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On trace theorems for pseudo-differential operators,
Nicolas Lerner and Dimitri Yafaev,

University of Rennes.

1. Introduction

Our starting point will be the following diagram, where M is a C*™ manifold, S a smooth hypersurface
of M and A a pseudo-differential operator on M of order m = —1 — 26 < —1, I the trace operator on S.

-1_5

. A
Hotp' (M) — HEY(M)

(1.1) r* 1 1 T

Hc_ofnp(s) _l: H;soc(S)
A

Here the operator A®, the restriction of the operator A on S, is well defined as
(1.2) A =TAT*

and is a pseudo-differential operator on S of order m + 1 = —2§. The following simple formula gives the

expression of the principal symbol a® of A” in terms of the principal symbol a of A : when M is a Riemannian
manifold, for z € S and € € T;(S5),

(1.3) ab(m,£)=/na(:c,§+tuz)dt ,

where v, is a unit conormal vector to S at z (we shall formulate below (1.3) using only the structure of
differentiable manifold on M, assuming that A sends densities to functions). We have used here the Weyl
quantization formula, such that the operator a¥, with Weyl symbol a is given by

(14 (u)(e) = [[ eHreta(ZEL, eyuty)dudg

Formula (1.3) was given by Birman and Yafaev [BY1], in the case above m < —1, in connection with
scattering theory for two-particle systems . As a matter of fact, one of the main objects of scattering
theory, the scattering matrix , appears as the diagonal value of an integral operator [Y1]. Suppose that
an unperturbed Hamiltonian Hp is realized as multiplication by the variable X in the space H = L%(A; N),
where A is an interval of R and N is an auxiliary Hilbert space. We consider an integral operator A given
by

(AP, Gn= [[ (RunIFG) . 6 )y duds

Since the kernel k is a distribution, its restriction to the diagonal g = v requires some specific assumption.
One has to justify the representation

(1'5) < k(’\v’\)F(’\) ’ G(’\) )N = € tl,iﬁo( Aés(Ho - ’\)F ’ 60(Ho - ’\)G )‘H )

where
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(1.6) 6.(H, - A) = 5%;[(Ho — A —ie)t = (Hy = A +ie)™1]

One of our motivation for the study of the singular cases m > —1 is that, for multi-particle systems, the first
Born approximation of the scattering matrix is the trace of a pseudo-differential operator of critical order
-1. Naturally, diagram (1.1) does not make sense for § = 0 (m = —1). We should expect some restrictions
on the symbol of the operator A for a diagram analogous to (1.1) to hold. Following (1.5), we shall define
approximations I'; (cf. [GK]) of the trace operator T' and ask for the existence of the following limit

(1.7 e’tl’lg’0 [, AT}
It turns out that an iff condition for the existence of (1.7) in the critical case m = —1 is the vanishing of the

principal symbol on the conormal bundle N*(S) of the hypersurface S. In fact, we have prior knowledge of
various examples [Y2] on the sphere S”~! of R". For instance, let M = R*, S = S"~! and

O’F
(1.8) a(z,{): Z xjxk(,—azj—azk-(f),

1<j,k<n

where F' is a homogeneous function of degree 1. It is possible to see directly that A = a(z,D;) has a
restriction on S"~! and that A’ is given , up to compact operators, by the multiplication by F(z) + F(—z).
Moreover, when m = 0, the previous condition should be supplemented by the vanishing of the subprincipal
symbol on N*(S). The study of the cases m > 1 unravels new invariants for pseudo-differential operators.
These higher order invariants will materialize the obstructions to the restriction to a submanifold of some
Lagrangian distribution. They do not coincide with the classical higher order invariants linked to the Weyl
quantization (see the appendix of this paper and [He]), except for the first two, the principal and subprincipal
symbols. Our problem has also close links with the transmission property introduced by Boutet de Monvel,
and other studies of the Poisson operators (see e.g. [GH]). Last but not least, interesting links exist with the
second microlocalization ([B], [BL],[DL]).

2. Definitions and preliminary results

If M =R", S is the hyperplane {z, = 0} in diagram (1.1) , if the distribution kernel T(z', z,,y',yn) €
D'(R™! x R x R"™! x R) of the operator 4 is a continuous function of (2, y,) valued in D’(R"~! x R""!)
(as in the case m < —1), then the kernel of the restriction A" in (1.2) is T'(z’,0,y',0). This motivates the
following definition. ‘

Definition 2.1. Let £ be an open set of R*~! | p > 0 and
(2.1) V=Xx{z, €R,|z,| < p} .

Let A be a continuous linear operator acting from the space of smooth compactly supported densities
Ce(V,1Q)) to D'(V). Its kernel is a distribution T(z',zpn,y,yn) € D'(V x V). We say that A can be
restricted to X if there exists T* € D'(E x X) such that

(2:2) D'~ lim T(z',e2a,¥,09n) = T (', y) ® 1

£,0—
When (2.2) is satisfied, we define A" as the operator with kernel T*.
In order to give a definition of the restriction for a manifold, we need the following lemma

Lemma 2.2. Let V' be as in (2.1) and T' € D'(V) such that T can be restricted to ¥ , with restriction
T’ in the following sense :

(2.3) D' - lim T(z',e2n) = T'(2') ® 1 .

