L.C.G.ROGERS

Williams’ characterisation of the brownian excursion
law : proof and applications

Séminaire de probabilités (Strasbourg), tome 15 (1981), p. 227-250
<http://www.numdam.org/item?id=SPS_1981__15_ 227 0>

© Springer-Verlag, Berlin Heidelberg New York, 1981, tous droits réservés.

L’acces aux archives du séminaire de probabilités (Strasbourg) (http:/portail.
mathdoc.fr/'SemProba/) implique I’accord avec les conditions générales d’utili-
sation (http://www.numdam.org/conditions). Toute utilisation commerciale ou im-
pression systématique est constitutive d’une infraction pénale. Toute copie ou im-
pression de ce fichier doit contenir la présente mention de copyright.

‘NuMDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=SPS_1981__15__227_0
http://portail.mathdoc.fr/SemProba/
http://portail.mathdoc.fr/SemProba/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Williams' characterisation of the Brownian excursion law: proof and

applications
by

L.C.G. ROGERS

University College of Swansea

1. Introduction.

Let ° = {continuous functions from [0,©) to R}, let Xt : 2° >R

be the mapping w b w(t), let 7 o({XS ; 0<s<t}) with 7= o({XS ; s20}),

[
t
<

and let Mt(m) = max{Xs(w) ; 0<s<t}.

Let P be Wiener measure on (90,30); then P(X0 = 0) =1, and there

exists Q € 30 with P(Q) = 1 and such that for all w ¢ @, for all t=20,

the limit
(1) lim (iwe)% N(t,e,w) = L _(w)
t
€¥0
exists, defining a continuous function Lt(w) of t. Here, N(t,e,w) is

the number of Ik(m) contained in (0,t) and of length at least ¢, where

o

K(w) = {t; w(t) $0}= v I ()
k=1

is a representation of the set K(w) as a disjoint countable union of open

intervals (for the existence of such an , and other properties of L see,

o

for example, Williams [8] ). Henceforth we restrict our o-fields 7° t

, 7

to Q , writing the restrictions as 7, ?t.

The normalisation of local time we have made here has been chosen so that

the remarkable distributional identity:

)

2 (% L = -x

t » M)

t 0t

is valid.
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In recent years, a number of papers have appeared dealing with the
distributions of T, HT and XT, where T is an (Jt)-optional time of the form:

T

inf{t; (nt, ut) € A}

for some (closed) subset A of nz. (See Azéma-Yor [1], Jeulin-Yor [3],
Knight [4], Lehoczky [5], Taylor [7], and Williams [9]). Various approaches
have been adopted by these authors; the aim of this paper is to show that Its's
excursion theory provides a natural setting for these problems, and that the
explicit characterisation of the Brownian excursion law due to Williams [10]
turns this natural way of considering the problems into a powerful method for
solving them. No proof of this characterisation of the Brownian excursion law
has yet appeared, so we devote section 3 of this paper to a proof using the path
decompositions of Williams. In section 2 we see how the Azéma-Yor proof of the
Skorokhod embedding theorem can be quickly established using ideas from excursion
theory, and finally in section 4 we use the result of section 3 to solve the

problem dealt with by Jeulin and Yor of finding a method of calculating

s s
E exp{- a(Xg, Lg) - ro b(x,, L )dt - JG e(X,, L )dt},
s

where a, b, ¢ are any measurable functions from Rz to mf,

(3) Gt = sup{s<t; xs = 0},
and

- . + = = .
(4) S = inf{t; h(Lt)xt + k(Lt)xt 1};

here, h, k: R’ > R' are measurable, and x: Z(X) V0 =X +X.

We conclude this section by setting up the notation to be used for the rest

of the paper.

{(£e0%°;3 0<g <= with £(t)>0 on (0,7), £(t) = 0 otherwise}

8
(-

{f ¢ 90; -f € U+},

-K
"

vz=uvtuvu.

For f e U, let z(f) = sup{t; £(t) % 0},

max{f(t) ; t20} if £ e u*

m(f) _
min{f(t) ; t=20} if f e U
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Equipping U with the topology of uniform convergence on compact sets makes U
into a Polish space; let U denote its Borel o-field.

