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Introduction

The Lagra,nge prohlem consists in findiiig the plane curve whic1 by its rev-
olution about an axis in 1tS plane détermines the column of greatest efficiency.
For col1mn of unit length and volume, efficieiicy deiiotes the ,-,,trticture’s i-esis-
tance to buckling under axial compression. When A is the magnitude of the
axial load al1d ’il the resulting transverse déplacement, the pOtelltlal energy is

with the two terms measuring bending and eloiigation respectively. Hère I is

the second moment of area. of tlie coltiiiiii’s cross section and E is its )loung’s
modulus. For sufHcientty smaH A, thé minimum of the potentiat energy over
ail admissible disjJla,ceiiients is zero. That means that

wl1ere ?’??/ is ta,keii in the class 7(0,1). Thé first order necessary conditions
require then that thé function K, on which the infimum is sat,isfies

the équation

For the Lagrange problem thé )Toung’ls mocliiie is assumed to be constant

a11cl, as tire coltiiiiii 1S a solid of revolution, each cross sectioli’s second 1110-

ment of are is sinil)].), a constant multiple of thé square of its area t’, i.e.
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1(x) = (If the COltlnln is hollow, then = CA3(X).) BiVe assume that
= 1, 1.e. the volume is lllllt.

The prol)lem wa,s attacked at first in 1962 by heller and Tadjbakhsh. Tlley
received a necessary condition = A3 and provPd tha,t 16r23 is the

buckling load of the resulting column. In 1977 Ûlhoff and Ra,smussen noted

that the proof of heller and Ta,djha,khsh is not nea,t, because the first eigen value
can 1)e multiple and the last eigenvalue does not vary smoothly with u&#x3E;1 ait

points, Whel’e thé multiplicity exceeds one. Cox and Overton attemted t0

prove that the solution of heller and Ta,djba,klish is not optimal.
It is worth to remark that the article of hellel’ and Tadjbakhsh was very

useful a,ncl tlie fina,l result. is correct in spite of some errors in the proofs. M7e-

ha,ve used otller methods, indepenclent of thé mu!tiplicity of tlle eigenvalues.
We study just thé mathematical problem of optimisation of tille first eigenva,lue
under the gelleral condition = with an arbitrary and fmd

the solution. It is interesting to note that we need for ,his thé Sol)olev’s
type sj&#x3E;a,c;s, in which first or second derivatives are summable iii soiiie 

(sometimes nega tive) power.
We will C011s1del’ here a,lso other close prol)lems related with estimâtes of

the eigen-values of an elliptic ol)era-tor.
Close results for other ]:)otinda,ry va,ltte problcnls where obtained 111 our works

[10]-[13].

I. The Lagrange problem
The considered Lagrange pi-oi)leiii consists 111 thé finding 0(’ ext,i-viii,-il l 

of tlle ftiiictiona,l

under the conditions

Bvllere a is a real, 0. It is easy to see that this problem is équivalent to thé
variational problem: to find tlie extremum of the functional
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under thé conditions, (1) and

Thé Euter-Lagrange equa,tioii for thé fiiiict,ioiial F bas t,lie loi-iii

Let a G RB0 a.l1cl 7B" be tlie set offunctions Q satisfying thé conditions (1).
Let

Our aim is to find tlle values of 1110 and 1’10.
Our main result is following.
Theorem 1. ~~ /.s &#x3E; - 1 / 2 ~ () =1- 0 _ ~~ .f~r’ ~’  -l~ ~;

111 ü &#x3E; 0 Q ~ 20131 and 1110 = 0 for n &#x3E; - I .

