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DERIVATION AND MATHEMATICAL ANALYSIS OF
A NONLOCAL MODEL FOR LARGE AMPLITUDE
INTERNAL WAVES

by

David Lannes

Abstract. — This note is devoted to the study of a bi-fluid generalization of the
nonlinear shallow-water equations. It describes the evolution of the interface between
two fluids of different densities. In the case of a two-dimensional interface, this
systems contains unexpected nonlocal terms (that are of course not present in the
usual one-fluid shallow water equations). We show here how to derive this systems
from the two-fluid Euler equations and then show that it is locally well-posed.

1. Introduction

This note is devoted to the study of the equations describing the interface between
two layers of immiscible fluids of different densities. The focus is here in a particu-
lar regime called shallow-water/shallow water (more briefly SW/SW) because both
fluids layers are in a shallow-water regime (i.e. their height is small compared to the
wavelength of the interfacial waves under consideration). In this particular regime,
we show how to derive an asymptotic model from the two-fluids Euler equation, and

then analyze this model.

The idealized system that will be the focus of the discussion here, when it is at
rest, consists of a homogeneous fluid of depth d; and density p; lying over another
homogeneous fluid of depth ds and density po > p1. The bottom on which both fluids
rest is presumed to be horizontal and featureless while the top of fluid 1 is restricted
by the rigid lid assumption, which is to say, the top is viewed as an impenetrable,
bounding surface. We also assume that the deviation of the interface is a graph over

the flat bottom (see Figure 1 for a definition sketch).

In [3], a rigorous and systematic derivation of a plethora of asymptotic models for
this system has been presented. The fact that many different asymptotic models can

Ce travail a bnfici d’une aide de I’Agence Nationale de la Recherche portant la rfrence ANR-08-
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be derived comes from the large number of physical parameters playing a role on the
dynamics: heights of both fluids, wavelength, amplitude...

In Section 2, we describe the strategy of [3] in the particular case of the SW/SW
regime (see (14)) and proceed to the derivation of the so-called SW/SW model, which
is a generalization of the 2D nonlinear shallow water equations to the two fluids
system. The originality of this generalization is that it contains some quite unexpected
nonlocal terms.

In Section 3 we then show that this model is locally well-posed in Sobolev spaces.

2. Derivation if the SW-SW model

2.1. The two layers Euler equations. — As in Figure 1, the origin of the vertical
coordinate z is taken at the rigid top of the two-fluid system. Assuming each fluid is
incompressible and each flow irrotational, there exists velocity potentials ®; (i = 1,2)
associated to both the upper and lower fluid layers which satisfy

(1) Ax.®; =0 inQ}

for all time ¢, where Qi denotes the region occupied by fluid i at time ¢, i = 1,2. As
above, fluid 1 refers to the upper fluid layer whilst fluid 2 is the lower layer (see again
Figure 1). Assuming that the densities p;, ¢ = 1,2, of both fluids are constant, we
also have two Bernoulli equations, namely,

1 P )
(2) 0P+ = |Vx,. 8 =———gz inQ,

2 ’ Pi
where g denotes the acceleration of gravity and P the pressure inside the fluid. These
equations are complemented by two boundary conditions stating that the velocity
must be horizontal at the two rigid surfaces I'y := {z =0} and I'y := {z = —d; — da},

g | Fuidl]

g
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Exp. n° VII— Large amplitude internal waves

which is to say
(3) 0,9, =0 on Ty (i=1,2).

Finally, as mentioned earlier, it is presumed that the interface is given as the graph of
a function (¢, X)) which expresses the deviation of the interface from its rest position
(X, —d;) at the spatial coordinate X at time ¢. The interface I'; := {z = —d; +
¢(t,X)} between the fluids is taken to be a bounding surface, or equivalently it is
assumed that no fluid particle crosses the interface. This condition, written for fluid
i, is classically expressed by the relation 9;¢ = /1 + |V([?v}, where v denotes the
upwards normal derivative of the velocity of fluid 7 at the surface. Since this equation
must of course be independent of which fluid is being contemplated, it follows that the
normal component of the velocity is continuous at the interface. The two equations

(4) 0¢ =14 V(20,1 on Ty,

and
(5) 8,8, = 0,dy on Ty,
with
Op:=m-Vx, and n:= ;(—VC, nt

V1+|V(P?
follow as a consequence. A final condition is needed on the pressure to close this set
of equations, namely,

(6) P is continuous at the interface,

if we neglect surface tension effects (see Remark 8 for a comment on this point).

