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Séminaire DELANGE—PISOT~POITOU 14-01
(Théorie des nombres) o
17e année, 1975/76: n° 14, 13 p. 12 janvier 1976

CONSTRUCTION OF CONTINOUS IDELE CLASS CHARACTERS
IN QUADRATIC NUMBER FIELDS, AND IMBEDDING PROBLEMS
FOR DIHEDRAL AND QUATERNION FIELDS

by Franz HALTER-KOCH

The imbedding problem for algebraic number fields with abelian kernel has been
studied in detail by NEUKIRCH [7] on the basis of the duality theorems of Tate and
Poitou. We established a local-global-principle which says, that in almost all
cases an imbedding problem with abelian kernel has a (global) solution if, and only
if, all associated local imbedding problemsare soluble. POITOU [87] dealt with the
exceptional case which, in case of cyclic kernel, only occurs if it contains an
element of order 8 , He proved that in this case there is at most one global con~-
dition which guarantees the solubility of the (global) imbedding problem if all the
associated local problem have a solution. Furthermore, he presented a cohomological

description of the additional global confition.

In the present paper, I deal with the problem of imbedding a dihedral field of
2-power degree in a dihedral or quaternion field of higher degree, These are the
simplest examples of imbedding problems with abelian kernel for which the solubili-
ty of all associated local problems is not sufficient for the existence of a global
solution. I do not use the cohomological formalism established by NEUKIRCH and
PCITOU (it seems to be very difficult to carry out the necessary calculations in
the present case) ; I shall solve the problem by an explicit construction of the
defining idele class character in that quadratic number field over which all consi-
dered dihedral and quaternion fields are cyclic. This method traces back to HASSE's
paper [6] on cubic fields and has also been used in [3]s [9] and [11] ; it has the
disadvantage of beeing very special but the advantage of beeing constructive modulo

Dirichlet's theorem on primes in arithmetic progression.

l.lgigss field theoretic characterisatien of extensions with dihedral or quaterniom
greup of order on+l .

For n>0 , let

& -1
D,=(8,T; 8% =1 1, ST =TS ")

Il

be the dihedral group of order 2°t! and

n -1
Hn=(S,T; 82=lp T2=Szn ’ST:TS_1>

the quaternion group of order 21 | Both groups have the canonical normal series

(S » T) o (3S) o (S2> 2 eee D <SZ\)) D eee D (1) »
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v
and for any 0 < v <n the group (S , '}C‘)/(S2 > is a dihedral group of order

M1,

let k be an algebraic number field and Qn/k an extension with Galois group
(S, T) (in the sequel I shall call Qn a dihedral or a quaternion field over
v
k ). For v >0 , let Q, Ye the fixed field of s2" 3 then I have

’
< c C eee CE 0 C 400 &
k QO Ql " Qn ’

where  /k is a dihedral field of degree Y"1 for any v <n , and 0/q, is

cyclic for any v < n . Let IO be the idele group of QO H Qn is class field to

an idele class character of degree M of QO s that means, to a continuous sur-

jective homomorphism L : IO — ;/Zn Z » which is trivial on OS c IO . Let
T = TIQO be the generating sutomorphism for Oo/k » and LT be defined by

L"(a) = L(g") for any idele g € I, . Then I derive L' = = L according to the
relation T L ST = s~!

and, by computing the kernel of the transfer (S,T) —> (S)»
I obtain LlIk =0 in the dihedral case and Ll%{ # O in the quaternion case,

more precisely, in the quaternion case Ll]‘.k defines the extension Qo/k ( Ik
denotes the idele group of k ).

Conversely, if Qo/k is any quadratic extension of algebraic number fields with

generating automorphism Ty ? and L : IO — g_/zn Z 1is an idele class character

with associated class field Qn » then Qn/k is dihedral or quater-

nion if, and only if, LT = -1 3

; it is dihedral if L|I_ =0 and quaternion if
L|I_ defines 0 /k .

of degree 2n

2e Q'gnstmction of idele class characj;ers.

let 4 be a prime, n > 1, k an algebraic number field with idele group I
and P be the set of all places of k . For any p € P , I denote by k_ the

local completion of k at p ;3 if p € P 1is finite then U_ is the group of

units, and Ul the group of einseinheiten of k, 3 if p € P

set =k 1_p* s : ¥=><. .
e Up kp ’ Up B_*_.lf p 1s real, and U £ if p 1is complex. Let

Cl 1 oo 9 G € I be representatives of a system of generators for the f-class-—

group of k , that means, for the £-Sylow subgroup of I/(anP Up) Kk . Let
A= (c1 9 ces ch} © I be the free abelian group generated by Ciovoeee s %
then multiplication of ideles defines a homomorphism

is archimedian, I

.
?

