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We shall recall some constructions and results of [9] with emphasis on the
applications to the study of the microlocalization of the sheaf (9& of
holomorphic functions on a complex manifold X along real submanifolds

of X .

I - Micro-support

Let X be a real manifold of class C* , with 1 Ka<wora =uw
*
(i.e. : X real analytic). We denote by m : T X —3 X the cotangent bundle
*
to X , by w, the canonical l-form on T X . If Y 1is a submanifold of X

X
* *
we denote by TYX the conormal bundle to Y . In particular T_X denotes the

X
*
zero section of T X , that one identifies with X .
+ .
We denote by D (X) the derived category of the category of complexes,
bounded from below, of sheaves of abelian groups on X .

. + .
Thus an object F_ of D (X) is represented by a complex of sheaves

with_f} = 0 for 1<< 0 . Moreover two complexes which are quasi -isomorphic
. PR, s + .
are identified in D (X), and any object F may be represented by a complex

of flabby sheaves.

Example 1.1. : Let A be a locally closed subset of the real manifold X .

The sheaf _Z.A on X satisfies
Q&A)x = Z if x € A
(ZEA)X =0 if x ¢ A

Assume A 1is closed in X . We have an exact sequence :

. . . +
Thus we have an isomorphism in D (X)
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(one identifies a sheaf F with the complex ... —30—3 F —53 0 3 e

where F 1is in degree O, and F [d] is the shifted complex :
F[d]l =£1+d) .

. . . . o
Now we return to the situation where X 1is a real manifold of class C .

Definition 1.2. : Let F ¢ 0b(D+(X)). The micro-support of F , denoted

*
SS(F), is the subset of T X defined by :
- *
p ¢ SS(_F_‘)%there exists an open neighborhood U of p in T X such

that for any x, ¢ X , any real function ¢ of class c* , defined in a

1
neighborhood of X with ¢(xl) =0, dcb(xl) e U, we have :

(RT ®), =0

{x5¢(x) =0} 1

Recall that if Z 1is a locally closed subset of X (here Z = {x;¢(x)= 0}),
the complex RT Z(_ID is calculated by representing F by a complex of

flabby sheaves and applying the functor I‘Z(.), where I‘Z(E) is the sul?sheaf
of F of se?tions with suoport in Z . In this paper, we shall write H%(P_‘)
instead of HI (RT Z(D)

Roughly speaking, when F 1is a sheaf, p # SS(F) means that F has no section,
and no '"cohomology" supported by "half-spaces' whose conormal lies in a
neighborhood of p .

Similarly if u : F-—3 G 1is a morphism in D+(X), we define SS(u) as SS(H),
where H 1is the simple complex associated to the double complex F—3G
(i.e. : the "mapping cope" of u).

It follows immediately by the definition that :

*
- SS(F) is a closed cone in T X ,

" .

- SS(F) nTXX = supp(F), where supp(F) = U suppHJ (F) is the support of
j

the complex F ,

- If 0—F —y EZ_—)EB‘_)O is an exact sequence of sheaves (or more

generally if we have a distinguished triangle

] +
-F-‘l‘_)EZ'—’-EB—"F—l[H] in D (X)), then :
SS(_F;.l) c SS(_F_J.)U SS(Ek) if {i,j,k} = {1,2,3}

- One proves, using contact transformations (cf.§2 below) that SS(F) is
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. * .
an involutive subset of T X , assumming of course a = 2 .
Example 1.3 i) Let Y be a closed submanifold of X . Then :

*
SS(@Y) = TY X

ii) Let ¢ be a real Cl—function,'f* = {x; ¢(x)= 0} ,

Y+ = {x3;¢(x) >0} and assume d¢ # O on {x3;¢(x) = O} . Then :

%
SS(Z_,) = (TXNT) U{(x; Adp(x)) 5 ¢(x) = 0 ,1> 0}
Y
*
SS(Zy,) = (TXN ¥ UG Adb () 5 6(x) = 0 A< 0}
Example 1.4 : Let X be a complex manifold, On_a coherent module over

the sheaf of rings QQX of holomorphic differential operators (of finite order)

(cf. [17]) . Then :
SS(]RMOOX(’"‘, %)) = char ()

where char(@?) denotes the characteristic variety of ﬂ?.

IT - CONTACT TRANSFORMATIONS

In this section we assume g = 2 .

