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AN Fc SEMIGROUY OF ZERO LiEASURE \HICH
CONTAINS A TRANSUATE OF EVERY COUNTABLE SET

)
by John 4. HAIGHT ( )

In 1942, PICCARD [10] gave an exanple of a set of real nuubers whose sun set has
zero Lebesgue ueasure but whose difference set contains an interval, About thirty
years later, various authors (CONNOLLY, JACKSON, WILLIAMSON and WOODALL) in a series
of papers constructed Fc sets ECR such that E - E contains an interval while

u( (k)E) = 0 for progressively larger values of k , where

(k)E:{x1+x + et x 5 X €8, 1 <i <k} .

2 k

These authors! interest was in an approach to the construction of asyr.etric

Raikov systeus, [ 5], defined as follows.

If G is a locally coupact abelian group, a Raikov svsteu is a fawily § of Fc

subsets satisfying the following conditions :

7 - S
(a) 1f P, F,y eeee then U . F e5.

- 2 I
(v) 1If F,cF, €% and F, is F  then F 5.

(¢) If F F,e § then F +F,e 5.

1? 1

A Raikov systeu is said to be asvunctric if Ae § does not necessarily iuply

- Le & .,

CONNOLLY and WILLIAMSON [3] noted that the existence in R of an asyuu.etric Raikov
systei which wes maximal among proper Raikov systeus was equivalent to the existcnce
of an Fc; senigroup of zero Lebesgue reasure which is not contained in any proper
subgroup of R , which in turn is equivalent to the existence of an Fo set B
such that E-E=R, but m(k) E) =0 for k=1, 2, ... . I was able to asolve
this problem, although unfortunately the central idea was rather obscured by techni-
cal details. Recently, however, BROWN and MORAN [1] have siuplified wy proof. The

results of this paper are a generalization of this siuplification.
If R isaringand « , Be Q and E , F< R, we write
B+ 3. F={ax+8.y; xe B, ye F};

if B is finite, IEI denotes the number of eleuents in E . In this notation, the

statenent E - E = R is equivalent to the statement that, for every F < R such
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that |#] €2, there is a ¢ € R such that F+ {c} <& . (Fron now on, we shall
writc ' ¢ M instead of " {c} M. This leads to the question : If (k) E is “malll

Low "large" is the fanily of sets F that can be translated into I ?

For any n € N , we write I(n) = {0, «ut s N - 1; and g(ll) for the integers

nodulo n .

THECIHIL 1. ~ For all j , n € N and s >0, there is an N = N(j , n, c) such

that, for any M 2 , therc is a subset A of é(ﬂ) such that

(a) If ¥ < ae) , |9 £n, therc iz a ¢ =c(F) such that P+ c < 4 ,

(p) 1(3) &)l ™ <e

o - n . :
If 7,oeIm), i=1,2, ... y, for some m > 1, we shall say that the set

ST ; ‘...1 R - . " - _
C=14 , xu ;X € Fi_} is a Cantor set. If }Fll <r o, we shall say

ce vz, r) .If Fi =F, i=1,2, ..., we chall say that C(eb(m , lFl))

is self~sginilar.

JHIOREn 20 = For any n, r, jJE€N and ¢ >0 there is an N =N(; , r , €)

and & self-sinilar Cantor set X & _I}_n guch that

(2) For any Fe b(N , r) , thore is a d = d(F) such that ¥ + 3 C K ,
(v) (j)x e v(w, <) .

We note that (a) inplies that if F is any finite set containing not nore than

r points, then there is a ¢ such that F+c CX ,

TIBOREN 3. - There is an F_ set BCR" such that

(2) If P CR® is a countable set, there is a ¢ = c(F) such that F +c CE ,

(b) For any ke, n((k) E) =0 .

CASSELS [ 2] proved that if Al s ess , A are rcal nunbers, therc is a nuber «

such that ||(« + ?\i)ult >c/u, ue€ N, i=1, <., (jx; deuotus the distance

of x fron the nearest integer to x , o =c(r)) .

