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Smoothing e�ect for Schr�odinger evolution equation via

commutator algebra

Shin�ichi DOI

Centre de Math�ematiques� Ecole Polytechnique� ����� Palaiseau Cedex� France

Department of Mathematics� Faculty of Sciences� Kyoto University� �	�
	� Kyoto� Japan

�� Introduction

This article concerns smoothing e�ects of dispersive evolution equations� especially Schr�odinger

evolution equations associated with complete Riemannian metrics� Our aim is to clarify the

relationship between the global behavior of the Hamilton �ow of the principal symbol and the

smoothing e�ects speci�ed later� More precisely we shall consider two problems�

Problem �	 De�ne for the complete Riemannian metric g the subset S
g� of the unit

cotangent bundle where a certain microlocal smoothing e�ect of the associated Schr�odinger

evolution group does not hold� and describe it as precisely as possible in terms of the geodesic

�ow�

Problem �	 Prove 
higher order� smoothing e�ects not only for metrics with short range

perturbation of the Euclidean metric but also for other types of metrics including 
i� metrics

with long range perturbation of the Euclidean metric� 
ii� conformally compact metrics� 
iii�

metrics of warped product�

We shall explain the two problems by using examples�

Example �� Let 
M� g�� be 
i� the Euclidean space� or 
ii� the hyperbolic space of constant

curvature ��� 
� � ��� Let g be a C� Riemannian metric in M such that g 
 g� outside a

compact set� Let �g 
� �� be the associated Laplace�Beltrami operator� Then

L�
M� � u �� eit�gu � L�
loc
R�H

���
loc 
M�� 
��

is continuous if and only if there is no complete geodesic of g that is relatively compact� The

continuity of the map 
�� is an expression of smoothing e�ects� This example suggests that

the existence of trapped geodesics prevents the smoothing e�ect� We shall explain this kind of

relation more precisely from the microlocal viewpoint in Section � according to �Do�� 
Problem

���

Example �� In Example �� consider the case 
i�� If there is no complete geodesic of g

that is relatively compact� then the following maps are continuous 
see Craig�Kappeler�Strauss

�



�CKS��	 for k � Z� 
 f�� �� � � �g

L�
Rd� 
� � jxjk�dx� � u �� tk��eit�gu � L�
loc
������H

���k���
loc 
Rd�� 
��

L�
Rd� 
� � jxjk�dx� � u �� tk��eit�gu � C�
������H
k��
loc 
Rd�� 
��

In comparison with Example �� one might say that the continuity of maps 
�� and 
�� is an

expression of smoothing e�ects of higher order� Craig�Kappeler�Strauss �CKS� consider the

microlocal version of these mapping properties� and prove that if a point z� � T �Rd is not

trapped backwards by the Hamilton �ow� then the maps above suitably microlocalized near

the backward orbit through z� are all continuous for every metric g 

Pd

j�k�� gjk
x�dxj � dxk

satisfying the following conditions	


i� with C 	 �	 C��jdxj� � g � Cjdxj� in Rd�


ii� j��
gjk
x�� �jk�j � C�
� � jxj����j�j�� x � Rd� for every � � Zd�� � � j� k � d�

Here 	
m� � m� � 
m 
 �� �� � � ��� Their method depends on the global calculus of pseudodif�

ferential operators on Rd� and on detailed analysis of the asymptotic behavior of the classical

orbits� However� if we consider global smoothing e�ects not along each backward orbit as

in �CKS� but in an �incoming region�� then we shall �nd that they are reduced to a simple

functional�analytic structure	 a Mourre�type condition�

From this viewpoint� we shall �rst consider smoothing e�ects in an abstract settings� After

preparing a scale of spaces associated with two operators A�B 
Section ��� we shall introduce

suitable classes of operators characterized by the mapping properties of the multiple commu�

tators with A�B in the spirit of G�erard� Isozaki and Skibsted �GIS� 
Section�� � Using the

commutator calculus of these classes� we shall construct a series of conjugate operators under a