2.2. Transformation of the Equations. — In this subsection, a new set of equa-
tions is deduced from the internal-wave equations (1)-(6). Introduce the trace of the
potentials ®; and ¥, at the interface,

wi(th) = (bi(thv _d1+C(th))a (i: 1a2)'

One can evaluate Eq. (2) at the interface and use (4) and (5) to obtain a set of
equations coupling ¢ to ¢; (i = 1,2), namely

(7) ¢ — /14 |V([20,®; =0,
(8) p‘(a Wi+ gC + 1\V¢'\2 - (WIH|VEP(0n®:) + V(- V¢i)2) __p

7 t ¥ ) ) 2(1 ¥ |v<|2) )
where in (7) and (8), (0,®;) and P are both evaluated at the interface z = —d; +
¢(t, X). Notice that 9,,®; is fully determined by v since ®; is uniquely given as the
solution of Laplace’s equation (1) in the upper fluid domain, the Neumann condition
(3) on I'; and the Dirichlet condition ®; = 1 at the interface. Following the formal-

ism introduced for the study of surface water waves in [5, 6, 15], we can therefore
define the Dirichlet-Neumann operator G[(]- by

©) Gl = VI +[VCP(0n®1) |, .-
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Similarly, one remarks that 15 is determined up to a constant by 17 since ®5 is given
(up to a constant) by the resolution of the Laplace equation (1) in the lower fluid
domain, with Neumann boundary conditions (3) on I's and 9,P3 = 9,9, at the
interface (this latter being provided by (5)). It follows that ; fully determines Vo
and we may thus define the operator H[(]- by
(10) H[(Jy1 = V.

Using the continuity of the pressure at the interface expressed in (6), we may equate
the left-hand sides of (8); and (8)2 using the operators G[¢] and H[(] just defined.
This yields the equation

Ot(Y2 —v1) +9(1 —v)( + %(\H[CWHQ =NV ) + N (1) =0
where v = p1/p2 and
V(G + V¢ V)" — (G + V¢ HCgn)”

N (¢ ) =
Taking the gradient of this equation and using (7) then gives the system of equations
9¢ — G[CJyr =0,
(11) A (H[CY1 — V1) +g(1 =)V

for ¢ and ;. This is the system of equations that will be used in the next sections
to derive asymptotic models.

Remark 1. — Setting p; = 0, and thus v = 0, in the above equations, one recovers
the usual surface water-wave equations written in terms of ¢ and ¢ as in [5, 6, 15].

2.3. Non-Dimensionalization of the Equations. — The asymptotic behavior of
(11) is more transparent when these equations are written in dimensionless variables.
Denoting by a a typical amplitude of the deformation of the interface in question,
and by A a typical wavelength, the following dimensionless independent variables

)Z' L { 3 .= z Fo= t
I R A VOV TR
are introduced. Likewise, we define the dimensionless unknowns
Z:: g, ’IZI = wl

a ar/g/dy’

as well as the dimensionless parameters

d a d?
'y::&, 5::—1, €= —, fii=—%.
P2 d2 d1 )\2
Though they are redundant, it is also notationally convenient to introduce two other
parameter's €5 and uo defined as
a i _ n
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The equations (11) can then be written in dimensionless variables as

0L~ G 1e0J0 _
(12) Op(B[eCJihr — Vi) + (1 - 7)VC -
+ §V(‘H”’5[5 ]1/11|2 - ’YW¢1|2) + EVNWS@C?%) = 0,

where N9 is defined for all pairs (¢,%) smooth enough by the formula

2 2
Y(GGHCY + V¢ VYY) = (GGHCY + V¢ BRO[CTy)

21+ plV¢P?) ’
and where the operators G* and H*? are the nondimensionalized versions of the

Dirichlet-Neumann and interface operators defined in (9) and (10) (see §2.5 and §2.6
for precise definitions).

N ) =

Notation 1. — The tildes which indicate the non-dimensional quantities will be
systematically dropped henceforth.

Remark 2. — Linearizing the equations (12) around the rest state, one finds the
linearized dispersion relation

_ .yl _tanh(y7k)) tanh ()
\/ﬁtanh(\/ﬁ|k|) + ’ytanh(%“ﬂ)

corresponding to plane-wave solutions e’ X~ In particular, the expected instabil-
ity is found when v > 1, corresponding to the case wherein the heavier fluid lies over
the lighter one.

(13) w?=(1

2.4. The Shallow-Water/Shallow-Water (SW/SW) regime. — In [3], many
asymptotics of the non-dimensionalized equations (12) are studied, in various physical
regimes corresponding to different relationships among the dimensionless parameters
e, p and §. Here, we mainly focus on the Shallow-Water/Shallow-Water regime
characterized by

(14) Shallow Water/Shallow Water (SW/SW) regime: o~ g K 1.
Since no assumption is made on the amplitude of the interfacial waves, this regime

allows large interfacial amplitudes (e ~ €3 = O(1)).

