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On fully nonlinear elliptic equations
of second order

LOUIS NIRENBERG

Courant Institute

This is a brief report on some of the developments in recent years in the use of a priori

estimates in solving nonlinear elliptic equations of the form

for a real function u defined in a bounded domain in R’~ or on a compact manifold

(perhaps without boundary).
The operator F in (1) is called elliptic at a function u if the matrix is

is definite (say positive definite) bx E S~. F may be elliptic at some u but not at others. So

in seeking solutions for which F is elliptic one may have to restrict the class of functions

considered.

Primarily the report is on the series of papers by Caffarelli, Spruck (and Kohn) and the

author. For the convenience of the reader we have listed all the papers in the references

at the end even if we mention the results of only a few. Some have been summarized in

[N]. Further references may be found in these papers and in [GT]. See also the book [K]
for much of the work in the Soviet Union on this subject.

Much of the recent progress is tied to developments in "elliptic machinery", in connection

with the following question for solutions of (1): If one has estimates for a certain number

of derivatives of a solution can one then deduce estimates for all higher order derivatives?

The answer has long been known to be yes in case one has estimates for the C2 norm 

of a solution as well as for some modulus of continuity of the second derivative V 2u. For

many years the following question, for n &#x3E; 2, has been open for solutions u:

QUESTION: Does an estimate imply some modulus of continuity for 72U?
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The recent progress is that the answer is yes in case F is also concave (or convex) in

its dependence on V’u. This was established in compact subsets of Q by Evans [E] and

independently by Krylov; see [K] and [GT]; and up to the boundary, for the Dirichlet

problem, by Krylov (see [K] and [GT]) and independently in (CNS1), [CKNS]. The proof
in the interior is based on the beautiful form of Harnack’s inequality for general linear

elliptic equations by Krylov and Safonov (see [KS], [GT] and [K]).

KRYLOV, SAFONOV HARNARCK INEQUALITY: In the unit ball lxl  1, let u be a positive

solution of a linear elliptic equations

Assume L is uniformly elliptic, i.e. for some constant M,

Then 3C = C(n, M) such that

Since the answer to the question is yes for a wide class of equations (1) we have been

able to derive new existence results for the Dirichlet problem for some of them.

The papers [CNS] and [CKNS] mainly treat two kinds of problems, for equations (1) of

the form (here 0 &#x3E; 0 in Q is given):

Here ~1(x) _ (Ai,... , are the eigenvalues of the Hessian matrix = and

K(z) = (~1, ... , are the principal curvatures of the graph of u, (x, u(x)) in ~n+1. The
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function f (A) is a smooth concave function, satisfying &#x3E; 0 Vi, defined in an open

convex cone r in Rn with vertex at the origin (r =/:. and containing the positive cone

I‘+. r (and f ) are assumed to be symmetric under permutation of the A’. For convenience

we suppose f &#x3E; 0 in r, f = 0 in ar. f is also required to satisfy: 0o as R - oo.

A function u E C2(n) is called admissible for (2) or (3) if or K (graph) belongs
to r dx E Q. We seek admissible solutions. For example, if r = r+ then u is admissible

if u is strictly convex; then it is natural to require that Q is strictly convex. So in studying
these problems one has to also restrict the class of domains in which one expects to solve

the problem.

Our results are different depending on whether

(a) r is a wide cone, i.e. the positive axes lie inside r, 
’

or

(b) r is a narrow cone: the positive axes lie on 8r.

For f as above we established in [CNS2] the following existence of smooth solutions of

(2), (4), in case 0 and 0 (and an) are smooth.

THEOREM 1. If r is a wide cone there is a unique admissible solution u E for any

bounded domain Q.

THEOREM 2. If r is a narrow cone, assume in addition that f satisfies

en = (o, ... , o,1). Then for every 0 E COO(an) there exists a unique admissible solution

of (2), (4) iff
I 8Q is connected and Vx E aQ7 if 

(5) 
are the principal curvatures of 8Q relative to the

(5) ~ 

interior normal then for some large R, (~c(x), ... , R)~ belongs to r.

In [CNS5] we prove analogous results for (3), (4) but only for = 0 and an strictly
convex. Li [L] has extended our results. Ivochkina [I] has announced results which are

more general than some of those in [CNS5]. See also [Tl] and [T2].
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Recently, a number of authors have extended the known "elliptic machinery" to, so

called, viscosity solutions: A continuous function u is a viscosity solution of (1) (for con-

venience we suppose F independent of u) if for any classical C2 strict subsolution (super-

solution) 0, u - 0 cannot have an interior minimum (resp. maximum) 0 being a strict

subsolution means F(x, Vo, &#x3E; 0.

In particular Caffarelli, see [Cl], [C2], where other references may be found (also P.L.

Lions and Trudinger have studied viscosity solutions), has redone the standard elliptic

machinery, including the Schauder theory, W2,p theory etc. for equations

In deriving the classical estimates for linear elliptic equations one usually approximates the

operators, locally, by ones with constant coefficients, and using results for such operators.

Caffarelli relies on interior estimates for solutions of equations of the form

He even obtains new estimates for linear elliptic equations. In [Cl-2] he treats uniformly

elliptic equations, but recently he has also studied nonuniformly elliptic equations, for

example

He obtains estimates for the solution in case f is close to constant. Also if M-1  f  M

and Bl C Bn, (here Bk = IX  I then he shows [C3] that u E C1(.Ba . See also
2

Urbas [U].

Acknowledgement. This work was partially supported by NSF grant DMS-8806731.
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