Mourre�type condition� from which we shall deduce the desired smoothing e�ects in a suitable

incoming region 
Section ��� After that� we shall translate the results in our concrete settings�

for this purpose� we shall need a kind of propagation of smoothing e�ects 
Section ���

We conclude the introduction by referring to the related works� In contrast to many works

on smoothing e�ects for dispersive evolution equations of principal part of constant coe�cient�

there are few works that treat dispersive equations of principal part of variable coe�cient	

Craig� Kappeler and Strauss �CKS�� Craig �Cr�� Doi �Do��� Kapitanski and Rodianski �KR��

We remark here that the di�culty of the global behavior of the Hamilton �ow appears only

in the latter case 
however� if we treat another category where the meaning of principal part

di�ers from the normal case� for example� Schr�odinger equations with quadratic potentials� the

same type of problem occurs� see Zelditch �Ze�� Yajima �Ya�� Kapitanski and Safarov �KS��� In

�KP�� the link between the local energy decay of wave equations and the smoothing e�ect of

�



Schr�odinger equations is investigated� In �CKS� and �Cr�� they derive the detailed estimates of

classical orbits� and prove the smoothing estimates by commutator methods�

The main part of this work is done during the stay of the author at Centre de Math�ematiques

de l�Ecole Polytechnique as a post�doc researcher with the aid of a grant of the French gov�

ernment� The author would like to express his gratitude to the sta� members at CMAT for

hospitality� especially to Professor J��M� Bony for inviting him and giving him the opportunity

to talk in this seminar� and to Professor C� G�erard for useful discussion�

�� Breaking of smoothing e�ects of the lowest order

Let 
M� g� be a C� complete Riemannian manifold� 
g the associated density� and �g

the Laplace�Beltrami operator� Since M is complete� �jC�� �M� is essentially self�adjoint in

the Hilbert space H 
 L�
M�
g�� Denote its self�adjoint extension by the same symbol �g�

Denote by �m
M� 
�m
cl 
M�� the set of all 
classical� pseudo�di�erntial operators of order m

of type 
���� on M � An operator in �m
M� is called compactly supported if its distribution

kernel has compact support�

Let h be the principal symbol of ��g� and �t the �ow of the Hamilton vector �eld Hqof

q 

p
h� Put S�M 
 fz � T �M �h
z� 
 �g�

For z � S�M � the limit set L
z� of z is the collection of all points z� � S�M such that there

exists a sequence of real numbers ftng satistying jtnj � �� �tn
z� � z� as n���

Now we microlocalize the notion of trapping�

De�nition ���� S�
g� is the set of all z � S�M such that for every neighborhood of z in

S�M

sup
z��S�M

m ft � R� �t
z
�� � Ug 
 � 
m 	 ��dimensional Lebesgue measure��

We can see that S�
g� is closed and �t�invariant 
t � R�� that it cotains all limit points

and is contained in the set of all non�wandering points�

Next we introduce the microlocal smoothing e�ect of the lowest order�

De�nition ���� S
g� is the subset of S�M satisfying the following condition	 z �� S
g� if

there exists a compactly�supported operator A � �
���
cl 
M� with principal symbol �prin
A� 

 �

at z such that the map

L�
M� � u �� Aeit�gu � L�
I�L�
M��

is continuous for some nonempty 
or equivalently� for all� open�bounded interval I � R�

We are ready to state our main result obtained in �Do���

Theorem ���� S
g� is closed and �t�invariant 
t � R��

�



Theorem ���� S
g� contains S�
g�� so� if there exists a complete geodesic that remains in

a compact set� then S
g� is nonempty�

Corollary ���� If the volume of M is �nite� then S�
g� 
 S
g� 
 S�M �

Corollary ��	� If S
g� is compact� then S
g� n S�
g� is of measure � with respect to the

