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§6. THE v -NORM fef. [10], [23], r247).

In the following let us assume that at least one of the Banach
spaces E and F has finite dimension. Then every operator T¢ £(E,F) can be

represented in the form

TV =2 <xj ag >yi for all x€E
i '

1 P P - ' P
with a1,.~.,an(-E and Yy

I

vy €F . Now the v _-norm is defined by
n P ‘
IRET A
v My =t {xlla “1.)}1/[3 sup {T|<y ,b>§p 1P,
X 1 ! “h“sl i '

1<p <o, where the infimum is taken over all possible representations. In

the case p=1 and p=® we put

v1('1‘) :=1nf (¥ Z'ai” ||yi”]
i
and
\»L_U(T) : = inf [sup “aiH sup % !<_v1,b>f] .

1 fhll<1

1t follews from the well-known relations

J(p(’i‘) = sup{|trace(8T)]:8c L(F,E), \)p(b‘")sﬂ for all Te L(E,F)
and

\vp,(s)=sup{'tr‘ace(ST)[:TG I(E, F), rrp(T)sﬂ for all S¢ L(F,E)

that the ipequalitiex

t (T)gen (T) for all Te L(E,F)
P q
and
\»q,(s)scvp,(s) for all Se¢ £(F,E)

are equivalent.

We have

mp('r) < vp('].‘) for all Te £(E,F) ,
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and in the case p= 2,

n2(T)=v2(T) for all Te & (E,F) .

If at least one of the Banach spaces E and F has the extension property

then also the equation
np(T) =vp(T) for all Te & (E,F)

is valid. On the other side A. Pelczyrllski [217] has shown that there exists
no constant ¢ >0 such that for every bounded linear operator T between

arbitrary finite dimensional Banach spaces the inequality
v (T)se n (T
(D sen (1)

holds.

Problem : If 1<sr, s<o apd 1 <p<ew, does thae exists a constant

c >0 such that
rsp

n n
f,
vp(T) sec, pnp(T) for all Te.t(lr,ls) )

S

Now we prove further results by duality.

Theorem 1% : Let TeJl(E,lg) . If 2<s<p<® then
v (T)sec P (T)
P s'p'

Proof : If 2<s<w and 1<p'<s' then by theorem 1 we have

-1

R !
n](S)ScS,p,cs,] np,(s) for all S€£(1_,E) .

Consequently, there holds the dual inequlity

-1

n
vp(T) Segip cs,l\)m(T) for all T(—‘£(E,ls) .
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Theorem 2% : Let T¢ £(E,.12). If s=1, resp 1<s<2, then
vQ(T)ScG\Jm(T), resp. vg(l‘)5c25,c;i \)m(T)
Theorem 3% : Let T€ x(lif,F) If 1<r<2 and 1<ps2 then

v (T)-c

P 21\) (T)

Theorem 4% (CONJECTURE) : Let Te .2(].:3,1"). If 2<r<wo and 1 <p<q<r' then,

- oo -

with a congtant c R

>
r.pq

» (T) g¢ v (T
p() r,pq q )

Finally, we formulate =ome special cases of theorem 1% and 2%,

Proposition 4 (5 Kwapied [77) : Let Te£(1.,1). If 2<s<p<= then

=

v {T) <e¢

I RTIT
o S,p,gs‘]||r1,.~

1. c1tion & ; ctranas ang 3ot oot ST . ',£,nn
Proposition 5 (J. Lindenstrauss and A. Pelczynski [8]) : Let T¢ (lw,ls),

If s=1, resp. 1<s=<2, then

('l‘) X HI‘V resp \’2(1‘) < c, c, ”P .

2! T2

Proof : The results follow from the fact that
Ay Ty = i dil AR f n )
STy =17l for all Tef(1l ,F)

Remark : It is easy to prove the following stronger form of lemma 4.

Let Te 4:(15,1:)~ Then

v (T sn (1)

S

One can obtain further results by using this inequality.
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§ 7. IDENTITY OPERATORS IN 1?-SPACES.

Let In be the identity operator from 1: into 12, We define the
limit order XI(r,s,np) to be the infimum of all real numbers A for which

there exists a constant cp p>O such that the inequality

A

n (I :1"=1M) <e n
n' 'r s rs,p

p

for all n=1,2,... holds. The limit order KI(r,s,vp) is defined in the =ame

way .

