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WEAK CONVERGENCE OF JUMP PROCESSES*

AIHUA XIA
(East China Normal University, Shanghai, China)
ABSTRACT. This paper gives a necessary and sufficient condition for the weak conver-
gence X™ => X of general jump processes defined on R4, for Skorokhod topology,

in terms of their predictable characteristics v™(dt,dr) and v(dt,dz). The result is an
improvement and generalization of that in Jacod [1].

1. INTRODUCTION

A real valued cadlag function w defined on R is called a step function, provided
it takes finitely many values in any finite interval, i.e. w can be written as

00
(1.1) w(t) =) arlpy, cof(t), Vt>0,
k=0
where
(1.2) 0=t <t <--- St <ovvy 4 T 005
(1.3) Vk >0, if tx < 0o, then tx < tp41;
(1.4) Vk>1, tx <oo<=a; #0.

Note that, if ¢ = oo, then a; = 0, Vi > k. For t; < 00, | ar | is called the jump size
of w at jump time {;. We denote by 2 the space of all such step functions.

A process Y, defined on a probability space (Q2, F, (F)i>0, P), is called jump pro-
cess, if its sample functions, with probability 1, are step functions, i.e. Y can be
expressed as

Y(t) =) mlgsy cof(®),
k=0

with (Sk, 7k )k >0 satisfies (1.2), (1.3) and (1.4). Note that, in this paper, the expression
of any jump process is automatically in this form. Let

(o]

ji(dt,dz) = (s, n,)(dt, dz)1p,
k=1

Key words and phrases. jump process, predictable characteristic.
*Supported by National Natural Science Foundation of China.
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where ¢€(4) is the Dirac measure at point (a,b), and D = {(@,t) : AYy(@) # 0}.
Then ji is called the jump measure of Y, and its compensator v(dt,dz) is called the
predictable characteristic of Y.

Obviously, every jump process is a semimartingale. If we consider jump processes
(X™) as a special case of semimartingales, it is not difficult to give some conditions
on their predictable characteristics to ensure the weak convergence of (X"). But,
unfortunately, those conditions are not necessary.

However, many authors discussed the classes of counting processes directly, and
obtained some conditions for the convergence of counting processes. But most of
the conditions are not necessary either except the case that the counting processes
are conditionally independent. (cf. [7,8]) Recently, J. Jacod [1] got a necessary and
sufficient condition for the convergence in law of counting processes in terms of their
compensators.

In this paper, we use the similar method in an attempt to improve and extend the
result in [1] to general jump process classes.

To discuss the small jumps of (X™) is a matter of semimartingales, no particularity
of jump processes. In order to avoid disturbance of small jumps, we try to impose a
condition on the jump size of (X™). Hence, what we will discuss here is, as a matter
of fact, the weak convergence with respect to a “strong Skorokhod topology”, which
is introduced specially for jump processes in section 2. Since usual discussion of
weak convergence of processes is with respect to Skorokhod topology, we will give the
relation between the weak convergence under usual Skorokhod topology and the weak
convergence with respect to the distance defined in this paper.

2. PRELIMINARY

Let D(R) be the space of all real valued cadlag functions defined on R, and
p denote the Skorokhod distance on D(R). (cf. [2]) In this section, we will intro-
duce another distance § on 2, and give some notations. Through out this paper,
the notations N and Z1 stand for all positive integers and all nonnegative integers
respectively.

2.1 Definition. Let w and w’ be two step functions:

w(t) =D arlpy, woft), W'(t)= > bl oof(t),
k=0 k=0

with (t,ax)r>0 and (si,bi)r>0 satisfy (1.2), (1.3) and (1.4), define

p(w,w") := | arctan(ag) — arctan(bo) |
(e}
1 1 1 arctan(ag) arctan(bx)
A ||—--— - .
+ kz=1 2k /\ [ Tk Sk + tr Sk

Then it is clear that p is a distance on §2.