Liouville measure on S�M �

Corollary ��
� If S
g� is compact� then the following conditions are equivalent	


i� S
g� 
 �� 
ii� no complete geodesic is contained in a compact set�

Last� we give several applications�

I� Let g 

Pd

j�k�� gjk
x�dxj � dxk be a C� Riemannian metric in M 
 Rd� Assume that


i� with C 	 �	 C��jdxj� � g � Cjdxj� in Rd�


ii� j��gjk
x�j � C�� x � Rd for all � � Zd�� � � j� k � d�


iii� j�igjk
x�j 
 o
jxj��� as jxj � � for all � � i� j� k � d�

Then S
g� is compact

II� Let M be a C� manifold with boundary �M � and let 
 � C�
M�R� be a de�ning

function of �M � that is� M 	
 M n �M 
 f
 � �g� �M 
 f
 
 �g� d
 

 � on �M � Let g� be a

C� Riemannian metric in M � and de�ne the Riemannian metric in M by g 
 
��sg� 
s � ���

Then g is complete if and only if s 	 �� Assume that s 	 �� Then S
g� is compact� In �Do���

conformal metrics g 
 a

���g� and their metric perturbations are considered�

III� Let 
M� g� be a C� Riemannian manifold� Assume that there exist a C� compact

Riemannian manifold 
N���� and a C� di�eomorphism � from 
���� 
N to an open subset

U of M satisfying

��g 
 dt� dt � f
t���� M n �

���� 
N� is compact�

Here f � C�

�����R� is assumed to satisfy

jf �k�
t��f
t�j � Ck� t � �� k 
 �� �� �� f �
t� � � 
t �� ���

Then S
g� is compact� This is applicable� for example� to the case that M 
 Rd� g 
 jxj�sjdxj�
for jxj �� � 
s � ���� g 
 e�ajxjjdxj� for jxj �� � 
a � ���

�� Scale of spaces associated with two self�adjoint operators

In this section� we shall brie�y discuss the scale of spaces associated with two self�adjoint

operators� Let H be a Hilbert space� and A� B positive de�nite self�adoint operators on H�

For simplicity� we assume A 	 �� B 	 �� Put D�t�s� 
 D
BtAs� 
t� s 	 ��� S 
 S
A�B� 


�t�s��D�t�s�� We assume the following conditions�

�



�A�� For z �� �
A�� 
z �A��� � L
D
B���

�A�� With some � � � � �	 D
A��D
B� is dense in D
B����� adNAB� �rstly de�ned as a

quadratic form on D
A��D
B�� is extended to an operator in L
D
B�����D
B��� inductively

on N � N� further� it belongs to L
D
Bt������ D
Bt�� for every t 	 ��

Here L
X�Y � denotes the set of all continuous linear operators from X to Y and L
X� 


L
X�X�� ad�AB 
 B� adAB 
 �A�B �� In application�H 
 L�
M�
� where M is a C� manifold

with C� positive density 
� A is a multiplication operator� and B is an elliptic di�erential

operator of order ���� A simple example is as follows	 H 
 L�
Rd�� A 
 hxi 
 
� � jxj�����

multiplication operator�� B 
 ��� with domain H�
Rd�� � 
 ����

Set dA
z� 
 dist
z� �
A��� dB
z� 
 dist
z� �
B��� z � C� Sm
R� is the set of all f � C�
R�

such that for every k � Z�

jf �k�
t�j � Ck
� � jtj�m�k� t � R�

Under the assumptions 
A�� and 
A��� S is dense in D�t�s� 
t� s 	 ��� As� Bt � L
S� 
s� t �
R�� For the proof� we use the resolvent estimates following from 
A��� 
A��	

kBt
z �A���B�tk � CtdA
z���
� � dA
z��t���� z �� �
A�� t 	 ��

kAs
z �B���A�sk � CsdB
z���
� � 
hzi����dB
z��s�� z �� �
B�� s 	 ��

Let S � 
 S �
A�B� 
respectively H�� be the space of all anti�linear continuous functional on

S 
respectively H�� By Riesz�s lemma� the mapping H � u �� Tu 
 
u� ��H � H� gives an

identi�cation� through which H can be regarded as a subset of S �� since S is dense in H�

For t� s � R� Put D�t�s� 
 fu � S ��BtAsu � Hg� Here� in general� T � L
S� is identi�ed

with its unique extension in L
S �� if T � � L
S�� We now summarize the basic properties�


i� D�t�s� 
 fu � S ��AsBtu � Hg�

ii� S is dense in D�t�s��


iii� f
A� � L
D�t�s��D�t�s����� f
B� � L
D�t�s��D�t���s�� if f � S�
R��


iv� 
D�t�s��� �
 D��t��s� 
with equivalent norms��

Finally we state the continuity property of the evolution group e�itB �

Proposition ���� Put D�k� 
 �kj��D
�j������k�j�� k 
 �� �� � � �� Then e�itB � L
D�k�� and

k e�itB kL�D�k�� � eCkjtj for every t � R� In particular� e�itB � L
S�� t � R�

	� Commutator algebras

In this section� we shall construct algebras of operators that admit certain asymptotic

calculus and are characterized by the mapping properties of the multiple commutators with

A and B� They are the basic tool in the following section� We shall preserve the notation in

Section ��

�



De�nition ���� P �b�a� is the set of all P � L
S� such that P can be extented to an operator

in L
H�t�b�s�a��H�t�s�� for every t� s � R� Here H�t�s� 
 D�mt�s�� m 
 ��� 	 ��

De�nition ���� Q�b�a� is the set of all P � P �b�a� such that for every N � f�� �� � � �g� L�� � � � � LN �
fA�Bg

adL� � � � adLNP � P �b��m�N�a���N��

Here � 
 �f� � j � N �Lj 
 Ag� � 
 �f� � j � N �Lj 
 Bg�
Lemma ���� 
�� If Pj � Q�bj �aj� 
j 
 �� ��� then P�P� � Q�b��b��a��a���


�� If P � Q�b�a�� then P � � Q�b�a� if P � is identi�ed with P �jS � L
S� by convention�

Hereafter� we assume 
A�� in addition to 
A�� and 
A���

�A�� A � Q������ B � Q�m���� that is� for every N � f�� �� � � �g� L�� � � � � LN � fA�Bg

adLN � � � adL�L� � P ��m�N���N��

Here � 
 �f� � j � N �Lj 
 Ag� � 
 �f� � j � N �Lj 
 Bg�
De�nition ���� R�b�a� is the set of all P � Q�b�a� such that for every d� c � R� Q � Q�d�c�

adPQ � Q�b�d���a�c����

Example� A � R������ B � R�m����

Lemma ���� 
�� If Pj � R�bj �aj� 
j 
 �� ��� then P�P� � R�b��b��a��a���


�� If P � R�b�a�� then P � � R�b�a��


�� If Pj � R�bj �aj� 
j 
 �� ��� then �P�� P� � � R�b��b����a��a�����

De�nition ��	� Let Pj � P �bj �aj�� b� 	 b� 	 � � � � ��� a� 	 a� 	 � � � � ��� For

P � �P �b�a�� we write P �P�
j�� Pj if

P �
N��X
j��

Pj � P �bN �aN �� N 
 �� �� � � � �

Remark ��
� If Pj � Q�bj �aj� 
respectively R�bj �aj��� b� 	 b� 	 � � � � ��� a� 	 a� 	 � � � �
��� and if P �P�

j�� Pj � then it follows easily that

P �
N��X
j��

Pj � Q�bN �aN � 
respectively R�bN �aN ��� N 
 �� �� � � � �

Lemma ��
� 
�� If f � S�
R�� P � Q�b�a�� then

f
A�P 

N��X
j��

�

j 

adjAP �f �j�
A� � LN 
f�A� P ��

P f
A� 

N��X
j��


���j

j 
f �j�
A�adjAP �RN 
f�A� P ��

!