Now it is a central idea of the historic paper by Ita [2] that there exists
a o-finite measure n on U, satisfying

(5 J n(df)[1- exp(- z(£)) <,
‘U

such that, from a Poisson process on B+x U with measure dtxdn one can
synthesize the original process X, and, conversely, by breaking the set

K(w) 1into its components Ik(m) and considering the excursions of X during
these intervals, one can construct a Poisson process on R+XU. . In more detail,
if w € Q, define for each t>0

(6) o () = inf{u ; L, (w) > t},

and use J(w) to denote the (countable) set of discontinuities of t b ot(w).

For t e J(w), let ft denote the element of U defined by

X(o, +8) 0<s8<o0,-0

1,(®) t- t~ %t-
=0 otherwise.
Then {(t,ft) ; t e J(w)} is a realisation of a Poisson point process on R x V)
with measure dt xdn; in particular, defining for each measurable subset A
of the Polish space ll+x U, the random variable:
N(A) = number of t € J(w) for which (t’ft) € A,
then if A

yA are disjoint, N(Al), e ,N(Ak) are independent Poisson random

1Ay

variables with parameters:

E N(Ai) = J dt x dn.

A

In what follows, we will freely switch from considering the process X as a
continuous function of real time to considering it as a point process in local

time.

2. The Skorokhod embedding theorem.

We begin this section with a simple lemma, which can be deduced from Williams'
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characterisation of n, the Brownian excursion law, but which we here prove

directly.

Lemma 2.1.

n({f ¢ U; |m(f)| >x}) =x“1 for each x>0.

Proof.

Bearing in mind that (lxtI’Lt) (Mt-xt,Mt), and fixing x>0, we see
that if
p = inf{s ; MS-XS>x},
then Mp is exponentially distributed with rate n({f ;|m(f)|>x}). An
A
application of Ito's formula tells us that for each 6 > O,
-6M

Zi e t (Mt--Bt + 6-1) is a local martingale.

But Ze is bounded on [0,p], and using the optional sampling theorem at p
proves that Mp is exponential, rate x_1

Now let u be a probability measure on R satisfying

J [t] nedt) <, J t u(dt) = 0.
R R

Azéma and Yor define a left continuous non-negative increasing function

¥v: R-R' by

<)) ¥ = T J tudt)  if p(x) > 0

[x, )

= x if ()

]
o

where ﬁ(x) = u([x,»)); they remark that V¥(x) 2 x Vx,

Y(x) =x = ¥(y) =y Vy 2x, and lim V¥(x) = 0.
X->—00

Now define

(8) T = inf{t; Mt > ‘P(Xt)}.

Theorem (Skorokhod; Azéma-Yor).

The optional time T is finite a.s., and the law of XT is . Moreover,
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2
if p possesses a finite second moment, then ET = J t u(dt).

Proof.

We leave the proof of the last assertion aside until Section 4.
Define the right continuous inverse ¢ to Y by
o(x) = inf{y; Y¥(y) >x},
and notice that, with this definition,

T = inf{t ; @(Mt) > xt}.

Since XT = ¢(MT) when T < «, it is enough to find the law of MT' We make
the convention that MT =w jf T ==,
Now look at Fig. 1] and think in terms of excursions. A sample path of

(xt'Mt) in Rz consists of a (countable) family of horizontal "spikes"
(corresponding to excursions of X below its maximum) with their right-hand
end-points on the line x =y. The time T occurs when one of these spikes

goes far enough to the left to enter the shaded set, {(x,y); y 2 ¢(x)}. If

Fig. 1.
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we fix m > O, then IT Z2m <> no excursion of M-X during the local time
interval [0,m) has maximum greater than or equal to u-¢®(u), where u is
the local time at which the excursion occurs. But this latter event occurs
iff the Poisson process of excursions puts no point into the set

D

{u,); 0 <u <m, |m()| 2 u-0Cu}.

Now the number of excursions in D is a Poisson random variable with mean
m -1

I thdn=I dt (t-¢(t)) -,

D 0

by Lemma 2.1. So

P(I,r >m) = P (no excursions in D)

9) n
= expl- I at (t-o(t) 1.