The following lemma is evident.
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2.2 Lemma. Letw” € Q, n € N:

(2'1) wn(t) = Za;: l[t:,oo[(t)’ vi 2 0;
k=0

then p(w™,w) — 0 is equivalent to Vi, t? — t; and a? — a; if t; < oo, and implies
p(w™,w) — 0.
For each n € N, let

00
(2.2) X7 = & prp oor(t), V2 > 0;
k=0

be a jump process defined on a probability space (2", F",(F)i»0,P") with pre-
dictable characteristic ™. Let

(23) Xi(w) = w(t) =) & (W) lm(wy,eof(t), VE 2 0;
k=0

be the coordinate process on Q. Set F; := o{X,,s < t}, F := V‘ZO Fi, and let P be
a probability measure on (2, F).

2.3 lemma. [ Let o, a €D(R). If p(w™,w) — 0, then V¢ > 0,

a). there exists a sequence (,), such that t, — t, a™(t,) — a(t) and Aa™(t,) —
Da(t);

b). if Aa(t) # 0, then any sequence (t},) with the same properties as (t,) in a)
coincides with (t,) for all sufficiently large n;

c). for u > 0 satisfying ¥t > 0, Aa(t) # u, set

s"(0,u) = 5(0,u) =0, s(p+1,u)=inf{t > s(p,u): | Aa(t) |> u},
o+ Lu) = inf{t > 5"(p,u) : | Aa™(1) [> u}, Vp € Z*;

a“"(s) = a"(0) + Z Aad™ (5™ (p, w))1{sn(pu)<s)s
p=1

a*(s) = a(0) + Y Aa(s(p, )1 (s(pu)<s}»
p=1

then Vp €N, s™(p,u) — s(p,u), Aa"(s"(p,u)) — Aa(s(p,u)) if s(p,u) < oo, and
p(a*™,a*) — 0.

2.4 Lemma. Vi, m €N, let

D™ :={8 € D(R): a(t):= B(t)1t<m) €9,
and the jump size of a in (0,m) is > 1/i},
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then D*™ is a closed subset of D(R).

Proof. Let " € D™, 8 € D(R), and p(8",8) — 0. Let u € (0,1/%) in lemma 2.3
c), we have p(ﬂ“'”,ﬁ“) — 0. Because ﬁ“'"(s) = pB"(s), Vs € [0,m), by lemma 2.3 a),
we get B%(s) = B(s), Vs € [0,m). But {u € (0,1/3) : AB(t) # u, Vt > 0} is dense in
[0,1/4), the definition of 3% gives that § € D*™. g

2.5 Notations. (i). Assume that (F,d) is a metric space, and the notation B(F,d)
stands for the Borel o—algebra of (F,d).
(ii). Let

(2.4) R(N, k) :={(t,~,a,~)05;5k :to=0, l ag |_<_ N; t; + l/N <tit1,
and |a;41 |€[1/N,N], VO<i<k-1}.

It is easy to see that, as a closed subset of space (R4 x R)¥*! (with the product
topology), R(N, k) is compact.

2.6 Theorem. Let

k
Q(N, k) = {Z ail[t;,oo[(t) : (t,',a,')os,'Sk (S R(N, k)} o

i=0

(oo}
Q:= {Zau[,hw[(t) €EQ: VkeN,ar =1 ifty < oo} )
k=1

Then

a). Q is a closd subset of (£, p);

b). (R, p) is a Borel subset of D(R);

c). B(2,5) 2 B(Q,p) = F;

d). Q(N,k) is a compact subset of (2, p);
e). (R,p) is separable.

Note that (£, ) is not complete. For example, let w™ = ;];1[1,00[, then (w") is a
p—Cauchy sequence, but it has not limit in (£, ).

Proof. The proof of a) is the same as that in lemma 2.4. Since Q@ = N,, U; D*™, the
assertion b) follows. It is well known that B(D(R.), p) is equal to the o—filed D(R)
generated by all maps on D(R) : 8+ B(s) for s > 0. (cf. [2]) But B(Q, p) and F are
the traces of B(D(R), p) and D(R) on Q respectively, hence B(f,p) = F. Because
of lemma 2.2, we know that every closed subset of (2, p) is closed under distance 3,
we find B(Q, p) C B(L, 5), which implies c). To prove d), consider a mapping M on
R(N,k) to Q(N, k) defined by

k
M((t;,ai)o<i<k) == Eas‘l[ts.oo[-

=0
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This mapping is continuous by lemma 2.2, and maps R(N, k) onto Q(N, k). Therefore,
the compactness of R(N, k) gives that Q(N, k) is compact. Let

Q(k) := Unen (N, k),

by an appeal to the mapping M , we find that (Q(k), ) is separable. Since (R, p) is
the closure of UgenS2(k) under distance p, we get that (2, 5) is separable. g

Suppose v(w, dt, dz) is a predictable random measure on (2, F, (¥:)i>0, P). In this
paper, this v will play the role of predictable characteristic of X in the sequel.