II-2



Let 0(z',z,,t) € C°(V x {t € R, |t| < p}), such that §(z', z,,0) = 0. Then
(2.4) D' - lina T(2' exn)b(z' ,zn,c2,) =0
£—

Proof. Let K be a compact subset of £ and 0 < p, < p. Let N be the order of the distribution T on
K x {|zn| < po} = L. We have, using Taylor’s formula,

1 .. .
0(:1:',.@,,,5.@,,) = Z T|a{6("cla:':rno)(smn)] + HN(xlvxnagzn)(Emﬂ)N+2 N
1GEN+1 77

Let ®(z',z,) € C3°(V), supp ® C L. For j > 1, we examine the duality brackets when ¢ — 0 ; we obtain
first that, from (2.3),

(2.5) (T(2',622)00(2', Tn,0)(exn) , (2’ ,2,) ) =0

. 1
Moreover, setting ¥, (z', z,) = On(2’, f51‘-,:v,,)(:c?")]\"""’<I>(:c', %)E (note that supp ¢, C L),

|(T(:c’,ex,,)0N(:c’, 1:,,,61:,,)(61:,,)N+2, ‘}(x/a xn))l = €N+2|(T(zl, ;L‘n), e (x/, zn))l

< MHIC max [0l < NGV = Cre
a -—

The proof of lemma 2.2 is complete.O

Lemma 2.3. Let T} € D'(X; x (—p1,p1)), where £, is an open set of R*™!, p; > 0 such that (2.3) is
satisfied : D' — lim,_,o Ty (z},ez}) = T} (z{) ® 1 . Let £, be an open set of R"~! and py > 0. Let k5 be a
diffeomorphism such that

(26) K12 : By X (=p2, p2) — L1 X (=p1,p1) ) k12(X2 x {0}) = £, x {0}
Then, with &* standing for the pull-back,

(@7) D' — lim (ki T1)(eh e25) = () T3] (2) ©1

where k%, : £ — 5 is the diffeomorphism defined by the equality (k},(z5),0) = k12(z5,0).

Proof. We note first that (2.6) implies that, with k23 = k73, K21(z},2}) = (:c’z(z’l,z’l’),z’l’e(:c’l,z’{)),
with a non-vanishing function e. Let ¥ be a C$° density. We have the following equalities for duality

brackets: Y Y Y .
( (K12T1)(25,€25) , W(2h,29) ) = ( (k1 T1)(25,25) , ¥(zh,e7lay) ) e}
= (Ti(z,2y) , ¥(ah(eh,20), e al e(al, 21) ) Ingy (21, 27)] ) €
= (Ti(e,enf) , W (z5(et,ea)) o e(e o)) Iy (o, €2 )
Now, we have, using Taylor’s formula,
¥ (ahet,eat), o oot ex))) I (2t e )| =0 (w424, 0), 2] e}, 0)) Ik (a1, 0)| + €2 (a4, 27 ext)
Using lemma 2.2, one gets

lim  (515T1)(h,e23) | (eh,25) ) = (THah) @ 1, ¥(eh(},0), 2] e(e},0)) Iy (21,0 )
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which implies (2.7), since, with obvious matrix notation, one has

/
Oz},

oz! o
a—i—,f-(z'l,O) 67””,1%@'1,0) (k) (z}) 071,(%,0)
/ / — p—
zy Y 0 e(x},0)

The proof of lemma 2.3 is complete. O
Lemma 2.3 ensures that the following definition is consistent.

Definition 2.4. Let M be a C*° manifold and S a smooth hypersurface of M. Let T € D'(M). We
shall say that T' can be restricted to S, with restriction T* € D’(S) if any point m € S has a neighborhood
U in M, such that there exists a diffeomorphism

(2.9) K:ZX(=pp)—U , (p>0) ,k(Ex{0})=SNnU ,

so that the pullback k*(Tjy) can be restricted to T in the sense of lemma 2.2. The restriction T* is defined
as the unique distribution on S such that

. b
(2.10) Thsow = () { [ @o)]'}
where k* is the diffeomorphism induced by k between £ and (SN U), (k"). its push-forward.

Definition 2.5. Let M be a C* manifold and S a smooth hypersurface of M. Let A be a pseudo-
differential operator acting from the space of smooth compactly supported densities C3°(M, |$2]) to C*°(M).
Its kernel is a distribution T(z,y) € D'(M x M). We say that A can be restricted to S when T can be
restricted to S x S in the sense of definition 2.4 (extended to a product manifold). We define in that case
AY as the operator with kernel T", the restriction of T to S x S.

When S is the hyperplane {z, = 0}, and A is a pseudo-differential operator on R” with symbol
a(z’, z,,€', &), the existence of a restriction requires to look at the properties of the conormal distribution
(with respect to z, = yn)

(2.11) a"(z',{';x,,,:cn —Yn) = / a(z',zn,&',€n) ei(x,, = ¥n)én dén
R

It is clear that the singularities of a® are getting worse as the order m of a increases. In general, a® belongs
to no better space than the Besov space B, 2-1/ 2, Property (2.2) amounts to check the following limit, in

the distribution sense (a' is a distribution valued in a symbol class)

(2.12) D - limoah(:c',f';e:cn,smn —0oyn)

£,0—

It is important to notice that this averaging procedure is more restrictive than the examination of the
operator AT'*. In fact, in this situation, I'u = u(z') ® 6(z,), so that when A is simply the multiplication
by z¥ one has zX§(z,) = 0 for any k > 1 but

lim(ez,)*6(ez, —0oyn) =0 <=k >1
and exp6(ex, — 0y,) has no limit in D’ when ¢,0 — 0. This means that the two Poisson operators

(restriction of AT* to £z, > 0) could be zero without existence of the limit in (2.12). In this case, the
iterated limits lir%[lirr}’ a'] and lirrb[lir% a"] are 0, but the double limit in (2.12) does not exist.
e—0o0— o—0"c—
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We should say for a start that we shall only consider classical polyhomogeneous pseudo-differential
operators with symbols a € S™ = ST(see definition 18.1.1 in [H]) and

an~ Zam_j i.e. a-—- Z Am_j € sm-N-
(213) 0<j 0<j<N
with a; € S* and  ai(z, X€) = May(z,€) for A>1 and [|>1 .

