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SETS OF INTEGERS COMPOSED OF FEJ PRIME NUMBERS

by Jan TURK ()

le. Introduction and statement of the results.

For any finite set X of positive integers, we denote the number of elements of
X by N(X) , and the number of distinet primes of which the integers of X are
composed by w(X) .

In [2], RAMACHANDRA, SHOREY and TIJDEMAN proved, in connection with a conjecture of

Ce &+ GRIMM [1], the following theorem ( log, n = log log n , etCe) o

THEOREM Ae -= Let n , k be positive integers, n > 3 . If the interval

(n, n+k) contains a set X of integers, with w(X) < N(X) , then

k > cq (iog n)3 (].og2 n)"3 .

In theorem A, % denotes an absolute positive constante The proof of theorem A
uses the theory of linear forms in logarithms of rational numbers with rational coef-
ficients and two arithmetical lemmas of an elementary nature. These lermas, essen-
tially, suffice to obtain a lower bound for the length of an intervel which contains

a set X which satisfies a stronger condition on w(X) thon in theorem A.

THEOREM 1.

(a) For every O < ¢ <1 , there exists a number ¢, >0 , depending only on ¢ ,

1
such that, if n, k are positive integers, with n > 3 with the property that

(n, n+k) contains a set X of integers with w(X) < cN(X) , then

k > c, (log n)3 (log:a n)-'3 ..

(b) For every O <o < 1 s there exists a number ¢, > 0 , depending only on « ,

such that, if n , k are positive integers, with n > 3 with the property that

(n, n+ k) contains a set X of integers with w(X) < (N(X))¥, then

c -C
k> c, (log n) (1og2 n)" ,
vhere ¢ = 20" + 1 4
Using a generalization of one of the above mentioned lemmas (sec lema 3), we can

prove the following refinement.

THEOREM 2 = For every O < o <1 , there exists a number c3 > 0 , depending only

on o, such that, if n, k are positive integers, with n > 3 with the property
that (n, n+ k) contains a set X of integers with o(X) < (W(X))¥ , then

) .
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k> cg log n)° (].og2 n) ¢ , where ¢ = 111.51}{{201"1 + 1,401"1 -2} .

For o < 2/3 , this improves upon the lower bound for k of theorem 1 (b) 5 for
small values of « , the lower bound of theorem 2 is gbout the square of the lower
bound of theorem 1 (b)« Theorem 2 is not valid any longer if one replaces the lower
bound for k by exp{(log n)(t/z)"'e} in view of the following result.

For every 0 <o gl , there exists a rumber g > 0 , depending only on « , such
that there exist infinitely many integers n (5 3) with the property that
(n, n+ k(n)) contains a set X of integers with o(X) < (W(X))% , where
k(n) = exp(cS(log n log, n) l/2) « The method of theorem 2 &lso works for small func-
tions of N(X) other than small powerse For larger functions of N(X) , the method
of theorem & can be generalised, provided that also an asppropriate upper bound for
P(X) , the largest prime occuring in the prime decomposition of the integers of X,

is givens These results will appear in the author's thesis.

2e¢ Proofse

Notatione - Let X be a finite subset of N, the set of positive integers. We de~
note the number of elements of X by N(X) , and the set of primes which divide
at leats one element of X by (X) « We write w(X) fer N(Q(X)) . For integers
x end primes p , we denote the exponent of p in the prime decomposition of x
by v, (x) + For real numbers y , we denote the largest integer not exceeding y
by [y] .