In our notation {A, ... Ar_} + a €8

1
B-r=£><; fxup > 6e) 5 u, uel} .

Let B = Ur-?N B, , then B is the set of "badly approxinable nuubers". It is
well-known that B = UmGN P(n) where F(n) is the set of numbers whosc continued
fractisn oxpansions have~partial quotients <n and that u(B) =0 . However,
(2)B = 2 . Indeed ¥. HALL [7] proved that (2)F(4) =R (norc recently KL: KA showed
(4)r(2) = R )» DAVENPORT and SCHAIDT ([47, [117]) extended Cassels' result in va-
rious ways. In particular, Schmidt's theoren inplies that, “or every countable K&n

there is an « € _E_n (actually many such « ) such thet F 4+« <CB whers B 1in

yel

R ig defined as
~

ix = (x»l s $8é 4 xn) H uaxt;]hxln g s g ;;an{iJ <e(x) u /n}
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Again n(B) =0, and (2)B = _B_n .

Proof of Theorens,

Liwih 1o = For all j, ne€e N and ¢ >0 , there is an N = M(j , n, ¢) and a
subset 4L of Z(11)  such that

(a) If Fcg(), |Pl €n, there is a c = c(P) such that F + ¢ <4 .
|
(b) 1(3)4] ¥

~ n .
If x,y€R for soue n 21, write

o
A L]

A

X.y=X1yl+a..+Xnyn.

LEA 2, - Given X , j ,n €N and ¢>0 , there is an W=N®M , j, n, ¢)
c(3) e I(W) , such that if ¢ =(c, =,0)

il

s . . n .
such that for each J € I(N) , There is ¢

and

il

- * 5
5-BH, M) =ix; xeIM), x=glj+c) ndl, ge x()*, je1mM”,

then |(j) E| <o,
I+ 2 2 this is stronger than lemma 1. For if F ={} , ..., jn} , then

. . . . th
§=(3 0 eee s dy) € I(0)® and, taking e(i) = (0, .o, 1 6 place)yees ,0),
we have g(i) e I(x) , and so g(i)(j + ¢ ) € B, that is ji +c€B, 1i=1,n.

NE

Proof of Lemua 2. - Fix n . We use induction on j . Assuwe the leuma holds for

sone Jj and for all M, € .

Given ¥ , e, let T =N(21, j, n, ¢/2). Let

G=lg; g:F — 1)\ {0, ... ,0)}, FPc(m™, 0<|r|l <j+1}.
Lot 4= |G] , and let ¢ : I(4) —> G be a bijection.

Yow choose prines PO < P1 < eee < ]P“__1 such that

(a) 1’0 > aMT ,

1
et < .
(v) ZOS:LS.&-l 7, e/2
2 = ceo | 3 = PT .
Let P PO % ¥ P.‘.’.—l and let S

For J € I(S)n , let j' € I(T)n , where jj'_ = ji nod T , we choose c(f) to sa-
tisfy (1) ana (2)

(1) c(3) =c(§?) nmodT

(2) #)(5")(5+ ¢ (3)) =0 nod B,
if j' € dom g(r) , otherwise let c(j) =0 mod Bly T=0, ., &1,

4o need to show that (2) is possible. If j' e dou @(r) , then ¢(r)(j') = 1 say,
wvhere M € I(I‘fl)n N0, eee, 0)} so0
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{ sy . . \ - . °~ Y . N A . . - ) )
gr)i)(G+e() = Mj+c) ?1 Jy o+ odee t )n Jy + c(g)(ml F oeee Xh) :
ow O <.Al F oeee + hn,s . so condition (b) ensures that we can find c(j) so

that the above equation is congruent to zero mod P .
R
Now if x € (j + 1) B(1l , 8) ,

x 2232 ACIAC N c*(j(i))) mod 8

(1)

for sore A € I(H)n and j(l)e I(,’_S)n y 1=1, eee , J+1.

We have two cases :

Case 1, = j(s>' = j(t)' for some 8 i*t . Then

i . o .

ot (5),.Q)
=277 A~

S

W)

'ee (3

= 4t LN, ) o) Bayes0e)e (548
\i;s,ti
(3) B(2t, T) + 72 .

.(S), = j(t)j

Case 2. -

e
m

S0

onlv if s =t . Then thereis an r, O Sr & i - 1,
such that

¢(r)(j(i)‘) = 'A(i) for i =1, ees o, J+ 1.

x =5-§:i 6 GG L W)y e Fp 2
Thus we have .
(3 +1) Bl , 8) +5.2¢ (Ufj;é P.2) u ((3) B(21 , T) + T.2) + SZ,
so |(3+1)E@, 3) s < /2w o2 =

Te Lodify the argunent for jJ =0 : take T =1 and G = I(M)n N0, vee, O]
and use (2) (only) to define < (J) . Them if x € EQM , 3),

x = Mj+ c*(j)) = @(r)(3 + c'ik(;j)) for sone T .