We want also to describe geometrically the link between the symbol of an operator and of its restriction.
If U is an open set in R™ and A is a pseudo-differential operator of order m on U, sending densities to
functions (Au is a function whenever u is a density), the symbol a of the operator A appears as a density
with respect to the fiber variable. We write it as a(z,£)|dé|. When S is the hyperplane {z, = 0}, and
m < —1, the expression of the symbol of A®, say o, is

(2.14) @ 8) = [ a0 6) den

In fact, this expression makes sense when a is a density and we shall write
(215) @)= [ [ ae'0i€'60) dea]la]
so that a’|d¢’| is a density characterized by the identity

(2.16) [e@ e = [[ o 0¢ eee)a e,

But the points (z’,0;¢’,£,) are precisely those in T*(U) such that z = (2/,0) € S, (£/,&n) is a cotangent
vector at z, that is a linear form on T (U) that can be restricted to T;(S), which is a subspace of T,(U). One
sees thus that (2.14) is a geometrical expression which leads us to the following more abstract description.

Let M be a smooth manifold and Qps the density bundle on M . The cotangent bundle will be denoted
by T*(M). The topological dual of C3°(M) is the space of distribution densities D'(M,Qps). Let S be a
smooth hypersurface of M (smooth submanifold of codimension 1), and j : S — M the canonical injection.
Let T be the restriction operator

T: C*(M) —  C®(S)

(2.17) u - T(w)=uoj

Let T'* be the adjoint operator

(2.18) r*:D'(S,Qs) — D'(M,Qn)

defined by duality

(2.19) (T*(v), ¢ )pman) , cony = (v, T(D) Ypisias) , coo(s)
We introduce

(2.20) Ts(M) = {(z,§) e T*(M) with z€S} ,

The conormal bundle of S will be denoted by

(2.21) N*(8)={(=,§) e Ts(M) , &, =0}

We consider the submersion II
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il
(2.22) s(M) —  T*(S) )
(,6) = (‘”’EIT,(S))
whose fibers are one-dimensional affine spaces as lines in the vector space T (M). A symbol a on T*(M)

will be a smooth section of the density bundle with respect to the second variable over T*(M). This means
that for each z € M , a(z) is a density on the vector space T (M) : a symbol a can then be represented as

(2.23) a(z,§)|d¢|
Soif z € M and ® € C°(T*(M))

(2.24) (a, ) ()= /T IRICOLGE:

x

Once we have a symbol a on T*(M), such that, for each z € S the density a(z) is in L!, we can associate to
it the following symbol a* on T*(S) . Let z € S and ¢ € C°(T(S))

(2.25) (¢ 0)@=[ a@epom)Od
T (M)

x

where 7, is the restriction of II to T (M). We shall write in this situation,

(2.26) a’(z,6) = /"{e} a

In the sequel of this paper, we shall denote by
(2.27) ™M) = W5 (M, Q, Q%)

the set of polyhomogeneous pseudo-differential operators of order m on the manifold M, acting on distribu-
tion-densities and transforming them into distributions. An operator A € ¥™, with m < —1, always admits
a restriction on a hypersurface and A* = TAT*. It is not difficult to formulate our results when the order of
our operator is below 1, since only classical invariants enter the game.

Theorem 2.6.
Let M be a C*° manifold and S a smooth hypersurface. Let A be a pseudo-differential operator in
Y™(M). If -1 < m < 0, a necessary and sufficient condition for A to admit a restriction on S is

(2.28) an =0 on N*(S), the conormal bundle of S .
If0 < m < 1, a necessary and sufficient condition for A to admit a restriction on S is

(2.29) 63 am =0 for o<1 }on N (S)

An-1 =

where a?,_, is the subprincipal symbol. Were these conditions to be satisfied, the operator A® belongs to
¥™+1(S) with a principal symbol a® given by the absolutely converging integral (2.26)(or (1.3)) in which
a=apn.

Moreover, if =1 < m < 0 and (2.28) is satisfied, A* = lim, T'A,T*, where A, is an operator whose
symbol a, € S~ converges to the symbol a of A in S™. This means that a, converges in C*™ and is
bounded in S™. If 0 < m < 1 and (2.29) is fulfilled, the same result holds.
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One could derive from the appendix a stronger version of this theorem, using the refined principal symbol,
availaible for operators in W7 (M,Q#,Q%) when p + ¢ = 1. The proof of theorem 2.6 is simple and relies
only on classical invariance properties for pseudo-differential operators : the principal symbol is invariant
and the subprincipal symbol is invariant on the double characteristic set of the principal symbol. One can
then straighten the hypersurface S into the hyperplane {z, = 0} in a chart coordinate, and study (2.11)
near the diagonal z, = y,. It is then a matter of routine to write the Taylor expansion of a(z’,z,,€',€,) at
points of N*(S) = {(2’,0,0,&,)}. When m < 0, a zero-order expansion is enough to isolate the singularity,
whereas for 0 < m < 1, a first order expansion is necessary, leading to condition (2.29). Although it is not
difficult to go on with this method for studying (2.11) when m > 1, the invariance of the conditions obtained
is not immediate so we postpone it to the next section.

3. Operators of order larger than 1 and higher order invariants
The following elementary lemma is useful for the understanding of our problem.

Lemma 3.1 Let m be a real number. Let a(z,€) be a polyhomogeneous symbol on (RZ™! x ]R},”) X
(R~ x ]Rén) (cf. (2.13)). We note = the equality modulo continuous functions of (xn,yn) valued in a
symbol class S™t1 in the variables (z',¢'), T the gamma function. The distribution a is defined in (2.11).