where LN 
f�A� P � 
 RN 
 "f�A� P ��� � P �b�N�a���N��


�� If f � S�
R�� then f
A� � R������

Lemma ���� 
�� If f � S�
R�� P � Q�b�a�� then

f
B�P 

N��X
j��

�

j 

adjBP �f �j�
B� � LN 
f�B� P ��

P f
B� 

N��X
j��


���j

j 
f �j�
B�adjBP � RN 
f�B� P ��

where LN 
f�B� P � 
 RN 
 "f�B� P ��� � P �b��m�N�a�N��


�� If f � S�
R�� then f
B� � R��m����

Lemma ����� Let E 
 E� � R������


�� 
z � E��� � L
S�� z �� �
E�� for t� s � R� K � �� there exist C 
 C
t� s�K� � �� � 


�
t� s�K� 	 � such that

k
z �E���kL�H�t�s�� � CjIm zj����� z �� �
E�� jzj � K�


�� If f � C�� 
R�� P � Q�b�a�� then

f
E�P 

N��X
j��

�

j 

adjEP �f �j�
E� � LN 
f�E� P ��

P f
E� 

N��X
j��


���j

j 
f �j�
E�adjEP � RN 
f�E� P ��

where LN 
f�E� P � 
 RN 
 "f�E� P ��� � P �b�N�a�N��


�� If f � C� near �
E�� then f
E� � R������


� Commutator estimates

Let X and H be two self�adjoint operators in a Hilbert space H satisfying 
A��� 
A�� with

�m 	
 ��� � �� and 
A�� if A 
 X 	 � and B 
 H � � 	 �� Put # 
 
� � H���m�

In this section� we assume the Mourre�type condition	

�A�� there exist R �� �� � � �� C	 � � such that the following estimate holds for every

� � C�
R� with �� � C�� 

R����

�
X�� iH� � iH� X� � ��
X� 	 ����
X�#��m����
X�� �C	�
X�#�m�	�
X��

De�ne the operator E � R����� by

E 
 #���m���i�H�X�#���m��� �

$



Then it follows from 
A���
A�� that

�iH�E� � �

�
X��#��m� iH� �iH�X�� � � X��#m��E� � Q�m�������

The assumption 
A�� is used only in the Key Lemma ��� through this relation�

To state our main results� we need several notations�

Let F 
R� be the set of all f � C�
R� such that f � 	 ��
p
f�
p
f � � C�
R�� suppf �


R���� and that f
t� 
 � if t is large enough� Let G
��� ��� 
� � �� � �� � �� be the set of all

g � C�
R� such that g� � ��
p
g�
p�g� � C�
R�� supp g� � 
��������� and that g
t� 
 � if

t � ���� For f� g � C
R�� write f �� g if g 
 � in a neighborhood of suppf �

For f� g � C
R�� denote by Q�b�a�
f� g� the set of all P � Q�b�a� such that there exist

Pj � Q�bj �aj�� b 
 b� 	 b� 	 � � � � ��� a 
 a� 	 a� 	 � � � � ��� fj� gj � S�
R�� satisfying

P �
�X
j��

Pjfj
X�gj
E�� suppfj � supp f� supp gj � supp g�

This operator class is used to express error terms�

Put L 
 
 C�
	��	��

�m 
that is� a large constant depending only on m� ��C	 � ���� De�ne �
t� 


� 
t � L��
 � 
t 	 L��

Now we are ready to state the key lemma which gives the principal parts of a series of

conjugate operators�

Key Lemma ���� Let 
 � Sa
R� 
a 	 �� such that 
 	 �� 
� 	 ��
p

 � Sa��
R��

p

� �

S�a�����
R�� Let f � F 
R� and g � G
��� ���� Then the following commutator estimate holds

with R � Q�b�m���a���
f� g�	

��
H�� iH� j#b��

f�
X����g
E���� j� ��
H�

	 ���
H� j#�b�m�����

�f�
X����g
E���� j� �
H� ��
H�R�
H��

In application� we consider three cases	


i� 

t� 
 ta with R � Q�b�m���a���
f� g� 
a � ���


ii� 

t� 
 �� t�
 with R � Q�b�m������
f� g� 
� � ���


iii� 

t� 
 log t with R � �s��Q�b�m���s���
f� g��

To treat error terms� the following lemma is necessary�

Lemma ���� Let f� %f� g� %g � S�
R� such that f �� %f� g �� %g� Then for every P �
Q�b�a�
f� g�� there exist C � � and R 
 R� � Q������� 	
 �n��Q��n��n� satisfying