3 e U 2 W7 .
2o X Ogrgi-1 'Pr ~
Liuih 3. - For any j, n€ N and ¢ >0, thero is an N € ¥ andl an ECT

(where 7 is R wmodulo 1) such that
(1)

(2) 1f ¢ < T and |G| §n, there is a d = a(G) such that G+ A< B .

et

i consists of a finite union of closed intervals.

(3) u((3) B+ 0, 55)) <e forall r>N.

The differcence between Letma 1 and Theoren 1 is that the nodulus of ILorna 1 Ras
to be the product of very large primes. We need Lemna 3 te show that, rather surpri-

singly, any sufficiently large modulus will dos
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Proof of Lenna 3 (assuning Lemia 1)e - Let T =08(j, n, ¢/6j) , where N is
-1

as in Leuma 1. Let E=N" A+ (0, N—lj « We show that E has the required pro-

perties
(3E+ 1 (0, 53))

v tas 0, w8 s0, 5 e tar 0, 68y,
so u((5) B+e0, 55)) <1(3) Al x 63/ <c 4

Now G can be covered by at tiost n intervals of the forn [i/N , (i + 1)/Nj ’
i€Z so

cer P4 (0, 8) for some F < z(N) where |F| <n
If ¢ =c(F) , we have

14+ 0 , 1) =B ,

creMertFre)+ 0, v ey
which gives (2), taking d = c¢/N .

Proof of Theoren 1 (assuuing Lena 3). — Since E is a finite union of closed in-

tervals,
1__”}£ . v N y cee 8 .
E = i=1(xi + (O ’ bi)) for sone Xl y oo xk and bl ’ v O

If M2Y, then

g+l ,u1) =U§.{=1( &, 5 (x + 1/M)) + (0, 6,))

- J'—l — V] -
.:U};l(yi n o+ (o, ai)) for y, _(nxi +1), i=1, «so , k

1K -1 =LYy T .
3lJi=l(yi R (I z, M ]) where z, = [Loij , i=1, ¢es 4 k

-1 -1 -1
= L}i:l(yi W+ W I(z) + (0, 1))

=wlsslo, ) ... (&)

k
where B = i=1(y'i + I(zi)) .
Now

vt B4 (0, 3/M)

1l

k -1 -1
SISl e (O z,)) + (o , 2/m)
K -1 -1 -1
= Ui=l([yi u o, (y.1 +1) MN[0, 5 4 1])

k "
S lJi:l(Xi + 1M+ [0, oi])

il

E+ 1/M «.. \ (B)
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Yow suppose I' C Z_(M) , lFl &n . Then there is, by lomma 3 3 a d such that

v lrirach. So

B+ (0, 2/i) sxtreas O, 2/

Sl Pa @, d+ 1)+ (0, 1)

Syt

]

+ C//M + rO ] -1-//1\1] (C)
where C = G-.d + lj o But by (B),
1

Mo

B3+ (0, 5M B+ 1+ (0, 2/M)

—wlFaec+1)+ (0, 1), by (C) .

This is equivalent o
(B + 1(5)) + (0, 1/M) MNP+ e+ 1) + (0, 1)
which inplies that P+ c € B+ I(5) -1 .
We take A =3B+ I(5) -1 (zoda M) . Then

1(5) o) Wl on(() wtas (0, nh)

1l

Il

n((3)@ 3+t 1(5)) + ©, 1Y)

n((3)E+ 0, 5+t 1(5))

A

n((3) B+ M_l (0, 5j)) <e , by Lenua 3.

]

. n n .
Proof of Theoren 2, - We work in T ( R™ wmodulo 1), for convenience. Choose

N(j , », €/2j) to be the saue as in Theoren 1. If C € (¥ , r) then, fron the

definition

¢C=2_ N'F, forsone P, T, s € (™.

Write © = n(r, o+ W) + ni(o, 1 then C=N_, C . Also, since

lFil \< Ty

Fi CGi(Ll) X ees X Gin) for sone Gj(_k) c (m* ’ ]Gl(_k)l <r, lskgn.