Now, we introduce three hypotheses. Firstly, we use C* to stand for the set of all
nonnegative bounded continuous functions R +— R, and have a limit at infinity.

2.7 Hypotheses.
[H1. ¥t >0, k€N, fecCt,

tATy(w)
w — fauar, (W) ::/0 Lf(a:)u(w,ds,dz)

is continuous on (2, p).

[H2]. ¥Vt > 0, k € N, {l.yyar, © X™,n > 1} is uniformly integrable.

[H3]. Vt >0, k €N, Al’le limsup P"(| €2 |& [1/N,N], T <t)=0.
oo n

2.8 Remark. In hypothesis [H1], the continuity with respect to § is very important.
The following example shows that , if we have p instead of § in [H1], then the result
in this paper will be meaningless.
2.9 Example. Let X be a Poisson process with v(w,dt,dz) = e€(dz)dt, where
€1(dz) is the unit measure at point 1. Let w™(t) = L11p o[(t); w(t) =0, Vi > 0. Then
p(w™,w) — 0, but Lgar, (W") = 1, Lvoar, (w) = 2, hence l.voar, (W™) £ Lgar, (W).
|

In appearance, the hypothesis [H1] is not so satisfactory. The following lemma
shows that [H1] is equivalent to a stronger and more reasonable condition. Set
[C1]. Vf € C*, (w,t) — f.(w) is continuous on (2 x Ry, 5 x d), where d(z,y) :=
|$—yl, V(C,yGR.
[C2]. VfeC*, t >0, ww fuu(w) is continuous on (R, 7).
2.10 Lemma. [H1] is equivalent to [C1], and implies [C2] and Vf € C*, u,t €
Ry, peZt, w— F VAT, 11 A(T,+u) (W) Is continuous on (2, p).

Proof. The following proof is similar to that in [1]. Let w®, w € Q, ¢, t, € Ry, and
p(w™,w) — 0, t, — t. In order to prove f.uu, (w") — f.r(w), take subsequence if
necessary, it suffices to prove the following two cases.

(i). Ip € Z*, such that Tp(w) < t < Tp41(w), Tp(w™) < ta < Tpp1(w™), Vn > 1.
Define @,6™,n > 1 as following:

(T,€)w), if 9<p,

(TQ)EQ)(‘:’) = (t: 1)1 if q=p+ 1,
(00,0), ife>p+1;
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(Tq,f,’)(w"), if ¢<p
(Tg,6)(@") =< (s 1), ifg=p+1,
(00,0), ifg>p+1.

Obviously, @ and w are in a same atomic set in F;_. Because v is predictable, we
have fan(w) = for,,,(@). (cf. [3]) Similarly, we have fu, (w") = for,,, (@").
Set 4 = sup,, t,, then ¥ < 0o and

Fn(@) = fnat, 1 (@), Fi, @) = frgat,, (@").

Since p(w",w) — 0, t, — t, we have p(@",&) — 0, which implies f.vyar,,,(@") —
fVyaT, 4, (@). Hence, we get f.u, (w™) — for(w).

(ii). 3p € Z*, such that t = Tp(w), and t, > Tp(w™), Vn. Let &, = Tp(w™), then
applying (i) gives f.vy (w”) — fy(w). Because of fuy (w*) < f.u, (w™), we obtain

(2.5) lirr}'inff.utn(w") > limﬂinff.ut;‘(w”) = fan(w).

On the other hand, Vs € (t, Tp+1(w)), because of p(w™,w) — 0, we get £, — & =
Tp(w) < 5, Tp41(w™) = Tp41(w) > s. Thus, one obtains that s € (tn, Tp41(w™)) for
all sufficiently large n. As the result of (i), we have f.v,(w") — f.vs(w), which implies

(2.6) limsup f, (W") < li'r.n Fvs(W™) = fs(w).