ReP � C j#b��Xa�� %f
X�%g
E� j � � R�

Using Lemmas ��� and ���� we are able to construct conjugate operators modulo su�ciently

lower order terms�

&



Proposition ���� Let a 	 �� N � N� N � a� b � R� For j 
 �� �� � � � � N � de�ne 
a�j by


a�j
t� 
 ta�j 
j � a��


a�j
t� 
 �� t�
 
j � a or j 
 a 
 �� with � � � � �� a � �a��


a�j
t� 
 log t 
j 
 a � N��

Let fj � F 
R�� gj � G
��� ��� 
j 
 �� � � � � N� � such that f� �� f� �� � � � �� fN � g� �� g� ��
� � � �� gN � Then there exist constants Cj � � satisfying

��
H� � iH� Pb�a�N ��
H� 	 �
H� j#�b�m�����

�a��f��
X����g�
E���� j��
H���
H�Rb�a�N�
H��

Here Rb�a�N � Q�b�m���N����
fN � gN � and

Pb�a�N 

NX
j��

Cj j#�b�j���

a�jfj�
X����gj
E���� j� � Q�b�a�
fN � gN ��

According to Proposition ���� we arrive at obtaining a series of conjugate operators described

below�

Theorem ���� Let a 	 �� b � R� � � ��K � �� Let fj � F 
R�� gj � G
��� ��� 
j 


��� �� � � � � �a�� such that fj �� fj��� gj �� gj�� 
j 
 �� �� � � � � �a��� Then there exist Qj 


Q�j � Q�b��m���j�a�j� 
j 
 �� �� � � � � �a�� such that

Q� � C j#b��Xa��f��
X����g��
E���� j� � R

Qj 	 j#�b��m���j���X�a�j���fj
X����gj
E���� j� 
j 
 �� �� � � � � �a��

��
H� � iH�Qj ��
H� 	 �
H�Qj���
H�� �
H�Rj�
H� 
j 
 �� �� � � � � �a���

where

Q
a��� 
 j#�b��m����
a�������X�a�
a������f
a�
X����g
a�
E���� j� if a is a non�integer�

Qa�� 
 j#�b��m����a������X����
���fa
X����ga
E���� j� if a is an integer�

and Rj � Q�b�K����� R � Q��������

Lastly� we state our main theorem on regularizing e�ects�

Main Theorem ���� Let a 	 �� b � R� � � ��K � �� Let f� %f � F 
R�� g� %g � G
��� ���

such that f �� %f� g �� %g� Then the following regularizing estimate holds	 for u � S� t 	 �


a�X
j��

tj kPje�itHu k� �


a�X
j��

Z t

�
	 j kPj��e

�i�Hu k�d	

� C k#b��Xa�� %f
X����%g
E�����
H�u k� � Ct
� � t
a��k#�b�K����
H�u k� � 
Ru� u�

'



Here R 
 R� � Q������� and C � � are independent of u� t� and

Pj 
 #�b��m���j���X�a�j���f
X����g
E�����
H� 
j 
 �� � � � � �a��

P
a��� 
 #�b��m����
a�������X�a�
a������f
X����g
E�����
H� 
if a �� Z��

Pa�� 
 #�b��m����a������X����
���f
X����g
E�����
H� 
if a � Z���

Proof� By virtue of Theorem ���� it is su�cient to observe the following� In gereral� suppuose

that Rj � Qj � L
S� 
j 
 �� �� � � � � n � �� satisfy Rj 
 R�j � Qj 
 Q�j 
j 
 �� � � � � n � �� and