If m > —1 is not an integer,

la
(3.1) A Ean )= Y Tlmt1-j—lah
lal4+j<m+1

{(mn _ yn);m-—l"’j"'lale_ ‘Rsm+12:—1—|0|! [ag,am_j(xl,xn,o, _1) - Ciw(m—j—lal)aglam_j(xl, :L‘,-,,O, 1)]

(2, — yn):m—1+j+|ole!_"_(_":i:17'.tlall [6gam_l(x 2n,0,—1) — e—im(m=j=lal)g Iam_j(Z",:cn,O, 1)] } )
If m > —1 is an integer ,

X la

(3'2) ah(“"’vgl;zmzn —Yn) = Z i(m—]—lal—l)é&_'_

lal+j<m+1 ’

{(am+1 i- 'a|{1nlz|})|z=z i [af,am-J(z 2,,0,—1) — "f<m-f-lﬂl>ag,am_,~(z',xn,o,1)]

+4 (6 opti=i- l°'|{51gnz})| — [6g,am_j(z’,:c,,,0,—1)+eiw(m—j—lal)ag,am_j(:c',:cn,O,1)] }

Moreover, the existence of ~ lim d*(2’,¢';ex,, 62 — 0y,)  in D’ (]Rx,. x Ry, , S™H(RE! x Ry ) is

£,0—0
equivalent to

(3.3) 0% O¢am-j(2',0,0,6,) =0 for |a|+k<[m]—j+1 .

Since the vector fields 0,» and J, are tangent to the conormal of the hyperplane £ = {z, = 0},
condition (3.3) amounts to require that

(34) N*(Z) C Epmi-j2(am-;) = {(z,€) € R, 070 am-; =0 for |a|+|B| < [m] - j + 1}

When m < —1, this condition is empty. When —1 < m < 0, (3.4) is (2.28) for the hyperplane, whereas for
0 <m < 1,itis (2.29) : note that, in these coordinates , if N*(X) C Es(ay,), the subprincipal symbol on
N*(X) is am-1, even when one uses the ordinary quantization. In fact,

82
0z 3£n

ay, , , 0%a,,
D page (#0060 = T (@,0,0,6,) +

——F(2',0,0,&,) =0
1<i<n 9z’ og!
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since O¢ram(2’,0,0,€,) and Og,am(2’,0,0,&,) are identically zero. One has to clarify the invariance of
property (3.4) whenever m > 1.

The reader will find in the appendix (§5) a complete discussion of the pointwise higher order invariants.
We rely in this section on some of the calculations detailed in this appendix. We shall use the Weyl
quantization formula (1.4) and recall that one of the nice feature of this quantization is that the subprincipal
symbol appears simply as a,,—; in the polyhomogeneous expansion of the Weyl symbol. Analogously, the
sub?principal symbol is a,,_2 and is invariantly defined on

(3.5) Z4(am) NE2(am-1) = {0%m =0, |a| <3 , 0am-1=0, B <1}

This does not correspond to the next invariant we expect, since condition (3.4) suggests that an invariant
@m-2,s linked to the operator A and to the Lagrangian N*(S) should exist on N*(S), provided that

(3.6) N*(S) C E3(am) N Ex(am-1) -

More generally, we are going to construct inductively higher order invariants amy,_k,s defined on N*(S)
provided that

(3.7) N*(S) C 'Sk.H(am) NZk(am-1)N...N Ek+1_1(am_1,5) n...n Ez(am—k+1,s) .

A key observation for this purpose is an invariance property (proposition 3.2 below) of symbols of pseudo-
differential operators with respect to diffeomorphisms leaving invariant the hyperplane {z, = 0}.

Let M be a C* manifold and S a smooth hypersurface of M. Let m, € S, U a chart-neighborhood of
mo in M. Let ky : Vi — U, K3 : Vo — U be two chart coordinates (V; open sets in R™) such that for
some hyperplanes ¥, X,

(3.8) Kl(zl NV)=SnU = K,z(Eg n Vz).

Then, up to an affine transformation, k5! o &, leaves the hyperplane {y, = 0} invariant. Let A € ¥™(M)
(see (2.27)) so that

(3.9) U,:lAUm =4A ’ U;:;.AUM =4 ,

where U} stands for the pullback and U, for the push-forward related to the diffeomorphism . The symbols
a® and a(® of A; and A, in each of these charts have an expansion

(3.10) Z a(l) ,  a®~ Z (2)

i20 ji>0
with the following invariance property . Assume that
(3.11) 8%, =0 on N*(Zi) for |a|<(k—1I) and 0<I<k .

Then the same holds for the polyhomogeneous expansion of a(®) on N*(X;) and we have

(3.12) (k7' 0 k1)%a (Z_k—a(l) on N*(%,) ,
that is
(3.13) (k2)ea, = (k1)ead),  on N*(S) .

We identify a diffeomorphism « : Y — X with the canonical homogeneous mapping from 7*(Y) to T*(X)
sending (y,7) to (x(y),’x'(y)~'n). Pullback and push-forward of symbols are defined accordingly. From
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(3.11), we can define for any diffeomorphism « : V' — U such that k(ENV) = SN U, where ¥ is an
hyperplane

(3.14) am-k,5 = (K)ubm—tk

The operator B is a pseudo-differential operator whose symbol b ~ Ejzo bm—j
(3.15) UrAU, =B .

We precise the previous claims in the following

Proposition 3.2 Let V},V;, be open sets in R", £,,%, hyperplanes in R™. Let k91 : Vi — V3 a C*®
diffeomorphism such that k2, (£,NVy) = XoNV,. Let Ay € ¥™(V;) (see (2.27)) with a polyhomogeneous Weyl
symbol Zpo f.;) i We set Az = Ug,, A1Ug,,. The operator A, belongs to ¥™(V2) with a polyhomogeneous

Weyl symbol Let 0 < j, < k, be non-negative integers such that
j20 m j 8 4

(3.16) %) =0 on  N*(B)) if  Jo|<k,—1 0<I<j,
Then property (3.16) holds for al') on N*(X;). Moreover, on N*(%,),

(3.17) 67(n21(a(2) ) — al?) i) =0 for |y| <k, — jo.

m=-jo m

Proof. Note that property (3.11) is (3.16) with j, = k, = k. Using an affine change of coordinates, we
can assume X; = ¥y = z, = 0 and that Vj, Vs are neighborhoods of 0. Moreover, from the assumption
k21(Z1 NV1) = £3 N V,, we obtain, omitting the subscript on k2, that for

(3.18) YEVI ,y=(,pm) ER" xR , &)=k, v)=(='(¥),ve(¥) ER*"'xR .