Let s | t in (2.6), we get limsup f.y; (w") < f.ny(w). Therefore, (2.5) and (2.6) imply
li’I‘n f, (W) = far(w).

2.11 Notations. Let (F,d) be a metric space and Z be an F-valued random variable
on some probability space (ﬁ,f-‘ ,13) The notation £(Z) stands for Po Z-1, the
distribution of Z. The convergence (resp. tight, relative compactness for the weak
topology) in distribution of F-valued random elements will be denoted by X" = X
in (F,d) (resp. (F,d)-tight, (F,d) — RC). The notations E" and E stand for the
expectations with respect to P™ and P respectively. If we need to emphasize the
measure P, we write, for example, X" => (X, P) in (F,d), and Ep, etc.

2.12 Lemma. The following statements are equivalent:

(1). X®» = X in (R, p) and [H3] holds;

(2). X®» = X in (Q,p);

(3). (7, =755 )iz0 = (T1, T2 )in0 in ([0, 00] x R)YZ'.

Proof. Because of [10], it follows that (1) is equivalent to (3); and the definition of g
gives that (3) is equivalent to (2). g

2.13 Lemma. ¥ Let F be a Polish space, Y = (Ye)r>o0 and Y™ = (Y )0, n 2 1,
be F-valued random sequences. Then Y” =Y if and only if Vk > 0, (Yg*,---,Y)
= (Yo, ,Y%).
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3. THE RELATIVE COMPACTNESS OF (X") IN (,5)

This section discuss the relative compactness of jump processes in (2, 5)(for abbr.
First, by lemma 2.12 and lemma. 2.13, we have

3.1 Lemma. Let X™(k), := Xoary and X(k), := X,ar,, then X" = X in (Q, )
if and only if Vk € N, X"(k) = X (k) in (R, p).

Let

. arctan(a;
{(t“ t; + 1

t1 >t =0; and t; ] 0o as i | oo}.

)).>o Vi> 1,t; <tiy1 and a; #0if ¢; < oo;

From lemma 2.12, we get that (X™) is (2, 5) — RC if and only if {(T,", Er-c%:—i(%a)izo}
is Ag—tight. This implies

3.2 Proposition. (X™) is (Q,5) — RC if and only if ¥t >0, p€ Z*,

(3.1) lim limsup P*(TI7 <t)=0;
(3.2) hmhmsup P StA(T) 46} =0;
(33) il}flg; llmnsup Pn{l p+1 |¢ [1/1,1], p+1 S t} = 0;

and {£g3} is R-tight.

Proof. Define mappings (S;,7n;) on Ao : (Sj,n;)((ts, %ﬁl)gzo) = (tj,q;), j € Z*.

It is easy to see that {(77, %‘F—Z);ZO} is Ao-tight if and only if Q(Ao) =1 for all
weak limits of {L((T7, ir—%(%u);zo)}. On the other hand, Q(Ag) = 1 is equivalent
to that it satisfies condition (3.4), (3.5) and (3.6) for t > 0, p€ Zt :

(3.4) }g)no Q(Si <t) =0

(3.5) lim Q{Sp+1 <tA(Sp + €} =0;

(3.6) Q(| Tp+1 |¢ R\{O})Sp+1 <t)=0,
Qe ¢ R) = 0.

Since (3.1)<>(3.4), (3.2)<(3.5), and (3.3)<>(3.6), the proof of proposition 3.2 is ac-
complished. g

It is worthwhile to point out that we may use the (2, ) — RC of (X™) to get the
(,9) — RC of {X"(k)}n>1 for all k € N. But the converse is not always true. A
counter example is
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3.3 Example. Let X" = i 1{1-1/i,00[- It is evident that {X"(k)} is (2, ) — RC for
&

1
all k €N, but (X™) is not (2,5) — RC. §
Let Ao(k) = {(ti,%ﬂ)os,‘k 1 VI<i<k-1t <ty and g; Z0ift; <
00; ar # 0if tg < oo; t; > to = 0}. Because X"(k) has at most k jumps, one can

find that (3.1) is always true for {X™(k)}n>1, applying proposition 3.2 gives

3.4 Lemma. For fixed k € N, the following statements are equivalent:
(). {X™(k)}n>1 if (2,p) — RC;

(ii). {(TP, =58 ) ocick} is Ao(k)-tight;

(iii). (3.2) and (3.3) hold for allt > 0, 0 < p<k-—1.