2.5. Asymptotic expansion of the Dirichlet-Neumann operator. — Let us
first define the nondimensionalized Dirichlet-Neumann operator G*[e(]- that appears
in (12). Denoting the non-dimensionalized upper fluid domain by

O ={(X,2) e R 1 +e((X) < 2z<0}
and assuming that the height of this domain never vanishes,
(15) 3H, >0, 1-e(>H, on R

we can state the following definition:
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Definition 1. — Let ( € W*>(R9) be such that (15) is satisfied and let v; €
H3/2(R?). If @ is the unique solution in H?(;) of the boundary-value problem

pAD; + 0201 =0  in Oy,
{ 0.9y _, =0, Q1 ey = Y1,
then G*[eC)yy € HY2(RY) is defined by
G"'[eClr = —peVE-Voy |+ 0P __ .
Remark 3. — Another way to approach G* is to define

G“[fg]% =V 1+ €2|V<|287L(I)1 |2=—1+4ec

where 0,,®1|,__,, . stands for the upper conormal derivative associated to the elliptic
operator pA®; + 92P;.

(16)

The following lemma connects ( with the vertically integrated horizontal velocity
via the Dirichlet-Neumann operator G*[e(]- (the proof is a consequence of Green’s
identity).

Lemma 1. — Let ¢ € W*°(R?) be such that (15) is satisfied and let ¢ € H3/?(R?)
and 1 be the solution of (16) with 11 = 1. If V* is defined by

0
VF[eCy = /—1+ C(\/ﬁV(I)l)dZ,

then one has
G'[eCly = /uV - (VH[eC]y).

If p < 1 (shallow water regime for the upper fluid), it is possible to obtain an
expansion of V#[e(]y) with respect to p which is uniform with respect to € € [0, 1] (for
the asymptotic regimes where p is not small, other techniques must be used [3]).

Proposition 1. — Let s > d/2 and ( € H*3/2(RY). Then for all p € (0,1) and 1)
such that Vip € H*+5/2(R), one has
VAV [eCl — u(1 = eQ) VY|, < W2 C(Clavare, [V

uniformly with respect to € € [0,1]), where V¥[e(]y) is as defined in Lemma 1 (so that
GHeClv = /v - VE[eC]).

Hs+5/2)7

Proof. — This follows from well known results on the Dirichlet-Neumann operator in
the case of one single fluid layer (e.g. Proposition 3.8 of [1]). O
2.6. Asymptotic expansion of the interface operator. — We first define

here the dimensionless operator H*[¢(]- that appears in (12). Denoting the
non-dimensionalized lower fluid domain by

Qo ={(X,2) eRIM, 1 -1/5 <z < —1+e((X)},
and assuming that the height of this domain never vanishes,
(17) JH, > 0, 1+e5¢>Hy, on RY

we can state the following definition:
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Definition 2. — Let ¢ € W2>(R?) be such that (15) and (17) are satisfied, and
suppose that ¢; € H3/2(R?) is given. If the function ®; is the unique solution (up to
a constant) of the boundary-value problem

{ ‘UA(I)Q + 33‘1)2 =0 in Qo,
0:®2| s =0 On®a) i = e G e,
then the operator H*°[(]- is defined on ¢; by

Aoy = V(®s

(18)

) € HY*(RY).

—1+e¢
Remark 4. — In the statement above, 0,®2|,__, . stands here for the upwards
conormal derivative associated to the elliptic operator uA®y + 92®,,

v 1 + €2|VC‘2an¢2 |z:*1+5< = _M€V€ ’ V(b2 |z:71+s( + aZ(b? |z:—1+EC'
The Neumann boundary condition of (18) at the interface can also be stated as
On®2 .-y e = 0n®Pr_

—14e¢”

Remark 5. — Of course, the solvability of (18) requires the condition fr 0 ®2dl" =0
(where dI" = /1 + £2|V(|?dX is the Lebesgue measure on the surface I' = {z =
—1+eC}). This is automatically satisfied thanks to the definition of G*[e(]);. Indeed,
applying Green’s identity to (16), one obtains

/&L(I)gdl“ = / 0, ®1dl’ = —/ (LAD; + 9201) = 0.
r T 951

The boundary-value problem (18) plays a key role in the analysis of the operator
H*%[¢¢]-. The analysis of this problem is easier if we first transform it into a variable-
coefficient, boundary-value problem on the flat strip S := R? x (—1,0) using the
diffeomorphism

S — QQ
(X,2) — o0(X,2)=(X,(1+20)% + (-1 +&0)).
As shown in Proposition 2.7 of [11] (see also §2.2 of [1]), ®3 solves (18) if and only if
P, := Py 0 0 solves

o

(19) V‘;ZZ - QM2 [EQC]V'L)IZZQ2 =0 in S,
O0n Py l[e=0 — %G“[sdwl, On @y l[e=—1 = 0,
with

(1 +e20) axa —V/H2g2(z +1)V( >

Q#Z e2(] = e2(241)2 2
el —Vie2(z +1)V(T Dt IV

and where, as before, 3 = €6, po = £, and V2, = (/n2V,0.)".