Historical remark : The np- and vp-norm of the identity operator from 12

into itself was determined or estimated by D.J.I. Garling and Y. Gordon
(ef. [167, [17], [18]). In the cases v_ and i
by B. Grinbaum [19] and D. Rutovitz [22]. A. Tong [26] has given necessary

the first result was proved

and sufficient conditions for a diagonal operator from 1r into 1q to bhe

nuclear (cf. also L. Schwartz [257).

Lemma 5 : If a+@3<1,

}\I(r,s,np) <a and KI(s,r,\)p,) <B
then

Al(r,s,np)= a and Kl(s,r,vp‘)= B

Proof : Since

n= trace(In) st (I :1
we have

1 S)\I(r,s,np) + ?»I(s,r,vp,) < o+fB =1
Consequently, identity holds.

Lemma 6 : Vs = 1 if rzs
A less D) <
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Proof : The result follows from the well-known inequality

n1/s-]/r if rzs
HIn: 1:-‘121!5

1 if r<s .

Lemma 7

kI(l,w,v])S()

Proof : If e= (ai) ranges over the set of all n-dimensional vectors

with si=t1 then the identity operator In has the representation

Inx=2—n2<x,e>e for all xGlrll .
e

Consequently,

n .n
\)1(1 :1]—~1m)s 1

n

Lemma 8 : If t<p<w then
}\I(],Q,vp)s()

Proof : We represent the identity operator In in the form

Inx=2°“z<x,e>e for all xe1‘]‘.
e

Then ‘
/ ’
(llell® yFP . 2?P
e

On the other hand, it follows from Littlewood's inequality (cf. [207]) that

. b
sup {)’_“<e,b>'p }1/1)’52 c_,
bl <t e P

Therefore,
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Lemma 9

XI(1,2,R]) <0

Proof : From Littlewood's inequality we have

||x||95cL2-nT. <x,e>| -
e

. n
Consequently, if xl,,..,xmel1

Z.I!'xiHScL sup Z|<xi,a> ,

' all_s1
and therefore,

n
n](In;1

n
]—~12)SC

L

Remark : Lemma 9 follows also from proposition 2

Lemma 10
)\I(m,p,\)p) < 1A//p

Proof : If eys-

identity operator In in the form

c-s€ are the usual unit vectors we can represent the

I x=X<x,e.> for all xe1
n i 1 =)
Since
{ElleiH?}Lb =11yb and sup {% |<ei,a >’p'}y$‘ =1
i

el =1 3
we obtain

v (I ln—oln)Snl/p
p n £ P

Lemma 11 : If 1€£s<2 then
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Proof : In the case s=1 the result follows from lemma 10. Now we assume

1<s<2 Then there exists € with 0 <e<s-1. By lemma 3 and 10 we obtain

n n -1 n n
w.,(ln.ls, IE;)ScS cee ®si Ks-e(ln'ls' ls)
oy eTMir a1? A% (1 11 )1 a1 -7
ss-g s1'"'n""s' "wlls-et'n" @ "s-g’ "n’s-g s
sc c“1 n]/(s—a) .
s s-¢ sl

Consequently,

?\I(s',s,n]) <1/(s-¢)
The result follows since & can be made as small as we please.

Remark : It should be possible to determine the exact asymptotic behaviour
of n (Inzlz, -~12) as n tends to infinity by using the relation
'p IS
n (T :17 -~1n)-—-c“1 {f “x”pdun(x)?l//p 1<p<s
p n "s' s Sp “Yph s s ’

The limit orders KI(r,s,H.H) and KI(s,r,\)])

By lemma 6 we have
Vs - 1 if rzs
(1) )»I(r,s,”..H)s
0 if r<s .

On the other hand it follows from lemma 6, 7 apd 10 that

?\.I(s,r,vl) S}\I(S’1’”'”) +?\I(1,m,v1) +?»I(°°,r,H.”) <SVYs' + 1
and

A s,r,\)])s?\, s,oo,”..!!)+7\I(m,1,\)1)+?\I(],r,”-“)51 .

