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In the following let us assume that at least one of the Banach

spaces E and F has finite dimension. Then every operator can be

represented in the form

with and Y1’ - ,v,. E F.. " Now the v - n o r m is defined by
n . n p 

t.

where the is taken over all representations. In

the case p== 1 and we put

and

It follows froiti the relations

and 1

the 

and

are equivalent.
have
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and in the case p = 2,

If at least one of the Banach spaces E and F has the extension property

then also the equation

is valid. On the other side A. Pexczynski [21] has shown that there exists
no constant c &#x3E; 0 such that for every bounded linear operator T between

arbitrary finite dimensional Banach spaces the inequality

holds.

Problem : If 1 s r, apd does thee exists a constant

r &#x3E;0 such that
rsp

Now we prove further results by duality.

Ttieorem 1 : Let If then
s

Proof : If 2  s  m and then by theorem 1 we have

Consequently, there holds the dual inequality
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:

Theorem ,

Theorem :
....-...._--.......--.......

1 E1 c 
r . I&#x3E; q 

&#x3E;0, y

Finally, we formulate some special cases of theorem and 2*,

(IS r7l) : Let If 2  s  P  ro then

. f 
_

«1, Lindenstrauss and .A. Peczynskt : Let

A f:,::.: 1, 1 l’ i3 S ji . x 1  s ~ 2, then

: results follow from the fact that

: It i5 easy to prove the following stronger form of lemma 4..

Let W Ttion
8

can i rl further by using tis ;; LncquaMty
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§ ‘ . IDENTITY OPERATORS IN 
r r 20132013201320132013

Let I be the identity operator from In into We define the
n r s

limit order to be the infimum of all real numbers A for which
I p

t’re exists a constant c rs,p &#x3E;0 such that the inequality

for all n= a , , ... holds. The limit order is defined in "a1l1(’

p
way.

Historical remark : and v -norm of the identity operator from in
201320132013201320132013201320132013201320132013201320132013 

p p 
’’ ’ r

into itself was determined or estimated by Garling and Y. Gordon

(cf. [1ûl, [17], [1.8]). In the cases and ítl the first result was proved
by B- GrUnbaum [19] and D. llutovitz [22]. A. Tong [26] has given neces sary
and sufficient conditions for a diagonal operator from 1 

r 
into 1 

s 
to be

nuclear (cf. also L. Schwartz [25J)..

then

Proof : Since

we have

Consequently, identity holds.

Lemma 6 :
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Proof : i The result follows from the well-known inequality

Lemma 7 1

Proof : If e = ( Ei ranges over the set of all n-dimensional vectors
1

then the identity operator Inhas the representation

Consequently,

Lemma 8 : If 1p:gm then

Proof : We represent the identity operator I 
n 

in the form
--- n

Then

On the other hand, it follows from Littlewood’s inequality (cf. [201) that

Therefore,
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Lemma 9 :

Proof: : From Littlewood’s inequality we have

Consequently,

and therefore,

Remark : : Lemma 9 follows also from proposition 

Lemma 10 :

Proof : : If et, . the usual unit vectors we can represent the2013201320132013 n

identity operator I in the form

Since

we obtain

Lemma 11 : I ~ 1 $’ s  2 then
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Proof : t In the case s = 1 the result follows from lemma 10. Now we assume

1s2 Then there exist.s £ with 0  £  8-1" By lemma 3 and 10 we obtain

Consequently,

The result follows since c can be made as small as we please.

Remark : It should be possible to determine the exact asymptotic behaviour

of Tt (1 as n tends to infinity by using the relation
D n s s

Th e limit orders

By lemma 6 we have

On the other hand it follows from lemma 6,* 7 apd 10 that

and

In each case, choosing the best result we obtain
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Finally, lemma 5 implies that identity holds in (1) and (1°S),. In "That

follows we illustrate our results with pairs of diagrams in the unit

square with coordinates fi and Vs, In the left rand diagram we plot the

level curves of In the right hand diagrams we in§cate the

algebraic expression 

The limit orders 

By lemmas 6, 9 and 10 we have

and
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Consequently,

Since % I( s, r,,,)2) = ~, i(s,r,ng) it follows from lemma 5 that identity 
in (2).,

The limit and with 1 ~ p  2

Sinc&#x3E; by theorem 2 and 2* for 1 ~r~2 we have

and

in the following we need only consider the case 

By lemma 6 and 91. we obtain
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On the otlier hand it follows from lemma 6 and 10 that

In each case, choosing the best result we obtain

By lemma 6 and 11

Moreover,

Cansequently,

Finally, implies that identity holds in (:i) and (3~~).
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The limit orders 

Since byi,li,nion3 and 34 for 1 S s :9 2 we have

in the following we need only consider the ,,

Since

by (3’F) we obtain
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It follows from lemma 6 and 10 that

On the other hand lemma 6 and 8 imply that

In each case, choosing the best result we obtain

Because the square

does not appear in (4*), we have the open problem wether identity holds
for all r and s in (4).
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1 8. LITTELWOOD OPERATORS IN Ir_SPACES.. ......---- r 20132013201320132013

In the following n rangs over the set of all natural numbers

D= 2k with k= 1 ’ 2 ’""" . The symmetric Littlewood operators A =(a. (n) ) are
n 1

defined inductivelyhy(cf. [20])

Then

The limit orders and are introduced in the same way
p p

as in the case of identity operators.

Lemma 1 2 : If cx + p~ - 2,

then

Proof : : Since

we have

Consequently, identity holds.

Lemma 13 : If then J,

Proof : Since the operator n -1/2 A is unitary we haveProof Since the operator n /-An is unitary we have
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On the other hand, because it follows that

Finally, the M. Riesz’ I connexity theorem implies

Lemma 14 : :

Proof : The result follows from

The limit orders 

By lemma 6 and 1.3 we have

On the other hand we obtain

and
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Summarizing the results we have

With the known values of Xi(s,r,v 1) we obtain

and

On the other hand it follows from lemma 14 that

In each case, choosing the best result we obtain,

Finally, lemma 12 implies that identity holds in (5) and (5*). w
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Th P limit orders X A (r,,,i,n2) 

Since

we obtain, using the known values 
t

Finally, it follows from lemma 12 and = that identity
holds in (i) 

A 2 
’ ’ 

°’

and 7~ ~~, r, v ~ ~ ---. 

~ p - p-

Since by theorem 2 and 2 ~(- we have

in the following wp need only consider the case 2  r 00.

Since
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we obtain, using the known values of and 

On the other hand it follows from

that

In each case, choos’ing the best result wP o*btain

Moreover,

and

Consequently,

Finally, lemma 12 implies that identity holds in (7) and (71~’) ,
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The limit orders 2 (r, 8, n ) with 2  p °°

Since by theorem 3 and 3t- we have

in the following we need only consider the caste 2~s~°~

From ( 7 04f.) and

we obtain
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On the other hand, we have

and

if and 

In eacli ca,se~ choosing the best result we obtain

Because the square

does not appear in (84~) , we have the open problem wether identity holds

for all r and s in (8).
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Final remark (Cf. end c,f part 1)

Let L r and L s be infinite dimensional. Then P p(L is strictly

increasing
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