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In this lecture we discuss three spectral problems in which non-
Weylian asymptotics of eigenvalue counting function arise. Namely we
consider detaily operators in the domains with thick cusps? and we
consider briefly operators with potentials degenerating at infinity and
operators degenerating at symplectic submanifolds. There following
common features of these problems: if problem isn’t too bad then stan-
dard Weylian asymptotics is valid, if the badness is temperate then the
same asymptotics remains true but with worth remainder estimate and
if the problem is very bad then Weylian formula is completely wrong (it
even predicts wrongly that spectrum is no more discrete); in the second
case correct asymptotics include non-Weylian term and in the third case
this non-Weylian term is principal; this term in fact is obtained by the
Weylian way for certain operator with operator-valued symbol in some
auxiliary Hilbert space.

1. Let us consider operator A in the domain X C R? with the cusp.
That means that

(1) X = Xo UX],aX € CK,XO (- Rd,
X; = {z =(a",2"),2" € p(z')Y,2' e R}, Y eR?¥ 9y € C¥
where K is a large enough exponent and

(2) peCr, p()=|27",
%p(z') = O(lz'|7*71*l) as |z'| > 00, Va:l|a| <K,

D) These results are obtained in cooperation with my post-graduate E.Filippov.
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d=d +d"',0 <d <d Ifd =1 then instead of 2’ € R? one can
consider z' € RY.

Surely one can generalize our results to the case when there is more
than one cusp and their exponents d"... and p... are different.

For the sake of simplicity we consider second-order operator

() A=) Djg""(#)De+)_(bj2)D; + Djbj(2)) + c(z)

3k J

where ¢g/F = gk ,bj,c € CK are real-valued functions and we assume
that A is uniformly elliptic operator i.e.

(4) S gteie > [P e VEERY,
7,k

(5) Dg* = 0('|7™), D=b, = of|a'|1o1*")
Dac = O(|$'|_la|+2l“) Va . ‘al S K

and

(6) At 8X Dirichlet boundary condition is given!) and A with this con-
dition is self-adjoint in L?(R%).

Let N(7) be an eigenvalue counting function of A.
First af all there are results due to Ivrii-Fedorova [1]:
Theorem 1. Let conditions (1) — (6) be fulfilled. Then
(1) If p>py =d'/(d" —1) then

(7) N(r) = N*(r)+O(r4 V%) as r - +o0

where

(8) N¥(7) = (27r)_d/ dede < r4/?
Av¥(z,6)<T

is a Weylian expression; moreover if

(H) the set of all the points of T* X periodic with respect to billiard flow
has measure 0

1)One can consider more general boundary conditions but it is necessary to be very
careful with them.
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then
(9) N(7) = N¥(1) + (31 + o(1))r{4~ /2

where %, = —%(QW)I_dwd_l voly_10X is the standard Weylian coefficient
and volume is calculated in metrics induced at 0X by a Riemann metrics
¢?% wy is a volume of the unit ball in R¥;

(ii) If p = py then

N(r) = N*(r) 4+ O(r"D/%logr) ast— +oo
and if po < p < py with po = d’"/d" then
N(r)= N¥(7)+0(r4=9/2) as 1 — +oo

with ¢ =d'/u+ d" € (0,1) and (7) remains true;
(iii) If p = po then

N(r)= N2(T) + 0(r¥?) < 7% logr as T — +oo

where N{*(7) is given by (7) with additional restriction p(z') > 771/2 in
the definition of the domain of integration.

Remark 2. Condition ”p > " is equivalent to "p? ~! € L2(R?)”
and is equivalent to "voly_10X is finite”. Condition ”p > po” is equiv-
alent to ”p?" € L2(R?)” and is equivalent to "volyX is finite”.

So our goal is to treat the case p < py. Let us notify that

N(r) = No(7) + Ni(7)

where

Nji(r) = /t/ij(:c')e(x,:v,r)dm,

e(z,y,7) is the Schwartz kernel of the spectral projector of A, ¢y € C&
and ¥; = 1 — ¢ is supported in |z'| > ¢. Then there is the standard
Weylian asymptotics for Ny(7) with the remainder estimate O(7(?=1)/2)
and even o(7(41)/2) provided (H). So we need to obtain asymptotics of
NI(T).