Since «'(0) leaves ¥ invariant, a linear change of coordinates allows us to assume that &’(0) = Id. Then, we
define

(3.19) t(s) = 2odd n( ) = (tno1)(5), Sneo(s)) = ( :) (Ss;) = A(s)(i) ,

so that

(3.20) 'A<s>“=(1 2) ' “(s)'l(v;l)=(: 0)(,?)”(0)

Moreover, we set

Q(s) = even k(5) = (*,tne1(t)) (e1 odd),
(3.21)
X(t) = (%, taer(t);0,4) ,  J(t) = |even x'($)|7".

The conormal bundle N*(X) is the set of points (2,0;0,&,) and if one sets a = a(®) such that (3.16) holds,
we see , following the tranformation law of the appendix ((5.6-11)), that the corresponding symbol b = a(!)
on T*(V1) at N*(X) (say at the point (0,0;0,7,)) is such that, for a given j , 0 < j < j,,

1
(3.22) bn—j = Gm-j + § Ja:* [Dgam_,(*,t,,el(t);o,*n,,) J(t)]
o] =51 "
laf > 1

| t=0
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We note that in the sum of (3.22) we have 1 < |a| = j —1, so that [ < j — 1 < j,, which implies that (3.16)
is satisfied for these /. Writing the Taylor expansion of D¢'am—; at (*,0;0,%7,), we obtain

(3.23) 6,"[Dg’am_,(*,tnel(t);o,*nn)] ={ 5’37;[ Z 6£”D?/'D§':am_1(*,0;0,*nn)tﬁwp(t)]}

| t=0 0<p<j-1 | t=0

so that , for a given p, o, must be larger than p to get a non-zero term, and since 0,/ and O¢, are tangent
to N*(X), we must have also from (3.16)

(3.24) &' |+p>k,—1 . But j—Il=|d|+an 2| |+p>ke—1>j—1,

which is a contradiction. Eventually , one gets bpy—; = ap—; for all 0 < j < j,. Moreover, when (3.16) is
satisfied for a, it is also satisfied for b : the Poisson brackets satisfy

(3.25) E{bm_j,nn} ~ symbol of i[B,D, ] and Z{bm_,-,y’} ~ symbol of i[B,y]
J J

so that , we get that for |8] < ko — j , 8Pb,—; appears as the (j + 1)** term in the polyhomogeneous
expansion of the symbol of the bracket of B with |3| linear forms so that, applying the transformation law
to this bracket, we get an expression of 8%by,_; like the one in (3.22), but involving at most k, — j more
derivatives acting on each an,_j;:

(3.26) 8°bpm-j = 8Pap—; + Z 5176{" [Dg(c7,,:67am_zr)(*,t,.el(t);0,*17,,) J(t) .
1< al, Lty . | #=0
o] +1=4,0< V<1,
Iyl <181 (< ko = 5)

In thissum I' <l = j—|a| < j < j,, so that (3.16) applies to these I’. Writing Taylor expansion as in (3.23),
and using the same notations as in (3.24) we get

(3.27) lo/| +p>ko =1 = |y] . But j—l=|o|+an 2| +p>k =1 =]y 25-1,

since
ko‘j+l_1’2ko_j2|ﬁ|2l7'~

The proof of proposition 3.2 is complete.O
This proposition shows that the following definition does not depend on the choice of the diffeomorphism
K.

Definition 3.3. Let M be a C*° manifold and S a smooth hypersurface. Let A be a pseudo-differential
operator in ¥™(M), with Weyl symbol a ~ 20<j am-j. Let U be a chart coordinate such that k : V — U is
a diffeomorphism (V' open set of R™). Assume that there exists a hyperplane £ of R" such that k(ENV) =
SNU. Assume that conditions (3.11) are fulfilled for the polyhomogeneous symbol £*(a) ~ 3~ bm—; with
some integer k on N*(X). We define N
(328) am-k’s = K.bm_k .

We shall say that the polyhomogeneous symbol a vanishes at the order k + 1 on N*(S) if, for 0 <1< k,
(3.29) bn-1 vanishes at the order k+1—1 on N*(X) : 0%pm—y =0 if |a|<k-1.

When (3.29) is satisfied, we will write symbolically

(3.30) ait =af:__11} =-.-=a£,,l_}_k+1=a,{,?lk=0 on N*(S) , or all¥lt=9 on N*(S) .
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Theorem 3.4. Let M be a C*®° manifold and S a smooth hypersurface. Let A be a pseudo-differential
operator in ¥™ (M), with Weyl symbol a ~ Zoq am-j. A necessary and sufficient condition for A to admit
a restriction on S is N

(3.31) d{tm+3} =0 on N*(S) .

Were these conditions to be satisfied, the operator A® belongs to ¥™t1(S) with a principal symbol a* given
by the absolutely converging integral (2.26)(or (1.3)) in which a = a,.

Moreover, if (3.31) is satisfied, A® = lim, TA,I'*, where A, is an operator whose symbol a, € S~
converges to the symbol a of A in S™. This means that a, converges in C* and is bounded in S™.

