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VIII.1

In this note we give an example of a Banach space without the
approximation property. This answers negatively a problem posed by
S. Banach near forty years ago. The first such example is due to Enflo (1].
Here it is presented with significient modifications which make the
construction much more simpler, although "the main idea" is exactly the
same as in the original work of Enflo. The modifications are due mainly

to Figiel, but also to Pelczynski and to the author.

Let E, F be Banach spaces. By L(E,F) we shall denote the class
of all continous linear operators from E into F, by L(E) the class L(E,E)

and by LO(E) those operators from L(E) which are finite dimensional.
We say that Banach space E has the approximation property if

¥CCE Tuel(E)¥x€c |ulx)-x]| =1
C-compact °

and we say that E has the bounded approximation property if

IM ¥CCE Tue€lL (E) ¥xec [lu(x)-x|s1
C-compact Hu'SMO

It was proved by A. Grothendieck [2] that if the Banach space
E is reflexive then the approximation property and the bounded approxi-

mation property are equivalent.

Let E be a Banach space and E' its dual space. A family
{en’eﬁ}nEN is called K-biorthogonal system if e €E, e € E!

Hen”, “eﬁ” < K for n € N and <e ,e > = 0 if n £ m and <en,eﬂ> = 1.

For any A C N let ol span {en!nEA}. For any u € L(EA,E) let us define

tr u ='TiT EE:: <u(en),eﬁ> where |A| = card(A).

A neA

The following properties are an easy consequence of the
definition
1°) tr,u is a linear functional on L(E)
2°) [tryu] <K sup [u(e )l = KZ|lu]]
n
n€ A

3°) trAId = 1 where Id is the identity operator in E.
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Moreover there holds

o . . . N
4°) if {(en),(er'])}neN is complete in E, e.g. span {en,nGN} = E and

Ni C N for i = 1,2... is a sequence of subsets of N such that

lim ]Ni| = +®» then for each u € LO(E), lim trN u=0.

i . .

-500 h e 1

Proof : ifu=e ® x' m €N, x' € E' then

m
tr_u =|-N1——l z: <em’er'1><en’x'> = -’—1—, 6n <e ,x'>
Nj il neXN, L nen, ney, U7

.

1
and thus Itr N ul < K H—%—H and hence lim tr us=20.
i il ime Nj

Since (en) is linearly dense in E, the operators e ® x', m € N,

neN
x' € E' are linearly dense in the operator-norm topology in Lo(E)'

Therefore by 1°) and 2°) we obtain that lim trN u= 0 for each u € Lo(E)'

1—® 1

Proposition 1 : Let {en,el']} be a K-biorthogonal, complete system in

E. Let us assume that there e%?gts a sequence of positive numbers (oci)
@

such that I oy < ® and a sequence (Ni) of finite subsets of N such that
i=1
lim| N, | = += and for each u € L(E) there holds

1

trN' u - trN. u| < oci”uH for 1 =1, 2,..
i+l i

then E has not the bounded approximation property.
Proof : On the contrary let us assume that E has the bounded approxi-

mation property and that M is a constant as in the definition. Let
i be such that > o, < L and let u € LO(E) be such that

. 4M
121O
[[a(2K en)— 2Ke || s 1 for each n ¢ N, and such that lu|| = M.
0
1
Then ”(u— Id)(en)” < %K for n ¢ Nio and by 2() we get |trNi u—trN$i Id SE ,

o 0
0 1
hence by 3°) |tr ul| 25 .
iNi 2
o
For each i > i0 there holds



VIII.3

i-1
|try, uw | = |try. uw+ (tr. u- tr,. u) 2
Ny - Ny E:: Nkt Nk
0 =i
i-1 ° i-1
1 1
|trN u' - z:: trN u- trN u| 2 5 - aKM Z-Z
i . K+1 K
o K=1O K=10

and thus lim trN u# 0 and this is a contradiction with 4°.
i—e i

Let T denote the unite circle {z||z|=1} in ¢! and ae the

Haar measure on T.

