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SEMICLASSICAL EIGENSTATES IN A MULTIDIMENSIONAL WELL
T.F. PANKRATOVA

ABSTRACT. The two-dimensional Schrédinger operator with an analytic potential, having a
non-degenerated minimum (well) at the origin, is considered. Under the Diophantine con-
dition on the frequencies, the full asymptotic series (the Plank constant /i tending to zero)
for eigenfunctions with given quantum numbers (n3,n2), concentrated at the bottom of the
well , is constructed, the Gaussian-like asymptotics being valid in a neighbourhood of the
origin which is independent of &i. For small quantum numbers the second approximation to
the eigenvalues is written in terms of the derivatives of the potential.

§1. INTRODUCTION

We consider the Schrédinger equation

h2
2

(1.1) Au+ Vu= Eu

where A = Y"1, aa_; is the Laplace operator, V is a real valued function defined on R™.

We are interested in the semiclassical (& — 0) asymptotics of the discrete spectrum of
this operator in the case when the potential V has one or several nondegenerated minima,
?wells”.

If V has a finite number of identical wells which differ only by space translations, the
spectrum of the corresponding Schrédinger operator is organized in the following way.
There is a set of finite groups of eigenvalues, the distance between the groups being of
the order ki, and the distance between eigenvalues in each group, the splitting, being
exponentially small with respect to h. The problem is to find the widths of these splittings.
This problem was considered by different authors [1-8] and was completely solved in one-
dymensional case. In multidimensional case the problem seems to be more difficult, and
up to now there was no significant progress. In this paper, under some nondegeneracy
conditions on V, we write down asymptotic series for eigenstates and the corresponding
eigenvalues, the former being concentrated at the bottom of the well.

§2 ASYMPTOTIC EXPANSIONS FOR THE EIGENSTATES

For simplicity we consider the case of two dimensions but the case of n dimensions is in
principle the same.
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Let the potential V be analytic and represented by the the Taylor series
P Yy
wi 5, Wi , i, J
(2.1) V(zy,2z2) = 5 %1 + 5 %2 + Z Vij T} T
i+5>3
convergent in a bicylinder |zx| < r, k= 1,2, with w; 2 > 0.

We construct the asymptotic series for eigenvalues and eigenfunctions of (1.1) in the
following form:

(22) Enl,ng = Z Elr:hnghka
k=1

b e 3 () ()
&3 = 2 ) P2\

0<i<1,
0<]<1
(2.4) A;-?’""’ - Z (Am ,nz) ﬁk;
k=0

here Dsli) denotes the i—th order derivative of the function of the parabolic cylinder i.e.
the bounded solution of the Weber equation:

" -2 etz -2 (n)
(25)  Di(0)=[f - @ni+ DIDu(®), Dult) = Hue™%, Hu= o (),

Yr = ¥(T), T =(z1,22), r=1,2, (A"""’) (A"""‘) (£),k=0,1,2,... are functions
independent of £.

Substituting (2.2), (2.3) into (1.1) we find the following phase equation

(2.6) (VS =2v,
for each of the phase functions

1
(2.7 5% = 5 (3 £ 42),

and the following recurrent systems for the amplitude coefficients (A:-'j""’) , and numbers

E;:l N2

(2'8) Agl’nzj_fo =0
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k
(2.9) Agim Ay = =Y APMA L, k=1,2,3,..

r=1

where
Ak = ((Anlnz)k ,(Anlng)k ’(Agll"z)k , An;ng)k) — (.A Ag,A;’;,Af)T,
T denoting transposition,

— 51 52 0

ny,ny _ aj - 0 a2
(2.10) Ay a, 0 —»x & |°
0 az a) el 4
2 271_., +1
(2.11) = (Vip,)? — EMama,
s=1
(2.12) = Vi, o V + A;p >

the fat dot denoting a scalar product in R",

A,
(2.13) a, = Y2 (VIA, oV + ;/) ) + % (Vip)?, s = 1,2,
N s 0
0 —1A 4 Enme 0 —;
nyney _ 2 2

(214) A] 0 0 "';‘A'l' E;qng -0 ’

0 0 0 —1A + Epme

A

(2.15) = (2n,+1)Vip, e V + ;3 s = 1,2
(2.16) Ap™ = LEM" k=23,

I4 denoting the 4 X 4 identity matrix.

In the next two sections we will describe shortly how the equations (2.6), (2.8), (2.9)
can be solved.
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§3 THE PHASE FUNCTIONS.