(1]

If we make the simplifying assumption that Y is continuous and strictly

increasing, then, as XT = @(HT) when T < », for x < sup{t; u(t) > 0},

P(T = », or x_r>x) P(HT > ¢(x))

(10)

X
Y (ds)
expl- J_w ¥ -8

But, by the definition (7) of ¥, for s < sup{t; ﬁ(t) >0},

- uds) .
(11) ¥Y(ds) = 7(s) (Y(s) -8),

which we put into (10) and deduce that for x < sup{t; u(t) >0},
P(T ==, or X >x) = u(x.
Now let x4sup{t; u(t) >0} to learn that P(T = ») = 0, and P(X,>x) = u(x) .
To handle general Y, the jumps of Y must be accounted for separately
from the continuous part. The details are not difficult, and are left to the
reader.
Pierre [6] gives a proof of this point in the spirit of the original paper

by Azéma and Yor.
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3. Williams' characterisation of the Brownian excursion law.

Informally, Williams' [10] characterisation of the Brownian excursion law
says this; pick the maximum of the excursion according to the "density" x-zdx,
and then make up the excursion by running an independent BES°(3) process
until it reaches the maximum, and then run a second (independent) BES°(3)
process down from the maximum until it hits zero. We shall here treat the

excursion measure of (X)) which is only trivially different from the case

t t20’
treated by Williams, that of the excursion measure of (lxtl)t>0'

In more detail, set up on a suitable probability triple (Q',7',P') the

independent processes
o
(1) (Rt)tzo’ a BES (3) process,
LY o
(ii) (Rt)tzo' another BES (3) process.

Define for each x>0 Tx(R) = inf{s ; l!.s >x}, Tx(ﬁ) = inf{s ; ﬁs >x}. Now

X
for each x >0 define the process (Zt )tzo by
Rt , OStS'rx(R),

X _ v
Z, 3(x-R(t-T (), T (®stst (R + 1 (B,

0 VT R+ T () st
For x<0, set Z = -2 (t20), and define the kernel (n|m)(+,+) from
R\{0} to U by
(n|m) (x,A) = P'(Z% ¢ A) (x € R\{0}, A € U).

(It is plain that for each x, (n|m)(x,-) is a probability measure on (U, l)
and t x 2 1
0 prove the measurability of (nIm)(-,A), notice that (zt)t>0 =(x2 )
= tx © t20
so if ¢: U > R is bounded continuous, the map x » I(n]m)(x,df) (L) is
continuous, and measurability of (nln)(-,A) follows by a standard monotone

class argument). The kernel (n|m) provides a regular conditional n-distribution

for the excursion given its maximum.
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Theorem 3.1. (Williams)

The Brownian excursion law is the o-finite measure n on (U,lY) defined

by
-2
n(A) = % J x “(n|m) (x,A) dx
R\{0}
(12)
-1
= J nom ~ (dx)(n|m)(x,A).
R\ {0}
The rest of this section is devoted to the proof.
We begin by reviewing briefly some results on random measures which we
shall use. Let M denote the set of o-finite measures Vv on (R+x u, 93(1!{+) x U)

with values in Z' U {»} satisfying the condition
(13) v({t}xU) <1 yt=0.

We equip M with the smallest o-field #(M) for which all the maps

+
v B V(E) (E € B(R ) x1)
are measurable. There is a natural 1-1 correspondence between M and the
A
space of point functions considered by Ito [2]. We shall if need be phrase

statements in point function language, but generally the statements in terms
of M are cleaner. For each t >0 define the map et: R*x U > R xU by
et(s,f) =(t+s,f). A random measure is a random element N of M, we say
N is renewal if for all t=>0, No 6;1 is independent of the restriction,

of N to [0,t) xU and has the same law as N. Its proved that every
renewal random measure for which the measure A b EN(A) is o-finite is a
Poisson random measure, and conversely (a random measure N is a Poisson
random measure if there exists a o-finite measure ) - the characteristic
measure - on (U,lU) such that