8 : AxIl _ U —> I/k°
pPEE p /

and, an idele class character L : I —> g/zn;g of degree i of k is uniquely

determined by its "restricted local components®

.7 - . _— n
L, =Lla: a—>32/2" 2 and Lp_LlUp. Uy > z/4" Z .

If on the other hand a homomorphism LA : A —> _Z_/En Z

and a family of conti-
mous homomorphisms (Lp : Up —_— Z/.G,n g)peP (almost all equal O ) are given,
they are the restricted local components of ‘an idele class character if, and only
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u
if, for all pairs (\'I}\;1 A (B ) )e ker § the relation

Yy
L(ﬂh )+ZpEP Ly(8,) =
holds 3 of course, this condition must only be satlsfied by a system of generators
for ker ¢ « Let T < k* be the group of all «o € k* whose associated principal

ideal (o) 1is an 4=th power and, let <Yl)l€I ckx* be representatives of a sys-

tem of generators for F/k « The principal ideles (yi) can be written in the
form

vl (i) £
(v = T, & (8t e ()
with u\)i €7 v.\)i =0 mod £ , Bpl € Up » o, € k5 and the elements
u
vi (1)
(rt=1 C\) ’ (Bp )pe'g)iEI

generate ker & .

Now it is obvious that (L ’ (L ) ) is the system of restricted local compo-

nents of an idele class character 1f, and only if, it satisfies the "compatibility
conditionsg™®

) T aety(e) T 1 (8) <o

forall ie I,

If an idele class character L : I -—>.§/£n_§ is given by its restricted local
components (LA ’ (L ) ) the full local components f% : k; __>-§/£n'g can be

computed as follows ¢ Let ™€k be a prime element of k_ 3 then for a suitable

integer r # 0 mod £ there is a representatlon

r \)
() = Ty %+ (8,) cp- (0
with uv €7, gp € Up sy WE x* s and consequently
u
- v
Ly (m) = 4.1 (HV 1€+ 2ep Ly(E) T s

The advantage of the description of an idele class character by restricted local
components consists in the fact, that the conditions (Ci) under which a system of

given restricted local components can be put together are rather simple.

3. Description of dihedral and quaternion fields over Q .

In the following considerations I restrict myself to the case k = Q » though

part of it might be carried out in general. Let @ = QWD) be a madratic number
field, D€ Z square—free, D=+ d or D=+ 2d , where d = Py eee Dy with

different odd primes Py 9 eee s Dy (t > 0) . Let T be the generating automor—

0
be prime ideals of first degree of OO such that their ideal classes generate the
2=class group of QO » and let 51 ? eee 3 5h be the associated primes. I denote

by cv that idele of Cb whose pv-component is 5v and whose other components

phism, P the set of all places, and I, the idele group of {b . Let 51""’5h
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are 1 , and then I set A=(c1,...,ch)CIO.,

Now let L IO —_— g/zn Z Dbe an idele class character of degree Zn and
LA ’ (Lp)peP) be its restricted local components. Then L defines a dihedral or

quaternion field over 9 if, and only if, the following conditions are satisfied ¢

(1) Por any f-rime p which splits in QO 5 P = pp' » and any (B,B')GprUp,CIO
with (B, B') = (B, BY) € Up x Up, » I have

0.

Il

L (BB) + L 1 g
p(BB) + L, (8 BY)
(2) For eny prime p which is inert in QO s P=p, and any B € Up » I have
1+
L = O o
p(B )

(3) Por any p which ramifies in 0 p=p° , and any peu =0 ngQ 1
have

2n-1 + 2n Z_ in the quaternion case, if (B ’ QO /'Q-‘p) £ 1
L (B) = P

p 0 in all other cases,

A corresponding condition for the c\') s 1is automatically satisfied by my choice
of them, Conditions (1), (2) and (3) I call the restricted local dihedral, resp.
quaternion conditions. Of course, if L defines a dihedral or quaternion field,

the full local components ip satisfy analogous conditions.