In addition, under any of these conditions, we have

(iv). 1\1’111210 limsup P*{(T7*,£})o<i<k € R(N,k), T <t} =0, V¥t > 0.

Proof. 1t is easy to see that (iii) implies (iv), and the proof is complete. g

3.5 Remark. From lemma 3.4, we see that {X™(k)} is (Q,5) — RC for all k € Z%, if
and only if (3.2) and (3.3) hold for Vt > 0, p € Z*. So, if we discuss the (R, 5) — RC
of (X™) directly, we must verify the condition (3.1). But lemma 3.1 gives a way for
us to avoid condition (3.1).

4. MAIN REsULTS

Vp €N, let the notation *C(p) stand for the set of all nonnegative bounded contin-
uous functions: (R4 x R)P*! — R,.

We recall R(N,k) in (2.4). For D C R, set
[S-C-D): Vt,ue D,peZ*, feCt, geb C(p), (g is a constant if p=0.)

(4.1) E™{g((T7, €} Yo<i<p) [f -Vinrn

r+1
= (f AT, oA (T, 4u) — fiaT,) © X]} — 0.

- f n
AT +u) Yinrp

[C-D): Vt,u € D, pe Z*, fe Ct, g € C(p) with supp(g) C R(N,p) for some
N €N, (4.1) holds. Where supp(g) is the support of g.

4.1 Remark. (i). For fixed ¢, put H{?P = S UAT, A (Tptu) — funT,, A(p) =
UnenR(N,p). The construction of the predictable random measure v gives that,
under condition [H1], HJ"® has the following form (cf. [3]):

H{? = GI2p, 1y T A&l <oy 5 Ty A Eplir, <),
where GIP(ao;t1 At,a1lqs, <o) - 3tp A t,aply,<4}) satisfies

(4.2) s+~ GJ*(.) is nondecreasing, and Gi*()=0;

(4.3)  GIP(ap;ty Atyarly <y 5tp At aplis,<y) =0, if ¢, > 85

(4.4) (s, to, apg,*-- ,tp,ap) — G{"’(ao;tl A t, all{,l_<_,}; s ;tp A t,apl{,’St})
is continuous on R4 x A(p).
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In fact, the construction of v gives (4.2) and (4.3). To prove (4.4), let
o" = (s",15,ag, -+ ,15,ap), 0= (s,t0,a0, -+ ,1p,ap) € Ry x A(p),

and o™ — o. Take subsequence if necessary, it suffices to prove the following three
cases:

1). s® = s =0 for all n > 1. This case is clear.
2). s> 0, and s >0 for all n > 1. In HJ?, let u = sup, s,

4 p
wh = Ea? I[t?,m[ + l[t;-{-s",oo[, w= Zaillt;,oo[ + 1[t,+:,oo[-
1=0 i=0

Then p(w™,w) — 0, combining [H1] and lemma 2.10 gives (4.4).
3).s=0ands" >0, Vn>1. Let w™ = i a?ljn cof and w = Zp: a;1[; oo in [H1],
applying lemma 2.10 and 2) gives =0 =0
0< lim:sup HIP (™) < lim:up HIP (W) = HiP (),

which implies (4.4) by letting k T oo.
(ii). To each w € £, we associate the stopped function wT» defined by w7r(t) =
w(t A Tp(w)). Since the value of

§(w) := 9((T3,&)o<i<p)GLP (b0; Ty At E1 1, <rys -+ 5 Tp A Ep Ly, <o) (W)
is determined by the first p jumps of w, we find that under condition [H1],

sup §(w) = sup §(wT*) = sup §w)= sup §(w) < oo,

wen weq weN(p) wEQ(N,p)
the last inequality is due to the continuity of § on (2(N, p), #) and the compactness of
(Q(N,p), p). Hence, the condition [H1] ensures that the expectation in [C-D] is always
valid.

4.2 Theorem. Suppose [H1] holds, then the following statements are equivalent:
(4.5). X® = X in (Q,p) and [H3] holds;

(4.6). X = X in (2, p);

(4.7). 3D C R4 with Ry\D countable, such that [C-D] holds; £§ == &o;

(4.8). [C-R4] holds; £ = &o.