Remark 6. — As always in the present exposition, 0,®, stands for the upward
conormal derivative associated to the elliptic operator involved in the boundary-value
problem,

On®, l:=0 OF 2=—1 — €2~ Q" [52C]v§2,zg2 l:=0 Or 2=—1°

where e, is the upward-pointing unit vector along the vertical axis.
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An asymptotic expansion of
(20) HeClyn = V(2,1

is obtained by finding an approximation ®,,, to the solution of (19) and then using

the formal relationship H*?[eC]y ~ V(®,,,|._,). This procedure is justified in the
following proposition. To state the result, it is useful to have in place the spaces

H(S8) ={f € D'(S) : [Iflgen < o0}
for s € R and k € N, where || f s = Y5 [[A*=904 f]].

Proposition 2. — Let sg > d/2, s > so + 1/2, and ¢ € H*3/2(R%) be such that
(15) and (17) are satisfied (the interface does not touch the horizontal boundaries). If
h € H5+1/21(8)4H! and V € H** (R)? are given, then the boundary-value problem

{ Vi, Qrlea(Vi u=V -h i,

21
21 Onu,_y =12V -V +es h _,  Ohu__, =e;-h __,

admits (up to a constant) a unique solution w. Moreover, the solution u obeys the
inequality

1 1
|VU|Z=0’HS < 70(7 sgnarhuéna:67 |<|H5+3/2)(||h||H5+1/211 + |V|H5+1)a

Viz Hy'

uniformly with respect to e2 € [0,e5'%*] and pg € (0, u5***).

Remark 7. — Suppose we take h = 0 and V = V*#[e(]¢) in Proposition 3. By
Lemma 1, one has Vu,__, = H*°[e(]s. and the Proposition thus provides an estimate
of the operator norm of H*°[e(].

Proof. — The main lines of the proof are:

1. Check the coercivity of Q#2[e5(]
2. Derive estimates on V%Zu in H™! (r > 0) by elliptic estimates

3. Use the trace theorem to control [Vu__,|g= < [|ull grori/zn S 2

S s IVR ulleza
and use Step 2

O

The remaining task is therefore to find an approximation ®,,, to the solution of
(19). As for the expansion of the Dirichlet-Neumann operator, various techniques
must be used depending on the regime under consideration (see [3]). We focus here
in the SW/SW regime (14).

In this regime, large amplitude waves are allowed for the upper fluid (¢ = O(1))
and for the lower fluid (e5 = O(1)). Assuming that p < 1 and py < 1 raises the
prospect of making asymptotic expansions of shallow-water type, in terms of p and
ta. As before, the plan is to formally construct an approximate solution @, to (19)
having the form

app

Lopp = o) 4 M2q>(1)-
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(such a form exploits the assumption that ps is small). From the expression for
Q"2[e9€], we may write

1
v?z ’ QM2 [EQC]v?z = Eag + ;U'QVX,Z . leX,za

with hy = 1 4 £2¢ and where an explicit formula can be derived for Q. At leading
order, the elliptic operator of (19) thus reduces to h%(?f, which amounts to discard
the horizontal derivatives of the original Laplace operator. Consequently, the nonlocal
effects of the Laplace operators disappear in this regime (but new, unexpected enough,
nonlocal effects appear, as shown below).
Using Proposition 1 (and thus the assumption that p is small) to approximate the
Neumann condition at the interface of (19), one readily checks that ®©) and &)
must solve
2290 =0,
{ 62(1)(0) le=0 = 07 aZ(I)(O) le=—1 — O’
which is obviously solved by any ®(©) (X, z) = <I>(0)(X ) independent of z, and
2200 = —hZADO),
{ 0.0 | = hy(22VC VOO +6V - (mVyn)), 0.0 =0,

-1
where we have used the fact that ®©) does not depend on z. Solving this second
order ordinary differential equation in the variable z with the boundary condition at
z = 0 yields (up to a function independent of z which we take equal to 0 for the sake
of simplicity),
2
z
oM = —Ethcb(O) +2(0:®1._,).
Matching the boundary condition at z = —1 leads to the restriction
V- (haVE©) = =6V - (hi Vi),

and we thus deduce the following asymptotic expansion of the interface operator:

(22) H[eClepy ~ V(@ ) ~ —8(1 + T(eaCT1)) " I (hy Vi),

where II = —% is the orthogonal projector onto the gradient vector fields of
L?(R%)4 defined earlier (and hy = 1 —&(, hy = 1 +€6().

2.7. The SW-SW model. — We derive here the SW/SW model and establish
that the internal-wave equations (12) are consistent with this model in the following
precise sense.

Definition 3. — The internal wave equations (12) are consistent with a system S
of d + 1 equations for ¢ and v if for all sufficiently smooth solutions (¢,1) of (12)
such that (15) and (17) are satisfied, the pair (¢, v), with

(23) v =H"[e(Jy1 — Vi),

solves S up to a small residual called the precision of the asymptotic model.
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Remark 8. — It is worth emphasis that above definition does not require the well-
posedness of the internal wave equations (12). In fact, the two-layer water-wave
system is known to be well-posed in Sobolev spaces in the presence of surface tension
but ill-posed without surface tension due to Kelvin-Helmholtz instabilities (see for
instance [10]). In consequence, one could simply add a small amount of surface
tension at the interface between the two homogeneous layers to put oneself in a well-
posed situation. The resulting analysis would be exactly the same and would, in
fact, lead to the same asymptotic models. (Such an approach is used in [14] for
the Benjamin-Ono equation). As the resulting model systems do not change, such a
regularization has been eschewed here. We refer to [13] for a detailed analysis of the
role of surface tension for the control of Kelvin-Helmholtz instabilities.

