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0. Introduction

The results of this work can be considered as a generalisation of the previous works
of V. Buslaev and the author [BP1,2] that were denoted to the nonlinear scattering of
the states close to a soliton.

Under some general conditions on the function F' the nonlinear Schrodinger equation

iz/}t = _1/}:6:1: + F(|¢|2)¢ ) T/J(fﬂ,t) eC y T € ]R7t € R+ (1)

admits a class of bounded solutions w(z, o(t)) which parameters o = o(t) € R* depend
explicitly on time ¢. In [BP1,2] we considered the Cauchy problem for equation (1)
with the initial data

¢|t:0 - 'IU(', 00(0)) + Xo »
Xo being sufficiently small in suitable sense. It was proved that if the spectrum of
the linearization of equation (1) on the soliton w(., oo(t)) has the simplest structure in
some natural sense, the asymptotic behavior of ¢ as t — +oo is given by the formula
(in Ly-norme) :
b = w04 (8)) + exp(—ilot) f1 +0(1) ,

here o, (0) is close to 0¢(0), 4, = —02, f1 € Lo(R) and is sufficiently small.

In this work the following situation will be considered. Assume that one has a set
of solitons w(z, 0q,(t)),j = 1,---, N, their initial velocities vy; being ordered in the
same way as the initial coordinates :

Vo1 < Vo2 < - <YN, Con <Co2 <+ < CN -
Moreover, assume that the initial coordinates are sufficiently well separated. Consider
the Cauchy problem for equation (1) with the initial data

N

Yjt=0 = Zw(',Uoj (0)) + xo »

=1

where g is sufficiently small. If all the linearizations constructed independently from
the solitons w(z, 0,;) satisfy the spectral conditions used in the case of one soliton, one
expects that as t — 400

Y= w(-04;(t) +exp(—ilot) f+ + o(1), (2)

Jj=1
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04;(0) being close to 0;(0) and fy € Ly(R) being small.

In this note we prove formula (2) in the case of large relative velocities vg; — voj+1.-

1. Preliminary facts and formulation of the result.
1.1. Solitons consider the nonlinear Schrodinger equation (1). Assume that

i) F is a smooth (€ C*) real-valued function obeying to the estimate
F(&)Z_Fléqa F1>Ov6217q<27
ii) point £ = 0 is a root of F':

F(&) = Ft(1+0(¢)),p>0.

The further assumptions about F' will be given in terms of the function

Ulp,0) = 2ot L [7F

It is assumed that

iii) for o from some interval, o € A C Ry, the function (p — U(p, o) has a positive
root and the smallest positive root g = po(a) is simple : Uy, (o, ) # 0.

Under assumptions ii) - iii) there exists an unique even positive solution ¢(y) of the
equation

yy = —Uyp

vanishing at infinity : ¢(y, @) ~ ¢ exp(——%ﬂ), ly| — oo.
2

The functions w(z,0) = exp(—if +i%)p(z — B,a), 0 = (B,w,b,v),w = =% + %
will be called soliton sates.

~N

If 0 = o(t) is a solution of the Hamilton system
f=w,w=0,=v,v=0 (1.1)

the function w(z,o(t)) is a solution of equation (1) called solitary wave, or simpler,
soliton.
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2.1. Linearization on the soliton.
Consider the linearization of equation (1) on the soliton w(z, o (t)) :

Y ~w+x

ixe = (=05 + F(lw[)x + F'(|w]*) (Jw[*x + w’x) .

Instead of x introduce the function f :
> f . )
f - f )X(J'" t) - eXp(’L¢)f(y, t) ;

b=—Bt)+=, y=z—b(t).

It satisfies the equation

052

ifi = L(e)f, L(a) = Lo(@) + V(a), Lo() = (=0} + -

)037

L(a) = (F(¢*) + F'(¢")¢p)os + iF'(¢*) 9’0y

09,03 are the standart Pauli matrices :

0 —i 10
2= i o) o -1 )

Consider L(a) as a linear operator in Ly(R — C?) defined on the domain where Ly(a) is
selfadjoint. The continuous spectrum of L(«) lies on two half-axis (—oo, — Fy], [Ep, 00),
Ey = "‘72. L(a) can have also finite and finite dimensional discrete spectrum on real
axis and on imaginary one. The point E = 0 is always a point of the discrete spectrum.

One can indicate two eigenfunctions

G=-i( ) &=-n (1)

and two adjoint functions



They satisfy the relations
Lé = L& =0,L& = i& , L& = i€y .

Generically the equation L(a)y = +Fy(a)t do not have solutions bounded at infinity.
If, nevertheless, they exist, the points £ FE, are called resonances.