*
Let Q be a subset of T X , and set
N(R) = {FeOb(D (X)) ; SS(E)N 2 = @}

We introduce D+(X;Q), the localization of D+(X) by N(Q) (cf.[4]).
Then :
+ +
Ob(D (X;0)) = O0b(D (X))

. . + . . . .
but a morphism u : F —3G in D (X) becomes an isomorphism in D+(X;Q) if

sS(wno =0 .

Example 2.1. : Let X = R , and let x be a coordinate on X , (x,&) the

. 3 *
assoclated coordinates on T X . Let Q = {(x,£) ;3 £>0} . Then :

= ~ . + oo
£y Z'Z'{’GX?O}:‘Zé{x;x<0}[l] in D (X50)

Now 1let X and Y be two manifolds of the same dimension, QX and SZY two
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conic open subsets of T*X and T*Y respectively, ¢ : QX :;,QY a
(homogeneous) contact transformation. Let A¢ c Q; x QY be the associated
L:grangean manifold ; Qg is the image of Qy by the antipodal map of
T X , and :

A¢ = {(x,y;&,n) ¢ T*(XXY) 5 (y,m) = ¢(x,-8)}

Let q and 4, be the nrojections from XxY to X and Y respectively. To
+ +
Ke Ob(D+(X><Y)) we associate the functor wK from D (X) to D (Y)

I ® = Ra,, & q,'D

(Recall that q,, means the direct image by 4, with proper supports, and

L and R mean the left and right derived functors).

Theorem 2.2. : Let Py € Sy » Dy = ¢(px) €ly -

+ . .
There exists KeOb(D (XxY)) such that wK induces an equivalence of

categories :

+ ~ +
Vg ¢ D (Xspg) —— D (¥5py)

*
If A¢ = TZ(X><Y), where Z is a submanifold of Xx Y , the sheaf K will

satisfies :
. + a
X=2Z,[d] in D XxY ; pXXpY)

for some shift d .

Now assume X and Y are complex manifolds of complex dimension n , and
) is a complex contact transformation. Assume for simplicity that

*
A¢ = TZ(X><Y), for Z a complex submanifold.

Theorem 2.3. : Assume :

- T L+ . .a
l{_:@z [n codlmmZ] in D (XxY ; prpY)
Then one can find (non unique) isomorphisms

b (0= 0 in 0"t
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We can describe this isomorphism as follows. Let d = codim_Z .

C
4y =~ -1 -
Let us choose a relative differential form v on Z above Y :
(2n-d) (n)® -1
veQz Q@ QY
Y
We have natural morphisms
q—l ¢ — & (restriction)
1 Xlz Z
G __,Q(Zn—d)®0 Q(n)® -1 (multiplication by v)
Z Z Y Y
(2n-d) (n)® -1 N . G .
RqZ!(QZ ® g QY ) [n codlmmZ]__; s (integration)

This defines the morphism :
¢ 3 G
wK( X) Yy’

If Z 1is a hypersurface defined by the equation @ = 0 (with dQ)# 0 on Z)
(2n)

we may take v = w/d¢ , where w 1is a volume element in QXXY

IIT - MICROLOCALIZATION

We still assume X of class C* ,0 = 2 . Let M be a submanifold,
F ¢ Ob(D+(X)). Recall (cf.[17]) that Sato's microlocalization of F_ along M ,
denoted uM(E),is an object of D+(T;X), whose stalk at (xo,go)e T;X is
given by :

o o = LimakEr ;o (U,E))

3
1 G ®)
TR, The

. o .
where U runs over the set of open neighborhoods of x  1n X , and G runs

over the set of closed wedges in X along M whose polar (in a system of

local coordinates) is a neighborhood of go . Remark that : UM(E)l . = IU‘M(E)
TXX
Example 3.1. : Assume M = {x ¢ X ;¢ (x) = 0} with dp# O on M .
o

Then if x €M :

®) _
=t ,d0)) T R ligoeo> 01 ®y
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Example 3.2. Let M be a real analytic manifold of dimension n , X a

complexification of M . The sheaf CM of Sato's microfunctions on M is

defined by :

c, = uMu@X)@@ [n]

M M

where wy is the orientation sheaf on M , (cf.[17]).

In order to state our next result, let us recall the classical notion of
"Maslov index" associated to three Lagrangean planes, (cf. [6], [11] , [13]).