The following theorem shows that the internal wave equations are consistent in the
SW/SW regime (14) with the Shallow water/Shallow water system,

{ 9iC+ V- (mR[e]v) =0,

(24) v+ (1—~)V(+ gV(|V — ’y?ﬁ[&(]vf — 7|9’{[5<]v|2> =0,

where hy = 1 —e(, he = 1 + €d(, and the operator R is defined by (recalling that

_ _wv”
I=-Tpr)

RleClv = ﬁ(l — H(%eégﬂ-))_lﬂ(hgv).

Theorem 1. — Let 0 < §™i" < §ma® < (1 — §(1 — Hy))~t. The internal waves
equations (12) are consistent with the SW/SW equations (24) in the sense of Defini-
tion 3, with a precision O(p), and uniformly with respect to € € [0,1], p € (0,1) and
= [5mzn7 (Smaw]'

Remark 9. — Taking v = 0 and 6 = 1 in the SW/SW equations (24) yields the
usual shallow water equations for surface water waves.

Remark 10. — In the one-dimensional case d = 1, one has
ha
R = —
[EC]V 5h1 +r}/h2v

and the equations (24) take the simpler form

{ O + 0y (5lz—v) = 0,

232
oo+ 00 50 (GRS = o

(25)

which coincides of course with the system (5.26) of [4]. The presence of the nonlocal
operator R, which does not seem to have been noticed before, appears to be a purely
two dimensional effect. V. Duchene showed in a recent paper [7] that these nonlocal
effects are due to the rigid lid assumption (they disappear if the top bottom is replaced
by a free surface).
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Proof. — First remark that with the range of parameters considered in the theorem,
one has p ~ pg as ;4 — 0 while € ~ g9 = O(1).

By the definition (23) of v and using Proposition 1 and (22), one deduces from (12)
that

(26) { 0C =V ({1 — Vi) = Olp),
0 + (1= 7)VC + §V(IHM[Clun > — 4|V 2) = O(p).

Recall now that H*?[e(]y; = v + yVaby; using this relation together with (22), one
can get
Vipr = —Rlellv + O(p)

and consequently,

HY ey = v+4Vi
= v R[]V + O(p).

Replacing Vb, and H*°[e¢]1); by these two expressions in (26) yields the result. [

3. Mathematical analysis of the SW/SW system (24)

This section is devoted to the mathematical analysis of the SW/SW system (24).
In 1D, this system reduces to (25) which is of quasilinear type. A detailed analysis
of this system (with precise blow-up conditions) is given in [9]. We focus here on the
2D case because the presence of the nonlocal effects induces the main difficulties.

For the sake of notational simplicity, we take € = 1 throughout this section.

3.1. Preliminary results on the operator P[(]. — We choose to state here
some properties of the operator JR[(] that will be used in the analysis of the two-
dimensional SW/SW equations (24). The first property deals with the operator norm
of the nonlocal operator.

Proposition 8. — Let v € [0,1), § > 0 and to > 1. Assume also that ( € L>°(R?)
and satisfies

(1-1¢loo) >0 and (1—96|Clx)>0.

1. The operator R[(] : L*(R?)? — L?(R?)? is well defined (see Definition 1) and
(with hg = 1+(5C)

1
7+6=0(1=7)[¢leo
2. If moreover ¢ € H* N HH1(R?) (s > 0) then for all v € H*(R?)?,

1
R[Cvlm < 0@+5_a1—wmmﬁ

X (|hov]gs +6(1 —~)[¢|m

Vv e LA(R?)?, |R[v]2 < [hav]s.

(L= MIClarto+1)

I (hov)| o).
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Proof. — Since ||H(:;—;1§5CH~)||L2_,L2 < %5|<|m, the bilinear form a(u,v) defined
as

1—
a(u,v) = ((1 = II(——=C1L))u, v
() = (1= I FaIL)u.v)
is coercive and continuous on L?(R%)2, with coercivity and continuity constants re-
spectively given by

11— 1—v
kE(()=1— —=0|Clc and M({) =14+ —=|C|co-
©=1- 725 © =1+ 1525
It follows therefore from Lax-Milgram’s theorem that for all f € L?(R%)2, there exists

a unique solution to the equation

11—~
1-1I 5¢I))u = f,
(1 =T Fact)u = f
and that |uls < k(¢)7Y|f|2. The result is thus proved for the particular case s = 0.
The general case requires the control of commutator terms [9]. O

In the following proposition, we show how the divergence and partial differentiation
operators act on the operator R[(]. Let us introduce first the following notation:

(27) S[Clv=v+ (1 -7)R[]v
1+96
0hy + vhy

Proposition 4. — Let vy € [0,1), 6 > 0 and to > 1. Assume also that ( € H*(R?),
with s > tg + 1, and satisfies

i%f(lf I¢loo) >0 and i%f(lf(ﬂdoo) > 0.