1 1

In each case, choosing the best result we obtain

1/s'+1/r if rzs

(1) A

1 if r<s
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Finally, lemma 5 implies that identity holds in (1) and (1%*). In what
follows we illustrate our results with pairs of diagrams in the unit
square with coordinates % and ¥s. In the left land diagram we plot the
level curves of AI(r,s,np). In the right hand diagrams we indicate the

algebraic expression for A](r,s,np).

KI(r,s,H ”)

The limit orders Kl(r,s,no) and Al(s,r,v2)

-~

By lemmas 6, 9 and 10 we have

KI(r,s,nz) SAT(r,w,“ h +Al(m,2,n2)-+hl(2,s,!.”)
Ys-192 if 1<ss2
<O+ 12+
0 if 2< s <
and
AI(r,s,nz) SAI(r,1,”,H) +KI(1,2,n2)-+KI(2,s,H,H)
(Ys=-12 if 1<s<2
<S¥hr' +0+
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Consequently,
e+ s - Y2 if
(2) A(rs,my) < Vs if
- Y if
12 if

Since KI(s,r,v2)= A

in (2).

p{

KI(r,s,n2)

—

1sr<2, 1<s<52,
2<r<o, 1<s52,
1sSr<2, 2<ssS o,

2<rsow, 2<s<® .

s,r,n,) it follows from lemma 5 that identity holds

1 11
s r''s 2
1 A
2 r'

The limit orders XI(r,s,np) and AI(s,r,vp,) with 1<p<2

Since by theorem 2 and 2% for 1<r <2 we have

/\I(I',S,T[p)=}\1(r,S,Tt2) and }"I(ssr’\)p|)=}"1(s,r,\’2)

in the following we need only consider the case 2<r Sw.

By lemma 6 and 11 we obtain
. 1 1
AI(r,anJ SAI(r,s 1D +AI(s ,s,np)s]@
and

}\I(t‘,s,np) shl(r‘,r',np) +7\I(r',s,|l.”) < 1!

A
®

if r and 1ss<2,

if r'<s and 1<r'<?2
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On the other hand it follows from lemma 6 and 10 that

l 0.1
A’I(I"S7‘”:.p) SA’I(r’m)”"’) + }\'I(m)p’np) + }\'I(p’sﬂ "l’)

1/s—]/p if pzs,
SO+1/p+
0 if pss

In each case, choosing the best result we obtain

1/s if p'Sr<o, 1<s<p,

(3) A (r,s,n )< o if p'Srsw, p<s<w,
' P 1/5 if 2<srsp', 1sssr',

1! if 2sr<p', r'sssw

By lemma 6 and 11

Mlsiryv )< Alsyo, D) w2 (@, p! Vo) A (! v, 1)

1/r—'1/p' if p'=2r,

S0+1/p'+
0 if p'sr .
Moreover,
AI(s,r,v ) SKI(s,r,v2)=1/s' if 1<ss<2
Consequently,
s if p'Sr<eo, 1<s<p,
! i ! < <s s
(3%) KI(s,r,v s yb if p'Srso, psss<o,
P Vs if 2<r<p', 1<ssr',
1 if 2<sr<p', r'<ssw .

Finally, lemma 5 implies that identity holds in (3) and (3%*).
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XI(r,s,n1)
i ]33
s |r's 2
1
r'
Alr,s,m,)
1<p<2
o i
- s r''s 2
1
P 1
'

i
1
p'

1
p'
The limit orders xl(r,s,np) and AI(r,s,vp,) with 2<p<w

Since by theorm3 and 3% for 1<s<2 we have
KI(r,s,np)= kI(r,s,nz) and KI(s,r,vp')= AI(s,r,vg)

in the following we need only consider the case 2<s< .
Since

A 'r.
XI(r,s,np) Alfr s,vp)

I
hy (3%) we obtain

V%‘ if 1sSr<sp', p$sswm,
1 if P'Srs<mo, pssso,
(4) kI(r,s,np)s 1! if I1<srss', 28s<0p,

s if s'Sr<wo, 2ss<0p
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It follows from lemma 6 and 10 that

hplesrsv ) sag(s e ) + A (@0 ) +ag(ptyr, 1D

v - ' if p'2r,
sO-+Vb‘+
0 if p'Sr

On the other hand lemma 6 and 8 imply that
<Ys'+0+0 if 2svr
In each case, choosing the best result we obtain

1r if 1<srsp', pSsswm,

(4%) A (s,r,v )= ' if p'Srse, pssse,
Sy ) 1 -

I P 1r if i1<sr<p', 2<ss<p,

is' if 2sr<e, 2Ss<p

Because the square

Qq b’ ={(1r, 1s) 1 p'<r<2, 2<s<pl

does not appear in (4%), we have the open problem wether identity holds

for all r and s in (4).