Let (E,g) be a (real) symplectic vector space, A three Lagrangean

1* A2 A3
29 AB) is the signature

defined by :

planes (plane = linear subspace). The index T(Al, A

of the quadratic form q on )\1®)\2@ >\3

q(xl,xz,x3) = U(xl,xz) + o(xz,x3) + o(x3,xl), (xl’XZ’XB)E:AfB A£3 A3

Theorem 3.3. : Let X and Y be two real manifolds of the same dimension,

* *
QXc:T X and QYc:T Y two conic open subsets, ¢ : QX.___9 QY a contact
transformation. Let M and N be two submanifolds of X and Y respctively,
and assume that ¢ induces an isomorphism :

* ~ *
TXN Oy ——s T¥Nay .

Let pyefy » Py = q>(pX) € 0y

given by theorem 2.2. Then we have an isomorphism :

and let wK be the equivalence of categories

uM(E)pX = uN(w_IS.(D)PY [d]

for some shift d .
*
Moreover assume A = TZ(X><Y) for Z a submanifold of X x Y, and K = Z

¢
pY). Then :

Z
.+
in D (XxY ; p;x

d=-;—(dimM—dimN+dimX-—d'1mZ+T)
h - ( *
where © = (A _(py), ¢ (A (pg))s A(py)),

AO(PY) =T ﬂ_lw(PY) ,

Py
* -1
¢ (Ao(px)) = d¢(PX) (Tpxw W(PX)),
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*
(py) =T T Y
)N Y Py N
When X and Y are complex manifolds and ¥ is a complex contact transfor-
mation, we may combine theorems 2.3 and 3.3. First we introduce another
index.

*

Let X be a complex manifold, M a real submanifold. Let p€TMX .We set :

s (M,p) = 370, (), & A (), A_())

(where AM(p) = TpT;X , Ao(p) = TPTilTKp)’ and T is the index associated to
the real symplectic structure of T X , that is, to 2Re dwx).

Remark that s(M,p) is an integer. In fact s(M,p) may also be obtained as
follows.

Let (E,0) be a complex symplectic vector space. One says that a real subspace
A is R-Lagrangean if X is Lagrangean for Re 0 . For such a plane one says
that A is I-symplectic if Im o0 is non degenerate on A (cf. [18]). This is
equivalent to saying that (E;% 0) is a complexification of (A,%—oll).

Let p be a complex isotropic subspace of E . The symplectic forms o
induces a symplectic structure on the spacep +/p . To an R-Lagrangean plane

A in E one associates the R-Lagrangean plane AP of pt/p by setting :
o 1
AT = ((XNp ) +0)/p

Now take

1
Then A° is R-Lagrangean and I-symplectic inp /p.
Let Ao be a complex Lagrangean plane of E . One defines an Hermitian form

Y, on Ag by setting :
Y)\ (U,V) =0 (u’-‘;)

0 - . . . . .
where u,v € Ao and v 1is the complex conjugate to v 1in the isomorphism :

R A

Then one proves
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Lemma 3.4 : One has :
1 .
sgn y, =3 t(A,1x, A)

Remark that :

1 .. . . .
dim_ E - dlmm(A nianx d1mI((xnxo) +

rank(yl) = dim 5 T

P _ a3 p P
T o dlm]R " n xo)

2 dlmm(lﬂ 1xr1xo)

since AP n A°= L nA)/Giniana)
o (o] (o]

. . *
It remains to apply this lemma with E TDT X, A = AM(p),AO = Ao(p)

Corollary 3.5 : Let X and Y be two complex manifolds, ¢ a complex

. * *
contact transformation from QXC:T X to Qy © TV . Let M and N be
two real submanifolds of X and Y respectively, and assume ¢ induces an

. . * ~_ X
isomorphism TMXFIQX ——759 TNY n Q, . Then :

E 3
i) the function s(M,p) - s(N,9(p)) is locally constant on TMX n QX .

ii) locally on 0g » we may quantize ¢ as an isomorphism :
bx u (O = u (B [d]
*
where d = %-[(dim M+ s(M,p))-(dim N + s(N,¢ (p))] and p € QXFITMX .

Proof : Set q =6 (p).

First let as show that the function

T = T(A (qQ, ¢ (A ), A (q)) is locally constant with respect to

p € T X ﬂ Q . Let v(q) be a complex Lagrangean plane of TqT X ,v (@)

belng transversal to each of Xo(q), ¢ (Ao(p)), AN(q). By the cocycle

property of the Maslov index we have :
TE T, f T, t T,

L= 0@, ¢ 0,00, v@)

—
]

—
1

k
9 ™o A (@), A (@), v(a))
Ty = T(AN(q), Ao(q), v(q))

This relation can be vizualized by the diagram :
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%
O )

Ao(q) >

v (a)

KN(q)

b 3
Since Ao(q), ¢ (Ao(p)), v(q) are comnlex Lagrangean planes, T, < o .

