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ASYMPTOTIC SOLUTIONS OF EQUATIONS WITH SLOWLY VARYING
COEFFICIENTS

V.P.Maslov (MIEM, MOSCOW, USSR)

An important problem which has been investigated for the
last years is the propagation and decay problem for bell-shaped
and shock wave-like initial conditions for equations of mathema-
tical physics. Such problems arise when we consider equations
with constant coefficients such as Korteweg de-Vries (KdV) equa=-
tion, Kolmogorov, Petrovsky and Piskunov (KPP) equation, Sine-
Gordon equation etc. We want to understand how we can correctly
generalize these results in the case of equations with variable
coefficients and to notice certain general properties which are
characteristical for asymptotics of both linear and nonlinear
problems. This approach allows to look at certain well-known
effects from a principally new point of view,

First we consider the Cauchy problem for the K4V equation

U U 9 n -
2t oy afll 2 Ja’ U’ 1)

X € Fe ) LL‘t;zo =<i?(09>7
where 4>($) is a smooth rapidly decreasing function. The exact
solution of this problem for an arbitrary function <}(30> is,
of course, unknown. However, as it is well-known, in the case
OCL’EXQ = const the solution can be defined for large t
Namely, the Cauchy problem solution (1) can be represented for

t—) oo (accurate to the summands tending to zero as ‘t - c0)



in the form of solitons sum, the quantity and velocities of
which depend on the function <]_3('x> and can be calculated.

This result cannot be generalized in the case when O‘i and(Xé
are not constants, but arbitrary smooth functions. However, a
class of variable coefficients exists for which we can genera-
lize the Theorem on the Cauchy problem solution asymptotics for
'£ - 0. Such coefficients are called slowly varying coeffici-
ents. Let 0< & << 1 ve a small parameter. The coefficients

Oci are called slowly varying if 0(/- = 0. (&-’9 i=1 2-04 (E)é Coc:
It is evident that the coefflclents o( ‘-OQ'(EUC) vary by a
value O CE) on any compact KCR x ( Qe Kr ) independent

of 8; . This fact explains the name given to this class of
coefficients. The equation with slowly varying coefficients can
be rewritten in the form of an equation with a small parameter
at the derivatives. We set g:x,-=‘g . &j(', =t . Then problem

(1) with slowly varying coefficients can be rewritten in the

form
)
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We note that { = ¢ since t = oo for & —2 O,t > 0.
Thus, the first important fact is that the problem considering
the behaviour of problem (1) solution can be reduced as ‘L"PC*9
to a problem dealing with the asymptotics construction for
problem (2) solution as & —> O. The KdV equation in the form
(2) is one of the problems for which the Whitham method [2]

of asymptotical solutions construction is developed.
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We also note that since the function 4?(3’) decreases
rapidly,the initial value of problem (2) is small for g. > o,

£,=> O. We can draw this function as follows
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We recall the methods of the Cauchy problem solutions asympto-
tics construction for linear equations which can be regarded as
models of problem (2).
As the first example we consider the wave equation (denoting
again the "slowly " variable &X by X , and 8"(: by t )
QW =Wy - GQ(T,)'LL‘NL =0,

Ul ‘:é(%>; u,t,{;:o:a' 7

We assume that CCX)G P/ (m')> S/> .

A function satisfying (3) accurate to(j@;?and having the

form

(2 ¢ t) L)+
(3 Jc) " %_C_ )
LT ) CQ_LJ 2, b)) (4)

where S(%,t)G Coo., g» (T,,fby‘l:) & D 7:1/; (E;)c){) - 0

for T-> ¥ ™ | is called the one-phase asymptotical solution
of problem (3).