This theorem is now a direct consequence of definition 2.5 and statement (3.3) in lemma 3.1, after
straightening the hypersurface S into a hyperplane. O

We want to go on and compute these new invariants a,,—¢ s in any coordinate system : if, in a chart
coordinate U the hypersurface is described by ®(z) = 0, d® # 0, we can find a diffeomorphism k : V — U
so that ® o k appears as the n-th coordinate : (®ok)(y) = y,. To carry out the computation, we can assume
that the equation of S is given by

za=¢(z) 2 €RM, 0)=0 .
so that we can consider the diffeomorphism
(3.32) (z',2n) = £(¥', yn) = (¥, yn + 0(¥"))-

If we use the formulas and notations of the appendix, we have

1/2
(3.33) t(s) = 20dd n(%) = (s, sn +/ o'y +0s") dbs’),
-1/2
so that
In—l 0 s’
T O )
(3.34)
2 0y ’
t\ —1=(In_1 = 1. ¥ (v +03)d0>
(0 = (1 29 ,
and

1/2 ,
(3.35) 'A(s)™! (: ) =1, (“ -1/2 ‘ol(i/ +65) d0> , §s) = even n(%) = (v, yn + evenp(y' + ‘%))

Since
(3.36) t'=s and J{t)=1 ,
Am—k,S = Kubm_t = Gm_p+
1 o ! ] t/ 172 100 ’
(3.37) Z = M Dg'am—l(y yeven o(y' + E)r "’/ ¢'(y' +6t') dbnpn, 7771) )
lal Tl=k a: -1/2 | t'=0
lo| > 1
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that is

Om-k,§ = Kabm_k = am_i+

(25) t/2] (2r+1) $2r
(3:38) Z 6,, [Df’a"'— Vo) + Z s0(2 ()17/ ) 2% Z <p(2r + iz)/') 92r s ) ]
la| +1= i1 | t=0
o > 1
Using a tensor notation for derivatives with respect to £, 2/, we get
(3.39)
am—k,5(¥, 2(¥), —1n¢’ (), 1) = >
1,0<I<k%k
pq p+qg< i
|7'1|+ +|7pl+|7p+l|+ +|7p+q|'—k"1+‘1
all || euen22 all ['yl 0odd>3

(5)
(4im)~*=D(=n, ] 3" O amt(y 00, ~m@' W)mm) [[ 2 (y)
1< <p+q %!

4. Comments

Let u be a distribution on 2, open set of R” and S a smooth submanifold of codimension d of Q . If
there exists s > d/2 such that

(4.1) WF,unNN*(S) =
the microlocal version of the Sobolev theorem says that the restriction of u to S makes sense and that
(4.2) WF'_gj"(u) Cj*(WF,u) ,

where j is the embedding of S into Q. It means that the pullback j*, defined for smooth functions, has a
unique extension to distributions satisfying (4.1). When we consider Lagrangian distributions

(4.3) u(z) = / e ?@a(z,0)do ,
where ® is a non-degenerate phase function and a is a symbol of order m, so that
(44) WFu C L = {(z,®,),such that &, =0} ,

we could ask the same question of restriction, expecting a more detailed analysis from the particular structure
of u. The regular cases above correspond to the microlocal Sobolev theorem, whereas the singular cases seem
to be related to the second wave-front set of the distribution with respect to the Lagrangian manifold L, as
remarked by Bony in this seminar.

Let ¥ be a linear submanifold of R® = RY x R%;¢ given by the equations {z" = 0}, so that its
conormal set is the Lagrangian

(45) L= {(:L”,l‘”,f’,f”) € Rd x ]Rn-d x Rd x Rn-d , Z” =0 , 6, - 0}

The standard class of symbols SM is, using Hérmander ’s notations

2
(4.6) S(AM .G = |de)? + T2 ' 5' =) with A=1+¢
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In a paper by Bony [B] (see also [BL]) the second microlocalization with respect to L is described as follows.
First of all, one introduces a metric g larger than the classical G on the open set |2"| <1 , |€”| > 1+ |¢'|:

Az g g

2
(4.7) g =ldz'|" + 22 22 A2

, with A =1+ |¢'|+ |2"|A < 2A.
The symbol class SM™ is defined as S(AMA™  g), i.e. a(z,£) € SM™ means

(4.8) |Dg D2\ D DEa] < CAMA™ (%)"’"' (%)"’ ! (%)'” "

The metric g is slowly varying and satisfies ¢ < g7 since A > 1, but fails to be temperate globally. However,
g is temperate uniformly on the unit balls of G, so that a modified quantization formula can be used to
associate operators to these symbols ([BL]). Let a be a symbol in SM C SM:0. Writing the Taylor expansion
of a at L, one gets

)= > omonha(a',0,0,6)" ¢
al+|BI<[M]+d

1
+/ Z ([M] +d+ 1)(1 - 9)[M]+da_ilﬂ_'3:“afﬁla(zl’0z/’ 9{’,5”):8”&{“3(10
O Jal+1pl=[M]+d+1 ]

so that 9% 6?,(:(2:’,0,0,5”) € SM-181.0 and giag’ = A-lel(z”A)x¢'P ¢ S-lelll+IAl Eventually, we obtain

1‘“

(49) SM C SM,0 C SM,0 +SM—1,1 +SM_2'2+ .H+SM—[M]—d,[M]+d+SM—[M]—d—l,[M]+d+1‘

The obstructions to the restriction of an operator with symbol a to the linear subspace {z” = 0} will come
from the terms in SM.0, gM-11 gM-22 " GM-[M]-d[M]+d [t seems plausible that a second microlocal
Sobolev theorem could be used to prove that the restriction exists for an operator with symbol S—4-¢™.
It would be also interesting to compare our conditions to the conditions of Delort and Lebeau [DL] in an
analytic framework.

Our problem is also closely connected to transmission conditions introduced by Boutet de Monvel ([B1],
(B2], th.18.2.15 in [H]). A pseudo-differential operator A on R" satisfies the transmission condition with
respect to M = {z, > 0} if it can be extended to a mapping from C*°(M) into itself. When the symbol a
of A has the polyhomogeneous expansion a ~ 2j>0 am-j, one constructs a symbol a given by

(4.10) a(z,6) ~ Y am—j(z,—§)e™ ™D
i20

The transmission property is proved equivalent to the vanishing of infinite order of @ — @ on the interior
conormal bundle of M : this means that , for all «, 3,

(4.11) D¢Dfam_;(z',0,0,-1) = é™m=i=1FD D2 Dfay,_;(2',0,0,+1) .