1.3 Description of the problem.
To simplity the computations we will discuss only the case of two solitons. Consider
the Cauchy problem for equation (1) with the initial data

Yt=0 = %o , Yo = w(:, 001 +w(+, 002) + Xo , (1.2)

1 :
00i = (Boi, Wois boi, Voi ), woi = Z(ng —af),i=1,2.

Let vg; > vg2, bo1 > boa. Without lost of generality one can suppose that vy, = —vge =
Vo, bor = —bga = by, v > 0,bg > 0. Our goal is to describe the asymptotic behavior of
the solution ¥ as t — +oo.

Assume that the following conditions hold

Ty) the norm
N = (1+v0)’(1+b0)°(IIxollz + lo(@)x0ll2), B = 3/4,6 = 3/4

po(z) = 0(x)(1 + (z — by)*) + O(=z)(1 + (z + bo)?) ,
is sufficiently small. !
Here 0(x) is the standard Heviside function.
Ty) n = vy exp(—by'2) is sufficiently small !

T3) v is sufficiently large !

: 3

) E = 0 is the only point of the discrete spectrum of L(wp;),¢ = 1,2, and the
dlmentlon of the corresponding root subspace is equal four.

Ts) The points FEy(wg;) are not resonances.

)
Ts) The function F is a polynomial ? and p > 4.

lsufficiently small (large) ”assumes the constants that depend only on aq,,i = 1, 2.
2This assumption is not essential, and is made only to simplity the computations.
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Then there exist 04;,¢ = 1,2 and f, € Ly N Ly, such that

¥ =w(,041(t)) + w(-,049(t)) + exp(—ilot) f1 + o(1) (1.3)

as t — +o00.

Here o,;(t) is the trajectory of the system (1.1) with the initial data o;(0) =
04i,0(1) assumes the Ly-norm. Moreover o,; is sufficiently close to o, and fy is
sufficiently small.

It is worth mentioning that for a sufficiently close to ap; the operator L(a) also
satisfies the conditions T3), T3).

1.4. The plan of the work.

The main idea will repeat the main idea of [BP 1,2], but there will appear some
technique modifications. Following [BP1,2] we introduce some new coordinates for the
description of the solution with initial data (1.2). The new coordinates possess the
important property : for all the time ¢ they admit only small deviations from their
initial values. We consider this coordinates in Section 2. We conclude this section
by a system of equation for the new coordinates. In section 4 we prove that the new
coordinates indeed admit only the small deviations. For this purpose we use a method
of majorants. In 5 we derive asymptotic formula (1.3). Section 3 contains a list of
some auxiliary estimates which are used in 4.

The list of publications related to the problem is essentially the same as in [BP1],
so we again refer our reader to this work.

2. Separation of the motions

2.1. Orthogonality conditions.
Write the solution v of the Cauchy problem (1), (1.2) as the sum

Y= Z ’LU(CC, Ui(t)) +X(l‘,t) ) (21)

1=1,2

w(z,03(1)) = exp(id)plui, @), 6 = ~Bi(t) + 30V
vi=x—bi(t), oy =a(t), i=1,2.

Here o;(t) = (8;(¢t), wi(t), b:(t), vi(t)) is an arbitrary trajectory in the set of admissible
values of the parameters, it is not a solution of (1.1) in general.
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The decomposition (2.1) can be fixed by the conditions of orthogonality :
(X‘(t% U3w0(" Ut(t)» =0, (2'2)

where ¥ = W = ( :g ), and (-,-) is the inner produnct in Ly(R — C*). We

=y =

remark that . .
Wy = exp(to3P)é; , W, = exp(iozp)ée

pad v

@y = exp(iosd)és , @y = exp(iosd) (& — 52) -

Thus the conditions (2.2) can be written in the form
(-f';(t)70'3€7(041(t))> =0 ,’i = 1, 2,] =1,---, 4 ,

Rz, t) = explidios) fi(ys, 1) , E(ai(t)) = & (i, (1)) (2.3)

Geometrically these conditions mean that that for each ¢ the function f;(t) belongs to
the subspace of the continuous spectrum of L(a;(t)).

2.2. Differential equations.
Write down the system for o; and x in more explicit form. Let us pass from o to a
new system of parametres (vy,w,c,v) :

¢ t
B#) = [ w(r)dr +4(r) , b(®) = [ w(r)dr +o(r) .
In term of the new variables (1.1) takes the form
Y=0,w=0,l=0,v=0.

Below o; will also denote the vector (7;, wi, ¢;, v;).