We substitute the function defined by (4) into equation
(3) and group the summands which contain equal powers of the

parameter & . Then we ontain
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Here {L - fth')m” JC)

. 2.
By equating to zero the coefficient at 8/ in (5) we obtain

the equation of characteristics for the function S(EE)'E)

te@)s =0, Sjt_
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By equating to zero the coefficients at & in (5), we obtain

(6)

the transport equation

fu‘: -0 r’(r,m, o>=§('x)7

A

where [] is the differential operator of the first order

By equating to zero the coefficients at é; , jJ 7 =1, we similar-

ly obtain equations for the functions '4Q » 37 0,

ﬂ!?t +F‘§ =0,

where F? fi (I'gcqt> are functions known on the j-th step and

which can be calculated explicitly due to (5). For example,

Fl; Uﬁ{ :
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Equation (6) can easily be integrated. Let x (Zxﬁy %)

be a solution of the problem

§=__i-0(.xl—)7 Xiltg

L]

We assume that the equations X (%0’ {:) =& are

solvable with respect to X_ and denote their smooth solutions

°
by :X’O “‘CX, (90 #9 « Then problem (6) has two solutions

S (=, t),
) |Sj:(bt)'€> = g;§ (ag-ﬁ))

the Jacobians

AR CRY

do not vanish and the follewing statement holds.

THEOREM 1. The asymptotical solution of problem (5) has the

st (=,
form ?,(’«13) ( 2 _
22-)¢ vo“'(“)) \)?QCM T

LA

We note that according to this formula the dependence of

% |
the solution on the *"rapid" variable SS //55 for f»f7 0 is
the same as at the initial moment, and therefore it is rather
arbitrary.
For equations with dispersion this property does not hold.
As an example of a linear equation with dispersion we consider

the Cauchy problem for the linearized KdV equation

A, +&2§D(°C)“mx=0' “\t=0=§3(%), (7)
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where v(m)e / s the function E is the same as above.
In this case the substitution of the form (4) leads to an ordi-
nary differential equation ( so called standard equation)

Q4 9’

R 5P W:O

(4
from which we can define the dependence of the function :¥ on
the variable VU e The solution of this equation bounded with

respect to VU with all its derivatives has the form

io :\)4('%,{)@03 ('c ..J, Q(Q-’) E))} DJ, 0 éc‘x’

The function S[m’7 'll) satisfies the Hamilton-Jacobi equation

3
o850,

Thus the function W has the form of WKB asymptotics
NER
@ -dabes (B 0@h) 106

Evidently, such a function does not satisfy the initial condi-
tion (7), where %(E) is an arbitrary decreasing function.
However, since the equation is linear, the Cauchy problem solu-
tion can be represented as a superposition of such functions.
Further, it turns out that for “i: 2 S' > 0 the Cauchy problem
solution is close to a certain function of the form (8). This
fact may be regarded as an analogue of the facts when the Cauchy
problem solution for the KdV equation is represented as a super-
position of N solitons and the Cauchy problem solution of the

KPP equation is represented as a self-similar wave.
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In this paper we give only the final result for problem (7).

Let X(Fe ) £) R P(FM {:) be solutions of a system of ordinary
- t
differential equations for P, € R t e [0 T]

. oxf
X =3 E)la,(>(>, X"t = = 7
P - %%(Xﬂ%; Plig =P
We assume that for O<S$£ér{‘;
_ QX (o)
J - P

does not vanish and denote by ‘?o (:L, {) the solution of the

X(Po,’c>=m,

We introduce the phase

x,t) <29 (a.1)p(o)t.

the Jacobian

equation

THEOREM 2. For 0 <K Sé E £ T the solution of problem (7)

has the form . g (Po (:L,*l:>> V\P(m) % S 3(, ‘h)

Ww =\’:2_4'~;l:(:; Re \\3(‘)&%%),9 (9) g @((—I)
where Ck(‘2> = %;\, Se'x? %—&?gﬁ’(\éy*ﬁ .

In this case the asymptotical solution has the form )

outside the neighbourhood t-‘— 0 ( this case differs from (4)
since we expand with respect to half-integer powers of the pa-

rameter & , though it is not essential).



Thus, the asymptotical solution of problem (7) with arbitrary
initial conditions does not have the form (4), but it is close
to this form for ']: Zg > o, & = o.

How to derive the formula given in Theorem 2 we shall demon-
strate by using the well-known linear Schrddinger equation.

