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§ O. INTRODUCTION :

We shall give some notes about the effective hyperbolicity. We think there
are two ways to explain a notion. The first one is to find out an equivalent
notion from a different point view. And the other one is to give some interes-
ting examples of applications of the notion. For the first one, we have a
proposition for single partial differential operators that to be effectively
hyperbolic is equivalent to be strongly hyperbolic. The strong hyperbolicity
means the stability of solvability (well posedness) of the Cauchy problem
under changing lower terms. The effective hyperbolicity defined later is a
geometrical notion on the principal symbols of partial differential operators.
The sufficient part of the above proposition, that is, the Cauchy problem
is well posed if it is effectively hyperbolic, is very important for appli-
cations and does not always require that partial differential operators are
single and even linear. So, we may replace the effective hyperbolicity for
the strict hyperbolicity used usually and frequently because the previous
notion is wider than the later.

Many partial differential operators in applications are non linear.

So, we have to extend the results in the linear cases to ones in the non linear
cases in order to find out interesting examples. In the present stage, this
extension is very easy because we know already a very famous abstract theorem,
so called the Nash-Moser implicit function theorem.

Here, we explain that this theorem is also applicable to our cases. We shall
remark we needed some minor change of expression of the Nash-Moser implicit
function theorem in order to obtain a sharper result for the non linear Cauchy

problem making it possible to apply directly to the Monge-Ampére equation.

§ I. RESULTS OF LINEAR CASES :

. . + .
Let Pm be a polynomial of homogeneous order m 1in £ € R" l with
coefficients C*-functions in x E'Rn I . We assume it 1s normal in Eo ,
m
= + ... .
Pm go

Définition 1. We call Pm effectively hyperbolic (on an open set in x) if

Pm is hyperbolic in 3 and if at the critical points of the characteristics
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{p = VPm = 0} , the fundamental matrices F of Pm have non zero real

eigenvalues, where the fundamental matrix F 1is defined by

m
£x &8 P =3 93 P

0 £ 2 , etC...

Let us consider a system of partial differential operator P of order

m with a diagonal principal part, namely,
(1.1) P=PI+Q,

where the lower term Q = (qij) is a system such that order qij < o, —aj + m-1

with respect to a multi-index o of integers.

Theorem 1 . Let Pm in (1.1) be effectively hyperbolic on a neighborhood of
the origin. Then, there exist a conic domain Q@ = {x;x0 +A|x'"| <0, A > 0}

and a constant e, 0 such that for all € (0 < e < eo) , the Cauchy problem

Pu = £ on {x > 0} N Qe
(1.2) ‘{

u=20 on {x <0} N¢Q
o €

has a unique C -solution u on Qe for any C - datum f on Qa supported

on {xo = 0} , where Qe = Q+(¢,0,...,0). Moreover, for some suitably fixed £ ,
they satisfy the estimate for all s=20

(1.3) Ildls < CS(IIfIIS+2 +HaHS+£HfH2) s

where IIJIS is the Sobolev norms on Qe and a stands for coefficients of the

partial differential operator P . We should remark that the constants CS are
uniform on P belonging to a suitable neighborhood of a fixed effectively
hyperbolic operator in the space of hyperbolic operators with the type

(1.1) on a neighborhood of the origin.

When we usually call the Cauchy problem (1.2) well posed, we do not
require the estimate (1.3), especially, the existence of the constant &
independent of s . However, almost all cases which we know wellposed, have
the type (1.3) of estimates, and this is important to use the Nash-Moser

implicit function theorem. So, we introduce a notation for convenience.

Let us consider the problem (1.2) for a set P of general system P

of partial differential operators.
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Definition 2. We call a set P strongly wellposed if the conclusion of Theorem 1

holds for any element P of P, especially, if €5 2 Q) and constants CS s L

of the estimate (1.3) are common on P .

Remark. Let P be a r x r system of partial differential operators. Define

the principal symbol Ppr as usual. Assume that det Ppr is effectively hyperbolic.

This is reduced to Theorem 1 so that it is strongly wellposed.