4.3 Remark. It should be emphasized that, in theorem 4.2, we cannot have S :=
{f € ct : 36 > 0, such that f(z) = 0, ¥V | z |< &} instead of C* in [C-D]. A

counter example is as following. Let Z™(t) = 2—",;1[ o a(t), V(w,dt,dz) = 0
k=0 a3

which implies [H1], then (Z") satisfies [C-R] for f €S, but (4.6) does not hold. this
example also shows that f € C* in [C-D] contains the contral condition on jump size
of (X™).

Let 4" and g be the jump measures of X™ and X respectively. In order to simplify
the typography, let f.u(t, u,p) denote f.piaT, , A(T,+u) — F-BiaT,, and similarly define
Fap™(t, u,p) etc.
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4.4 Lemma. Suppose [H1] and (4.7) hold, then Vk €N, {L(X™(k))} is (2, p)—tight.

Proof. We proceed by induction on k to get the assertion.
Applying (4.7) gives that {£(X"(0))} is (2, p)—tight. Now, suppose inductively
that {£(X"(q))} is (2, p)—tight. Let

arctan(a;)
t; +1

arctan(a;
Ao = { (s, dosicett  t < tenss (s Do )ucc, € Ma(b) .
3
Then, {£ ((T,", E%%ﬁ'l)ogsm)} is A(g)—tight, and we may assume it converges
weakly to Q on A(g). Define a function KJ'? on A(q) as following:

arctan(a;)
i+1

fq

K, Jogiga+1) = GuR(e, 4u—t) (00 1AL G111, <y -+ Eg AL Bglgs <ry)-

For convenience, write g((t;, a;)o<i<q) := ' (%, 3%2)0555?), and let

9((T3,&)o<i<q) := 9(X(¢)) and similarly define g(X™(q)). Remark 4.1(ii) implies that

{s@tnrr, S )

is uniformly integrable. Therefore, g’ K¢ is Q-integrable, and
(4.9) E™{g(X"(q))HL? 0 X"} — Eq{¢'KI"}.

By remark 4.1 and the compactness of (2(N,q),p), one obtains that ¢’Kf? | 0

uniformly as u | 0 for fixed f and g; g'K.{(i)’q 1 0 uniformly as ¢ T oo for ¢ and u
fixed. Where f(i) € C* satisfies 0 < f(3) < 1 and

~_ [0, if1/il]z|<,
f(z)_{l, if |[z|<1/Gi+1)or |z|>i+1.

Hence, applying (4.9) gives

(4.10) !‘iil(}limsup E™{g(X"(q))H{?0 X"} = 0, for fixed f and g,

(4.11) ’lTug limsup E"{g(X™(q))H{®)% 0 X"} = 0, for fixed g and u.

Recall the definition of R(N, ), we may choose a g5 € C(q) satisfying 0 < g5 < 1
and
01 if (ti,ai)OSiSq ¢ R(N + I,Q),

gn((ti, ai)o<i ={ .
w(( Josisa) 1, if (ti,a:)o<i<q € R(N,q),
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such that

(4.12) E" {f (52'+1)1[T;+,5M(T;+u)1} =E™{fupu"(t,4,9)}

= E"{fv"(t,u,0)} = E" {£r"(t, 5,0 limpca}

S En{gN(Xn(q))[f*Vn(t)u’ q) - f#”(tr u, Q) o Xn]}
+ E{gn (X™(9)) fev(t,u,q) 0o X"}

£ 11 PH{X() ¢ AN, 0), Ty < 8).

In (4.12),let f =1, n 1 oo firstly, u | 0 secondly and N 1 oo thirdly, [C-D], (4.10) and
lemma 3.4 imply condition (3.2) for p = ¢. On the other hand, let u > ¢, substitute
J(3) for f in (4.12), and let n { oo firstly, ¢ T oo secondly, and N T oo thirdly, we get
(3.3) for p = ¢ by applying [C-D], (4.11) and lemma 3.4. Applying lemma 3.4 again,
we obtain that {X"(¢+1)} is (Q,5) — RC. g

4.5 The proof of theorem 4.2: (4.8)=(4.7) is clear. Thanks to lemma 2.12, we
need prove only that (4.7)=>(4.6) and (4.6)=>(4.8).
(4.7)=>(4.6): By lemma 3.1, we need prove Vk € Z™,

(4.13) X"(k) = X (k) in (R, §).