�� iH�Qj � 	 Qj�� �Rj��� j 
 �� �� � � � � n

on S 
 S� Set u
t� 
 e�itHu� u � S� Since

d

dt

Q�u
t�� u
t�� 
 
 � iH�Q� �u
t�� u
t��

it follows that


Q�u� u� 	 
Q�u
t�� u
t�� �

Z t

�


Q� �R��u
	�� u
	��d	�

By integration by parts� we obtainZ t

�

Q�u
	�� u
	��d	 
 t
Q�u
t�� u
t�� �

Z t

�
	
 � iH�Q� �u
	�� u
	��d	

	 t
Q�u
t�� u
t�� �

Z t

�
	

Q� �R��u
	�� u
	��d	�

Repeating this argument� we obtain for k 
 �� �� � � � � n


Q�u� u� 	
kX

j��

tj

j 

Qju
t�� u
t�� �

Z t

�

	k

k 

Qk��u
	�� u
	��d	 �

kX
j��

Z t

�

	 j

j 

Rj��u
	�� u
	��d	�

�� Propagation of regularizing estimates

In this section� we explain how to deduce the microlocal smoothing e�ects for dispersive

evolution equations on manifolds with positive density� especially for Schr�odinger evolution

equations on Riemannian manifolds� from the results in the previous section�

Let M be a C� manifold with C� positive density 
� and put H 
 L�
M�
� 
 L�
M�� Let

H � �m
cl 
M� 
m � �� be a properly�supported formally self�adjoint operator with homogeneous

principal symbol �prin
H� 
 h � � on T �M n �� and assume that

�H�� HjC�� �M� is essentially self�adjoint� and the Hamiltom vector �eld of h� Hh� is com�

plete�

Denote its self�adjoint extension by the same symbol H� Let �t be the Hq��ow in T �M n ��

where q 
 h��m� Put S�M 
 fz � T �M � h
z� 
 �g�

��



The following proposition asserts that the smoothing property propagetes along the bichar�

acteristics in the forward direction�

Theorem ���� Assume 
H��� Let b � R� k � Z��K � �� T � �� Let ( and U be open

subsets of S�M such that ( is compact in V 	
 ���t�T�t
U�� Then for any compactly�

supported operators Pj � �
�b��m���j���
cl 
M� 
j 
 �� �� � � � � k � �� with S�M � ess�suppPj �

(� there exist compactly�supported operators Qj � �
b��m���j
cl 
M�� Rj� R

�
j � �b�K

cl 
M� 
j 


�� � � � � k � ��� and S � �b
cl
M�� with S�M � ess�suppQj � U� S�M � ess�suppRj � V� S�M �

ess�suppR�j � V and S�M � ess�suppS � V � such that the following estimate holds	

kX
j��

�
tjkPje�itHuk� �

Z t

�
	 jkPj��e

�i�Huk�d	
�

� 
Su� u� �
kX

j��

Z t

�
	 j

Qj�� � Rj���e

�i�Hu� e�i�Hu�d	 �
kX

j��

tj
R�je
�itHu� e�itHu�

for every t 	 �� u � C�� 
M��

Hereafter assume H 	 � and set # 
 
� �H���m� Let X be a multiplication operator by a

function r � C�
M�R� such that r 	 �� limx�� r
x� 
 �� We shall assume that H�X satisfy


H���
H���

�H�� For every N � f�� �� � � �g� L�� � � � � LN � fX�Hg

#N�m�XaadLN � � � adL�L�X
a� jC�� �M�

is extended to an operator in L
H� for every a� a� � R with a � a� 
 N � �� Here � 
 �f� �
j � N �Lj 
 Xg� � 
 �f� � j � N �Lj 
 Hg�

�H�� There exist R �� �� � � �� C	 � � such that the following estimate holds for every