(i) N(A) is Poisson with mean J dtxdr, A € B(R') x U;
A

(ii) if A .,Ak are disjoint measurable subsets of ]R+x U, then

17
N(Al) e ey N(Ak) are independent. ).

We now give a careful construction of the map ¢: (2,7 > (MB(M)
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which was outlined in the Introduction. Fix n ¢ N, and consider the

(Jt)—optional times

1]
=
-

= int{t>0, ; |X|

(14) (k =0,1,2,...)

o =0, Pr+1

o =0,

El ; X, = 0}.
o Tk+1 inf{t 7 Pge1 }

t

The map & : (R, > (M,B(M)) takes w to the measure which puts mass 1
n

on each of the points (ﬂk,fk), k =1,2,..., where
£ =L
k pk
= < < -
(15) fk(t) = w(t+nk) O_t_ck nk
=0 tZok—nk,

using n, _  to denote sup{t <o X, = 0}.

The measure ¢(w) is defined by

(16) () (A) = lim ¢_(w) (A), Ac B(R) x 1.
Proposition 3.2.

The map ¢: (2,7 > (M,3(M)) is measurable.

Proof.

It is plainly enough to establish measurability of each ¢n, and to prove
that each @n maps into M. The latter follows from the fact that the set of
points of increase of L.(w) is the zero set of X.(m) for all w € R, and to
prove the former, it is enough to prove that the probability measure putting
mass 1 at the point (Kk,fk) is measurable. The o-field on R+X U 1is the

product o-field, so it is enough to prove measurability of lk' f separately.

k

Measurability of Kk is immediate; as for fk’ if we fix a>0 and t>0

and note that
o o o o
{£ (t)y>a} = v uv u v A .,
k m=1 r=1 j=1 s=1 pel mrjsp

where
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Amr;jsp =8 it p ¢ [J 2 T4+t, (12T +t]

1

{w(p) >a +m-1, N € L 2-r'(j+1)2-r)’ sup{w(x) ; Jj 2 Tex< (;j+1)2-r} <n

and influ(x) ; (j+1)2 T <x< (§+1)2 T +t} > ! otherwise,
is in 7, then this proves tk to be measurable.

Remarks.

(a) By the properties of L, it is easy to see that ¢&(w) ¢ M always
satisfies tlre condition

(17) o, = ¢(w) (ds,df) T(£f) is a strictly increasing finite-valued

t I[0,1‘.]xU

function of t.

Later in this section we shall give a sort of converse to Proposition 3.2 ;

we shall prove that there is a:subset Mo of M and a measurable

function VY: Mo -+ Q such that &(Q) < Mo' and Yod(w) =w for all w € Q.
In other words, not only is it true that the Brownian path can
be decomposed into its excursions from zero, but also, given a Poisson process
of excursions with measure n, one can synthesize a Brownian motion from them.
(b) By the strong Markov property of X and the fact that the points of increase
of L form the zero set of X, the random measure &(X) is renewal, and the
o-finiteness of A » E &$(X)(A) is immediate, so ¢(X) is a Poisson random
measure. Thus the existence of the Brownian excursion law n is not in
question - nor is its uniqueness!

As stated in the Introduction, we are going to use the path decompositions
of Williams [8] to prove the characterisation of n, which will follow from
Theorem 3.4 and Proposition 3.3. Firstly, we give an obvious characterisation

of n which we shall prove equivalent to the result stated.
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Proposition 3.3.

Fix a>0, and set up on a suitable probability triple the independent

processes
(1) (Bt)tzo’ a Brownian motion started at O;
(ii) (gt)tzo’ a Brownian motion started at a and stopped when it hits O.

Let T = inf{u; Bu =a}, n = sup{t<t; Bt = 0} and define the process Z by

= < < T=-
Zt Bn+t 0<t<Tt-n

=§t-T+n T=n<t.

The process Z is a random element of U, whose law is the restriction of n to
v ={fev; m(f) 2 a},

normalised to be a probability measure.

Proof.

If we restrict ¢(X) to R+x Ua’ we observe a discrete Poisson process

whose points come at rate n(Un) and are i.i.d. with law n(Ua)_l.n. The
law of Z 1is nothing other than the law of the first excursion of X with
maximum greater than or equal to a.