§ II. NONLINEAR CASES :

We consider a nonlinear system ;

2.1) Pu=®ior,.pr
Pi = Pi(Xsnja;!aKai _Bj y J 7 la"'sr)‘ a
n. =3 u
Ja J
= Pi(x,aau) ,
u =

= (ul,...,ur) ,

where § and B are multi-indices of integers.

The linearization DP of this system is given by

= 9 ay)aB
DP @ = (2 T P, (x,57u)p mj)

; i=l,...,r
i.e °"jg =

and the principal symbol Ppr = (Pij)

)

3;|3|=51‘§j Nsg

P = I

o B
i3 Pi(x,a u)g .

Now we extend the strong well posedness to this type of system.

Definition 3. We call a nonlinear system P (2.1) strongly wellposed if there

exist two linear system Q and R satisfying the following conditions ;

1) Coefficients of Q and R are also functions of (x,nB) and (X’nB’CB
respectively, where we put the unknown function aBu in n_ and the parameter

)s

function th in CB .

2) The linearization DP are decomposed as

DP = Q + R with h = Pu .
3) There exists a neighborhood U of u = 0 in ¢’ n {u; u=0 at X < 0}
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such that {Q; u € U} 1is strongly wellposed in the sense of Definition 2.

4) R=0 at h=0.

We shall later explain by an example the reason why we do not define simply
as {DP} are strongly well posed. Roughly speaking, we assume the existence of
a parametrix of DP toward Pu = O . Under this assumption we can conclude the

following unique extension theorem of a solution.

Theorem 2. Let a nonlinear operator P(2.1) be strongly wellposed. If there
exists a neighborhood , of the origin such that u = 0 is a solution of Pu = 0
at {xo <0}n Q, s then there exists uniquely a c¢® solution u of Pu=0

on a neighborhood O of the origin such that u = 0 on {xo <0}tn Q.

Corollary 3 . We assume that the principal symbol Ppr of P (2.1) are decompo-

sable as well as Definition 3 such that

Ppr=Qo+R0 with h = Pu ,
where Qo and RO satisfy the conditions for Q and R 1in 1) and 4) of Defini-
tion 3 , respectively, and where QO is one of the type of effectively
hyperbolic operators treated in Theorem | or uniformly reducible to one of this type
for example, det Q0 is effectively hyperbolic, for all u of U 1in 3).
Then, the conclusion of Theorem 2 holds.
This Theorem 2 is no more than a translation from the abstract Nash-Moser's
theorem into the category of the Cauchy problem. However, it requires the
improvement of expression of the Nash-Moser's theorem, because we assume a
weaker condition than as usual, namely, we assume the existence of parametrices
of the linearization DP instead of the existence of exact inverses.

We follow the expression of the Nash-Moser's theorem by L. Hormander [1]
‘KHS} =0 is a Banach scale, in other words, interpolation spaces by means
of a smoothing operator.

Let &(u) be a nonlinear operator on H = Q'HS . Assume the existence
of the first and second derivatives in u and their estimates as similar as
(2.2). The different point is to assume that the right (left, resp.) parametrix v
of the first derivative D¢ exists on a neighhorhood of the origin of (u,?®)
such that

Do.y(yDd, resp.) =1 +0 ,

where © depends on u and ¢ , and satisfies
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(2.2) o I, < € LC1+ul Dllal lil
+ (il ) el ol 4ol Jlal L )]

for a fixed m and for all s .

Then, there exist neighborhood V , W of u = 0 and ¢ = O such that

(V) NW=¢0 or o(V) >0
(6(0) = 0= ¢'1(0) nv= {0}, resp.) .

Therefore we can conclude the existence and the uniqueness only for ¢(u) = O .
In the proof, we need only an addition of the error terms in the argument of the
existence of 0 , which is estimated as well as other error terms are. If
considering the scale basing on the Sobolev spaces or the Holder spaces of
functions on Qe supported on {xo > 0} , then the strong wellposedness assures
the existence of the right and left parametrix iy . The non essential cases

will be excluded since the norm II<I>(O)|IS on Qe tends to O as ¢ tends

to O .