It is obvious that (4.13) holds for k = 0. Suppose inductively, that (4.13) holds for
k = p, we wish to prove it holds for k = p+ 1.

By lemma 4.4, we may assume X"(p+ 1) = (X (p+ 1), Q) in (R, ), where Q is
a probability measure on Fr,,,. Since R \D is countable, excise a countable subset
from D if necessary, there is no real loss of generality in assuming that Q(AX (p+1): #
0) = QAX(p+ 1)1;4¢ #0) =0for 0 < i < p,t € D. Hence f.punr,,,A(T,+u) 2nd
f-miat, are Q-as. continuous in (2, 5), which implies

E™{g(X"(p))[fs"(t, u,p)]}
= E"{g(X"(P))[fsp"(t,u,p)]}
=E™{[g(X(p))fen(t,u,p)] o X" (p+ 1)}
— Eq{g9(X(p))[fsn(t, u,p)]}-

On the other hand, [H1] implies
E™ {g(X"(p))[f+v(t, u,p) o X"]}

= E™{g(X"(p))[fov(t,u,p) o X (P + 1)}
— Eq{g(X(p))[fur(t,u, p)]}-

Because of [C-D], we have

(4.14) Eq{9(X(p))lfsv(t, u, p)]} = Eq{g(X (P))[fsp(t, v, P)]}
<N fI-Ngll-
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The boundedness of (4.14) shows that (4.14) holds for all g €% C(p). Thus, applying
the right continuity of X and f.v; gives that (4.14) holds for all t,u € Ry, g €® C(p).
Let

MIP = fuaaT, 0 — f-bsntat, = [fVsntaTyn — fVsnia,]-

The above argument shows that Eq [M;.':’ _;_t“l]:q"] = 0. Thus, for any R > 0, Fr, -

measurable, takes countably many values, we have
(4.15) Eq [M{P{al7r,] = 0.

Consequently, we may conclude that (4.15) holds for all R > 0 and Fr,-measurable.
Thanks to the construction of filtration (F;)i>0 (cf. [3]), we see that, V(F;)i>o-
stopping time T', there exists a R > 0, Fr,—measurable, such that R+ T, = T on
[T, £ T < Tp41]. Therefore, one finds Eq [Mé”’ 'tIfT,] = 0, which implies that M/"P"*
is a Q-martingale. This yields that Q = PITT,.“’ (cf. [3]), proving X"(p +1) =
X(p+1).

(4.6)=(4.8): Because f.y(w) is continuous with respect to time t, we find that
X has no fixed discontinuous points, and Vt,u € Ry, p € Z*, g € C(p), f €
ct, fapu(t,u,p) is P-a.s. continuous on (£, 5). Therefore, we may apply lemma 2.12
to get :

(4.16) E™{g(X" ()£ (t,u,p)} = E"{g(X"(p)) furs"(t, u,p)}
— E{g(X(p)) fens(t,u,p)}.

Under condition [H1], lemma 2.10 implies that g(X(p))f.v(t, u,p) is continuous on
(@,7), 50

(417)  E™{g(X"(p))fer(t,u,p) o X"} = E™{[g(X(p)) fur(t, u,p)] 0 X"}
— E{g(X(p))fuv(t,u,p)}.

Because v is the predictable projection of u, we obtain [C-R.4]. g

4.6 Corollary. Assume that [H1] and [H2] hold, then any statement in theorem 4.2
is equivalent to

(4.18). [S-C-D] holds for a D C Ry with R, \D countable (hence all subsets with
such property); {8 = &.