We can prove also that thé extremal values are attained on certain fnnctions

Q and y.
Theorem 2. //n  -1 i, thCr’f a i y E JI and 

Q 811C/¡ _ ~ yt’ ~ ~~ 1 and

i8 the 

1 ~ 0 &#x3E; -1/2, 0, /A6y? i, tl?f l’F jjo E JI a 

Q (1), su rh tlmt J~2y2’~ _ ~~~,I’~~ 1 
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Corollary 1. lfa = 20131, then 1» = 16, but the Q(x) doe.s

Corollary 2. = l, tllElz 1n i = lim~.,,-1 ~~c(~~) _ 48. The 
by the j-unction Jl1 i tlcret rJ(,1~) _ ,2~ for 0  .r  1/4~ !J(:r) = 1/2 2013 .r

for 1/4  a’  3/4 and y(.r) == .1’ -1 for 3/4  :t  1.

Our proof uses, in 1 particular, thé fo!!owing Lemma.

Lemma. 0  p  2/3 and 1B"’ 
negative in 0, ly t oftl1e space (0,/?) 81Lcl1 lllct = 0, i’(,i°) &#x3E;
0. Let

and m = 6"[jj] . Th en

there slleh that

~o(~) = 0 111.

 0 the H~(0,/?)
such that = 0. ij ’ ( ,1, ) &#x3E; 0. LE t

Let 777 = 
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and tlt ere e:rists an absolufely confil1UOUB on [0, 1] j1l11clion
yo szcclz fhai = 0 111..

Besides, we need to know the beha.vior of the solutions of thé équations of
the form

in the points where Q va.nishes.
In particula.r, in the classicat Lagrange problem witli a == 1/2 the solution

has the following forIn:

The optimal va,lue II = Bvas indica.ted b)t KelIer-Tadjbaksh. The Ol)ti-
mal CO111I1111 has two points, ait which val1ishes.

2. The Sturm-Liouville problems
COl1sicler the probleln: to find the eYtrPma,l va,lues of the fulctional

111 the class A == 11ci (0, j ) of ftiiictions y a-iicl 111 the cla,ss LÜ’ of positive functions
P such that 

-1_1

Our main resuit is thé following theorem.

Tlieoreii&#x3E; 3. Let Ak bc the k-th, 
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The close pro]-)lem of finding extrenal values of the functiona]

where given positive functions, r &#x3E; 1 ~ $ &#x3E; 1, was studied 1))’ Buslaev
and Tikhomirov [14]. They proved that the extremal values of thé functional
Ji coïncide with l{olmogorov’s diameter of the weighted Sobolev class in

the metrics of 

A 11101’e gênera! problem is to find thp pxtre111al values of thé eigen-vahies
of the probtem:

if Q G L(3. Thé cla,ss L, is defined as thé set of positive in [0,1]
fllllctions R such that 

-1

The probtem is to find

Here we hâve obtained thé foHowing sharp rcsul t..

Theorem 4. If a  -1 and ¡3 &#x3E; 1 thert 1Y1a,¡3 &#x3E; 0. For all other 9/
the pararneier.s c, f3 aie It.ave = 0.

oo. aIl 0., t1ll’f’ hal’f = 00.

Let us consider thé 
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if P E Lao
Let 11 l)e the first À1 i  A  .... Otir aliii is to find

Theorem 5. l, then Alex = ho  oo. If a  l, Ala = 00.
@ thfn &#x3E; 7r 2.

lIere ho i,s the leost eigen-value of the folloit,iiig hrobtert:

Oiie can coiislcl(-i- the saIne problem for thé équation

Then we can prove thé folloBving statement.

Theorem 6. &#x3E; 1, thpl1 i iiî, &#x3E; - rxJ .  1, th( 11 1710 == -00.

Foi- all a, A~  7r 2 .

One can also consider tlie following problem. Let us fiiid thé extrernal values
of the ejgen- va lups iii thé problem:

,iBT 11 e re r" i are 0 el el for 1 1  .s, 0 = f/i  r/  ...  f/ = L + 7 + ’ - ’ + =
111" ~-1 )’’~+1 &#x3E; 0.