� � C�
R� with �� � C�� 

R����

�
X�� iH� � iH� X� � ��
X� 	 ����
X�#��m����
X� � �C	�
X�#�m�	�
X�

on C�� 
M�
 C�� 
M��

The assumption 
H�� corresponds to 
A���
A��� and 
H�� to 
A��� Thus� the corresponding

spaces S� S �� H�b�a� are well�de�ned� The assumtion 
H�� implies the classical Mourre�type

condition	

�H��� H�
h
r�� 	 ��� if r 	 R�

The following lemma describes the �incoming� region that absorbs every backwardly non�

trapped bicharacteristics as t� ���

Lemma ���� Assume 
H���� If an integral curve of Hhm � � � C�
R� S�M�� veri�es that

f�
t�� t � �g is not relatively compact� then for every � � �� � � there exists T � � such that

r
�
t�� 	 ��jtj� ) 
Hhr�
�
t�� � ��� for t � �T�

��



So� if the regularizing estimate holds in the region

fz 
 
x� �� � S�M �Hh
z� � ���� r
x� � Rg�

then by virtue of the propagation of regularity in the forward direction� it is also valid at every

backwardly non�trapped point�

By Theorem ���� Lemma ���� and Theorem ���� we are able to obtain the microlocal smooth�

ing e�ect in the following form�

Theorem ���� Assume 
H���
H��� Let z� � S�M such that � 	
 f�t
z��� t � �g is

not relatively compact� Let b� b� � R� b 	 b�� a 	 �� Let f � F 
R�� g � G
��� ���� For

u � S � 
 S �
X�H�� assume that #b���u � H� #b��Xa��f
X����g
E����u � H 
for example�

#b��Xa��u � H�� and that u is microlocally H
b��
loc at every point of �� Then there exist a

neighborhood of z�� U � in S�M such that the following assertion holds	 for any compactly�

supported operators Pj � �
�b��m���j���
cl 
M� 
j 
 �� �� � � � � �a� � �� with S�M � ess�suppPj � U �


a�X
j��

�
sup
����t

	 jkPje�i�Huk� �

Z t

�
	 jkPj��e

�i�Huk�d	
�
�� for t 	 ��

Corollary ���� Assume 
H���
H��� Let z� � S�M such that � 	
 f�t
z��� t � �g is not

relatively compact� If u � S � 
 S �
X�H� satis�es that #bXau � H for every a 	 � with a �xed

b � R� then z� ��WF 
e�itHu� for every t � ��

Corollary ���� Assume 
H���
H��� If there is no complete bicharacteristics of h in S�M

that is relatively compact� then e�itH is continuous from H�s
cpt
M� to Hs

loc
M� for every s 


�� t 

 ��

�� Application

We shall return to the three cases considered in the second half part of Section ��

I� Let g 

Pd

j�k�� gjk
x�dxj � dxk be a C� Riemannian metric in Rd� Assume 
i�� 
iii� in

Section � and


ii�� j��gjk
x�j � C�
� � jxj��j�j� x � Rd for all � � Zd�� � � j� k � d�

Then H 
 L�
Rd� 
g�� H 
 ��g� X 

p

� � jxj� satisfy 
H���
H�� with m 
 ��� 
 ��

II� Under the same setting of Section �� Assume that s � �� Then H 
 L�
M�
g�� H 


��g� X 
 
��s satisfy 
H���
H�� with m 
 ��� 
 �� For s 
 �� our method does not work�

III� Under the same setting of Section � assume that

jf �k�
t��f
t�j � Ckt
�k� t � � 
k 
 �� �� � � ��� with � � �� tf �
t��f
t� 	 � 
t �� ���

��



Then H 
 L�
M�
g�� H 
 ��g� X 
 r satisfy 
H���
H�� with m 
 ��� 
 �� Here r �
C�
M�R� is a function satisfying r 	 � and ��r 
 t 
t � ���

This is applicable to the case that M 
 Rd� g 
 jxj�sjdxj� for jxj �� � 
s � ���� or

g 
 e�ajxjjdxj� for jxj �� � 
a � ���
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