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THE REPRESENTATION OF POISSON FUNCTIONALS
by S.W. He

1. Let (Wt) be a Brownian motion and (?t) be its natural filtration.
Dudley [3] showed that every #,-measurable random variable § can

be represented as a stochastic integral ['h dWS of a predictable pro-

cess such that / h2ds < ® a8.8.. OFf cougse if §EL2 and E[§]=0, this

reduces to the well known representation property of Brownian motion,
but. for arbitrary random variables the problem is quite different. For
instance, let § be an exponential random variable, and let (3t) be
the smallest filtration, satisfying the usual conditions, with respect
to which 8§ 1is a stopping time. It is well known that (3t) has the
predictable representation property, and still Emery, Stricker and Yan
show that there is no local martingale Mt such that MS=1/S . They
also show that similar negative results hold at totally inaccessible
stopping times in any filtration ( and on the other hand get positive
results of the Dudley type, vrder the assumption that all martingales
are continuous, but without predictable representation ).

The purpose of this note is to extend Dudley's result to the case
of Poisson processes. We prove that if (3t) is the natural filtration
of a standard Poisson process (Xt) :

1) For every ?a)—meaeurable random variable § , there is some local

martingale (Lt) such that Ly=0 and lim, .,

2) For every predictable stopping time T with O<T<w a.s. and every Fnp
measurable random variable § , there exists a local martingale (Lt)
such that LO:O and LT:§ 8eSe o
We recall that every local martingale (Lt) with LO=O is a stochastic
integral with respect to the fundamental martingale Xt—t . Both results

Lt = § 8eSe.

may be viewed as satisfactory extensions of Dudley's theorem and ( due
to the remark of Emery, Stricker and Yan mentioned above ) the predicta-
bility restriction is quite reasonable. €n the other hand, there is no
obvious reason for the restriction that P{T<w} = 0 ( case 1 )orl
( case 2 ), but we haven't been able to prove the theorem without it.

We denote by T the successive jump times of (X ), while Ty=0
by convention ; Mt = X -t denotes the fundamental martlngale. For all
necessary properties of (9t) which aren't proved here, see Jacod [5].
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2. In this section we are going to deal with the first case. The main
argument is very simple, and contained in the following lemma :

t
LEMMA 1. For every n, there exists a local martingale Jﬁ =/ jngs
with the following properties 0
- { §5£0 } < ]T,,T .11 ( hence J=0 for t<T and J" is stopped at

time Tn+1 )
- J? -1
n+l
n n
- lJtI <e for all t, where &, denotes T ,-T .

s-T
PROOF. We take jg = e nI!T <s<T }oe Considering only n=0 for sim-
n o ="n+l

plicity of notation, we have

t
.0 t s t
J%:é oM, = -(f) e®ds = 1-e” for t<Ty ,  Jp=1 for t3T.

Of course, if n is some 3Tn
a local martingale with initial value O.

-measurable random variable, nJﬁ is also

We can now prove :

PROPOSITION 1. If & is any ( a.s. finite ) ?a)—measurable random varia-
ble, there exists a local martingale L, = /"n @M such that lim T
exists and is equal to § a.s. . 0

PROOF. We first construct>a sequence of random variables §n such that
§n = § a.s. , §n is 5Tn-measurable for every n .
Then, using the Borel-Cantelli lemma, we construct a strictly increasin

saquence (nk) such that 5
k<n, , IS—EnkI < %e—k for k large enough (a.s.)
and we set n n

_ 0 1

L, = gnOJt + (gnl-gno)Jt Feoes )

Since the sequence is strictly increasing, the supports of the jsk are

all disjoint, and this ig a stochastic integral of the locally bounded
RS .n

rocess h, = § + (6. -8 )i 1+ ...
p t noat ny; ‘ng Jt
At time Tnk+1 , the value of Lt is §nk and doesn't change again

until time Tn . So to prove that Lt converges to € , we need only

k+1

show that the oscillation between times Tn and T tends a.s. to O.
k

n, +1
K Ap
e K

According to the lemma, this oscillation iszat most |§n -§n |
which for k large is a.s. smaller than = ko Tkl
The random variables An are independent, idenfically distributed and

integrable. So 4 /k is K a.s. bounded, and e¥ ¢k > 0 a.s.. This con
k cludes the pro
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3. In this section, we deal with the second case, that of a predicta-
ble stopping time T . The principle of the proof is also contained

in the following simple lemma :

LEMMA 2. Let T be a predictable stopping time, with P{TD<T§TD+1}>O,
and let § be an ?T—measurable random variable. Then there exists
a local martingale Kg =/ kszs with the following properties :

0

- {k?#O} < 1TsThay
- K% = § a.s. on {Tn<T<T

AT] (therefore K = O for t<T and K is stopped
T 7 at time T ;AT )

n+l}

PROOF. We remark that, T being predictable, P{T:Tn+1}=0. So we may
replace everywhere {Tn<T<Tn+l} by {Tn<T§Tn+1i , which we denote by

A for simplicity. For clarity, we begin with the case n=0. It is well
known that there exists a constant ¢>0, a constant Y such that

T=c a.s. , &=Y a.g. on {O<T§Tl} = Agye.

and on [O,Tl[ we have jthdeS ==/ hsds . Thus we need only take
0 0

0 _ Y . _

kS = - EIO<ngAT1 to get the desired value at time T=c on Ao.

The general case just requires slight changes : on An we have

T = Tn+c(T1,...,Tn) , & = Y(Tl,...,Tn) a.S.
where c¢ and Y are Borel functions on B® , and c¢ 1is strictly posi-
tive. Then we define

S

S ]Tn<S§TATn+1
We now prove a slightly better result than statement 2) in the

introduction. We don't know anything about the convergence of Lt at

infinity : if we knew, it would be possible to apply proposition 1 to
get a given value at infinity too.

YTy eee T/ e(Ty, L ).

PROPOSITION 2. Let T be a strictly positive predictable stopping time,
and let § ©Dbe an 3T—measurable random variable ( a.s. finite ). There
exists a local martingale Lt =/ kdes with initial value O, such
that Lp=$ a.s. on {T<w |. 0

PROOF. We are going to construct Lt as a sum of local martingales
Lg =/ kngs » each predictable process ' being equal to O outside
of O ]Tn,TATn+1] ( consideded as empty if T<T, ), and the sum hence
being convergent.

We start the construction by n=0 : if P{T§T1}=O, we set k°=0. Other-
wise, ko is given by lemma 2 applied to n=0, and the r.v. & itself.

Then we proceed by induction. Assuming ko,...,k:n'1 are constructed,
we set AL =z, /° kldM_ . If PIT <Dgh }=0 we define KP-0. Other-
wise kP is given gy lemma 2 applied to the random variable Q—AEIA

It is clear that this construction gives the desired result. o
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