Now, I give a summary of all possible local components T N —_— 2n Z
P 0 2

which satisfy the local dihedral, resp. quaternion conditions, If 2z € QOp is a

prime element for p , then -ﬂp is uniquely determinated by Lb and the value

.I.;p(z) eyan_ . l

1° p infinite. — If p is complex, then L_= 0 ; therefore, on account of
condition (3), ), cannot be complex in the quaternion case. If p is real and
P = pT s then ip is determined by ip(- 1) » and on account of (1),

Ip,(— 1) = —-fp(-— 1)

holds.

2° p finite, P/r2 . - Let p # 2 be the associated prime ; then U; is a
pPro=p—group, Lp is uniquely determinated by its value on a primitive root m for
D .

(a) pe= ppt : Let ﬂp € Z be a primitive root for p , then m_ €U  1is one
for p y and np €U , 1is one for p' . If I set Lp(ﬂp) = Xp Eyan » then
(p - I)XP =0, and L ,(ﬂp) -~ X_ on account of (1). p is a prime element for

- _ o p
b mdp‘smde®)=—%@)eyfg.

(b) p=p ¢ Let np € U be a primitive root for p and Lp(np) = Yp € z/Zn Z3
then, condition (2) is equivalent to (p + 1)Yp =0. p 1is a prime element, and
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T%(p) =0y resp. 2 (1) in the dihedral, resp. quaternion case.

(¢) p= p2 : Let m € Z be a primitive root for p ; then, it is also one for

p» and if I set Lp(ﬂ) = Xp e.g/Zn_g s then (3) is equivalent to

50 in the dihedral case,
X = -1
p zzn in the quaternion case.

JD 1is a prime element for p , and if 'prJB) = W? E_g/Zn‘g s then

2n—1 in the quaternion case if p

]

-1 mod4,
W =
Y

0 in all other cases.

It follows that the quaternion case with n =1

= is only possible if p =1
m0d4o

* p=3gle.

(a) D=1 mod 8 ¢+ 2= g3*, U, =T =U,cQ,» {~1,5} is a Z,-basis
3 —
for U , and 2 is a prime element for 3 . If I set W, = L8(2) y W, =L (- 1)
n —
and W, = L3(5) € Z/2° %, then 20, =0, LS,(2) = =Wy s La,(-— 1) = W, and
L(5) =

1
W, .
(v) D

2
5 mod 8 :

2= 3, 2 1is a prime element for 3 , and {-1p/5,—1+2 D}

is a _§2~basis for the 2-component of U . I set T (2) = WO ’ L8(- 1) = Wl ’

L8(~/5) =W, » and La(-— 1 +24D) =Wye 2/ 23 then, condition (2) is equivalent

to Wl = 2W2 =0, Wy = 1 in the quaternion case, and wb = 0 in the dihedral
case.
(¢c) D=2 mod 4: 2= 32 » +/D is a prime element for z , and {-1,5,1+~Eﬂ

is a Z -basis for U, « If I set W, =1‘8(JB) y W, = La(— 1) s W, = La(S) and
WB = La(l +,J5) e.g/zn_g 3 then, condition (3) is equivalent to the following ones:

ZWO = Wl = W2 = 0 in the dihedral case 3

’

gwo = wl =0, W2 = 2n-1 in the quaternion case, if D = 2 mod 8 j
gwo = wl = w2 = 2n—1 in the quaternion casey if D= -2 mod 8 .

() D==1 mod 8 ¢ 2== 32 y A= 1 1is an element of QOS s 1 +a=1 is a
prime element for 2z » and fV/= 1,5, - 1 + 2:/5} is a Z,~basis for U

— ~2 8 )
set Wy = L8(1 +a = 1), W= La(«/— 1) s W, = L8(5) and

WB=L8(-1+2«/5) ez/?” 7

If I

?

then, condition (3) is equivalent to the following ones :

2WO = Wl ’ 2W1 = N2 = 0 in the dihedral case ;

?
n-1

W, = Wl ’ 2W1 =2 ’ W2 = 0 in the quaternion case.