This is in fact a direct consequence of formulas (3.1-2) in lemma 3.1. One sees on (4.11) that this condition
is always satisfied for differential operators and that the orientation of the boundary is irrelevant when m is
an integer. Writing (3.2) for m = —1, one gets, modulo continuous functions,

a'(z',€'50,2,) =
(4.12) .
- [a-;(z', 0,0,-1) + a_l(:c’,0,0,+1)] 1n|zp| + [a_l(z’,0,0, +1) —a_1(2',0,0, -—1)] sign(z,).

The first transmission condition in (4.11), for @ = 8 = 0, is devised to get rid of the logarithmic term,
whereas the signum term is harmless since it enjoys left and right continuity. Our averaging procedure,
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described in section 2, is more stringent since the function sign(ex, — oy, ) has no limit in the distribution
sense when ¢ and o tend to zero. We thus require vanishing of a_; on the whole conormal bundle. The
same differences occur with theorem 18.2.17 in [H], studying the one-sided limit of AT'™*, where I'* is the dual
mapping of the restriction (I'*(v)(2', z,) = v(2') ® 6(zn)).

Transmission conditions for the S}; classes are studied in [GH], where a detailed analysis of the Poisson

operators is provided. We have seen in section 2, that these operators could be zero without inducing the
existence of the double limit in (2.12).
5. Appendix

The goal of this appendix is to give a simple derivation for higher order invariants for pseudo-differential
operators on a manifold. We use the Weyl quantization rule and set, in a chart coordinate X,

(6.1) Au(z) = // a(i-;—m’,ﬁ) exp2in(z—2z', &) u(z')dz'd¢

We assume that the operator A sends p densities to o densities, so that its Schwartz kernel K(z,2z’) is a
o density with respect to the first variable and a (1 — p) density with respect to the second variable. As a
matter of fact, the most interesting case for us will be p = 1,0 = 0. Since we seek a local result, we shall
assume that the kernel K is compactly supported in X x X. Let k be a C*® diffeomorphism ¥ — X.
We have, following the rules of transformations of densities through the pullback U} of densities on X to
densities on Y,

(Uz(Aw)(v) = (Au)(x(v)) K’ W)I" =
(5.2) I o
// a(—('g)"-;—(y—)’f) ""(y,)ll p|'€l(y)| exp 2im( k(y) — k(y') , €) u(k(y')) |K'(y')|pdy'd£ ’

where |&’(y)| = | det £’(y)|. The kernel L(y,y’) of B = U; AUy is given by
k(y) + k(v - o .
L) = [aBDEED o o) A exp 2ind nlo) — w0 , €)
so that its Weyl symbol b(y, n) is

l>(.t/,17)=/e2i“"7 L(y—%,y+§) ds =

// a(s) , THAE) ) W+ 5| (=3I exp2in{s -0~ A(s)s - (r +*A(s) ) }dsdr

where
1 s 1 s 1/2 ,
(5.3) )= gelw+3)+550-3) . A©= [ wy+o5) @
-1/2

Moreover, we set
s s
1(5) = A(s)s = w(y + 5) ~ wly ~ 3)

We get then, using the fact that s — t(s) is a diffeomorphism of neighborhoods of zero,

(5.4) b = [[a@6), T +AGCO) ) I@) T Taar
with

1-p s o s s -1
55) 0= W+ S W - Oy e 2 4 Lo 2Oy
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We notice that, since € is an even function of s and ¢ an odd function of s, t +— Q(s(t)) is even as well as
t —!A(s(t))~! . On the other hand, J(t) is even when 1 — p = 0.

Whenever A is a classical pseudo-differential operator it is a consequence of theorems 18.1.17 and 18.5.10
in [H] that B is also a classical pseudo-differential operator. Formula (5.4) implies readily for a ~ > k>0 Gm—k
with am,—k(z,&) homogeneous of degree m — k with respect to &, that b ~ Zk>0 _k with

bk (¥, 1) = am—r(£(¥),'K' (1) ') K@) |6 ()71

(5.6) b 20| DEanax®) J0)

o +1=k | 1=r=0
o] 21
where J(t) is given by (5.5) and
(5.7) X(t) = (s(t)) , "A(s(t))~"n)
We obtain
(5.8) bk = K amok + 3 3 ﬁ,aﬂ [DE* a1 (x(t) ] — 8] J(1)] 1=r=0
0<I<E-1 |8l +lvl=k—I
that is
(5.9) bk = K Qm_i + E K" (Pk_z(n,D,,De)(am_z)) ,

0<i<k-1

where Py_i(%, Dy, D¢) is a differential operator given by

(5.10) Peoi(k, Dz, De)(e) = Y i,aZJ(O)Qm(n,Dx,Df)(c) J(0)™!
Bl+Iyl=k=1 "

where the differential operator Qg (%, Dy, D¢) is such that

[Dﬁ+‘r ](])( (0)) X(::(O) X(:])|(0)

(5.11) Qp'y(ﬂ, Dy, DE)(C) = E ]'
(a1y...,aj) EN"x...x N"
a;+ ... +C!j = ﬂ

1 >
19rSj lor 21

This last expression follows from Fa3 de Bruno’s formula (see below in this appendix ) ; note that here, we
do not need an explicit expression for the coefficients. It is useful to notice that, since x is an even function
all the multi-indices ay,...a; should have an even length and in particular m1n1<,<] lar] > 2in (5.11). As
a consequence, we get in the summation above 2j < |B] . Since the order of Qg is less than |3| + |y| + j we
obtain

Iﬁl

order Qgy < +1vl

which implies that the order of Pj_; is less than 3(k — I)/2. This implies that, in (5.8)

(5.12) the number of derivatives falling on am_; < g(lc =1).
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We can check easily the standard facts on the principal and subprincipal symbols. Let us write down the
three first formulas coming from (5.8-11). We get, with v = k™1,

(k=0 : v'(bn)=am.
k=1: V(bm-1)=am-1 + Y (Dgam) (877)(0)J(0)7".

lal=1

k=2: V(bm-2)=am2 + Y (Dfam-1) (677)(0)J(0)!

la|=1

+ 2 ﬁ(D?am),(b‘:’J)(O)J(O)‘Wﬁ(Dgam)(U -(8%x) (0).