We are looking for thé values of

Tl1is prol)leii-i is lll gênerai net soif-adjoint. bas proved t,liat, if ri
are odd for a.ll l, tlien thé eigen-va)ues of proh](,lll arc 0  /B1  Â ... ,
a n d Ak - +cxJ.

Hère G’VP have flie rpslllt.

Theorem 7. Ifn &#x3E; 1, i = 1110 &#x3E; 0.

(f a  1 / 111,  00, 111 0 = 0 .

If 1 / 111 :s; et  l , th (’ 11 111 0 = 0, J 10 = x.
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3. Differential operators of higher orders

Consider the boundary 

The problem is to nnd

whene Ak is the Â’2013th eigellvalue.
We have succeded to prove thé following result.

Theorem 8. &#x3E; 1, 4 their

The close non-linear problem: to find the exti-emal values of thé eigen-values
in the following bouudary problem:

bas been considered by Busiaev and Ti k h0111j rov (see [14]).
Thé spectrum of the Jatter ])rohlenl is continuons. Howpver it is discrète, if

one a,dcls tllP coiiçlition

The asymptotic properties of thé eigen-values were sttidir(l in [1-1].
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4. Multidimensional problems
Let Q be a bounded demain in 

Whel’e 0 is the Lalace operators, 111 1, the function P is positive and belongs
to i.e. fo = 1.

The prohlem is to fiIld

Here we hâve the following resutt (see [10]).

The followiiig theorem shows that thé rcgu)arity of tlie boundary is essential
in this problem.

Let us reca.ll that the Minkovsky dimension of a set A is defined as

where Ap is the p-neighbourhood of A.

Theorem 10. If the bounda1’y an is s11200th enough (for exccanple, satisfies
tlze Lil)schitz condition, ifrn, = 1) and Q  1?an,, then 1’.10’  00.

If m = 1, a  1~?, theai 111’Q &#x3E; ,~, À is the least eigen-value in tlze

follozuin y 

in the ball Ii whose measure 1:8 equal to the measure of Ç2.
If rn. = l, 11. &#x3E; 2, tlze A1inkovsky dimension of an is Il ovcl Jl &#x3E; 2a, then

Alex  oo. for any Jl siieh that Il  2a there ri ivith

tlze of an to ii al1d S’llch that = 00.

Proof. If a  0, then
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where p = 2a~(a - 1) &#x3E; 0. Therefore

where uo is a, ÎL111Ct10I1 whose intégrais in the right-hand size of the latter
i11equa.lity are finite. For insta,nce, if ll0 = in some neighbourhood of the
bounda,ry, where d(x) is the dista.nce of a~ from the boundary, then i1, is true

when

If 0  a  1, then p  0 a.ncl

In this case the function iio sa-tisfies thé conditions of convergence if

Therefore such exists, if 1 &#x3E; 

Now let m, = 1. If the boundary of n is irregular and its lB1inkovsky conte11t
is J1  1, then the function satisfies thé reqiiired conditions uThvn

i.e. when Jl &#x3E; 2c~.

On the other hand,  20’, let us take as 0 the demain in the plane of JI,
conta.i11ed in the square 0~1, 0?/1, and obtained from the square 1)y
removing the segments x =  y  2/:3, where ~~ &#x3E;

1, n = 1,2,... and ~°o is such that = 1. Let us put an _ 

Q(x, y) = for An  a  where fi e 0~(1/3,2/3), = 0 for

y  1 /3 and for y &#x3E; 2/3, and thé constants bn are Ci10se17 so that

Given 6 &#x3E; 0 one can take Q~ = 0 for ,7""  ¡--1rn and .i’ &#x3E; ",4Á.’! where 171 is such
that  s and À. is such that
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Then

for ail c E GI’2 (S) and therefore Afa = oc. It is ea,sy to see that tlle lllZinkovsky
din1ension Il of the boundary is equal to 1 - So we can put bn = 2,5-1)a
and all conditions can be satisfied, if ji  2c~. D
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