(so that G[(]v degenerates into S[(]v = v when d = 1).

Then, for all v € L?*(R?)2, one has
S[C]v hs
VR —5——0nlr 2 v.
= e Y S Y
and, for j =1,2,
S[¢]
ha
Proof. — For the first identity, remark first that from Lemma 3 of [3] one has
V- ((5h1 + 7h2)9%[§]v) =V (hav);
since the assumptions on ¢ imply dhy + vha > 0, it follows that
1 V¢
=——V-(h (1l —v)——"—-
Shn Y eV + o0l =)

from which the result follows easily.
For the second identity, remark that by definition of RR[(]v, one has

0; (RCIv) = dR[] (==Y 0;¢) + RCJ9;v.

V- R[C)v R[(v,

(r+8)(1 + 3R = T(hav);
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differentiating this identity, one gets
(v 8)(1 + T S55CT19)0, (RIGV) = 0,T1(hav) + (1= )50, (L),

and thus 8. (h 9.c%
0,6v) = M) 1501 - i (T,

from which the result follows. O

One has R[(](7;) = MV in the one-dimensional case d = 1; when d = 2,
this identity is of course false but the following proposition establishes that when v
is a gradient vector field (i.e. when IIv = v) then this identity is true up to a more
regular term.

Proposition 5. — Let v €[0,1), 5§ >0 and to > 1. Let also ¢ € H*+t1(R?) be such
that
i%f(l —¢lec) >0 and i%f(l —6|¢|eo) > 0.

Then, for all v € L*(R?)?,

v 1
R[C(—) — ———Tv|s < C ,0(1 — to+1 ) [TV ] -1
| [C](hg) 5h1+’}/h2 |2— (’7+5_5(1_’Y)|C|oo ( V)K‘H + )| ‘H
Proof. — Remark first that one can write
v 1 1—7v 1
—)— ——— v =(1—-TI(——=II-
WA — g v = (1~ T8 ",
with ) . .
-
=——Illv—-(1-1I o)) (=————1IIv).
W= Ty~ (- M) (g )

With the same notation as in the proof of Proposition 3, we thus have
v 1 1
R((—) - =—v|s £ —=|W]2,
and we are thus led to control |wl|s. In order to do so, let f; and f5 be defined as
1—7 1
= 76 s = >

h v +6 ¢ J2 Shy + yhs
Simple computations show that

w = fi[lL, fo]llv + [IL, f1]II(f2I1v).
Using the commutator estimate (which can be deduced from the general commutator
estimates for pseudo-differential operators given in Theorem 6 of [12])
(28) Vr,—to <1 < tg+1, ‘[Ha g}h|H"' 5 |g|H‘0Jrl |h|H7‘*1
with 7 = 0 and the product estimate (valid for to > 1 = d/2, see for instance [8]),

(29) [f9la-+ S [ flavolgla—

we deduce that
Wiz < [fulmeos | folgror TV -1,
and the result follows easily. O
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3.2. An “almost” quasilinear formulation of the equations. — In the one
dimensional case d = 1, the SW/SW systems (25) is quasilinear; in the two dimen-
sional case (d = 2), it is more tricky to put (24) in a quasilinear form because of the
presence of the nonlocal term R[(]v. The main result of this section is to prove that
one can write (24) in the equivalent form

(30) U + AV [U)0;U = 0, U=(,v)T,

where

and

(31) WU) = (=R~ S
(32) b)) = e

(33 e = o~ e+l (S o),
(34) DUJs = (v =ARv);ldzxe = 1(S[C]v);RC]s,

the operator &[] being as defined in (27).

Proposition 6 (The case d=2). — Let T >0, tg > 1 and s > to + 1. Let also
U= (¢v)" €C([0,T); H*(R?)3) be such that for all t € [0,T],

(1—=1¢(t,)]oo) >0 and (1 —=96|C(t,)|ec) >0 and curl v(¢,-) =0.
Then U solves (24) if and only U solves (30).

Remark 11. — The system (30) is not stricto sensu a quasilinear system since ¢’ [U]
(resp. D’[U]) is not an R2-vector-valued (resp. 2 x 2-matrix-valued) function but a
linear operator defined over the space of R2-vector-valued (resp. 2 x 2-matrix-valued)
functions. However, these operators are of order zero and, as shown below, (30) can
be handled roughly as a quasilinear system.

Proof. — One can use Proposition 4 to express the quantities involved in (24) in the
following form:

Lemma 2. — Letty>1 and U = ((,v)" € HTY(R?)3 be such that
iﬂ&f(l —¢lec) >0 and iﬂ&f(l —6|¢|eo) > 0.