By Lp’ 1 sp < wi we shall mean the Banach space of all
measurable mappings f:T = € such that
i
lell, = (frlf(e)l’pde)p <w

The dual space Lp is isometric with Lq’ where

< =

+ ﬁ = 1 and the duality

is given by
<f,g> = J’ngde for £ €L, g €L,

5°) The sequence {zn,zn}neﬂzis an 1-biorthogonal complet system in Lp'

In the sequel C;, Cﬁ A’ Cg,... will denote universal constant
’

depending only on p and A.

We shall need the following two properties of this system
1

n_ .
6°) HZE: 2| = ¢! 1 P for each natural number n
P P
i=1

n.
7°) If T = {n ,n,,...,n.} and for some A > 1 22l A for 4= 1, k-1

i
then

1
DI N cg,gizgf g 1)

i€l

(6°) is obtained by easy computations and 7°).is the property of the

"lacunary series" and it may be found in [3]).
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Lemma 1 : Let 1 < p < » and let I be a finite subset of Z such that

|I, is an even number. Then there exists A C I such that ,AI =5

and

122 - 2 A s
i€A

Proof : Let (éi)

i€l

1]

i€I\A P p

be a sequence of independent random variables such

that € i is didtributed by the rule

P(€ .=1) = P(€,=-1) =

o=

1

Then by the Kintchine inequality :

| o
B2 &, ot

i€l

Moreover Elz:: €.|2
iel *t

R

i P 4 2
EJ’|Z €,z ldest|I|

T i€l

= I. Thus by the Chebyschev inequality we get

1
m;quvhm>%

This impl

such that || Z €oz !
ier '

Let A' be

ies that there exists a sequence of signs (6&2)161

11 1
| s (2¢*P 1|2 ana ]Z €° s\/? 1|2 .
P P ier 1

the set of those 1 € I for which ég = +1 then
1 1

1> -2 zi”p < (203); 17/2 ana

1€A!

| lar] -

ier\a!

1
I Ve |)?

Therefore we can tr?nsfere from A' to its complement in I, or

conversly ,. not more then ,I,‘2 arbitrary elements in such way that we

obtain a set A such

12 2* -

i€A

11l

that |A| =5 and

i st T
2 2= ((2¢hHp + 2) |12
iet\a P P

This completes the proof.
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Lemma 2 : Let 1 <p <, and let I = [1,2"] n 2 2. Then there exist
A, BC I such that
I I
O LI SR UL EY.

AUB

and for each u € L(L , Lp) there holds

|trAu - trBu| < C5 2 p 2 “u“

Proof : Let A be such as in lemma 1, e.g. |A| = i%l and
1
”EZ: E::: < C3(2n)2 . Let us apply once again
i€A i€I\A P

lemma 1 to I\A and let B be such {hat Bc I\A |B| = lll and such that

4
13 24 -2 o 03(2“)2 . Then

icB ie(1\a)\p P
St A s DTSV D B DI
icA i€B i€A i€I\A P iE(I\A)\B i€B
1
4, n,2
2C

(2

Let u € L(LAUB, L) then let us put

u = I p_lu p, d6 where p is an operator given by
T ] C )
pe(f)(z) = f(ez) .

It is easy to see that u is diagonal e.g.

E: AL z ® z' and Hﬁ” s Hu”

i€l
Moreover trAﬁ = tr,u and trBﬁ = tryu. Let g = gg;zi then
,tr u - tr u| = ltr - tr u| = lIl <u(jz: z - 222: z'), e> | =
icA 16?
- 1
2y el 1 At - e T 20%(2")2
i le z- - 2 2] s = |u Hc (2™) 2c*(27)2 =
TfT Iq i€A ieB P 1Y
11
; C: (2n)p 2 . This completes the proof.
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n+1]
For n 2 3 let A and B be subsets of (1,2 2 ] as in lemma
2 e.g
(214 el
A NB =g, |o] =2 B, = 2
AnUBn
and such that for each u € L(L o ,Lp)
n+l-,1 1
5 [—5—](; - 35)
tr, u - tr, ul < c° |juf| 2
A B P
n n
Let us enumerate the elements of An and Bn by
n n n n .n n
A = {a1, ag,....a [n+1]_1 ], B = {bl, by,...Db rn+1]__2}
2 -2
2 2
N b,
and let us denote c. = 2° *J ang
j [n+1]_1
N={(n,i,j)|n,i,j positive integers, n 23, 1 < i < 2 2 ,
n
(51-1
1< js2°
n n n+l n+1
1 a +c. b. +e.
For (n,i,j) € N let ®(n = —=(z J 4z )

i,3) © \@;