XI(r,s,np)

2<p<w

Il

n

i’

o |
o=

= |~
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$& 8. LITTELWOOD OPERATORS IN IS—SPACES.

In the following n rangs over the set of all natural n?m¥ers
n
ot

lk) are

n= 2k with k=1,2,... . The symmetric Littlewood operators An=(
defined inductively by(cf. [207)

1, ¥ 'An, An
A2= = yoway A2n: = ) e e

1, -1

Then

A2 nl and a{n) =¥ 1
ik

The limit orders AA(r,s,np) and kA(r,s,vp) are introduced in the same way

as in the case of identity operators.

Lemma 12 : If a+R3s52,

<
KA(P,SJHJ <o and XA(s,r,vp) B

then
XA(r,s,np)==a and AA(s,r,vp}= B
Proof : Since
2 n n n n
n =traceh1ID)SnP(An.lr-1s)vp,(An.ls-»1r)
we have

2S7\A(r,s,np) +7\A(s,r,vp,) <o+ S 2 .
Consequently, identity holds.

Lemma 13 : If 2 s<€ > then

M(esss D s 1/s

1/2 N

Proof : Since the operator n_ is unitary we have

12
A 12-» 15 < n¥
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On the other hand, because 'a§i)|=1, it follows that

la, =1y =120 =1

Finally, if 2 s<o, the M. Riesz' connexity theorem implies

A : 17 =17 <n¥5
n S S

Lemma 14
)‘A(
Proof : The result follows from
n n n n
v,(An. 1]~*1w)=n1(An. 1]"'1«,)

n
1

= n1(In:1

The limit orders kA(r,s,H.H) and KA(s,r,v1)

By lemma 6 and 13 we have

1,2,v,.)s1/2 .

ﬂlg)“An:

1y =190 it 1) =12

Meys, LD sap e, D s a, (22,0« ap(2ys 0D

(42-¥r) + 12+ (15 - 12)  if r
< 0 + 12+ (Vs - 12) if rs

(Y2 - 1) + 12+

On the other hand we obtain

v

2, 2=zs,

"]

, 228,

0 if r

\
V]

oy 2<s .

ay e D £ 2y s LD + 2 (e s, D

<0+ s if rss'

and

and 2< s,

NEIPN N [ WERTH R RSN N}

St +0  if rs?2

and r's<s .
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Summarizing the results we have
h'+is-12 if 2Sr<e, 1582,
(5) KA(r,s,H.H)S Vs if 1srs<2, 1ss<r',
]/r' if s'Sr<w, 2<s<> .

With the known values of KI(s,r,vl) we obtain

?\.A(s,r,vl) S}»I(s,l,vl) +?\.A(1,r,H.H 1+,
and

' KA’(s,r,v1) S’/\A(s,m,ll.“) + hI(oo,r,v]) sYs'+1 .
On the other hand it follows from lemma 14 that

AA(s,r,vl) SAI(s,i,”.”) +>\A(1,oo,v1) +KI(oo,r,||.“)

S]/s'+]/‘2+1/r

In each case, choosing the best result we obtain,

tr+¥s'+12 if 2Srse, 1Ss<2,
(5%*) KA(s,r,v])s Ys' +1 if 1sr<2, 1sssr',
o+ 1 if s'Sr€ow, 285w .

Finally, lemma 12 implies that identity holds in (5) and (5%).