*
Since dim ¢ (Xo(p)) n @ G dim(A (p) N Ay (@) and dim(lo(q)n Ag(a@)

T are locally constant.

are locally constant, we find that T2 and 3
Now we have, writing KM(resn. AN) instead of XM(p) (resn. AN(q))

205 (04,0) = s (N,@)) = TOL ik, A (0)) = TO,irg, A (@)

*
= T(AN , 1 AN , ¢ (Ao(p)) - T(XN,iAN , Ao(q))
* *
= A L0 (), A (@) - Ty, O @), A (@)
*
=210 (@, ¢ O ), AP

(We used the fact that the multiplication by i transforms T to — T ).

IV - APPLICATIONS
In this section we shall illustrate Corollary 3.5. Thus

b 3
a real submanifold of class C2 . Let p € TMX . We set :

X 1is a

complex manifold, M
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*
E(p) = TpT X, d(p) = du(p)
A ; %
M(p) Ip TMX

-1
Tp 7 m(p)

n

Aokp)

dimmX
dim(AM(p)fWAo(p)) =m ( = codimI(M)
dimm(AM(p)n iAM(p)lwxo(p)) = §(p)
dimm(AM(p)n iAM(P)) = d(p)

We have already defined the integer s(M,p) as % T(AM(p), iAM(p), Ao(p))
where T is the index associated to the symplectic form Re 5(p) on E(p) .

Now we define s+(M,p) and s—(M,p) by :

sT(M,p) - s (M,p) = s(M,p)
sTM,p) +s (M,p) =n -m+ 25(p) - d(p)

Remark that :

s(p) = codimm(Tﬂ(p)M + 1 T"(p)M)

This number is of course equal to zero if M 1is a real hypersurface. More
generally §(p) = O is equivalent to saying that the submanifold M 1is non

characteristic in XR' for the Cauchy-Riemann system 3 .

Example 4.1. : Assume M 1is a real hypersurface, ¢ (x) = O an equation of

M, withdp #0 on M . Let :

C
TxM = {ve TXX 3< Vv o, 3p(x) > =0}

where 3@ is the differential of ¢ with respect to the holomorphic variables.

Let lﬁa be the Levi form of @on TEM . Recall that if (x .,xn) is a system

120
of holomorphic coordinates on X , (X,,...,x_) the complex conjugate coordinates,
1 n p g

then.pr is represented by the matrix ( 9 QL)

BXiBXj

Proposition 4.2 : In the situation of Example 4.1, s+(M,dqix)) and s—(M,qux))

on TEM .
X

(I<i, j<n)

are respectively the number of positive and negative eigenvalues of Hp on TEM .

The proof follows from Lemma 3.4 and [I8, Proposition 1.6] .

In order to formulate our next result, let us denote by (p) the complex line
*

of TPT X generated by the Euler vector field, i.e. by H(“k)’ where wy is

. * .. .
the (complex) canonical l-form on T X, and H the symplectic isomorphism
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Proposition 4.3 : Let M be a real submanifold of class 02 of X, pe Tgk .

Assume :
dim_ (T T X (p)) =1
R'pM n vip

Then HjGJM(éix))p =0 for j ¢ [m + s-(M,P) - &(p),n - s+(M,p) + s(p)]

Sketch of the proof

. * * . * *
We may interchange (T X, TMX , p) with (TY, TNY » Q) by a complex contact
transformation, where now N is a real hypersurface of the complex manifold Y .

Assume we know that :
Hj(uN(@Y))q =0 for j 4l +s (N, +a » =58 (N, + g ]
Applying corollary 3.5, we find :
Hj(uM(ezg)p =0 for jg [l +s (N,q) +a - vy, n - s+(N,q) +8 -y )
where :
y =3(s0,p) - s(N,@) - m + 1)

Let us write s(M) , s(N) , Ao Ays etc... instead of s(M,p), s(N,q), AM(p),
AN(q) etc... . We have :

1+ (M) +a-y=g+3g(l+s M)+ M-sM +m
Since s"(N) + 8 (N) = n = 1 - dim(Ayni Ay =n -1 - d(p), ve find :

1+ s"(N) +a-y= a+ 3 +m=- s - d(p)

= q+ts (M) +m=- §(p)

Similarly :

n+s'(N) +g-y=n-s"M+ s +g

If we choose N such that s-(N,q) = 0 , then we can take o = O : in fact
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Ho(pN(G?y))q = 0 by the principle of holomorphic extension. Similarly if we
choose N such that s+(N,q) = 0 then we can take B = 0 : this follows from

a theorem of Malgrange [14 ] which asserts that H%(C%X) =0 for j > n and any

locally closed subset Z in X , hence in particular HJ(uN( 0&)) =0 for j > n .