LEMMA 1o = Let n>1 o Let X be a finite set of integers which are not smaller
than n . For every prime p and every positive integer, j , we denote
max{0 , N{x € X|p’ _divides x} =1} by N(p’) . Then

(1) X <@ + L % 1Y) (log p) (log )™

The sum over p is over the prime numbers, the sum over j over the positive in-

tegers ; of course, there are only finitely many pairs (p , j) with N(p°) #0 o

Proofe = For every p in Q(X) , let n(p) be some element of X with
vp(n(p)) >,_vp(x) s for every x in X . Let X' Dbe the sebt of those elements x
in X, with x # n(p) , for every p in Q(X) « We have N(x') > N(X) - u)_(x) . We
denote the number of eléments of X' which are divisible by pJ with M(pJ) , for

every prime p and every positive integer j « We have

nN(X)-w(X) - n1\1(1(*) Moo x .
\ e Crr v, () (=, )
= peq(xt) P = pen(xt) P .

From the definition of X' follows immediately that M(p’) < N(p’) , for every
prime p and every positive integer j « Thus

(N(X) - (X)) dog n < Zp log p Zj M(pj) < Xp Zj N(p'j) logp »
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COROLLA4RY. - Let n , k be positive integers with n > 2, and let X be a set

¢f integers contained in the interval (n, n + k). Then

(2) N(X) < w(X) + k(log k) (Logz n)"1 .

Proofs = The number of integers in (n y N+ k) divisible by p:j is at most
[kp J] + 1 o It follows that N(p‘]) < [kp 3] , for every prime p and every positi-
ve integer j . We infer from (1) that

N(x) < w(X) + Zp Zj N(p?) (Log ») (Log n)"1
-. - "1
co@ + Zp Zj [kp™](10g p) (Log n) L2 w(X) + log (k) (log n)
< w(®) + k(log ¥) (Log n)™ .
LEDMA 2. = Let n, k be integers greater than 1 , and let X Dbe a set of inte-

gers contained in the interval (n, n+ k) « If w(X) < N(X) , then
(%) 3 (log n)(log B + If w(®) + [(2()7%] < N(x) , then

»(%) > (1/2) (Log m)? (log k)2

Proof. = For every finite set Y of positive integers, we have

i < n
Mooy 7 < LoM(y) ﬂyl <, GOD(y, 5 ¥5) »
where LCM(y) is the least common multiple of the elements of Y, and GCD(yl , yz)

is the greatest common divisor of ¥y and Ty e The product is over all pairs

(y1 , y2) y with y, , ¥y, in Y and y, <y, « Define the integers n(p) , P
from (X) , and the set X' as in the proof ~f lemms l. We say already that the
number of elements of X' divisible by p’ is at most [kp 9] for every prime p

and every positive integer Jj o It follows that, for every x € X' and every prime

p , we have p <k, hence LCM(Y) <

, for every subset Y of X' . Evew
ry common divisor eof two distinct 1ntcgers in (n, n+ k) divides the absolute
value of their difference, which is one of the integers 1 , 2 , ess , k o Therefore
GCD(y1 ’ yz) <k , for every Vi <Vgs Ty ¥y in Y for every subset Y of

X! o We infer that N(Y) log n < (u(¥) + (1/2)N(Y) (N(Y) ~1))log k , for every Yc X!,
hence (w(X)/N(Y)) + (1/2) ((Y) = 1) > (log n) (log k) , for every Yc X' ., If
w(X) < N(X) , then X' has at least one element, and we choosc for Y a subset of
Xt with N(Y) =1 elementw This gives o(X) > (log n) (log k)™ , If

w(W) + [(Zw(X))l/z:l < N(X) , then we take for Y a subset of X! : with

N(Y) =1 + [(20(X))? ] elements. This gives w(X) > (1/2) (log n) log k)-z

Proof of theorem 1.

(a) Let y > 1 be given. Suppose n s k are positive intergers, n > 3, with
the property that (n, n + k) contains a set X of integers with (X) < N(X)
Then k > 2 + From (2) we deduce that k > (y - 1)u(X) (log n) (Log k) o If
w(X@) > > 6 where § 1s an appropriate co*'lstant depending only on vy (for example,

= 2(y - 1)7), then N > yw(®) 3@ + [(2000)7?] , hence, by the second part
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of lema 2, (X)) > (1/2)(log n)2 (Log k)—z and therefore
k> (1/2)(y = 1) (Log 0)° (g 7 .

