaker form of the integra-
bility condition [r(Q1'°)J(Q1'0)] c T(Q ® C), which assures that g = Levi^ is symmetrie
and /-invariant. Let T be an arbitrary transverse vector field such that 0(T) = 1; except
for this point, we follow the explanation of the Tanaka-Webster connection due to Rumin
[3], where T is the Reeb field from the beginning. For each k > 0, define a Riemannian
metric gM,k on M by

where gis extended to a positive semidefinite form on TM by defining g( T, • ) = 0. There
is a unique connection V which satisfies VgM,k = 0 for all k and has as smal! torsion as
possible. It is characterized by the following conditions:

(i) the subbundle Q is preserved by V;

(ii) g and T are V-parallel;

(iii) the torsion tensor Tor of V satisfies

(a) Tor(X,y)Q = 0, Xf Y e Q;

(b) X e Q - TOT(T,X)Q e Q is g-symmetric,

where EQ dénotes the Q-component of a tangent vector E with respect to the splitting
TM = Q e DS T. It follows from Vg = 0 and (iii-a) that for X,Y eT(Q),VxY is given by

2g(Vxy,Z) = Xg(Y,Z) + Yg(X,Z) - Zg(X,Y) + g([X,Y]QtZ)

-g{[X,Z]Q,Y) - g{{Y,Z]Q,X) for all Z s T(Q). (4)

We now détermine T so that the corresponding connection V be as close to being
a unitary connection as possible. Since any orthogonal connection on a hermitian line
bundie is unitary, this step does not work when n = 1. Hence we assume n ^ 2 hereafter.
Fix an arbitrary T, and write f = T + 2]V for V e T( Q). Then by (4), the corresponding
connections V and V are related by

VXY = VX7 + g{JX,Y)JV - g(JV,Y)JX - g(JV,X)JY. (5)

Let {e\9...,en} be a local unitary basis for Q10, and write

Note that V is a unitary connection if and only if cbjy = 0 for all i, j . Using (5) we obtain

5kjVi -
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where we write V = J2"=\ ( viei+ ^^/) • &ij(ek) are independent of V, and they all vanish
if and only if the CR structure is integrable, while af ij (ëjr) can always be made zero by an
appropriate choice of V. Using (4) and d(d6)(ei,ej,!>k) = 0, we obtain

(OijÇSk) = -(Skid0(T,ej) - 5kjd9(T,ei)).

H e n c e , b y c h o o s i n g

V l i ) , z = l , . . . , n , (6)

we can achieve eb,-y (§£) = 0. Note that (6) is equivalent to f being the Reeb field associa-
ted with 9. In particular, the resulting connection V is the Tanaka-Webster connection,
as generalized to the non-integrable case by Tanno [6].

We now turn to the quaternionic case. As above, our construction proceeds in two
steps: first we construct a certain connection V for each admissible three-plane field
Q±. Next we détermine Q1 so that V satisfy a certain restriction. Let (M,0) be a hyper
CR manifold with a choice of pseudohermitian structure. We dénote the Levi form of 9
by g. Let Q1 be an admissible three-plane field, so that we have the splitting

TM= Q e Q \ (7)

Set g1 = Ö]2 + 92
2 + 03

2, and for each k > 0, define a Riemannian metric gM,k on M by

gM,k =

where g is extended to a positive semidefinite form on TM by defining g( U, • ) = 0 for ail
U e Q-1. The splitting (7) is orthogonal with respect to ail gM.k- As in the CR case, there
is a unique connection V which satisfies VgM.t = 0 for all k and has as small torsion as
possible. We shall state a characterization of this connection as

PROPOSITION 2.1. — Let (M,9) be a hyper CR manifold with a choice of pseudoher-
mitian structure, and let Q± be an admissible three-plane field. Then there exists a unique
affine connection V on M satisfying the following conditions:

(i) the subbundle Q is preserved by V;

(ii) the Levi form g is V -parallel;

(ni) the three-plane field Qx is preserved by V ;

(iv) the metric g-1 on Q1 is V -parallel;

(v) forX,Y G QandUtV G Q1,

(a) Tor(X,y)Q = 0;

(b) Tor(U,V)Qx = 0 ;

(c) X e Q ~ Tor(£7,X)Q G Q is g-symmetrie;

(d) U G Q- - Tor(U,X)Qi G Q-1 is g1-symmetrie.

Hère EQ and EQ± respectively dénote the Q- and Q-1 -components of a tangent vector E
with respect to the splitting (7).
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Note that for X,Y e T(Q), VXY is given by the same formula as (4). The proof of this
proposition is given in [2]. See also [1].