In this section we consider the equation (2.6). We search solutions of the equation (2.6)
in the form of the following power series

3.1) Ss* (:l:l,sr:g)——:z:1 ﬂ:c§+ Z S xlzz
i+j>3

and find the recurrent formulae for the coeffitients

:6 ..
3.2 Sft=—T—
(32) U w & jwy’
where ¥;; depend on v;; and Ski, Jk+1<i437-1.
It is easy to see that for some values of positive numbers w; ,ws the denominators in
expression (3.2) are equal to zero.
In order to solve (2.6) we consider diffeomorphisms

(3.3) o (ylay2)'—’ Y1 + Z ‘I’l .J?Ixy2a y1 + z o 11y1y2)
i+52>2 i+32>2

which transform the vector fields VS® ¢ V to the following normal forms:

3] 0
3.4 LE =y — +w
( ) 0 1Y1 ay 2Y2— 3 2
To formulate the existance theorem we need two definitions.

We say that positive numbers w; and w, are nonresonant if they satisfy the following
conditions

(3.5) wy # kwe, wo # kwy, k=23,..

Positive numbers w; and w2 are said to be Diophantine if there exist positive numbers
« and C such that for nonnegative integers ¢, j, St 1 + 7 > 1,

3.6 w w —_—
(3.6) s = jual 2 s
Theorem. Let the potential V be represented by a series of the form (2.1) convergent in
a neigbourhood of the origin.

(1) If numbers w, and w, are nonresonant then there exist a unique positive analytic
function St which can be represented by convergent series of the form (3.1) in
some neigbourhood of the origin and satisfies the equation (2.6), and an analytic
diffeomorphism ® which transforms vector field VS* o V to the normal form L§
given by (3.4).

(2) If the numbers wy and ws are Diophantine then there exist a unique analytic
function S~ which can be represented by convergent series of the form (3.1) in
some neigbourhood of the origin and satisfies the equation (2.6), and an analytic
diffeomorphism &~ which transforms vector field VS~ eV to the normal form Ly
given by (3.4).
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Note 1. The proof of this theorem can be found in [11]. To suppress small denominators
wich appear in the series (3.1) and prove the theorem, we use the Newton method with
the simultaneous change (3.3) of variables at each step.

Note 2. The analytic at the origin functions ; and v, can be found uniquely from the
equation (2.7), see [12)].
§4. AMPLITUDE COEFFICIENTS AND EIGENVALUES

Here we construct solutions of the equations (2.8), (2.9). The first approximation to an
eigenvalue is

(41) E;'lﬂz = (n; + %) wp + (‘n2 + %) wa.

Let the frequences w;,w; be Diophantine.
Then the solution A of the system (2.8) can be found in the form

(4.2) Ay = ¥J B,
where
1 0 0 0
0oL o 0
g 1
0 0 0 i
1 1 1 1
1{1 1 -1 -1
(4.4) J‘E 1 -1 -1 1 }°
1 -1 1 -1
(4.5) By = (Bf,Br,B},B;)",

B,* = cfte'pl* , 1 =1,2, the functions ’P,i being analytic solutions of the equation
(4.6) LEPE=dik - 6%, 1=1,2, di =1,dy = -1,

~meaning a change of variables, F(z1,z2) = F(y1,¥2),

(4.7) 6% = ¢,A—;”li¢2Aj?.

The existance of those solutions in some neighbourhood of the origin is proven in [12].
One can prolong them analytically onto a larger domain by the formula
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S= f p1dzy + p2dxzo where the integral is taken along the trajectory of the corresponding
Hamiltonian system (the formulae written in [10]).

One can see that the functions A?,l = 2,3, 4, have singularities at the origin (where
Yi,1 = 1,2, vanish).

Let us express the functions D,, and their derivatives by Hermitian polinomials H,, and
the exponents, we shall find that

2 2
UE?},nz = e—"’ ':“' ‘ {H,;,an[A? - "I’IAg - ¢2-Ag + ¢1¢2A2]
(4.8) + VRH, Hyy(AY = $2.43) + Ho, H (A3 — $1.49)]

+ hH, H; A%} .

We see that the senior term in respect to & has no singularities. The first multiplier in
square brackets is equal to 2B and that is an analytic function accordig to the said above.
The functions A} — 9243, A — ¥1.47 and A} have singularities (of the type J-, 7~ and
Elib_; correspondently). These singularities disappear in (4.8) when the quantum numbers
n; and n, are even and they remain when the mentioned numbers are odd.