We rewrite (1) as an equation for ¥ :

ixe = H(d(£))X + Ni(7, X), (2.4)

where

H(E) = ~%os+ Y W(a) | (2.5)



W(o) = (F(Jw’) + F'(lw|*)|w[*)os+
! 2 0 ’UJZ —
) (5 ) w= i)
The nonlinearity N; is given by the following expression

Nl =N+ Z ei03¢ii£(ai)é(yia ai) ’ (26)
=12

N:F(|w1+w2+xl2)( Wit X )—

—Wy — Wy — X
- 5 (P ( 2)) +Weo0s) = w00

!/

l(o) = (bv' — )+ g—(x —b) +ic'030, — i/ 030, .

Substitute the expression for x; from (2.4) into the derivative of the orthogonality

conditions : .
Al)Xi=g i=1,2 (2.7)
Here .
Ae) = ~2{(€(@), a5 ()}, 1,
A= (= gt wh = Suad, &, of)
9i; = (N + iewww(gi)é(yg,&5)7036i03¢i5j(yi,ai))+
+Hosfi, 20)os€i(an)) ,j=1,-,4,i=3—7,i=1,2

One can obtain the explicit expression for the matrix A :

0 e 0 0
=00 o0 1, ., ddn
A(O{) - 0 0 0 —n y = ~ZH(10”2 €= E-CE .
0 0n O

Under assumption Ty), det A(ay;) # 0 (see [BP 1)).
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On principe system (2.7) can be solved with respect to the derivatives and, jointly
with equation (2.4), constitues the complete system for &, :

7' =G X) , (2.8)

Xy = H(7) + Ni(J, X) (2.9)

Equation (2.8) is not a complete equivalent of conditions (2.2) = (2.3). To get the
equivalence one has to add to (2.8) conditions (2.2) = (2.3) at the time-moment ¢t = 0 :

(Xo » 03Wo(+,00;)) =0, i =1,2. (2.10)

Generally these conditions are not satified by the given decomposition (1.2) of the
initial data 1. But if x¢ is sufficiently small and the solitons are sufficiently well
separated it is possible to reconstruct decomposition (1.2) in order to satisfy (2.10)
(see [BP1]). So one can assume that (1.2) obeys to (2.10).

2.3. Equations on the finite interval.

Following [BP1] we consider equations equations (2.8.9) on some finite interval [0, ¢1]
and later investigate the limite ¢{; — co. On the interval [0,¢;] one can pick out the
leading term of (2.9) in the form

i, = H@:(D))X (2.11)

where 71 (t) = (011(t), 012(t)) is the solution of (1.1) with the initial data & (¢,) = &'(¢1).

Rewrite full equation (2.9) in order to get the operator H () as the main term of
the right side :

iX, = H@G)Y+D, (2.12)
D=N+ Z W(O’Z) - W(O’li) .
1=1,2

3. Preliminary estimates.

We give here without proof a list of estimates for the solution of nonlinear equation
(1) and of linear equation (2.11). These estimates for the nonlinear evolution can be
found in [GV1,2]. The estimates of the linear evolution are enough transparent and
can be proved by means of simple (but unfortunately not short) computations.
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Let the initial data 1o, see (1.2) belongs to H!, H! being the standard Sobolev-
space. Then the Cauchy problem has an unique solution ¥(-,¢) € C(R, — H') which
satisfies the conservation laws

/dx|¢|2 = const, /alar:[%h/)a,[2 + Up(J1|?)] = const, (3.1)

th(e) =5 [ F(s)ds

Moreover, if ||(1+ |z|)¢ol|2 < oo then the solution 1 also has the finite, but growing in
time, similar norm and

[ dal(w + 2010,y + 462 [ vl ) - 4/; dss [ daG(|f’) =

— const, G(€) = 6Uy(£) — £F(E) (3:2)
Consider the linear equation
iXe = H(3(t)X , (3.3)
7 =(01,09) ,
where 0;(t) = (6;(t), wi(t), b;(t), v;) satisfies the system (1.1).