If o(X) < § , then, by the first part of lemma 2, k 3 26! . Both inequalities
imply k > ¢, (Log n)3 (lOg2 n) 3 for & suitsble constant ¢, which depends only en
Y e

(b) Let B > 1 be given. Suppose n , k are positive integers, =n > 3, with the
property that (n, n + k) contains a set X of integers with (u)(K))B < N(X) .

~

Then k > 2 « From (2) we deduce that k > (w(X)° @ - (w(X))l"‘B) (Log n) (log k)—l .

If w(X) > s , where § is an appropriste eonstant ( >2 ) depending only on B ,
then N(X) > (u)(X))B > w(X) + [(Zw(X))l/Z] , hence, by the second part of lemma 2,
o(X) > (1/2) (log 1) (log k)™ , and therefore

k > 2.{3(1 - 51'*‘3) (log n):ZB"'1 (Log k)-(z&l’) .

-1
If (X) < § , then, by the first part of lemma 2 , k > n® . Both inequalities

imply k > 02(1ng n)2B+1 (log'2 n)-('?'B"'l) for a suitable positive mmber ¢, , which
depends only on £ .

LEMMA 3. - For every non-negative integer ) , we have

3)  NE®) gl 23?:0 (0(%) (Lag ¥) (Log m)~1)3 + k(log WM (Log =)

for any n, kel , with n>2 and any subset X of {n,n+1, ess 4 N+ Kk}

_1_’_1‘_0_9_1‘.'_. - By induction on A « For A =0, the assertion follows from the corollary
of lemma le Suppose Aq is a non-negative integer for which the assertion holdse
We prove that the assertion also holds for the integer N * 1 «alet n,keN,
n>2 and Xc{n,n+1l, «.,n+kjo. To prove assertion (3) with ) replaced
by g+ 1, we may assume without loss of generality that kX <mn o Let p€ alX) ,
end j €N be such that N(p’) »1 o Then P <k since N(pY) < [kp°), and

o ~ o

consequently J < [ (Log k) (1og p)—l] . Let p’ m < eee < p my , with N = N(p?) ,
be integers in X which are divisible by pJ « Then {m, , eeo, my} =¢ Y is con-

tained in {m, , m + 1, eeo, m [kp™]} , and m > np ™ >nk > 1.
From the induction hypothesis, we infer
Np?) = N(D)
XO iy -1 -3 -j ~-] XO+1
< w(Y) Zg:O (o (¥)10glkp ™1 (Tog m) ™) + [kp ] (Loglkp 1(log m)™)
3 s i s s L
c o0 295 (000 (og 157 (og ™) ™) + ] (Gog 1979 (og ™H™)

. 1
sw@)%;(Mma%kﬂugm4W+[mﬂﬂu%knmgm4f“ :

xo+l

From lemma 1 and thesinequalities we deduce
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N <o + LT V@)ampﬂbgm

< w(X) + Z ZJ_[ (1og k) (1og p)” J (log p) (leg n)' w(X) Zzgo (0 (%) (Logk) (Log n)ml)Cy

=1
) +1 ~-(rq*2)
+ Z Z. [kp™9] (Log p) (Lo k)ko (Glogm) © .