Then one has

V- (hR[(]v) = (o/(U)8;¢ + b/ (U) - 9;v),
where a?(U) and b (U) are given by (31) and (32).
If moreover curl v =0 then

(1 =)V + 5V (|v = ARGIv]* ~A|Rv) = S U15¢ + Doy,

where the operators ¢/[U] and DI[U] are given by (33) and (34).
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Proof. — We refer to [9] for a proof. The curl-free assumption is needed to simplify
the right-hand-side in the following identity, used in the computations: for all u €
H'(R?)?, one has

1
§V|u|2 = (u-V)u + (curl u)u*
with ut = (ug, —u;) " and we recall that curl u = dyus — Oou;. O
The proposition is then a direct consequence of Lemma 2. O

The next proposition is crucial in order to prove that a solution of (30) which is
initially curl free remains curl free and thus yields a solution of (24); its proof relies
essentially on a Gronwall-type argument (see [9]).

Proposition 7. — Let T > 0, tg > 1 and s > to + 1. Let also U = ((,v)' €
C([0,T); H*(R?)3) be a solution of (30) such that curl v(0,.) = 0. Then curl v(t,.) =
0 for all t €10,T].

3.3. Local well-posedness of (24). — We show here that the two-dimensional
Shallow Water/Shallow Water equations (24) are locally well-posed under the follow-
ing conditions that generalize the hyperbolicity conditions of the one-dimensional case
(see [9]),

1—1¢le >0,
(35) 1= 6[¢lec >0, S[CvE
1—y—~0 cvioo >0

Y+ =01 =7l =
with G[(]v as in (27).

Theorem 2. — Let § > 0 and v € [0,1). Let also ty > 1, s > to + 1 and U° =
(€%, vO) T € H*(R?)3 be such that (35) is satisfied and curl v° = 0. Then there exists
Trnaz > 0 and a unique mazimal solution U = ({,v)T € C([0, Traz); H*(R?)?) to (24)
with initial condition U®. Moreover, if Tas < 00 then at least one of the following

conditions holds:
(7) . liTm |U(t)] greo+r = 00.

(i9)  One of the three conditions of (35) is enforced as t — Tpaq-
Proof. — Throughout this proof, we denote by ¢(U) any constant of the form
1 1 1

N 755+w|—66[(<1]z%\dw

Step 1. Regularized equations. We construct a regularized system of equations.
Denote x, = x(¢|D]), with x a smooth, compactly supported function equal to 1 in a
neighborhood of the origin. The regularization of (30) is then

(36) AU + X (AT U (,U) = 0

existence/uniqueness of a maximal solution U* = (¢*,v*)T € C([0,T"); H®) (s >
to, T* > 0) with initial condition U® to (36) satisfying (35) is thus obtained by

C(U):O( ,|U|Ht0+1).
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classical theorems on ODEs. Moreover, proceeding as for Proposition 7, one has
(since curl v¥ = 0)

(37) Vi e [0,T"), curl v* = 0.

Step 2. Choice of a symmetrizer. Let us look for S[U] in the form
_(sU) 0O

(38) swi= (8 oy )

with s1(-) : H*(R?)? — H*(R?) and S5[U] a linear operator mapping L*(R?)? into
itself. Defining C[U] as

YV = (V1,V2) | € L3(R?)?, C[UV = 1 [U]v1 + co[U]va,

a straightforward generalization of the one-dimensional case consists in taking s;(U) =
b(U)~1 and S3[U] = C[U]~1; unfortunately, such a choice is not correct because the
operator C[U] is not self-adjoint. It turns out however that C[U] is self-adjoint (up
to a smoothing term) on the restriction of L?(R?)? to gradient vector fields, as shown
in the following lemma. We first need to define the operator C1[U] as

®)  GWl=0 - ( LT e ) |
with ¢;[U] : L?(R?) — L?(R?) given by
(40) a[U] = MQ&GQH(&)l + B2MI(e )1 + G2MI(e2),),

and where 6; = (&[(]v);.

Lemma 3. — Letty>1andU = ((,v)" € H 1 (R?)3 be such that (35) is satisfied.
Define also C1[U] as in (39) and let C5[U] = C[U] — C1[U]. For all ¢ € L*(R?), one
has

C2[U]VC2 < c(U)|C]2-

Proof. — The proof is quite technical (see [9]) and relies on heavily on Proposition
5. O

In view of this lemma, we now choose the coefficients $1[U] and S3[U] of the
symmetrizer S[U] given by (38) as follows

(41) siU) = b(U)™,
(42) S[U] = Giu]h
the invertibility of C4[U] is ensured by the following lemma (see [9] for a proof)
Lemma 4. — Letty>1 and U = (¢,v)" € H"(R?)? be such that (35) is satisfied.
1. The operator C1[U] is invertible in L(L*(R?)?; L?(R?)) and
IC1 U] p2—p2 < e(U).
2. The following coercivity property holds, for all v € L*(R?)2,
V3 < «U)(CLU]T'Y,9).
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It follows directly from this lemma that S[U] satisfies: for all V € L?(R?)1*2
(43) VI3 < e(U) (S[UIV,V) and  (S[UIV.V) < c(U)|V3.