This completes the proof.

*
Proposition 4.4. : Let M be a real submanifold of class C2 > Py € TMX .

Assume :

i) dimg (TPOT;x nvpe)) =1

ii) s—(M,p) - &(p) is constant in a neighborhood of P, -

Set :
i, = codim M + s (M,Rg - G(Rg

Then HJQJ (0. =0 for j#j , and for j = j this space is infinite dimen-
M X pO o o

sional.

Sketch of the proof.

As for the proof of Proposition 4.3, we may interchange, by a complex contact
E 3

M
hypersurface, and s (N,qo) = 0 . On the other hand one proves easily that

. * * * .
transformation ¢ (T X, T, X , po) and (T Y, TNY, qo), where now N 1s a real
under the hypothesis ii), s (N, ¢ (p)) - 8(9(p)) is locally constant. Since N
is a hypersurface, ¢§(¢{(p)) =0 , and s (N,q) =0 for q in a neighborhood of
q, - Thus N 1is the boundary of a pseudo-convex open set (cf. HYrmander [5,

Theorem 2.6.12] ), and ye get :
j - .
H (uN(CfY))qo 0 for j # 1

The same calculation as in the proof of Proposition 4.3 gives the result.

Remark 4.5 : Let us denote by T* the bundle T*X - T;X and by 7w the projection
Lk

TX—3X . Let M be a real submanifold of class C2 , of codimension m ,

and assume &(p) = O that is, TM + i T™ = TX . Let w, be the orientation sheaf

-M
on M . We have a triangle (cf. [17])

@XlM — RI‘M( &X) ®QM[m].___) R;r* uM( &X) @QM[m] —_— @X!M[l]

Applying Proposition 4.3, we get HJ(UM(aﬁa) =0 for j <m , and we have an
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exact sequence :

0— Bp — Hy (08 uy —3 7,1 G ()@ o —3 0
Thus

- * %
i) Assume s (M,p) > O ¥p gTwX . Then :

Hy(0® w, = @lw

ii) Assume there exists a closed convex proper cone T in T;X such that
s-(M,p) >0 Vp ¢ T . Then any section u of Hﬁ(tﬁp is represented by
(i.e. : is the 'boundary value of") a function f holomorphic in a wedge along
M whose polar is contained in I (f 1s unique modulo GQ]M)

o o .*
iii) Assume now that on an open subset U of TMX , we have
.

* ‘%
A(p) Nni x(p) = 0 . Let y denote the natural map TMX _ SqX = TMX/]R+
Then the sheaf y*(Hm+S (M’p)(uM(Cﬁa)) is flabby on y(U) (here p ¢ U),
since it is isomorphic to the sheaf of boundary values of holomorphic functions
on the boundary of a strictly pseudo-convex open set (corollary 3.5). This
allows us to obtain results of the type "Edge of the wedge theorem", but we

leave the exact formulation to the reader (for example, cf.[3]).

Remark 4.6 : Assume M 1is real analytic and &(p) = O . Then Hg((?i) is
isomorphic to the sheaf of hyperfunctions on M solution of the induced
Cauchy-Riemann system. More generally, under the same hypotheses, pM(‘yi) [m]
is isomorphic to the complex of microfunction solutions of the induced Cauchy-
Riemann system, (cf. Kashiwara-Kawai [7] , [8]). In this situation the result

of Proposition 4.3 is not new, and follows from [17, chapter III, Theorem
2.3.10] , (cf. also Naruki [16]). In fact an extensive literature exists on

this subject, starting may be with H. Lewy [12] and A. Andreotti — H. Grauert
[1] . Let us only quote some of the most recent works related to Proﬁosition 4.3
or Remark 4.5 : Nacinovich [15] , Baouendi - Chang - Tré&ves [2] , Sj8strand [19]
Tajima [20]

Remark 4.7 : We give an application of Proposition 4.4 to the study of systems

of . microcdifferential equations with simple characteristics in [10]
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