Let us change variables in the cusp zone {|z'| > ¢}: z] ., = 2', 2!/, =
2" /p(z'); in the new variables X; intersected with {|z'| > ¢} coincides
with cylinder RY x Y and one can treat A as a differential operator
with respect to z' with operator-valued symbol acting in the auxiliary
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Hilbert space H = L?(Y"). Moreover let us consider a ball B(z',v(z')) in
R with y(z') = |z'|/2. Making dilatation z!_, = (2’ — z')/y(z') and
dividing A by 7 for p(z') > 7712 /Cy and by p~? otherwise we come in
frames of [3] with h = 1/4(2")71/2, h = p(&')/7(Z') respectively and with
B = (h*Ayp+I)'/? where 8y p is a positive Dirichlet Laplacian in Y and
with Hy = (h2™(A™)yn 4+ 1)"/?™L2(Y) N D(BY') with t' = min(1,t4)
and with a large enough m = m; and arbitrary {. Moreover in the second
case we are in frames of elliptical situation and in the first case we are

in frames of microhyperbolic situation provided

(10) D(g™* — %) = o(|2'|71*'l) Va:la| <K,

(1) DS (p(e")la'[*) = oz 71*) Var:|a] < K

where §/¥ = const.
Applying results §4.3.3 of [4] to y-admissible partition of unity we
obtain

Theorem 3. Let conditions (1) — (6) and (10) — (11) be fulfilled.
Then

(12) N(r)= Ny’ (1) + N*'(1) + O(R)
where

F(d-1)/2 for d" > (d' — 1)p
(13) R = 7@=D/2 og 7 for d' = (d' — 1)u
T(d'_l)("“)ﬁ”) for d" < (d' —1)u

where
(14) N = (27r)—d'/wl(a:')n(:c',f',r)dx'dﬁ'

where n(z',£',7) is an eigenvalue counting function for an operator
a(z',€'") in H with the Dirichlet boundary condition and a(z',{') we
obtain from operator A (in the new co-ordinates) replacing D' by ¢'.

Remark 4. Moreover in frames of theorem 3 with d'" > (d' — 1)u
under condition (H) we can give an asymptotic formula for N with re-
mainder estimate o(7(?=1/2), On the other hand in frames of theorem 3
with d" < (d'—1)p under some condition of the global nature we can give
an asymptotic formula for N with remainder estimate 0(7'(‘1"1)(“'“)/ ).
We don’t discuss them here for a sake of simplicity.
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We are not satisfied by asymptotic formula (12)—(14) because it gives
a very complicated answer: we need to calculate an eigenvalue count-
ing function for an auxiliary operator a depending on parameter (z',£").
Now our goal is to give an asymptotic formula in which only an eigen-
value for single auxiliary operator a is included.

In order to do it we treat the different parts o cusp by different way.
Let us consider first cusp {X,c < |2'| < 7!/27%} with an arbitrary
8 > 0. Let Z' be in these frames and let us consider the ball B(z', p)
with p = p(z') and a function ¢'(z') = ¥°((z' — z')/p(z")) supported
in this ball while #° is a smooth function supported in the ball B(0,1).
Then from §4.2 of [4] follows estimate

(15) | /(thfxmtw(x,w,t)— ST Ry (o e

0<n<N-1

/ 3 T(d—n)/2—1)¢l(ml)d5| < CT(d—N)/z—lﬁd_N
aX1<n<N 1

where U(z,y,t) is a Schwartz kernel of operator expitr™'A4, x is a
smooth function supported in [—1,1] and equal to 1 at [—1/2,1/2],
xT(t) = X(t/T) Tl = ¢/h1, h1 = p~177Y/2 € > 0 is a small enough
constant and «,, k], are Weylian coefficients such that

(16) kol S Cp7", |Rpl < CP T

and N is arbitrary, dS is a Riemannian density at X. Hence in the
same frames for ¢’ replaced by ¢(z') = ¢°((z' — z')/e17)) with a small

constant €; > 0 and ¥ = (') left-hand expression in (15) doesn’t exceed
Crd g =N p(d=N)/2=1