Our next task is to détermine Q1, and we shall do this as follows. For the moment,
we shall regard V as a connection on Q. Take a local adapted orthonormal frame for Q:

and let 00 be the corresponding matrix of connection forms of V. We regard œ as being
defined on Q. Then its (sp(n) + sp(l))1 -component œ1 gives an obstruction for the
Q-partial connection

V<? : (X.Y) s T(Q) x T(Q) ~ VXY e T(Q)

preserving the Sp{n) • Sp(l)-structureof Q. œ^ is tensorial, and (œ±)q is an element of
Qq* ® (sp(ri) + sp(l))1 for each point q. We shall now require that œ1 be as small as
possible.

We write down the connection forms of V with respect to a special complex frame
for Q. Let

Q1'0 = {X e Q ® C I IX = V^ÎX) .

Then we have the orthogonal décomposition

Q ® C = Ql>° e Q1'0,

and ƒ interchanges the two components. If {a 1,.. . ,f4n} is an adapted orthonormal frame
for Q, then

is a unitary basis for Q1'0, and J : Q1'0 - Q1-0 is given by

We define one-forms co^ and Wij (i,j = 1, . . . yin) by

2»

M

Corresponding to the fact that V is an SO(4n)-connection, (œi j) is skew-hermitian and
(coij) is skew-symmetric. The requirement on V as above leads to the following condi-
tion:

\ 2k\,2k(Jej)\ = 0, (8)

l = \,...,n, j = 21-1,21.
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One can then prove

THEOREM 2.2. — Suppose that the symmetrie bilinear form h onQ definedby

3

h(X,Y) = (2n + 4)g(X,F)-^rfÖa(X,/ay), X,Y e Q,

is nondegenerate. Then there exists a unique admissible three-plane field Q1 for which (8)
holds.

We cal] the corresponding connection the canonical connection associated with (M,0).
The proof of this theorem is given in [2].

Note that h remains unchanged under the déformation of hyper CR structure as in
(3), and so the définition extends to the quaternionic CR structure. The construction of
the canonical connection also extends to the quaternionic CR structure. The condition
on h is satisfied if the quaternionic CR structure is equivalent to that induced on a strictly
convex real hypersurfaces in 1H1"+1, for example. In fact, h is positive défini te in this case.

In the remainder of this section, we shall explain how the condition (8) is deduced
from representation-theoretic investigation. Qq* ® is pin)+s pil))1 is an Sp{n)xSp(l)-
module whose model is Mn ®(sp(n) + spil))1. Swann [4j wrote down the irreducible
décomposition of this module explicitly, which we shall review. Let E (resp. H) be the
Standard complex Spin)iresp. S pi l))-module, with the left action of Spin) (resp. Spil))
through the inclusion S pin) c SUi2n) (resp. Spil) = SU (2)). Then we have

= E® H (9)

and
{sp(n) + spil))1 ® C = AQ£ ® S2H (10)

as complex Sp{n) x Sp(l)-modules. In fact,

soi4n) ® C = A2 H" ® C (as SO(4rc)-modules)

s A2(E®H) (11)

= iS2E ® Cœ H ) e{C(joE<s> S2H) e (Ajjf ® S2H),

where CÜE - 5 "̂-=i e2k-\ A *2k and co^ = fi A f2 (see below for the notation). Since
S2E s sp{n) and S2H ^ sp{l)t we conclude (10). lt follows from (9) and (10) that

(H" ®{spin) + spil))1) ® C = (E®H)® iAlE * S2H)

= iE®AlE) ® iH<2>S2H) (12)

= (K e AIE e E) ® {S3H © H),

where K is the irreducible complex Spin)-modu\e with highest weight (2,1,0,...,0).
Therefore, we have the irreducible décomposition

s (K* S3H) © {A3
0E 0 S3H) © (E e S3H)

H) © (A^£ ® H) © (£ ® H).
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Note that if n = 2 then AQE = 0 and there are four irreducible components. In this case,
we have checked that the components of to1 corresponding to K ® S3H and E <s> S3H
both vanish. On the other hand, in gênerai, it is impossible to kil! the component of oo1

corresponding to K $ H by an appropriate choice of Q1. We shall see that the condition
(8) represents the vanishing of the E ® H-component of oo±. It remains to carry out
similar observation when n is gênerai.