Using Z[(lOg k) (log p~ ] log p < w(X) logk , and

2
peq(X)

> Zj [kp™] log p < log ki <k log k ,
we derive

N <o) + o(®) Qog ¥) (Qog )™ o Uzommmwmwm)

Aot ~(rg*+2)
+ (k leg k) (log k) (log n)
: 2 ~(rg*2)
=Mm%§mmmgmmNﬁw+m%mw'mpﬂM+,

which proves (3) with ) replaced by Ay + 1

Proof of theorem 2. — Let B > 1 o Let n , k be positive integers , n 2 3,

”~

with the property that (n , n + k) contains a set X of intergers with

(w(X))B < N(X) « We will prove that k > c, (log n)° (1ng, n)~® , uhere

c = max{28 + 1 , 48 - 2} , and where 03 15 a .cjx'ba;l.n positive number which depends
only on B « Theorem 2 follows by taklng B=a" «For 1 <B g 3/2 the assertion
follows from theorem 1 (b) with o = B . Suppose B > 3/2 « Let c, >1,

0 <g§ <1 be real mumbers which satisfy

(4) o, (c, = B I (IS gl[B=L]-(p=1) |
We assume first that
(201)"1
(5) k <n .

Clearly k > 2 o From the first part of lemma 2, we obtain, by (5), that w(X) >3-
Hence, using B > 3/2 , we have N(X) > (W(X))B > o(X) + [(zu(x)) 1/2 ] o From the
second part of lemma 2, we infer

(6) o(X) > (/2) (log n)* (log k)™ |
From (5) and (6) we deduce o(X)(log k) (log n)™" » ¢, , hence
2 (o) (og 1) (og B ™) < o (o, = 1) (w(0) (Log ¥) (og ™I
So we obtain from lemma 3 that
k;{wmnﬂ-%wl-n*wuxmmuwkHMgm4ﬂumgm“lu%kr“”’,

for every non-negative integer A . Assume that ) satisfies

(7) WI)P = o, (e, = )™ w(® (B (og ¥) (log D™ 3 5@
Then we obtain
(8) k3 5(0()? (Qog WM (log 1)~

For convenience, we define the real number a by
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(9) w(X) = (1/2) (Glog n)? (Leg X) ™2 .
It follows from (6) that a > 2 « We rewrite condition (7) as
(10) 276 (10 1) (1og 17H2EDAE) S @ 2T - p

Put ) = [ala =1)"" (8 = 1)] « We show that (10) is satisfied. Observe that
A >[8 =1] « From (5) it follows that (log n)(log k)-1 > 2 « The exponent of
(log n) (Qog k)"1 in the left hand side of (10) is non-negative by the choice ef )\ e
Therefore if )\ » [B - 1] + 1 , then the lefthandside of (10) is greater than
2[5"'1]'*'1"(‘;’5"1) > Cl(cl - 1)"1 (1 - 6)_1

by (4) and (10) is satisfied. If ) = [3 = 1] , then the lefthandside of (10) equals

alB-11=(B1) (104 1) (Log 1)~y 2((B=1)-[p=1D)+{3-1]

Inviewof a>2, B >3/2 the exponent of (log n)(log )™ is at least 1
and therefore the lefthandside of (10) is greater than 2lP—+J=(=11+l 4 o
before, (10) is satisfied. We conclude from (8), (9) and the choice of ) that

-1
k 5 5278 ((log n) (log k) )Peale-t) " (B=D) I+l o 5= ((10g n) (10g 1)o@,

. -l -
where c(B) := inf (Ba + [a(a = 1)7" (B =1)] + 1}
a>2 (20 )—1,
If the assumption (5) is not satisfied, then k >n « Both inequalities im-
ply that k > 03((log n) (log2 n)-'l)c(B) for some suitable positive number cq
which depends only on B3 « Finally, we observe that

c(B) Zinfa>2 {Ba+a(a-1)_l (B=1)}=28+2B@=1) =48 =2,
This proves theorem 2.

Remarke = In fact, one has

o(8) = 28 + [2(8 = 1)] w minf1,8.(2(8 = 1) = [2(8 = D] ([2(s = 1)] = (8 = 1))},

for every B > 3/2 . Hence c(B) = 43 = 2 if, and only if, B = m/2 , for some
me N, m>4 . For values of « between O and 2/3 which are not of the form
2/m , for some me N, m>4, ve have therefore a somewhat better exponent than

4! =2 in the lower bound for k .
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