On the other hand microhyperbolicity property for symbol a and the-
orem 2.1.14 [3] yields that if ¥ is supported in [—1,—1/3] U [1/3,1] then

|/(Ft—"}zT(t)U(m’a”tw(m’)dﬂf! <Cr°¢

with an arbitrary s and T € [Ty, T3], Ty = €/ha, hy = 7~ 17=1/2; there-
fore the left-hand expression of (15) with T; and %' replaced by T, and
) also doesn’t exceed C'ydl pd"' =N p(d=N)/2-1 Applying Tauberian argu-
ments we obtain that

I/(e(:c,a:,r)— Z K@YoY d—

<n<N-1

/ ~nT(d_n)/2_1'¢’($l)dSl < CT(d—N)/2’_)’d’_lﬁd”—N
X 1<n<N-1
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where &, = 7%=k}, for n = d we should take logarithmic term etc.

We can sum the this estimate on partition of unity and then we obtain
finally that

() | [(elar) = 3 rr (e de

0<n<N-1

/ Z R @=m/2=1001\g§| < Crl=N)/25d' =1 50"-N 4
X 1<n<N-1

where here ¥(z') = ¥;(z'/¢) — ¢1(2') with ¢ € [¢,7V/2#=%], 5 = (~*,
¥ = (, N > 2 and R is the remainder estimate in theorem 3. The
problem is that we know the algorithm how to calculate k!, and &!, with
n > 2 but we don’t know the simple formulae for them. There are two
ways: we can fix § such that contribution of all these terms was less
than remainder estimate but it will give us extra restrictions when we
consider the remaining part of cusp. The second way is to compare
this formula with the formula for operator A° which in the ”cylindrical”
co-ordinate system equals

Z gjijDk + Z lx’lzl‘gjijDk
1<j,k<Ld’ d'+1<j5,k<d

in the domain {z',|z'| > ¢} x Y with the Dirichlet boundary conditions;
the exact answer for this operator can be obtained by separation of
variables. Using this exact answer and continuous dependence of the

Weyl coefficients we obtain
Proposition 5. Let conditions (1) — (6) and (10) — (11) be fulfilled.
Moreover let us assume that

(18) D*(¢** —g%*) = O(|='|71*=*), D=b; = O(Ja'|*~1*1),
D% = O(lz'>*~1*=") p=lz'|7* Va:l|a| <K

withv > v* = min(p+1,d'(p+1)—(d—1)p), g* =0 forj < d',k > d'.
Then the absolute value of the difference between

/ (e(z,z,7) — ko )p(z")dz — f Ry r4=D/2y(2)dS

X

and the same quantity calculated for A doesn’t exceed R.

On the other hand in zone {|z'| > ¢ = 71/2#~%} the difference between
operators A and A is small and using this fact and the microhyperbolicity
property again one can prove
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Proposition 6. Let conditions (1)—(6),(10),(11) and (17) be fulfilled
with v > v*. Then

19 | / (n(z', €', 7) — i(z', &, 7))n (' /C)da'd€'| < CR

These two propositions, properties of coefficients k... and k... and
asymptotics of No(7) yield

Theorem 7. Let conditions (1) — (6),(10),(11) and (17) be fulfilled
with v > v*. Then

(20) N(r)=(27) dwyr?/? / o(z'/C1)\/gdz—

%(ZW)I_dwdT(d—l)/z Po(z'/(1)dS+
89X

(27 oar®’? [(1= o'/ C))(VG - Va)da-
%(2w)l—dwdr(d_l)/2 /aX(l — tpo(2'/¢1))(dS — dS+
(2m)~¢ / (1 —o(z' /&)A€, 7)dz'dE' + O(R)

where ¢ is arbitrary compactly supported function equal 1 in the
neighbourhood of 0, ( € [C,75, § > 0 is a small enough exponent,
g~ ! = det(g?*), bar means that the corresponding object are calculated
for operator A and R is given by (13).

Remark 9. (i) It is easy to calculate the last term in the right-hand

expression in (20) in terms of an eigenvalue counting function of operator

A= Y ¢*D;D:
d'<j,k<d

in Y with the Dirichlet boundary condition.