0

From this, one easily sees, that in the quaternion case I must have n 2 3.

(1) Here and in the following, 2n—1 stands for 2n-1 + ZD_Z
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(¢) D=3 mod 8 ¢ 2%‘-32, 1 +4/D is a prime element for 3 , and

(= 1,40, (1+4D)%/2)

is a Z,-basis for U, . I set W, =‘L—3(1 +4/D) , W,o=1L (= 1) » W, = Ls(ﬁ) and

WB = LS((l +V5)2/2) = Z ZnZ ; then, condition (3) is equivalent to
0 in the dihedral case,
W, =2W, = :

1 2 A1 in the quaternion case.

Now assume, that a system (LA ’ (Lp)pEP) satisfies the restricted local dihe-

draly, resp. quaternion conditions § I shall give a detailed description of the com-—
patibility conditions (Ci) 3 to make life easy I assume L, =eee=L, =0 . Let T

h
be the group of all « € QS for which the associated principal ideal (@) is a
uare and = eETrs; N >0}t
sq r, {y ; QC/-QS(Y) } 3 then
2, if = 1€Ng /00
(r:r,) = o/Q o

1:if—1¢N%/QQO

and a set of representatives of a basic for the F
by

W=1) » 1f gy = QW=1)
{- 1} + if ) = Q(E 2)

{-ljplsooatpt__l}’if D

2—vector space I‘+/QS2 is given

1 mod 4

(=122, seeer Py} if DAL mod 4 and Q) #QW=1) QW 2) .

If D#1 mod 4 (that is, if 2 ramifies in Q )y I set Py =2 + In the fol-

lowing, I omit the case () = g(v- 1) » which needs separate (but simple) considera-

tions, The compatibility condition for (- 1) is a consequence of the restricted

local dihedral and quaternion conditions.

X +* %* #*2 .
If - 1eNOO/QQO I take v €T\ T, 5 then I have NQO/Q(V ) ==c with
c* e Z and
u-)(-
Y V(i 52

with w'ez, uj=0 md2, 5*; €U and o* € Q) . Now the compatidility con-

p
dition reads

(C*) /\* =0 ,
where
- z’v‘___l W e) « 3 1 (8

For i >0 » I obtain

u
vi ¢ (1) 2
(o) = T, " (6 e (D)
with uvieg, uviEO mod 2 » Bil)(—:Up ’ aie{);; e;l)::pi/ai for all
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(i )) = c and NQbAQ(a ) =+ (p. /c ) , where

FP u /2

The compatibility conditions have the form

Pé {Pl 2 ese 9 ph} ’ NOO/'Q(B

2
=1 uvi.LA( cv) + Zpeg Lp(pi/ozi) =0 .

Now I set P, = {peP; p wramified over Q} ,

ND) , if D

= 2 mod 4
=1{14+4=1,4if D=-1 mod 8
11“/5 , if D=3 mod 8

and for 121 »

(1) _
AD J5 /), () - % ep, Tylen) = (B (o) s
where the term {...} only occurs if 2 ramifies in Qj »

-5 (a,/2).1,(c) - Zpep, Tyl%) + 1 (a/e)

then a simple (but lengthy) computation shows that the compatibility conditions are
equivalent to

) f{i) §2n~1 in the quaternion case if p; = =1 mod 4 ,
C. 2 =
i

0 otherwise

for 11, and

If D=2 mod 4 , then

,/0) _ %2"“1 in the quaternion case if d = — 1 mod 4 ,
a - 0 otherwise.
(co)<1f D=-1 mds, then 2MN0) W, =0 .
If D=3 mod 8 , then
/‘O) _ 52n"1 in the quaternion case,
{ ° - 20 otherwise.