\ la|=2

(5.13) <

The first line of (5.13) gives the invariance of the principal symbol, the second line the invariance of the
subprincipal symbol on the double characteristic set of the principal symbol. Moreover, one should note
that when J is even, in particular when p = 1 — o, the sum in the second line vanishes, so that we get a
refined principal symbol for a classical pseudo-differential operator A on a smooth manifold M such that
A € Y™(M;QP,Q1P), using the notations of section 18.1 in [H] (that is A is a pseudo-differential operator
of order m on M sending p densities to (1 — p) densities). This is a small variation on the theme of theorem
18.1.33 in [H] (see also the remark on page 161 of [H]). In particular, when p = 1,0 = 0, the symbol
@ = @ + am-1 is actually invariant as a density with respect to £, which means that for each z € M a(z,-)
is a density on the vector space T, (M). So a is defined as a smooth section of a density bundle over T*(M).
From the third line of (5.13), one gets that the sub®principal symbol a,,—» is invariantly defined on the set

(5.14) 8%am =0, || <3 , 8% m-1=0, || <1 .

Note that this set is correctly defined from the identities in the first two lines of (5.13), namely that its
pullback through « is actually defined by the same equalities as in (5.14), b replacing a. Before embarking
upon the study of the general case, it may be useful to summarize the results on the first three invariants.

Theorem 5.1

Let M be a smooth manifold, and A € ¥™(M;Q*,Q7), the set of polyhomogeneous pseudo-differential
operators of order m mapping p-densities to o-densities. In each chart coordinate, the operator A has a
Weyl symbol a ~ Z am-j where ap,_j(z,€) is homogeneous of degree m — j in the £ variable.

i20

a. The principal symbol a, is invariantly defined as a (o, p) density on T*(M)\0.
b. The subprincipal symbol a,, -, is invariantly defined as a (o, p) density on Ez(am) = {0%am =0, |a| < 1}.
c. The sub?principal symbol a,,— is invariantly defined as a (o, p) density on

Eilam) NE2(am-1) ={0%am =0, |a|< 3 , 08%m-1=0, |a|<1}.

Moreover, when o + p = 1,
d. The refined principal symbol a,, + a,,—1 is invariantly defined as a (o, p) density on T*(M)\0.
e. The sub®principal symbol a2 is invariantly defined as a (o, p) density on

Eslam) ={0%am =0, |a|< 3 }.

The only point yet to be checked is the fifth one, which is a direct consequence of (5.13) and the fact
that , for ¢ + p = 1, J is an even function (see (5.5)).0

We now move forward to the general case with the following statement.

Theorem 5.2
Let M be a smooth manifold, and A an operator satisfying the assumptions of Theorem 5.1. Let k > 1
be an integer.The sub® principal symbol a,y is invariantly defined as a (o, p) density on the set

619 Fani=0 . W< ogick

II-16



Proof. From (5.8) and the remark in (5.9), it follows that on the set (5.15), using the notations above,
bm—k = K"am—k . Moreover, this set is correctly defined, namely, if a point (z,€) = ((y),'x’(y)~1n) satisfies
(5.15) then (y,n) satisfies (5.15) for b : in fact from (5.8) and (5.12)

b1 =Y Yo elm,ar) 0% (am-r).

0<r<l o< 3(1-r)

This implies readily that, for |a| < X?l ,0< U<k,

Y ) d(k, ) 0% (amy) =0

0<r<l Jar|< 3(1-r4k=1)=3(k-r)

if (5.15) is satisfied.The proof of theorem 5.2 is complete. O
Note that, in the Weyl quantization,the expression of £*(a,—x) involves % derivatives of a,,.

Remark 5.3. Let us note also that, since the expression of b,,_; involves 1(%2 derivatives of a,,_;
for I < k and a,,_; involves 2(I — p) derivatives of G@p,_p, p < I, the invariants of order & (b,,—x) are linear
combination of ﬁz_—ll +2(1-p)= % + % — 2p < 2(k — p) derivatives of G,,_p. Eventually, one gets that in
the standard quantization,the expression of k*(Gm,—) involves 2k derivatives of a,,.

The last part of this appendix is devoted to the formula known as Faa de Bruno’s* , dealing with the
iterated chain rule. We write here all the coefficients explicitly. Although the derivation of this formula is
elementary, it is not easy to find a precise reference in the recent literature for the exact expression of the
coefficients.

Theorem 5.4
Let k > 1 be an integer and U, V, W open sets in Banach spaces. Let a and b be k times differentiable
fonctions b : U — V and a : V — W. Then the k- multilinear symmetric mapping (a o b)(k) is given by

(N* = N\{0})

@ob k!

(k) — 7700 p(k)  p(ks)___ B

(5.16) (aob) Z H b "'b’kll...k,-!
1<j<k
(k],...,kj)E]N*"
k1++k1=k

To prove theorem 5.4, it is convenient to write the Taylor expansion of @ and Fourier inversion formula to
express powers of b. It is also easy to derive the following

Corollary 5.5 Let a and b be functions satisfying the assumptions of theorem 5.4 so that U C R,
VCRy, W CR and « is a multi-index € N™. Then ( using the standard notation for a multi-index

BEN", a® =8faandifyeN',y!=7!...71!) we get
a®ob ) pan_ o
B! ol !

(5.17) 0%(aod) =
1<Bl=i<lal , BEN"
(a,...,05) ENT x ... x N = N™
a+...ta=a

S
lg_ﬂ;gjlagl_l

* One could find a version of theorem 5.4 on pages 69-70 of the thesis of “ Chevalier Frangois FAA DE BRUNO, Capitaine
honoraire d’Etat-Major dans I'armée Sarde”. This thesis was defended in 1856, in the Faculté des Sciences de Paris in front of the

following jury : Cauchy (chair) , Lamé and Delaunay.
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