We consider the Cauchy problem

‘ 2 N
) _ x-§
+\t=0 -g;(———&) (9)

In accordance with current notations we denote the small para-
meter by 4k’ s the function f? =§F(§> is the same as above.
Evidently, the equality holds

A AT t (- E)/h =
ﬂ ﬂ \!.231 P )Ot

where é (P) is the Fourier transform of the function ‘%(g
Thus, like in the WKB method the solution of problem (9) can

naturally be represented for %.’? O in the form [5])

§o ] eapled(om ) MR iy o

where 36 is the Jacobian.
It is easy to see that the function \?(P,(X, 't é) satisfies

the Hamilton-Jacobi equation

AR R
%Uyg ! (2-%)
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We shall use the stationary phase method for f 2> g > 0
to the integral in formula (10). For this purpose we calculate
the coordinate I) of the stationary point (which depends on

the parameters ﬂ'l t E) by means of the equation

= po(2t%)

The functions in (11) can be calculated by another method. We

consider the boundary problem

'--9_\7,@) E X%) =0,

(12)

and assume that it has the single solution X(m '}: \§>
We introduce the function S( ,\é —t) which is called an

$ (2%, %) - %Ldt

where L is the Lagrangisan, L P V(&) . We recall that

the integral in the formula for action is calculated along the

action

extremal trajectory which, in this case, is the solution of the
boundary problem (12). The following equalities hold
\P (P“’ m7‘t7\§> - S ("xﬁg){:)?
i A 98
- 3%3; ) ° 3%
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and equality (’i’l) can be rewritten in the form
P mwl “téi( >+Mgmm

In the case when the bpundary problem

5&:3%‘9%@)7 X9, XH)-=a-

has n solutions X1 (ﬂl,t,’é) ,...,Xm(m>t7%) and the

Jacobians 31 seeey 3," s constructed with respect to actions
corresponding to the extremal trajectories Xi gyesey X‘W s do

not vanish, then the asymptotics of problem (9) solution has
the form [4] for Jc23 > 0

S L Y G RS

bfah 2 e (35
+ (k) (+4)

where /J k is the Morse index of the trajectory X k

Thus, the number of phases ("rapid" variables) in the asymp-
totical solution depends on the number of solutions of boundary
problem (12). In particular, if V(m) = ':x"é , then problem
(9) solution cannot be represented in the form (14) for any
h<¢ oo as ‘t Zg > O, The solutions of the form (14) are
superpositions of 4V  waves with the phases Si geessy S n e
A well-known analogue of the n-phase solution for nonlinear

equations is the n-soliton solution of K4V equation.
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S50, now we shall consider nonlinear equations. For non-
linear equations with variable coefficients the whitham method
is the nonlinear analogue of the WKB-method, it allows to con-
struct certain special solutions which are self-similar solu-
tions. Since the superposition principle does not work in the
nonlinear case, it is impossible to construct using these spe-
cial solutions the solution of a rather general Cauchy problem.
However we have a remarkable property of the equations men-
tioned asbove, namely, the asymptotical solutions of the Cauchy
problem tend to these special solutions as t;Z SY> 0 . Thus,
the wave profile which is arbitrary at first can be'"improved"
by a nonlinear equation and accepts the profile described by
the standard equation as it was in the linear case (see

Theorem 2).

We give such a result for ife KAV equations
‘UL + 91(Q?)QYQ%£ + hls)(a;’12£4tgg =:Dy
o], 5 =2 (%)
£=0 oo
?11?1>U’ S)Oc>D’ CP(I)G CO,

The appropriate asymptotical solutions have the form of soli-

tons with variable amplitudes and velocities; outside the

collision points they have the form {51
n Aé(t,k)

(w _ - ) )
T =) T R G (Bh) L ok
Sot ‘S;i (’,\\, (Yi("t’l\) «TJ Al 9’1( 7))
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where the functions 903 ’ '-Pé satisfy the ordinary differen-—

tial equations:

- 90] ?1(%)

at "2 ;
3
PR ERR O (R N L AN
T 1Rle T
Y [ Wie e
' :)3&(4 f_‘d)}mﬂ()i(f),
i = Ldi g9 /2008

The functions %H;) satisfy equations of the second order which

—>

we do not give here because of their cumbersomeness. AS was
already mentioned, the remarksble fact is that the Cauchy
problem solution for an arbitrary initial boundary layer func-

tion % ("(,) , after a very small period of time, either turns
)

n 1V ~
into (U’éof, or becomes equal to ®("L ) ’ v 2 D .