(ii) In frames of theorem 7 with d' > (d' — 1)u and condition (H)
one can replace remainder estimate O(7(?~1/2) by o(7(4=1/2) provided
(3 — o0 as 7 — o0o. On the other hand in frames of theorem 7 with
d" < (d' — 1)u and certain condition of the global nature (which is
equivalent to ”p # 1 and all the eigenvalues of A are simple”) one can
replace remainder estimate Q(7(¢ ~D(#+D/28) by o(7 (' =D (r+1)/21),

(iii) If p(z') coincides with |z'|™# only asymptotically (but quickly
enough) one can obtain equality p(z') = |z'|7* by an appropriate change
of variables.
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2. Let us consider now Schrodiger operator
A=A+V(z)

in R? with a potential V = V; 4+ V; where

(21)o |D*Vy| < ¢b(z) 21D+ (|g| + 1)2m—2n—@n=lah)-
(21)1 |ID*Vi| < e(Jz] + 1)271*1 Va: || < K,
(22) Vo 2 ¢o(2)*" (Jz] + 1),

(23) 8(z) = dist(z,Z), = C R?is a conical C¥-manifold,
(24) ¢>0, n>0,m2n+g;

the last inequality means that the diameter of the canyon {V(z) < 7}
tends to 0 at infinity for every 7. Then the standard Weylian theory [5]
yields

Theorem 10. Let conditions (21) — (24) be fulfilled. Let us assume
that m > q+n + gqn and qdn + pq + dn < pm where p = codim =. Then

(25) N(r)=N¥(r)+0(R") asT —
with
FA=DmAD/2m - for m(p—1) > n(d —1)
(26) RY = @-Dm+1)/2m o0 7 for m(p—1)=n(d—-1)
FA=PmID/2m=n)  £or m(p—1) < n(d-1),

rd(m+1)/2m for mp>nd

O)  NUD)x{ rARlogr  for mp=nd
;(d=p)(m+1)/2(m—n) for mp < nd

where in the case mp < nd we restrict a domain integration in the
standard definition of N¥(r) by inequality |z| < Cor(nt1/2(m=n) with
a large enough constant Cy.

Remark 11. In frames of this theorem with m(p—1) > n(d—1) under
stabilizing condition for Vj and a standard condition to Hamiltonian flow
remainder estimate o(r¢~D(m+1)/2m) holds [5].
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Let us assume now that
(28) m>q+n+gq, m(p—1)<n(d-1)

Let us change variables z such that = = {2" = 0}; then in the new
variables the coefficients of the senior part of A are not necessarily con-
stant. Let us replace D' by ¢'in A; then we obtain operator-valued
symbol a(z',¢') in the auxiliary Hilbert space H = L?(RP); let n(z',¢')
be its eigenvalue counting function.

Then the methods similar to used in the first part yield

Theorem 12. Let conditions (21) — (24) and (28) be fulfilled and let
us assume that

(29) < z',8y >V > c16(z) |z 2" — Clz|?
for|z| > ¢,6(z) < ¢ 7|z

Then
(30) N(r) = (27)%wq / (' )(r — V)Y dot
ry=? [[(= w10’ €)da'dg’ + OR)

where

F(d=1)(m+1)/2m for mp>n(d—1)
(31) R = { 7d-)0mt1)/2m |0 o for mp=n(d—1)
7(d=p)(m+1)/2(m—n) for mp < n(d-—1),

¢ € [Cri/?m Cr3/?2m+8] is arbitrary, § > 0 is small enough, v € ckK
equals to 1 in the neighbourhood of 0 and asymptotic formula (27) re-
mains true for N(7).

All the comments to theorem 3 remain true and under certain ad-
ditional conditions we can obtain the similar asymptotical formulae in
which an auxiliary operator a depends on the parameter of the smaller
dimension (normally we obtain dim = — 1-dimensional parameter in-
stead of 2dim =-dimensional).

3. Eigenvalue asymptotics with accurate remainder estimates for
maximally hypoelliptic operators with symplectic characteristics are pre-
sented in [6].
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