If T3) holds (with v = *=*2 > ( instead of vy) one can construct eight solution
pij(x,t),e = 1,2, 7 = 1,---,4, of (3.3) with the following asymptotic behavior as
t — +00:

173 (2, £,3) = €7%& (i, au)llx = 0(v*e ™), 5 = 1,3 (34)

1553 (. 8, G) — €% (&(ys, o) + 1€ 1) x = 0(v*e ™), j = 2,4
b(t) =b1(t) = ba(t) , v> 0.
Here || . ||x assumes the following norm

1£llx =011+ [2l)Fll2 + 0* 1+ 2) Nl + 0l + D)l + 1 -

Let N(t) be the subspace generated by g;;(-,t). Introduce the projection operators
Pi(t,3), P(t,&) :

Ker P4(t) = Ly © 03N(t) , Im P%(t) = N(t),P =1 — P¢ .
The existence of P is guaranteed by the assumption 7}) and estimates (3.4).
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Let U(t,7,0) be the evolution operator corresponding to (3.3), then the following
estimates are true :

[t (t, T)P(T)hll2 < clP]2

e
48, ) P(7)hlleo < C{ (¢ = 1) 2l + A1)

llo(z — bs(0))U(, T)P(7)h[2 <
c b(7)
’<'(1+t—7')1/2 b(r)+t—r

(1 + ve™™)|1h]|2+

l|2]l2,2 :
’ ,i=1,2t>7>0.
{ |All2,1 + [[All1,2

Here p(y) = m)—;, v > 4.5,

[Plls.e = 16(z — be)(1 + |2 = b1|*)R]le+

+H|0(be — 2)(1 + [ — bo|")A]le

bo(r) = WO

constants ¢ depend only on a4, b(0), v and are bounded on a finite vicinity of the point

a; = g, b(0) = 400,v = +00.

4. Estimates of the majorants.

4.1. Estimates of the solitons parameters.
Introduce a natural system of norms for the components of the solution .

Mo(t) = > M@, Mi(®) = D llo(wa)xlle, Ma(t) = [Ixlloo -

i=1,2 i=1,2
These norms generate the system of majorants

M (t) =supe (14 7)(1 + ET)QﬂMo(T) ,

T<t

M, (t) = su<p(1 + )Y+ e)? My (1)
M, (t) = sup(1 4+ 7)Y2 My (1) , e = byt, f = 3/4

7<t
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Finally, set Mj = Mj (tl)
From the definition of My (¢) one has
|ai(t) — il , [vi(t) = voil , [es(t) = boi] < Mo (2)
,bz(t) — b],(t)l S CML) (c‘ft + 1)1_25
10i(t) — boi(t)] < Mo (8)(1 +1),i=1,2.

These estimates and relation (2.7) lead more or less directly to the inequality

My < W(M)(e " + MMy +e7'M2) ,y> 0.

(4.1)

Here W (M) is a function of My, - - -, My, which are bounded on some finite vicinity of
the point M; = 0 and, may be acquire infinite value +oo out some larger vicinity. It
depends only on «ay;,? = 1,2 and it is possible to give an explicit expression for it, but,

in fact this expression is useless for our aims.

4.2. Estimates of the dispersive part of .

Write the solution x of (2.12) as the sum ¥ = h + k of the projections on the

subspaces corresponding to the ”continuous” and the “discrete spectra” of

h=Pyx, k=Pix,P=P(td).

Using (2.12) one can write down the following integral representation for h:
- - t
F=Us(t,0)fo — i | U(t,7)Pi(r)Ddr
0
Here U, (t,7) is the propagator corresponding to H (&, (t)) and he = P;(0)¥,.
In order to estimate the integral term of (4.2) one represent D as the sum
D=Di+Dy+ D53,

Dl = Z i€i03¢i€(0i)€:(yi,ai) y

1=1,2
Ds = F(|x[*)osX ,

D, being the remainder.

XIII-11
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The direct computations show
[D1ll22 < W(M)(L + 8)(1 +et)¥ e | (4.3)
| Dsl2,2 < W(M)[e™"0® 4 MyMy (1 +)V2(1 + et)® 14

+M; My (14 1)(1 + t)?]. (4.4)

In order to estimate D3 one has to take into account conservation laws (3.1-2).
As result one can prove that D3 admits the following estimates

IDslla < W(M)(1 + N)MP(1+1¢)7,

1 Dsll; < W(M)(1 + N)2MP " (vot + bo)(1 4 1)/2P |
IDsllie < W(M)(1 + N)MZP (vot + bo)(1 + )7,
|Dsll2; < W(M)(1 4 N)MP " (vot + bo)2(1 +t)1/2P |

where N is N-norm of xj.
Using equation (4.2) and combining estimates (4.3-4), (4.5) one can get finally

17lloo(1 482 < WMY(N +1)°[ug e N + 770 4 /2y

+e MMy + eV My + e oM Y]
llo(z — bi(£)Bll2(1+1)/2(1 + et)’ < W(M)(N + 1)*(1 + n)x

_ 1
X[vg Pl N + 770 4 5€n§ng0 + e V28 MM,
1 _
+€ng'ugM1M[2 + va P20y (4.6)
Just here it is important to assume p > 4.

