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A Maximal Inequality for Martingale Local Times

S.D. Jacka
Department of Statistics, University of Warwick
Coventry CV4 7AL, U.K.

1. Introduction

- ~

Let M and N be continuous local martingales, let M, N denote M—MO
and N-N, respectively, and let L:(M), L:(N) denote the local times of M

and N respectively.

It was shown in [3] that

5|

3

Ky llaup sup|fo-L2a0 ] [1, = ||aen

or equivalently,

a a R
cp||s;p S:PILt(M)‘Lc(N)I = (M-N)mHP (1.1)

for all pe(0,»), whilst Barlow and Yor established in [2] that

a a
| |sup supILt(M)—Lt(N)I llp <

a T
: ||
ES o
C II(M-N):H% ||M:+N:||2 (1 vin {—2_P } )}
P P P ”(M-N)pr

In this note we prove the following:

Theorem 1 For all pe(l,«) there is a universal constant ¢y such that for

all continuous martingales M,NEHl
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a _ qa . a a
lls:p szp|Lt(M) Lt(N)I Ilp < Lp||s:p|Lm(M) - Lm(N)I Ilp'

2. Some preliminaries. We recall some properties of local times.

For a continuous semi-martingale (Xt; t20) we may define (c.f. [1])

its family of local times by means of Tanaka's formula:

t
a
-a| = _al o+
|Xt al |Xo al J sgn(Xs)dXS + Lt(X)
o+
where
1 : x>0
sgn(x) =
-1 : x<0

a .. . . .
Note that Lt(X) is increasing in t and increases only on {c: Xt=a}

(c.f. [4D).

Furthermore it has been shown in [5] that if X is a continuous local
. a . . .
martingale then Lt(X) has a bi-continuous version and we shall assume,

without loss of generality, that we are working with such a version.

To simplify notation we fix M and N, two continuous martingales, and

their filtration (Ft; t20) and define
U(a,r) = LiG) - L2 (N))

A = sup(Li(M) - 13(N)) = sup U(a,t)
t a t a
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B_ = sup(L2(N) - L2(M)) = - inf U(a,t)
t a T t a

D_ = sup|L?(M) - L3(W)]
T S s

a

and for any (Xt; t>0)

* N
X = suplxsl, X =X X,
s<t
3. Proof of Theorem 1. The crucial result is contained in the following

lemma:

Lemma 2 Define

Q
[

inf{c20: AtZZX}

~
1]

inf{t20_ : U(M_ ,c)s=x}
X o,

«
. . . . . 1
where, as is usual inf¢ is taken as ® : then, if M and N are in H  *

ELCM-N)) + AT > x (0 <=) (3.1)

(o <o, 1 =°°):I
X x

Proof It was shown in [3] that At is continuous, so on (0x<w), Ac = 2x.
.| * . X
Now M and N are in H™ so M_,N <» a.s., so a.s. U(a,cx) is zero off a

. a . . .
compact set (since Lt(X) only increases when X is at a) and continuous

and we may conclude that supU(a,ox) is attained.
a

We may deduce that, on (cx<W), supU(a,cx) is attained at a=Mq for,
a X
suppose not, then E}thU s.t. 2x = U(b,cx) > U(b,t) for all t<o_ burt,
X
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since baM Eit<0x s.t. LE(M) = Lz (M) whilst (since L:(N) is increasing

. b, X X . .
in s) Lc(N) < LZ (N) so that U(b,t) = U(b,cx) which contradicts the
x
definition of LA We conclude that, on (cx<m), U(MU ,cx) = 2x whilst
x
M is in Hl so has a limit variable M_ and so