. 1
Lpplying Theoren 1 for each Gik) , we have a c(Gj(_“)) € I(N) such that
Gik) + c(G§k)) +NZCA+KZ.

s ( (n
i ey =0, (8) = (o), eny oo™

1‘1+ci+NgnCAn+rign.

D Nt . e
Let d = 1=1 ciN Then



,_r"i‘ T -1 B -
C, +d =N "(F +c, +mz) +0 (0, 10+% ¢, ¥

~

vt e s vt o, 2P

Il

N3 a4+ {0, 1} +w2%+ v 0, 1)

So, if B=A+ {0, 1} nod N, B < I(N) , and X = {Z;~l Xy i H XH.G Bn},
we have C # d & K . Since K is a closed perfect self-ginilar Cantor set, we

need only show (b) . But

K=n, (W@ +r.2"+ vt 0, 0%

i=1
S0
(3) =N () B+ 2" + o, 307
—_:ﬂ::l(N—i((j) 3+ I(3) +m.2)" + o, 1) .
Now
($)B+ 1(5) =(3) &4+ 1(23) , mod N
and

(3) &+ 1(23)] <23(3) 4] <e.

s . n . . N
roof of Theoreu 3. - Again we work in T° + If FCT" is any countable set, let

>

y X, 9 ees Dbe an enuneration of F o In the notation of

5 Theoren 1, let

. (. . .-l By . 4 -—1 . -
by = N(i, 1, 4i ) ’ Ai = A(mi) (so that I(l) hil i Ly ) and let
Mi:.-l'_llx m2>,< see ¥ Ui .

Assurming that we have chosen ) € I(Mk)n y 0Lk &gi-1, we choose Ci as
follows.

There is an ¥, C I(mi)n » IF,| s1 such that

i
N { O —1 n o,
M, 4% 0 eee s xi} + 4 Cny Fi + By (o, 1) + é?

(this is just a way of saying that we need at iiost i intervals to contain i

points).
As in the proof of Theorem 2, we muay choose c, 80 that
F, +c. + 1, et yn, 2 ’
i i i~ i i~
S0
¢ a1 —1 -l M -1 n g1 N
(1) (X, , eos o gi} +Cy Li + Mi—l g? ‘-Ni AT+ Mi (o ’ i) Jalies hi—l 2 aee

L

For kX, EcCT, a(t B4kt z2) = u(E) , so if
¢, =Nt AP emt 2o, 2,
i i i i-1 ™~ i
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(1) ¢, wpt (WM + 0, 2™) il 2

-‘1~

and 30 _
WA . -1 .n -1
(2) n((1) ¢,) =n((1) (s 4 +na] (0,2}
n
< (1) A% = 2Pl < 2t
i i
Let ¢ Z:E;;l c, M;l , and suppose X is a@y newber of ¥ ., Then, if k > i ,
x, +c=x +25t . vt .27 ., e
i i =1 3] =k J J
cx +3% o, nTtawt S
i =% 3 7 k-1 =
=1 -1 N T 1
- i hT L, - l‘,.
xi + ck Lk + Lk~1 2 +< ekl cj IJ

- - w—t -1 Lol RN}
C-{xl poeee s M o BT+ Ny ZP b M (o, 1)

=€

Kk (from (1)) .

[«

[&e] [h el
2.1 =t T is P < K.
So x; +¢ Ef\k:i i ¢ if we put K J, N ¢ , K is F, and + ¢ CK

i=1' k=i

d¢ conplete the proof by showing that, for any k , w((k) X) = O . For suppose
y e (k) ¥ . Then y = y, + ees + ¥, for some y, , es. , y € K. Now for any =K ,
there is a suallest i = i(z) such that ze ﬂ;zi Cj . Let n= max{i(yl),m,i(yk)} ,
then v e (k) {W§=n C; - So

(3) (k) U, () N, €y e

Now for any n , if & is any number ZZun , k , then
u((x) ﬂ;l;n ¢,) gnlx) ¢,) <nl@) ¢,) < (2/2)" , frou (2)

80 m(Qk)iW§;n Cj) =0 sgince 4 was arbitrarilv large.

Substituting in (3), we see that (k) K is the countable union of sets of measure

zero and so is of neasure zero.
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