NEXN R

N
)

]
A
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The limit orders AA(r,s,ng) and AA(s,r,v2)

Since

AA(r,s,nz) < AI(r,2,n2) + XA(2,3,“.“)

D,

ile

we obtain, using the known values of AI(r,Z,nl) and kA(2,s,

rW'+% if 1srs2, 1ss<2,
12 +1 if 2s<srseo, 1<gs2,
W' +16  if 1sr<2, 2<g<w
\W +12  if 2<r<e, 9<gg<w

(6) M(r,s,my) €0 9

Finally, it follows from lemma 12 and AA(s,r,vg) = AA(s,r,RQ) that identity
holds in (6)

.AA(r,s,n2)

1,1 1,1
2's r's
1 1

! 2

The limit orders AA(r,s,ﬂ) ) and AA(s,r,vp,) with 1<p<2

Since by theorem 2 and 2% for 1<r<2, we have

KA(r,s,np) = AA(r,s,ng) and AA(s,r,vp,) = AA(s,r,v2)

in the following we need only consider the case 2 <p <o,

Since

. 0o
KA(r,s,ﬁp)‘>kI(r,p,ﬂp) + A (p,s, 1)



XXXT.

17

we obtain, using the known values of AI(r,p,np) and kA(p,s,“.”),

]/f)i
)»A(r,s,np) < 1h + {1,@

On the other hand it follows from

if s2p’,

if sSp

)\‘A(r’s’“p) < }"I(rir'y“p) + A.A(I",S,”.”)

that
) ,  if szr
A (r,s,m ) < &/ +
A P ¥ if s<r.
In each case, choosing the best result we obtain
( 1 if p' €<r <=, p' Sss®,
th+t if p'<r<seo, 1 <s<p!,
(7) )‘A(r's’"p) S 9 1 if 2 <r<p', r Sss®,
'+ 1s if 2 <rs<p', 1 <€s<r.
Moreover,
Mplesryvp ) s ay (s, I+ ap(=,r,v )
h if  r<p',
< e+ W' if r2p',
and
Mplesryv o) < hy sz, )+ A (2, (LD
4)\A(s,2,\)2)s 1 if 2<g<o,
Consequently, .
1 if p' Sr <>, p' Ss <,
' +1k' if p'sSr<e, 1S §<sp’,
3
L1,{r +1s' if 2 <r<p' 1ss Sr,.

Finally, lemma 12 implies that identity holds in (7) and (7*).
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)\'A(r’s’nl)

11
1 r'2
kA(r,s,n )
A P
1<p<2
1
p'
1,1 11
P s r'+s
1
o7 11
p 1 r' 2

The limit orders AA(r,s,np) and /\A(s,r,\)p,) with 2 <p <=
Since by theorem 3 and 3% for 1<s <2 we have
AA(r,s,np) = AA(r,s,n2) and AA(s,r,vp,) = KA(s,r,v2)

in the following we need only consider the case 2 <g <s®,

r, S T < A r,S
)\‘ﬂ_ ( 2 b p) q ( ? ? Vp)

we obtain %v + Vé if 1<r<s, 2<s<p,
i <r< <

(8) AA(r,s,ﬂ ) < J 1 if s<r <o, 2<s<p,

P %l.;.% if 1<r<p, pSss®™,

1 if psr<®, pss<o
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On the other hand, we have
Mlsr,v ) saplsipyv ) s ny (prr Il DD

¥ if psr,
s]/p'+
Yr if p2r,

and

A

A(s,r,vp.)sxl(s,z,ll-

MEENCE-ANES RN B

<(1¥2-1s) +1+ (¥r-92) if 1s<r<2 and 2<s<o .

s

In each case, choosing the best result we obtain

r+1¥s' if 1srs2, 2<s<p,

(8%) )\A(s,r,vp,)s 1 if psSrseo, 2<s<p,
e+ 1! if 1<rs<p, pSs<om,

1 if pSrs<seo, psSs<o .

Because the square
QAD:={H&',MQ:2<r<p,2<s<M
does not appear in (8%), we have the open problem wether identity holds

for all r and s in (8).

AA(r,s,np)

2<p<>

/

/7 e, -l,+—

/// 7 1
g l N -
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Final remark  (Cf. end of part I)

Let Lr and L be infinite dimensional. Then Pp(Lr’Lq) is strictly

-

increasing

1l

1) if 2<rs<®, 1<g<2, and r'<p<2 since AA(r,s,n )
2) if 1€r<2, 2<s<®, and 2<p<s since AA(r,s,n )

3) if 2<r<w, 2<s<®, and r'Sp<s since AI&,mnP)

v
o+ 1
.

[
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