Let Ep = span {e(n,i,j)'(n’i’J) € N} in Lp

8° .. .. .o i -bi
) {e(n’l’J), e(n,l,g)}(n,l,J)EN is a \V2-biorthogonal complete

system in E .
Y p

[e]
9°) for each x € Ep n,

a.
\ [ i
<X . . = <
’e(n,1,3)> 2 <x,z

Let N
m

n+1 n+1
c.

¢ b, "+ i
Is =\/2 <x,z J >

{(n,i,3)|(n,i,j) € N, n = m}

Lemma 3 : Let 2 < p < ». For each u ¢ L(Ep)

2(1 1
<0 22?2y

n n-1 p

tr

=1
I
c}.
=
=
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Proof : For any u € L(Ep) it is
n+1 n
2 2
trN u - trN u = i+1 i Ei <u(en i )’en i3
n n-1 [-—E—]-—l 2[51_1 i=1 j=1 y1,] y1,]
-) «
= -1
B il
L v
DB (5 L e i g) o, 57 7
2 L2 i=1 j=1
2 2
[%]_1 [n+1]—1 [n-l]_l
2 = 2 2 2 °
1
Ly T g e
L.L.]_l . [ ]_1 ) n,1,] n,1i,j [_Il;_]_1 .
y o~ J=1 9 2 i=1 2 i=1
2 2
<u(e . .),e LoL>
( n'lsJ’l)’ n'l’.]’l AnUBn
Let us fix j and let s € L(Lp ,Ep) be given by
n n+1
G -t
s(z = en,i,j i=1,2...2
pP I.n-¢-1] 1
iy _ =2 T
s(z 7) = ®h-1,j,i 1 = 1,2,...2
and let r € L(Ep,Lp) be given by r(£)(z) = z J£(z).
Then by 9°)
+1 -
5t (%5421
2 2
1 - 1
I-n+1]__1 2:::::: <u(en,i,j)’en,i,je o En—lj 1 !
ot 2 i=1 g 2 7 i=l
- Y. 5 j2'p 2 N
<m(en—1,j,i)’en—1,j,i' I..V2|trAnrus - tanrus < Cp 2 lrus| <
ne11
5 ., 2'p 2

6?2 27 x| | |

sll.

But ||r|| = 1.

Let us compute the norm of s



[Eil]_g [211]_2
2 2 an 2 2 bn
Let x = E Wiz s E Aiz 1 . Then :
i=1 i=1
n+1 n+1
['"'] 1 r_g—]—2
2
sl = | 22 e st T Mo il -
i=1
n+1 n+1
[ 5-1-1 [—5=1-2
n bn+1 + cn+1 2 an_1+cr.l_1 b9+cg
||Z: I R D M W I BRI
i=1 i=1
25 25 s
2 a.+c 2 n 2 b9+1+ n+1
DT S I I WP D ML R
1=1 i=1 1=1
[22]-2 (2131
2 2
n-1 n-1 n+1
1 a3 I, = sl + ||:
i=1
-2 [ﬂﬂj 1 -2
1

n: < [xll, + (:lu 22 <Z:1x 2

(because (c?+1) and (c?_l) are lacunary with A = 2)

s (1 + 2C§’2) ”pr because

n+1 +1

[ ; 1-1 [—5-]-2
Z:Iuil Z: 12,12 > =[xl = lIxl,-
i=1

Thus ||s]] s (1 + 2 c2 ) and hence
p,2

ncl
|trN rus - tr rusl s (1+ 22 )05 22'P
n Nn—l p,2 P

1
35)

nel 1
= 3G -3)
Since £ 2 < o for 2 < p < ® we get
n=1

and this proves lemma 3.
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Corollary : The Banach space Ep for 2 < p < » has not the approximation
property.
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