Now, I assume that the restricted local dihedral, resp. quaternion conditions,

are fulfilled by the system (LA 5 (Lp)peP) s let L Dbe the associated idele class
character. Then, in the dihedral case, I obtain

/\(i)=§_(~/ﬁ).if iz1
L(z) sy if i =0
while in the quaternion case this is at least valid mod 2 =1 o« In any case, I find

(Ci) to be equivalent with that part of the local conditions which concern the
prime element. )
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Let me return to the equation NQO/,Q(ai) = % (pi/ci) for i >0 , and notice
that genus theory in quadratic number fields yields the equivalence of the follo~
wing conditions

(a) 4 is a square in Q , ¢, = ¢

(b) u

vizo mod 4 for all v ;

() p; lies in the principal genus of Q 3
X
(d) + 1 € NOO/.Q QO .

In the case 1 =0 4, there is 2EN%/.QQS ify and only if, pis:i:l mod &
for all 1i>1.

4o The imbedding problem,

Let Q/Q be a dihedral field of degree 2, Q/q, cyclic of degree 2" ,
S a generating automorphism for Qn/QO » and .Q\) the fixed field of SZ\) « I
shall obtain necessary and sufficient conditions on Qn to have an imbedding in a
dihedral or quaternion field O . of degree 2+l over g (k1) 5, and I
shall establish a method which allows me to construct the idele class character of
QO which defines Qn+k from that which defines Qn « First let me summarize the
conditions on Qn » which guaranteée the solubility of all associated local imbedding
problems, These conditions follow immediately from the explicit description given
in the previous chapter, but now I state them in terms of the global extension
Qc QO c Qn :

Local conditions ¢

1° If, for any prime p > 2 which splits in Q) , n € {152 30009 n+k} 1is

maximal with p = 1 mod 2* , then

Qn y if <k

P 1is unramified in
Qn+k—n » if w22k .

20 If, for any prime p > 2 which is inert in QO s A {152 30009 + k}

is nmaximal with p = - 1 pod 27, then

50 , if gk
p is unramified in { °

. . 2
3° If a prine p > 2 is ramified in Oy » p=p , then

(a) p splits in Qn into prime ideals of relative degree 2 , if I am in the

quaternion case with k=1 and p=- 1 mod 4 ;
(v) p splits completely in Czn in all other cases.
40 If Q, is real, Q) is real, too. In the quaternion case, (), is real.

50 If 3 1is a prime divisor of 2 im QO s and 8 1is a prime divisor of 3 1in
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Qn , then the following conditions are fulfilled :

() If D=1 mod 8 , then (—1,Qn8/008)=1 (w1=o).
(b) If D=5 mod 8 , then WD Qns/cbs) =1 (wz =0) .
(¢) If D=2 mod 4 , then
. . . n-—-1
-~ 1 in the quaternion case if k =1 (WO = 2 )

(d) If D=-1 mod 8 , then

(»\/-:—1. ’ 0118/008) = %

1 in all other cases (wb =0)

- 1 in the quaternion case if k =1 (W, = =1y,

1 otherwise (w1 =0) ,

and
- 1 in the quaternion case if k=2 (W, =2"71),
(1+»\/-190n8/90)=
8 (1 in all other cases if k »2 (W, =0) .
(e) If D=3 mod 8 , then
- 1 in the quaternion case if k=1 (W, = =1y
Cfﬁ ’ QQS/Qna) =

(1 otherwise (w2 =0) .

Now I can prove the following theorem.

THEOREM. — Let 0 /Q be a dihedral field of degree Al 0/, cyelic of
degree 2" » and k > 1 ; then the following assertions hold

(1) I k=1, the local conditions 5°, for p = 2 , are a consequence of 1° to

40 (consequently, all local conditions at p = 2 , with exception of the second

condition in the case D= -1 mod 8 , k > 2 , can be omitted),

(2) The local conditions are sufficient for the existence of an imbedding of Qn

in a dihedral or quaternion field of degree 2n+k+1 unless we deal with one of the
following cases :

(a) D

(v) D

n

-1 md8, DE-1, 2€Ng /g G+ k23,
k=23,

~2 md 8, DFE-2, 2€Ng/q O

(3)If D=-1 md8 or D=-2 md8, DF~1, DF=-2, 2€Ng/ Gy »

k > 3 4 and if all local conditions are fulfilled, then Qn has an imbedding in a

dihedral or quaternion field of degree 2""*! if, and only if,

5-1 in the quaternion case if k=3 and D=~ 1 mod 8 ,

(0, q/q,) =2

1 otherwise,

for an idele m of QO with the property

2
1”3 - CZOQ-(Y) ?
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where e, is that idele whose g-component is z and whose other components are

1, & is a unit idele with (s , Qn/QO) =1 and v € 03 (the ideal associated
with w lies in the class whose square is the class of 3 ).