We now turn to the path decompositions of Williams [8]. The following

result is a slight extension of Theorem 2.4 in that paper.

Theorem 3.4 (Williams).

Let {xt ; 0st<fz} be a regular diffusion on (A,B) with infinitesimal
generator ¢ satisfying the conditions

(1) Xo =Db € (A,B);

(ii) the scale function 8 of X satisfies

8(A) = -», 8(B) <=;

(i11) ¢ = inf{t; xt~ = B} a.s..
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Then, defining

(18) Yy = inf{xt ; 0st<gl,

there exists a.s. a unique p such that Xp =y. The law of vy is
s(B) - s(b)

19 =222 " 2279 <

(19) P(y <x) s(B) ~s(x) (x<b)

and conditional on Yy, the processes {Xt ; 0<t<p} and {Xt+p ; 0<t<rg-p}
are independent; the law of the pre-p process is that of a diffusion in (A,B)
with generator

(20) [s(B) -1 g[s(B) -s]

started at b and stopped at Y, and the law of the post -p process is that

of a diffusion in [Y,B) started at y and killed at B, with generator

(21) [s-s(I  gls-sml.

Finally, if o = sup{s; X, = b}, then the process {xt+ 0st<g-o}

Yol ’

has the same distribution as a diffusion in [b,B) with generator
-1

(22) [s-s(b)] "gls-s(b)]

started at b and killed at B.

Let us apply this result to the case of interest where A = -, B = 0,

b = -a<0, and the diffusion X is Brownian motion started at b and killed
on reaching O. The scale function of X is the identity map, and the
: d 2 A
generator is % 2 on Ck(-w,O). We can now read off the decomposition at
dx

the minimum of X from (19), (20), and (21);

(23) P(inf Xt < =-x) = a/x;
d2 1d
. <f _,1r e - <t <
(24) {Xt ; 0<t<pl has generator % dxz + 3 , so { Xt ; 0<t<p}

is a BESa(3) process, stopped on reaching -v;
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2

d 1 d
(25) {Xt+p ; 0<t<g-p} has generator %;;E + ;:? P so the process
{Xt+p_ y; 0<t<g-p} is a BES°(3), stopped on reaching -vy.

Finally, we can read off from (22) what the law of

{x ; 0<t<g-o}

t+o

will be; the same argument proves that

(26) {a+X 0<t<g-o}

t+o;
is a BES°(3) process, stopped on first reaching a.

Now we can use these path decompositions and Proposition 3.3 to
finish off the proof of Theorem 3.1. From Proposition 3.3, the piece
of the path of Z up to the first hit on a is just a Brownian motion
from its last hit on zero before its first hit on a, and this, by (26),
is a BESO(S) run until it first hits a. The path of Z from its first

hit on a now splits, by (23), (24) and (25), into

27) a BESa(3) run until it first hits vy;

(28) a BES°(3) run down from 7Y until it hits zero,

independently of the path of Z wup to the first hit on a. The law of Yy
is given by (23). The path of Z is now in three pieces; the last piece,
(28), is what we said it would be, and the first two pieces, the path up to
the first hit on a, together with (27), can now be assembled to make a

BES°(3) run until it hits 7Yy, since the two pieces are independent. This
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completes the proof of Theorem 3.1.

Notice that Williams deduced Theorem 3.4 from his path decomposition of
anb(a) process by change of scale and speed, which transforms the diffusion
to the most general possible regular diffusion. We have taken this general
result and applied it to the particular example, though it is equally possible
to calculate the changes of scale and speed which transform BESb(3) into
BM 2. The result is the same; the diagram commutes!

As stated earlier, we return to the question of finding an inverse to the

mapping 9. The natural thing to do is to define for v ¢ M, t20,

(29) ct = J v(ds,df) g(f),
[o,t]IxU

and

(30) L, = inf{u ; 9, t},

and then define the function Y¥(v): R' + R by

¥(v)(t) =0 if O(Lt) = G(Lt =)

(31) f(t-o(Lt-)) it O(Lt) > G(Lt-),
where v((Lt,f)) =1.