EUM_ ,0) - UM ,71.)] = EL[(2x-UM_ ,71 ))I ] (3.2)
a X a X [} X

(o _<»)
X X X X

(since T_20 so, on (g =), o =T _==).
x x X X

Similarly, we may see that, on (Tx<w), U(Mc ,Tx)=x so that (3.2) is
X

EL2XT (o o) ™ XL(p <o) = UM, T (g <w, T =) (3.3)
X X X X X
Conversely, (3.2) is

M M M M
g [0} Ux O'X

EO(L *() -1 *) - (L ) - L ()] (3.4)
T ag T g
X X X X

Applying Tanaka's formula to the two (F0 PR t20) martingales,
x

m = Mo ‘e and n = N0 +r > Ve obtain the formulae
X X
M M M
Ox OX Ux
L "(M)-L "(M) =1L (m)
T (o] T -0
X X X X
T
X
=M -u | + | sgn(M -M_ )dM (3.5.1)
[0} s U0 s
X X ag X
X
M M M
Ox 0X ox .
L "(N)-L “(N)=1L (n)
T a T =0
X X X X
=|n - | - [N -M
T ag ag
X X X X
T
x P
+ J sgn(N -M_ )dN (3.5.ii)
s a s
(o) X
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Now M and N are in H1 and |sgn(x)| = 1 so the two stochastic integrals
in (3.5) are uniformly integrable and so we may apply the optional

sampling theorem to obtain:

M M
o] ag
X x _ _ .
E(L () - L T00] = mluT M (3.6.1)
X X X X
M M
ox Ox .o
E[L (N - L, YN = E(|N_ M | - INO M D) (3.6.ii)
X X X X X X

Substituting equations (3.6) in (3.4), and equating (3.2), (3.3) and

(3.4) we see that

EL2KI (5 o) ™ X ) ~ U ’Tx)I(o <@, 1T =)’
x x x x x

= BN M | - INO M | - IMT 11 (3.7)
X X X X X X

Now, by a similar argument to that given above, we may see that, on

('rx<°°),NT =M, ,soon (Tx<W) the term inside the expectation on the
x
RHS of (3.7) is non-positive whilst on (ox=w) it disappears so that the

RHS is dominated by

EL(IN_-M_| - INc -Mcxl)l

]
(0_<wo, 1 =)

. A* . .
Observing chat !xml-ixo | < 2X _ and rearranging terms in (3.7) we
x
achieve the inequality:

ELQUM ,t) + 200-0) )1
G X\ -]

<o =00
x (ox Ty )

> 2x]P(ox<°°) - xIP(Tx<°°) (3.8)
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All that remains, to complete the proof, is to see that, since
T 20, P(1 <o) < P(0_<=), whilst on (1_=w)
X X X X x

UM ,1.) =UM_,») <A. ]
0.’ x o o
X x

Lemma 3 If M and N are martingales in Hl

o oF * (3.9)
E(2M-N)_ + Am)I(AwZX) > x]p(Amzz;()

*
Proof On (ox<m,Tx=m), A _2x whilst (0x<m)=(Aw22x) so (3.9) follows

immediately from (3.1). |

We may now establish the theorem:

p-2

Proof of the theorem: multiplying both sides of (3.9) by px and
integrating with respect to x we obtain, by Fubini's theorem:
P -1 p-1 *\p/,P
- E(2M-N)_ + A AL = E(A)7/2 (3.10),
whilst reversing the roles of M and N in (3.9) we obrain:
I 3 - *
2 EQOEN 4 3)E] 1> m(P/2P (3.10),

Clearly Dt = AcVBt’ so that, since At and Bt are non-negative,
20P > AP + BP > DP,
t T T T

Thus, adding (3.10)A and (3.10)B

3
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?;%%7 EL2-N) + 002711 > E(D)P/2P

Applying Holder's inequality to the first term on the left, we obtain,

p+l A a _
2 elloeni] i1 P+ P = E@DP (3.11)
(p-1 o!lp o!lp © ©

Now, by (1.1), Il(ﬁ-ﬁ):||p < cpllD:‘Ip’ so substituting this inequality

in (3.11):

v

2p+1 * -1 *
Gty (HPLIIE + 2¢ Ho [ TIn 12T = I, (3.12)

and dividing both sides of (3.12) by lllelg we obtain the result that
*
D < K D
IR SR

where Kp is the largest zero of

P

-4 P
D) (2cp x+1) 0

£ (x) = xP
P
Corollary 4 If M is in ' cthen for all pe(l,«), ac R
* K . -
||(M-1,\go)mllp < p inf |[[sup[tZ(m) - LX a(M)IIIp
2 xeIR, a

This follows immediately from theorem 1 and (1.1) by setting N = x-M.
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Remarks

(1) Theorem 8 of [1] enables us to extend the range of p in Theorem 1

to (1,«],

(2) Corollary 4 is a specific case of the more general result that

.~ n -
Haew |1 <k dne lsupluien - 2@ (]

P xeR a

The author would like to thank Doug Kennedy for helpful criticism

and advice during the preparation of this paper.
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