Now we formulate the result. We assume, without loss of
generality, that ?1(0) :0 R 9(0) =4 . Then we consider

the Sturm-Louiville problem:

Yoo + 80y = by, e

Since @ is finite, this problem can have only a finite

A ")
number of eigenvalues (X ’ />\ seeey Ny o We denote by \P ’
gQi the solutions of the system of ordinary differential

equations mentioned above which satisfy the conditions:
o 2

\ :U , OQB) :2(/\3
d11=0 t=0
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THEOREM 3. For JC > 8 >0 , ()L->g> 0 the following

equalities hold

v =wl v O(K), 920,
\P RO AAC)
di (&) -dki (1) + (um)a(ﬁ)

where jf’ ,€NS are defined by a linear system of ordinary
differential equations, which we do not give here, since they
are very cumbersome.

Theorem 3 is illustrated by the following flgures A

t=0 +>0
<o w
—> |
:B;,)\VA/\V/\,.

wWhen &7 91= const, Theorem 3 turns into the well known result

Y
v

by A.B.Shabat.

S0 far we considered equations with small dispersion. Now
we shall consider nonlinear equation with small viscosity. These
equations describe quite different processes. Here the Cauchy

problem solution also turns into a single solution.

As an example, we consider the Kolmogorov-Petrovski-

~Piskunov equation with variable coefficients

L 9u DRl - g}
b1 ¢ qae JTEHIY=0 Rl

ylabet”, 04 Sepel,, B ot s
(0 =A.

0
=0
{
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First of all we note that the single phase solution of this
e
equation has the form U = ﬂ'(;—géb)'£> « The standard equa-

tion in this case has the form

%{’ - ?(j’— F(?U =0, f -const>2.

It turns out that the asymptotics of a solution with arbitrary
initial conditions which have a finite derivative can be ex-—
pressed in terms of the single phase solution.

Namely, let the initial condition have the form

| ) | o
ul’c:o -.—.w}o(%)vmep» 0, el

For any such initial condition the solution becomes (as’t)>0)

a singel phase one whose front propagates according to the
1aw [6],]7]). ‘
o, - ol 990

The wave profile has the form

ﬂ(m+\¥) ‘\'\lg ‘F (h&) .

0t
U (ﬁ,t&) _.{ Mg 0

&e-=>0

where‘*\ <'i ’ is the solution of the standard equation

for % =2 , satisfying the conditions ;{(0): “/2) ,%(‘ oo) =0 .
() =1 .

Now we consider an equation in two~dimensional space

AL 1 RN V=
L - (L8 ¥ T (%Y. H)F (=0

with the same initial conditions.
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The solution of this problem is also a single phase solu-~
tion which is an inner boundary layer of the second type. The
boundary layer rt front surface is the levet surface of the

g

function J = J-(I,y,i)which is defined by the equation

)vm,3,2¥\ =(2W(“»%*‘ V)

The front i‘qrm is the following l2]
’ \lv(q’)y‘)“:}l) (t*v) +R)¥W
&

L

)‘&; /‘;lx::B'MS)

—> )
>0

the function 7( the same as in above.

For "J‘t g'(m,y;%) equational (15) is the eikonal equation
which is well known in geometrical optics and the functionf 7
plays the role of the index of refractione.

In order to comnstruct the wave front ‘\{1: sy We can use
the Huygens principle, which says that the position of the
wave front at time JC is the envelope of the wave fronts
coming out from point sources on the front at the initial

instant of time.

F{—/
< Q=§x=ﬁ

In the case of a variable index of refraction, the initial

—

plane front of wave will }?end.