The problem is that the function Y¥(v) thus defined may not be continuous;

the solution is to restrict the set on which Y 1is defined, but we must be
sure to choose the restricted domain big enough to catch all (or almost all)
the ¢(w).

Define for k ¢ N

Uy

]}

(£ eU; |mD]| z%}

V., U \U

e 2 U\, with U= 4.

By Theorem 3.1, we know the characteristic measure n of &(X), and it is
clear from this description of n, and the Laplace transform of the BES°(3)

first passage times that for 6>0, x # o,

2
(32) n(e.ie 2(9) Im(f) = x) = (6x cosechex)z,
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where this equation is to be understood in the sense of regular conditional

distributions. Taking 6 = x-l_e, trivial estimation yields for each ¢>0

l-2-2€ -€

n(c(f).lm(f) <1 | |-(f)| =x) < eb (x cosechx-e)z.

Now consider what happens to the process <l>(x)|v ; since n(vk) =1 for all k,
k

2+2€) < 1-exp(-t e} (ke cosech ke)z)

]

P(3(s,f) €[0,t]xV,  with £(f) < [mce) |
< 2te (k€ cosech ke)2
for k 1large enough.

By Borel-Cantelli, we deduce that, for each 0O<t< » P-almost surely there

exists a constant K(t) such that

P ({(s,8) ; 0Ssst, I(f) K(t) < |m(p)|2*%)

) = 0.
So we define Mo to be the set of v € M for which the following two conditions
hold:

(1) t v ot is finite and strictly increasing (ot defined at (29));

(i1) for each t>0, JK(t) € (0,») with

v({(s,0) ; 0ss<t, £(f) K(t) < |m(p)|2*%€

}) =0, each ¢>0.

With v restricted to lie in Mo' definition (31) makes sense; the function
¥Y(v) 1is continuous. (Indeed, continuity in the open intervals where L is
constant is immediate, and, at the end points, the fact that |I(f)|2*2€ is
dominated by a multiple of ((f) for all f implies continuity). An argument
similar to that used in Proposition 3.2 proves that VY: Mo > Qo is measurable;
the details are left to the reader. The final observation is that for

w e, Yod(w) = w, since, by the construction of ¢, the function ¢ defined
at (29) is the right continuous inverse to Brownian local time. We conclude

that any Poisson process with characteristic measure n maps under Y to

Brownian motion, which is the converse to Theorem 3.1.
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4. Functionals of the Brownian path

Recall the notation of the Introduction; a,b,c : l-'lz > m+ and

+ +
hk : R * R are fixed measurable functions, and for each

t 20, G, = sup {s <t; xs=o} . Define the optional time

= . . + - -
(33) T = inf {t; h(Lt)Xt + k(Lt)Xt 1} ,

the random variables
T

Y1 = exp {- a(XT,LT) - [ c(Xs,L-s)ds} ,
G
Gp
(34) Y, = exp{—f b(X_,L )ds} ,
0 s’’'s

and consider the expected value of

Y = YlY2 .
We impose the condition
t
(35) lim J {h(x) +k(x)}dx = o,
t>o’0

whose interpretation will become obvious shortly.

Let (Rt)t>0 be a BES°(3) process with first hitting times {TX(R); x>0},

and define the measurable functions g,y : RX R+->[0,1] by

T (R)
B(x,2) = E exp [-J b(RS,g)ds] if x20
0
(36) (&)
= E exp [-J b(-R ,g)ds] if x <0,
0 S

with y defined similarly, replacing b with c.

In this section, we shall incline to the point function description of
Poisson random measures (equivalently, Poisson point processes), since this
accords more directly with intuition, though, as remarked before, the two are
equivalent.

Now let N = {N(F); Fe‘B(B+>< U)} be the Poisson process of excursions
of X. For C € G(R+x U) we write:

N|. = {N(®); FccCl}.