4.3. Closing of the estimates.

Here we will obtain the estimates for £ and it will close the system of the inequalities
for the majorants.

The 8-dimentional component k can be expressed in term of x as follows

<Ea U?)pij(o_:l)) = <)Za 0-3pij(6!1)>7i = 1727j = 17 o '74 .
Since

4
k‘ = kl + kz 5 kz = Zkupw(ﬁl)
j=1
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and
{<pij(5l),03pne(51)>} =t = —21 ( A(gll) A(gm) )

7,4=1,--- 4

a system for the coefficients k;; arises, having the form
A(ali)Ké = gi , Ky = (k'il,kn,ki:;,kiz;),i = 1,2

b = (X, 03pij (F1)))j=1,-a (4.7)

It is clear that the main term in (4.7) is given by the system
A(ali)K'? = é? ) HQ) = (kglak?%k?i} 7k?4) )
0 _ 4 10301, -‘. .
gi - (<X7 o3€é 8 gj(alz»)j

$1i = —Pu(t) + v;x .

Owing to the orthogonality conditions (2.2) one can rewrite £ as follows

=1,-,4,

j:]-v"'74v

which leads to the estimate
K[| < W (M)MoM; (1 +t)~Y2(1 + et) 7P (4.8)

It is simple to check that the difference k; — k0 , k9 = Y51 kije" 7% () admits the
following estimate

1£: = koo 1B = E2lla < W(M)(1 + N)ug e (4.9)
Now we can combine estimates (4.6, 8-9) for all the components of x :
My < WM)(N + 1) (n+1) [e¥455 N + e + /2w +
+oB e 2 MoMy + vEe Py M, + v§+ﬁg“2‘ﬂM§”_1] ,
My < W(M)(N +1)° ['00“553/4N +e Mo 4 120y 4 e 2My My

+e7V2My My + voe_lmgp_l] . (4.10)
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Introduce new scales :
My = vy PP My , My = vy e/ 4By, My = vy P/ M, .

Then inequalities (4.1,10) takes the form

~

My < W (M)(n + MMy + M3),
My < WM(N +1)%(n+1)(n+ N+ Mo + My My + M2 )
My, < W(M)(N +1)2(n+ N + Mo + By My + M5 ™) .

So one has obtained a closed set of the inequalities for the majorants and can try to
solve it. It is clear that if V and n are sufficiently small, then Mj, 7 =20,---,2 can
belongs either a small vicinity of the point M; = 0 or some domain which distance from
(0,0,0) is limited from below uniformly with respect to N and n. Since all the norms
M; are continuous in ¢, and for ¢; = 0 are sufficiently small, only the first possibility
can be realised. It means that the functions My, M;, M, admit the following estimates
(uniformly in t; € Ry) :

My < p(n, N)(n+ N?) (4.11)

M; < p(n, N)(n+N),j=1,2 (4.12)
w(n, N) being a bounded function defined for small (n, V).

5. Scattering.
Estimate (4.11) for My shows that

,u(n,N)Nz( €
1+1¢ 1+et

”)‘l“ < )3/2’t € Ry,

which implies that all variables ;,w;, ¢;, v5,1 = 1,2, have limits Yooi, Woois Coois Vooi @S
t — +00. So one can introduce the limiting trajectories o;(t) :

o0
B1i(t) = wiit + Yopi, Wi = Woois Vi = Yooi + /0 (wi(T) — Weoi)dT

o0
b+i(t) = V4it + Cti, UV+i = Voois C+i = Cooi +/0 (v,-(r) - Uooi)dT .

It is clear that
w(z,0i(t)) — w(z,04(t)) = 0(t™"/?) (5.1)

in the space Ly N L.
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In order to study the asymptotical behavior of x one can use the following integral
representation

¢
X = exp(—itosfy)Xo — z'/ exp[—i(t — 7)o3lo| Nodr |
0

Ny = Ny + Z W(ai(t))

i=1,2

here W (o) and N; are given by the formulas (2.5-6)
From (4.3-5, 4.11-12) it follows that

Ny =0(t™%/*)
in the space Ly N Ly, which allows us to represent x in the following form
R(t) = exp(—itosko) f1 + Xr(t) | (5:2)
fjr = X0 — i/ooo exp(iTosly) NodrT |

yRu)::g[mexp—du-fymedA@dr.

It is clear that
Ixzlla = 0E*) | lIxRllo = 0(t%*) (5.3)

Combining this with (5.2.1) one gets finally
b =w(,0(t) +w(,op2(t) +e ' fy + R,
where R admits the estimates
R=0(t""*) in L, —norm, R = 0(t""?) in Ly — norm.
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