The operator S[U] would therefore be a symmetrizer if S[UJA/[U] (j = 1,2) were
symmetric, which is unfortunately not the case. However, ILS[U]A’[U]II, where II
denotes as before the projection onto gradient vector fields is symmetric at leading
order. This crucial property will be exploited in Step 3 below and is a consequence
of Lemma 3 and of the following lemma:

Lemma 5. — Letty > 1 and U = (¢,v)" € HH(R2)? satisfying (35). One can
decompose the operators DI[U] (j = 1,2) given by (34) into
D’[U] = &|(U)1d + D}[U]
with
(V) = (v R ~ gt
1 5h1 + ’th
Then, for all v € L*(R?)? such that IV = Vv, one has
|D3[U10; ]2 < ¢(U)|V]2.

G[C]v)j.

Step 3. Energy estimate. One can check that U = ASU" solves
(44) U + x, (Aj [UL]XL(ajﬁ)) = XL([Aj[UL],AS}XL(BjUL)),

and one obtains
SO0, 0) + (SIWA 0100, x.T) = 50, SIU)T, D)
5) 4+ (u(AU NG (0;UY), S[U0) + ([x.. SIUIA [U]x.(9;0), D).

We now intend to control all the components of (45).

- Control of (S[U*|A7[U")8;x,U, x,U). Using the explicit expression of A7[U"], we get
(S[UA[U"9;x,U, x.U) = (s1(U")a? (U)0;x.€, x.C)
+ (51U - X, x.0) + (S2UC[UVx.C )
(46) + (52[UL]Dj [UL](?J’XLG7 XV
and we thus have to bound from above the different components of the right-hand
side of (46).
— FEstimate on (sl(UL)aj(UL)aija XLE). With a simple integration by parts, and

using the explicit formulas of s1(U*) and o/ (U*) provided by (41) and (31), one
obtains

(47) (51 (U")a? (U)93x.€, x.0)] < e(U)C]3
— Bstimate on I := (s1(U")b(U)V-x.¥, x.C)+(S2[U]C[U*]Vx.C, x.¥). Replacing
s1(U") and S3[U*] by their expressions given by (41) and (42), we get immedi-
ately
I = =(VxGx¥) +(GU] CUVxG )
(Cl [UL]_102[UL]VXL<5 XLG)7
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where we used the decomposition C[U*] = C,[U*] + C3[U"] of Lemma 3. Using
the bounds on ||C1[U*] 7|12 12 and |C2[U*]Vx.C| provided by Lemmas 4 and
3 respectively, we deduce that

(48) 1] < c(U)|C]2[¥]a:
— Bstimate on J := (So[U"|DI[U")8;x.¥,x.V). With dJ[U*] and D3[U"] as in
Lemma 5, we can write
J o= (S0 U0V, X)) + (S2[U1 DU 10,7, x.9)
= Jy+ Jo.
Let us decompose J; into
201 = —(82(U10;(d5(U))x.¥, x.¥) = (105, S2(U )} (U )XV, xu¥)
+ ([SQ[ULLdjl(UL)]anL§7XLG)'

Recalling that So[U*] = C1[U*]™", the first term on the right-hand side is easily
controlled thanks to Lemma 4 and the explicit expression of d4(U*). After
controlling some commutator terms, we can thus deduce that

[J1] < (U [V]3-

In order to control Jy, first remark that II(x,v) = x,V (this follows from the
identity curl v* = 0 stated in (37)). It is thus a direct consequence of Lemmas
5 and 4 that |J3| has the same upper bound as |Ji|, so that

(49) ] < c(U")[¥I3-

It is now easy to deduce from (46), (47), (48) and (49) that

(50) |(S[UA[U]0;x.U, x.U)| < e(U*)[U]3.

- Control of the r.h.s. of (45). Quite classically, one gets that

(51) the right-hand-side of (45) is controlled by  ¢(U")|U 3.

Thanks to (50)-(51), we can conclude by a Gronwall type argument that there
exists T' > 0 independent of ¢ such that T* > T and

\U*| o< (0,1):15) < M,

for some M > 0 independent of «.

Step 4. Convergence of U* to a solution U of (24) as ¢ — 0. Very classically, one
can check that there exists 7 > 0 such that U* converges to U € C([0,T]; H*(R?))3
(s > to + 1) which solves (30) and that such a solution is unique. The fact that
this solution is also the unique solution to (24) requires v to remain curl-free. This
property is ensured by Proposition 7 since we assumed that curl v0 = 0.

Step 5. Blow-up condition. The blow-up condition is provided by a completely
standard continuation argument. O
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