[
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For each x > 0 define the Borel subsets of R+ X U:

= {(t,£); 0St<x, -k(t) L<m(®) <h(t) '},

»
n

X

A

- (Lo,xIxu)\ L

with A= U A_, Z = U A_. Now look at Fig.2 and think in terms of
X X
x>0 x>0 +
excursions. If we map N to a Poisson process m ° N on R X R by

sending (t,f) to (t,m(f)), then the excursions lying in A go to the (open)
unshaded region of Fig.2, and the others go to the (closed) shaded region. It
is clear from the Poisson process description of N that

(1) N| and NIK are independent;

A

(ii) L_ = inf {x; N(Kx) >0}; in particular, L

7 T is independent of N A;

2
(iii) P(LTe at, X.> 0)/d2 = %h(Q) exp[—i[ {h(x) +k(x)}dx],

370 0
P(L,€ das, X< 0)/d% = 3k(L) exp[—}f {h(x) + k(x) }dx] ;
0
. _ -1 .
(iv) XT = h(LT) if XT >0,
-1 .
= —k(LT) if XT <0.
Let us now note some consequences of properties (37). From (iii) we see that
2
P(Ly> %) = exp [—J;J {h(x) +k(x)}dx]1,
0
explaining condition (35) - it is to ensure that T < » a.s.. The random

variable Y1 is measurable on the o-field generated by N A so, conditional

on LT and the sign of XT, Y1 and Y are independent, since Y is

2 2

measurable on the 0-field generated by N[A

Lp

From the characterisation (Theorem 3.1) of the Brownian excursion law,

we have that, conditional on LT' and XT >0,
. <s< i i i . <g<
{XS, GT"S"LT} is distributed as {Rs, 0<s<T _1}
h(L_ )
T
°

where R is a BES (3) process. Thus

1

-1 -
(38) E(Y1|L » Xp>0) = y(h(Ly) 7, Lp) exp [- a(b(Ly)

, LT)] a.s.,



i

%
7///‘“ Z
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with a corresponding expression for E(YIILT' xT~<0).

Turning to E(YzlLT' xr> 0) , we have to think of the process in another
way. If the function b was equal everywhere to £ > 0, we could take a
Poisson process in li* of rate §{ 1independent of the process X and
superimpose it on X to give a Brownian motion marked at the points of an

independent Poisson process, and then

(39) Y, = P(no mark in [0,GT]|X‘; 0<s) a.s..

The case of general b is only a little more complicated; the rate of the
Poisson process of marks is no longer constant, but is equal to b(xt'Lt) . Yz
still has the interpretation (39). We now think of building up the marked
Brownian motion from marked excursions. Informally, the Poisson process N‘
of marked excursions is obtained from the Poisson process N of unmarked
excursions by taking each unmarked excursion and independently inserting marks
at rate b(X.,L.). In more detail, if, in the unmarked excursion process,

an excursion £ € U appears at local time £, then the number of marks which

g0 into it is a Poisson random variable with mean

4¢))
I b(xs,l)ds
0

independently of all the other excursions.

In particular, the probability that the excursion receives no mark is

4¢))

exp [-I b(xs,l)ds] ,

0
and so, by the characterisation of the Brownian excursion law (Theorem 3.1),

the probability that the excursion receives no mark conditional on m(f) , its

extreme value, is

Bm(n), 2.

into the marked Poisson

x
If we now project the marked excursion process N A

* +
process m ° NIA on R x* R as before (by identifying excursions with the
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same extreme value), we observe a Poisson process with measure dt X ix_zdx,
whose points (t,x) are independently marked with probability 1 - B(x,t)z,

. cqs 2
and unmarked with probability R(x,t) . Thus the number of marked excursions

before time £ is a Poisson random variable with mean

2 h(t)~
(40) o) = [ dtJ X 1-sa0? .
0 J-x) ! 2x

Thus

Y, = P(no mark in [O,GT]|XS; 0<s) = e L) ,

and finally we can, by the independence of Y1 and Y2 conditional on LT

and sgn(XT), and the explicit expression (37)(iii) for the density of LT

put everything together and get

- -1
EY = J 3age P @ SO ooy gy 0" BRI LY

(41) 0

-1
+ k()Y (-k(2) 1,2y e 2CED 0y

where
2

p(R) = J;J {h(x) +k(x)} dx .
0

"