Proof. Tt is clear that (4.18) gives rise to (4.7), so we need prove only that (4.6)
implies (4.18). In fact, under condition (4.6) and [H2], we find that (4.16) and (4.17)
are also valid for all g €® C(p), which yields (4.18) by the same argument as in 4.4,
(4.6)=>(4.8). g
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4.7 Corollary. Assume that condition [H1] holds, X§ = X, and

(419)  [Ffurn, sy = SViNTy = (FVT a4y — f01aT,) 0 X7
=0, VfeCt, peZt t,ueRy,,
then X™ = X in (Q, p).
Proof. Because (4.8) can be deduced from (4.19) and remark 4.1(ii), we get the result

at once. g

Because of theorem 2.6 a), we find that Q is a closed subset of (Q,5). Thus, we
may apply theorem 4.2 to conclude

4.8 Corollary. Let X™, n > 1, and X be counting processes with X§ = Xo = 0,
and A™, n > 1, and A be their predictable projections respectively. IfVt > 0, k € N,
Aiar, (w) is continuous on Q, then the following statements are equivalent:

(i). X = X;

(ii). 3D C Ry with R4\D countable (hence all subsets with such property); such
that Vt,u € D, p€ Z%, g & C(l—i',;_) with supp(g) C R(N,p) for some N €N if
p21,

(4:20) EM{g(T7, - TP A, cas vy = AinTy

- (AtAT,+|A(t,+u) - AMT,) o X"} —0.
Where R(N,p) := {(t1,--,tp) : 1 > 1/N; V1 <i<p—1, t; +1/N < tip1}.
Moreover, if Vt > 0, k € N, {Aia1, © X™,n > 1} is uniformly integrable, then (i) is
equivalent to

(i’). 3D C Ry with Ry\D countable (hence all subsets with such property); such
that Vt,u € D, p € Z*, g €® C(R%), condition (4.20) holds.

5. APPLICATIONS

In this section, we try to apply the main results in this paper to homogeneous
Markov jump processes.

It is well known that X is a homogeneous Markov jump process under P if and only
if (T, €k )k >0 is R.; x R-valued homogeneous Markov chain with transition probability

measure
Qo) = { 1PN~ NNty 7 (2>
€00 (dt)ez(dy), if q(z) =0.
Where ¢(z) and N(z,dy) satisfy
(5.1) P(T; > t|X(0) = ) = exp{—a(z)t},
(5.2) P (¢ € dy|X(0) = ) = N(z,dy).
It is obvious that the distribution of X is determined uniquely by the initial law
7 =P o X(0)7!, ¢(z) and N(z,dy), we denote by X ~ (r,4, N). From [11], we get
that the predictable characteristic of X is

(5.3) v(w,dt,dy) = ¢(Xe-)N(X:—, Xi— + dy)dt.
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5.1 Lemma. 1% Suppose that f, f*, n > 1, are real valued functions defined on R.
Then the following statements are equivalent:
a). Vz", z € R, z" — z, we have f*(z") — f(z);
b). i). f is continuous,
ii). sup e g |f™(z) — f(z)| — 0, for any compact subset K C R.

Now, we give the applications.

5.2 Theorem. Let X, X", n > 1, be homogeneous Markov jump processes, X ~
(r,q,N), X™ ~ (7",q", N™). Then the following statements are equivalent:
(a). V2" — z,
i). ¢"(z") — ¢(=),
i). if g(z) > 0, then Vf € C*, [ f(y)N™(z",dy) — [ f(y)N(z,dy);
(b). Vr* => 7, then X" => X in (%, p);
(c). V" => 7, then X" => X in (R, p) and

(5.4) limlimsup P"{J¢]| € (0,u), T} <1} =0, V2 > 0;

(d). Vz" — z, take ™" = €zn, T = €5, we have X™ = X in (R, p) and (5.4) holds.
Proof. (a)=>(b). By (5.3), we obtain that Vf € C™,

k
(55)  fuinton =Y (ATig1 —tAT) / F)a(Xr,)N (Xz,, X, + dy),

=0

which implies [H1] by applying lemma 5.1. On the other hand, we proceed by induc-
tion on k gives that (a) implies (4.19), hence applying corollary 4.7 yields (b).

(b)=(c) and (c)=>(d) are clear. To prove (d)=>(a), applying lemma 2.12 gives
IT = T1. We may use (5.1) to get (a) i). if g(z) > 0, then £} = &; by lemma 2.12.
This shows

/ F)N™ (=", dy) = E"f(€])
~E (&) = [ [N, dy), ¥F € O

5.3 Corollary. Let Q" = (¢}), n > 1, and Q = (q;j) be density matrices corre-
sponding to Markov processes with state space Z*. Then the following statements
are equivalent:

(a')' Vi, j, Q?j = qij,

(b). V7" = 1, X" = X

(c). Vi, take " = 7 = ¢;, X" = X.
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