The presence of the singularities in the case of odd n; and n, reflects the fact that the
equations ¥; = 0 or 12 = 0 do not define the genuine zeros of the eigenfunction up, », as
it follows formally from (2.3). The genuine zeros are shifted and in general case their lines
have no intersections. In fact singularities cancel if one takes into account all subsiquent
approximations.

To give an idea how the singularities cancell let us concider for simplicity the case
ny = ng = 1.

§5 QUANTUM NUMBERS 1,1.

In this case Hy(t) =t,H {(t) = 1, so we have to look for the second approximation of
the eigenfunction u; ; and the corresponding eigenvalue in the following form:

(5.1) ull = e~ (24142 B + 1G).

(Here B = B} = ci"e"’i+ , Pf being a solution of (4.6),1=2.)

(5.2) EP = hE]! + RRE}!,
3 3
(53) Ell’l = §w1 + '2-(4)2.

From the Schrédinger equation (1.1) we find the following equation for the function G,

54) VS e VG + (92—5 - E}") G = (A% + 1 A12)B + 21, Vb, © VB

+ 2y Viho @ VB + h11h2 AB + 2E, " 4p1p2 B.
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Now the function s defined by (2.11) is the following:

(5.5) »= g(vz/;l )+ g-(vz/;g)2
(it depends on ny,n2). So

(5.6) 92—5 —EM =04 50— (Vi) — (Vaba )2,

(8 is defined by (4.7) with sign + ). One can see that
(5.7) (84 5= (V1)* = (V¥2)*)| (0,0) = —01 — w2.

Finding the function G.

We consider at first the corresponding homogeneous equation with the change pf varia-
bles (3.3) (with sign +):

(5.8) LoG® + (é + 52— (Vi) - (vzzz)?) G =0,

Lo defined by (3.4). We look for the solution of (5.8) in the following form:

(5.9) G® = y1yze”
and find the equation for P
(5.10) LoP = (V}) + (VhF) — 6 — 32 — (w1 + w2)

with the right-hand side vanishing at the origin. Due to Lemma 3.1 of [2] there exists a
unique analytic solution of (5.10) vanishing at the origin. Let P be that solution.
Now we look for the solution of (5.4) (in variables y;,y2) in the following form

~

~

(5.11) G =Ue” = —U—ylygei’.
Y1y2

Putting (5.11) in (5.4) we obtain the following equation for the function
(5.12) LoU — U — wo U = Fe™ P,

by F is denoted the right-hand side of the equation (5.4).

Lemma. If the right-hand side of (5.12) is analytic and its second mixed partial derivative
with respect to y;,y2 wanishes at the origin then there exists a unique analytic solution of
(5.12) also with the wanishing at the origin second mixed partial derivative with respect
to y1,Y2.

This lemma can be proven mainly in the same way as Lemma 3.1 in [2]
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The second term of the eigenvalue.
The condition of solvability of the equation (5.12), given by the Lemma, reads:

(5.13) (Fe-"’)11 =0,

where (u);; means the 7, j—th Taylor coefficient of the function u(y).
We can satisfy this condition with the corresponding choice of EJ?, that is

_(AB)oo
2

1 -p |7 Aty At
-m(e [1/)( ) + 1 (—= )B+¢2V¢1'VB+¢1V¢2°VB:|)H,

E} =
(5.14)

where ¥, ¥z, P and B are mentioned above functions (the corresponding Taylor coeffi-
cients in the right-hand side are writen out in [13] in terms of Taylor coefficients of V).

Zeros of the eigenfunction.
The equation of the line of the zeros of the eigenfunction u;; is the following

(5.15) 2¢192eP7 + hUe” = 0.

It is clear that (U)go = 0 (because F(0,0) = 0, see (5.4)). The first Taylor coefficients
(U)10 and (U)o1 of U can be found from (5.12). They are

(5.16) (Uo = [(¥2)20 + (¥2)02] +2 :—j('ﬁ’;)m,

\/_1

(5.17) (U)or = \/—%[(¢1 )20 + (¢1_)02] + 2\/—5@;)10,

the right-hand sides (writen out in [13]) depend on w;,w; and v,z + 7 = 3, and do not
vanish at the origin in general case. So in the zero approximation the lines of zeros of u; 1,
namely

(5.18)

intersect at the origin. In the next approximation they split into the two branches of a
hyperbola in a neighbourhood of the origin:

(5.19) 2\/wrw2z122 + h{({Uhoz1 + (U)or22] = 0.

One of these branches goes through the origin. In general case these lines do not intersect.
They have only a ”quasi-intersection”.
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