We want to understand the component of an element of Hn® (sp(n) + sp ( l ) ) a cor-
responding to E <s> H explicitly. We start by making the correspondences (9) and (10) more
explicit. For (9), let I : Mn — Hn be the complex structure given by the right multiplica-
tion of i~\ and set

V = {X e Wn <s> c i IX = ^

so that we have Mn ® C = V e V. Let ( ^ , . . ,f4fl) be the standard basis for Hn =
and define a complex basis for V by

Also, let (ei , . . . ,e2n) and (ft ƒ2) respectively dénote the Standard basis for E = C2" and
ƒƒ = C2. Then the correspondence

(A; = 1,.. ..,n) gives an isomorphism Un ® C s £ ® H. This is an isometry with respect to
the standard inner product on M n ® C = €4n and the one on E ® H described as co | ® co£,
where co| = £" -1 e*fc_j A e*fc and co^ = ff A f*. Here (e? , . . . ,ejrt) and (ff ,f2*) dénote
the bases for £* and H* t dual to (ei , . . . ,e2n) and (ft,f2) respectively

For (10), we shall find the éléments of (sp(2) + $p(l))± ® C corresponding to ge-
nerators of AQI? ® S2H, by tracing the isomorphisms in (11) backwards. For example, we
obtain

-i A e2;-i) ® (ft • ft) € A2
0E
0

2- (e2Jt-i ® ft) A (e2 /-! ® ft) e A2(£

** ftik AëiYe A2Mn® C.
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We record here the results of computation:

A e2/-i) ® (f] • fi) ~ ë2fcA*ëi7

A e2/-i) ® (f2 • f2) — e2h-\ A e2i-\

(e2jt-i A e2/-i) ® (fi * f2) ~ ö

A e2l) ® (f| * f] ) •* &2k-\ A e2i-\

A e2/) ® (f2 • h) ~ 2̂fc A e2/

A 02/) ® (f] " f2) ** ~i~e2k-\ A ^2/ + ^2/-l

A f f ) ^ _ A 1 "

A e2 /_iJo ® \*2 " *2^ ** 2̂A' A &2\-\ + —Ojt;
m=]

1
A C 2 / - ] ) o ® ( M "f^) "*"* ~\~&2k—l A &2\-\ — 6J2/ A

2
1 _ ƒ

i-I A

The inverse of the isomorphism H ® S2H = S3H © H embeds H into H e S2tf by

sH : w e H - fi ® (f2 • u/) - f2 ® (fi • u/) € H ® S2H.

Similarly, the inverse of the isomorphism E ® AQE = K e AjjjE e £ embeds £ into £ ® AQ£
by

n

sE : w <= E - ^ [e2*_i ® (e2A- A if ) O - e2*- ® (e2jt-i A W)O] e £ ® A Q £ .

We shall now identify the component of (œL)q e Qq* ® (5/?(w) + 5p(l))-L corres-
ponding to £ ® H. Mapping e2/-i ® fi e £ ® H by 5£ ® 5//, we obtain

fi)

A e2/-l)o - ©2A: ® (^2k~\ A e 2 / - i ) ]

(f2 - f i ) - f 2 ® (fi - f i ) ] € ( £
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Under the first two isomorphisms in (12), this corresponds to

(fa-fi)]

-(e2k ® fi) ® [(e2fc-i A e2/_i) ® (f2 • fi)]

® [(c2jt A e2/_])o ® (f] * fi)]

[(e2jt-i A e2/_i) ® (fi • fi)]}

'\(_ n. _
A &1l-\ "" #2/ AI — ( — ^2Ar— 1

1 "
5
5kl y^(g 2 m-l A e2m-l + ^2m A

1

r
I ~

_ l v ^
k-\ A e2/ + — öki 2_^ V2yn-\ A

m-\

G (H" ®A 2 H") ® C

Note that at each point q e Mtwe can express the connection form co as

O) = ^ U>ij®Wi A CP;+

where (<Pi,.. .,cp2n) is the dual of the unitary basis ( e i , . . .,e2w) for (Qq)
lt0 = V'. Then

the coefficient of the component of co± corresponding to e2/_ ] <8>fi G £ ® H is given by

{\
Ar=l L J

-c°2F^,27 + - 5 f c / ^ W ^ ^ T , 2 ^
L m=l J

1

2n

-
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We now use the following relations which are conséquences of the integrability of the CR
structures (QaJa), « = 1,2,3 (see [2]):

<*>2I.2k-l)UX),

X e Q <8> C, *:,/ = 1,...,«.

Then the above coefficient can be rewritten as

3 n r 1 1
" 5 Z I ̂ 2*-1.2/(32*-1) + WlkM^lk) U>2k-\.2k(ezi-\) I -

fcl

Up to a constant, this is the complex conjugate of the left-hand side of (8) with j = 21.
Ukewise, computing the coefficients corresponding to the basis of E ® H, we obtain the
left-hand sides of the équations (8) as well as their complex conjugates.
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