This is really the whole story, though the functions <y and 6 which
appear in (41) are as yet in no very explicit form. Jeulin and Yor give a
characterisation of y and 6 through solutions of certain differential
equations. Our approach also leads naturally to a differential equations
characterisation of B8 and Y ; indeed, referring back to the definition (36)

of B, we see that for each 2 > 0, B(.,%) is the reciprocal of the solution to

2
a
1L 2 vapy=0 x>0
dx

(42)
y(0) =1, y increasing,

with the analogous differential equation in (~«,0) . It can be shown that
the differential equations obtained by Jeulin and Yor are equivalent to (42);
as in their work, we understand (42) in the distributional semnse if b¢(.,R) is

not continuous. The easy way to see that (42) is true, at least in the case
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where b(.,%) is continuous, is to note from (36) that for each §
-1 t
(43) B(R,,2) “exp D—J b(Rs,l)ds] is a local martingale.
0
Itd's formula now gives (42) as a necessary and sufficient condition for (43).
Let us now apply this to the final assertion of the statement of Skorokhod's

embedding result, as promised. In fact, we shall do more; we shall obtain the

Laplace transform of (MT'T)’ as do Azéma and Yor.

Let us fix &, n > 0 and take the measurable functions a, b, and ¢ of
(34) to be defined by

b(x,8) = c(x,8) = E2, a(x,8) = nt (X R, 220) .

The measurable functions h and k of (33) are defined by

-1
B(2) = k(L) = $() (220,
where ¢(L) = & - &(R) . It is possible that ¢ may vanish; in this case,
we replace ¢ by ¢ V e, solve, and let € + 0. Plainly, the optional times

Te defined by (33) with h and k replaced by h A 8_1, k A e_l will converge

almost surely to T, so we lose no generality by assuming that ¢ is bounded
away from zero.

These definitions of a, b, ¢, h and k cast the problem of this Section
into the problem of Section 2; all that remains is a few trivial calculations.
From (36) or (42), we obtain

B(x,%) = y(x,%) = Ex cosechix
so that, from (40),

2
9(L) = J dt {E cothE4(t) - ¢(t) 1} R
0

and from (41)

. -1
(L) = f at o)™ .
0

Putting this all into (41) gives

© X

dx cosech £¢(x) exp (—I (& coth £¢(t) +n)dt) ,

(44) E exp(-nu,r-iizT) = EJ
0

0
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which agrees with the result of Azéma and Yor in the case where u(x) > 0 for
all x; the remaining case is handled by the approximation argument outlined
above.

If we are interested in the expected value of T, we can differentiate
(44) with respect to &, divide by -{ and let { and n drop to zero, giving

L X
(45) ET = ;I dx [é(x) +¢(x)'lf 2¢(t)dt] exp (-I o) tay .
0 0

0
If we now suppose that ¥ is continuous and strictly increasing, we can

change variables in (45) and we obtain after a few calculations that

o
2
(46) ET = I H(dt) (¥Y(t) -t) .
- 00
By Schwarz' inequality, and the assumption that u has a second moment,

"N MR 10 J x2u(dx) >0 as t+ =,
t )

80 we can integrate by parts to give for each N € N that

N 2 _ - 2 - 2 N
(48) I wdt) ¥ () = u(-N)¥(-N)" - p(N¥(N)" + I 2¥(t) (Y(t) - t)u(dt) ,
N -N
using (11). Rearranging (48) gives
N N 2
(49) 2 I H(dt)t¥(t) = J H(dt) ¥(t) + o(1) ;
-N -N

applying Schwarz' inequality to the left-hand side of (49), we see from the
fact that u has a second moment that the right-hand side of (49) remains

bounded as N »> », and, taking the limit, we deduce from (46) and (49) that

n'r=f ueat) t2,

-
as required. The case where Y is not continuous and strictly increasing can
be handled directly, or by appeal to the results of Pierre [6] , as in
Section 2.

Using the results of this Section, we can provide alternative proofs of the

results of Knight [4] ; these are concerned with the case where
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h(L) = k(L) = (1] (02 <a)
= + @ (a<l) ,
and
b(x,%) = c(x,L) = ).I[o’gl“))(x) +ul[81(1).82(1))(!) +VI[g2(£),w)(x) (xe R, 20)

where 31. 32 are given measurable functions, and A, u, v are positive.
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