If the derivative ,%—Zg (E) of the initial condition
is not finite in £ , then by finding the asymptotics of
the function \‘P for& > * o0 we see that the Cauchy
problem solution for f" 0 ’ &= 0 turns into the single

phase solution which is associated with the solution of the

standard equation for g>2 .
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For example, if

_]/_Gf_.
;

&S jores

- ¥ , |
’—7{5(})“’ € i.e. ’):?/IP -921(4)7&{_; - oc, 21:—

7l

2%

Yoot e T JA) >4, 2o - B R0

where ~% >;L is an arbitrary number, then in relation above
the function ({(VZ) should be changed to the solution"f[‘i(?>

of the following differential equation

gll __1'1 _ 17('{1)%}, 7(1((9 :%, ’7{1(~°o>=[)’
Ny (o) =1

The front motion law will have in this case the form
[}

L AYTEED | -0

If the solution consists of peaks, as it was in the case

of KAV equation, then these peaks scatter, as a rule, and the
solution is, in essence, a sum of single phase solutions. Even

if the peaks collide, then their interaction lasts for a short

time, after which the solution is again a sum of peaks (elastic

collision of peaks).

In the case when we have small diffusion in the equation
of reaction-diffusion, the situation varies sharply. The

front's collision becomes non-elastic.
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Now we consider an example of fronts collision in the
case of a parabolic equation with cubic nonlinearity, which
was used in the theory of combustion by Zeldovich and Frank-
Kamenetski, and which is also used for describing signals in

a long line without inductance 171

O_LL C 23U g Haefd-u?) <0
- e T )

We assume that the initial condition is the sum of two fronts
of (generally speaking) arbitrary form with given exponential

asymptotics at infinity

‘5
ult=0 ‘7}2(&, ) (‘L E‘) £>0.
geb, e, Bk, Bl E) = AT
qh — 0, %1/1/4’&—_71/[5_ , £ =,

-1 é‘héﬂ , ”{’Q—%‘i, @;i/(i*'gj,)é i/ri .
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Obviously, it is impossible to use the single phase asympto-
tics only.
The two-phase asymptotical solution of this equation has

the form

A5 )], ..,~,u)+
°LE ¢

By substituting this function into the equation and equating

to zero the sum of summands independent of & s, Wwe obtain

2l
e S (55 et

~gf L)

Then we change the variables, by setting
T 1 S
T\ 3 AT, Bt 9T, 9\;
We denote the function %, in the variables §,2 by
Po - Fo (g 7“2 R m,"t) « Then for \:10 we obtain the equation

o _ VR - R (1-F2) =0,

W
i.e. we obtain the initial equation, but with constant coeffi-

cients. The solution of this equation has the form
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where C(: = Ci (DC, 11—') are arbitrary smooth functions.
We consider the case when the phase Si is stationary
and Sl{: is equal to zero. Returning to the initial variables

T, tl , we obtdln

1?- ; (&m&x arSzch Q31 3Fg1'99'*61 e% (\ggﬁ—f
. ={e -

T
u) Y (F O * 33“gm> } % e-& (ﬁggm'ﬁSan
< 9%(@9“ - %F&x)*@i N e% (\@ gélt +%§W§31>*Tf(@g1t4?3€g49:>*c%

A= Sy lan = S St
The solution of the initial Cauchy problem turns into into the

two phase solution constructed before for ‘t >0, ¢ —>0

u’\m,‘c,&)_go(%,%‘:%@—?D s &0

Si = 'JHBJQ (m JHP") ¥ {E:& ({;'e)’
S gfoh 4y

s.-[)4, ) [w8) fefy (o),
%-—3%[“)/1» B0t 14,4] <4



2e

3
b4

7o

- 20 -

Shabat A.B. On Korteweg~de Vries equation, Dokl. Acad. Nauk
SSSR, 1973, v.211, N6, p.1310-1313,

Whitham G.B. Linear and nonlinear waves, Moscow, MIR, 1977.
Maslov V.P. M&thodes opératorielles, Moscow, MIR, 1987.
Maslov V.P. Perturbation theory et asymptotique méthodes,
Paris, Dunod, 1972.

Maslov V.P.,Omel'yanov G.A. Asymptotic soliton-like solutions
of equations with small dispersion. Uspekhi mathem. nauk,
1981, v.36, N3, p.63~126. |

Maslov V.P., Danilov V.G., Volosov K.A. Mathematical model-
ling of heat and mass transfer processes. Moscow, NAUKA, 1987 .
Danilov V.G., Maslov V.P. Asymptotics of reaction and diffu-

sion equations, Mathem. Zametki, 1988, v.44, N1, p.152.

V.P. MASLOV
ACADEMY OF SCIENCES
MOSCOW (U.R.S.S.)