§ III. AN EXAMPLE :
The Monge—Ampére equation

2

uxxuyy = (uxy) = f(xa}’)

is elliptic if f > 0 , strictly hyperbolic if f < O and of Tricomi type
if Vf # O at the points f = 0 and if it is kowalevskian. They are very classi-
cal and well known. So we treat more singular cases. Since we are treating

the Cauchy problems, we consider the case where £ < O . In this case, the

equation is hyperbolic if it is kowalevskian. More generally, we consider

d = det A - f o,

2 . . . . .
where A = 23 u + C(x,u,d%u), C is a symmetric matrix and f 1is also a function
in (x,u,du). A typical example is the Gauss curvature K(x) of a hypersurface
{y =ux)} , x € R"

2 2 (n+2)/2
det (37 u) = K(x) (l+lau| ) .

Now, we prepare some notation to state the result.

w.Tr.t. A.. = (

1] akl)

. . = minor matrix w.r.t. a..
k, L#1, ] ij

co co co
(a.’) a

A -a. .
ij ij

s
= (-l)l J det Aji : cofactor matrix .
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The equation is

(3.1) {d>=detA-f=O

the initial condition at X, = 0.
If we take the Fréchet derivative in u , then

Tr(Aco 82(9) + lower term

Do

= Aco(a) ¢+ ...

We assume the following (3.2-4).
(3.2) f< 0 always.

(3.3) Ay (W) x =0 0"

(3.4) sz(x,u,Bu) <0at{f =0}n {xo = 0} , where L is a vector field defined
by
n co 3
L - 'Z ao.(ax.) :
J=o0 ] J
Theorem 4. Let u be a formal solution of (3.1) at x = 0 and satisfy (3.2-4)

on a neighborhood of x = 0 . Then there exists a unique c” solution u of

®{u) = 0 on a neighborhood of x = O such that u - U is flat at X, = 0]

~, v
%-0)|_ _ =0, @ ).
X_=0
1 2 1 4
Example. u=5Xx -39 .
2 2
® (u) _uxxuyy (uxy) +y =0,
2 2,2
l:d>(u)(p—8y(p y Bx ®,
2 b
f—-y andL-s-;

In féct, let us put eigenvalues and eigenprojections of A®° by eJ. and pj
(i=0,...,n), and )‘j are eigenvalues of A. Then ej = Tt 3 Ay and eigen
spaces of 9j and Aj are the same, so their projection is po, . The assumption (3.3)
gives us the existence of n positive eigenvalues, so we denote them by

Aj >0 (j =1,...,n).

Since det A = Ao *eeA,=f<0Oatus= U and x, =0, so Ao < 0 , there. Hence

)\0 his near non positive axis if u is near u , that is, remainding eigenvalue

)\0 is separated from the others )‘j (Gg=1).
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Therefore 90 = Al...ln and P0 are defined smoothly. So A® is written as
co n
A = T. 0.P. = XA e X P #0040 Ll P
j=o "3 ] 1 n o o n-1 "'n
-1
= 9P + A ...r (T A, P.)
oo o n"j=1"3 73

eoPo + (det A) E

6P +fE+0E,E= 3,
OO0

Thenwe can decompose

A% () = Q,(3) + R_(3)

as
Qo(a) = eoPo(a) + £ E(3)
and
Ro(a) = ¢.E(3).
2

Here QO(B) ~ L™ + f . (an elliptic operator with respect to the transversal
directions to L ).
Since f < 0, and sz #0at f =0, so Q0 is effectively hyperbolic. And
also RO(B) =0 at & = O . Therefore A°°(a) satisfies the conditions of Corollary 3.
Using some speciality of the Monge-Ampé&re equation, we conclude the existence
theorem from the unique extension theorem.

Other examples of effectively hyperbolic operators will be found in

N. Iwasaki [2] , where you can see the further informations about this note.

BIBLIOGRAPHY :

[1] L. HOormander, The boundary problems of physical geodesy, Arch. Rat. Mech.
Anal., 62 (1976), 1-52.

[2] N. Iwasaki, The strongly hyperbolic equation and its applications, to
appear in Pattern and Wave (Studies math. appl.) North-Holland Publishing
Company, 1986.