If n =0 in the above theorem, I obtain as a corollary the results of DAMEY and
HMARTINET [ 1.

Proof. - Let Qn be given by its defining idele class character L of QO with

restricted local components (L ’ (L ) ) » and let me use the notation of the

previous chapter. Then assertlon (1) follOWs from the fact that Z f‘l) is the
I~value of the idele (.,o s 1 NHS 3 oco 9 vr_ s Z 9 1 ...) (1f 2 is unrami-

fied in Q) » I set /\(O) =0, z=1). To handle the condition stated in (3)

observe that, in the case D=-1, -2 md8, D#x~=1,=-2, 2€ NObAQ q; ’
k>3, Iobtain

NO) _ o1.()

for any me IO as in assertion (3) wherefore the condition stated there is
equivalent to

n-1 . . .
2 in the quaternion case if k=3 and D=1 mod 8
1 A0) _ ! ’

0 otherwise,

The local conditions 1°, 2°, 4° and 5° guarantee the existence of liftings
I+ U —>2/" 7 of L : U —>7/2" 2 which satisfy the restricted local
dihedral or quaternion condigions. Constructing a dihedral of quaternion field
Qg ©Q, is equivalent to construct liftings (i , (T )peP) of (L (L ) )
such that they satisfy the restricted local condltlons and the compatlblllty condl-
tions. To carry out this construction I first assume that I have found any liftings
which satisfy the restricted local conditions and then I shall modify them little

by little to obtain finally a system which satisfies all requirements,

Let (L ’ (L) ) be liftings of (L (L) ) which satisfy the restric-
eP A peP g

ted local dlhedral, resp. quaternion, condltlons and let AF , 761 be quantities
formed from (LA » (L) P) in the same manner as /N¥ , f<l) are formed from

(LA ) (Lb)pep) ; then R¥+ 2" 2 =N, /'i(i) + 2" g =/\(i) .

Assume thet for a n € {0 , 1 , ... » k} the following conditions are fulfilled:

(A) For any i€ {1 5 eee » t = 1} »
2n+k-2 n+pu—1

(1) mod 2 in the quaternion case if p; = -1 mod 4 »
N =
0 mod Zn*"-l otherwise,

(B) If D=2 mod 4 , then

S2n+k—2 mod 2%*~1 in the quaternion case if D= - 2 mod 8 ,

R -

0 moa 21 otherwise.
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(C) If D=~ 1 mod 8 , then
2%‘0) - ﬁl = 0 mod 2n+n
(D) If D=3 mod 8 , then
27\(0) % 2n+k—1 mod 2™ in the quaternion case,
0 mod 2% otherwise,

(E) If -1¢€ Ngb/Q Gg y then
;Q&

Obviouslys if wu = O » then (A) to (E) are true. I now have to modify a finite
number of the L . S by terms =0 mod P

gruence (E) ig valid mod 2n+k

0 moa 21

such that in the case u = k the con-—

» and that in the case u < k the congruences (4),
(8) and (E) are valid mod 2°™ , while (C) and (D) are valid mod 2+l

If -1 €Ny /g0 » I first modify (B) ; assume /% =0 mod L 4o
mod 2n+n (n 3.1) . Take a prime p =~ 1 mod Zk-”+1 (

which is inert in s g

p=-1 mod 4 if k = n)
is a quadratic non-residue mod b , whence there
exists ip =0 mod 21 with ip(Bg) = el o B ; this does the job.
Next, in the case D# 1 mod 4 , 2 €N / cg y I first deal with (B), (C) or
(D) while in all other cases I first deal with A). To obtain the congruences (A)
mod 2% , I consider the field M = ngﬁﬂ”+1)QJE;', veo ;/JE;:E) (%) and observe

that Py 9 eee 9 Py, aTe quadratic independent in M ; so there exist infinitely

9
many systems (61 ? eee 3 at—l) of prime ideals of first degree in M such that

(pi aj) = (= 1)%% | 1r (q1 b see : qt—l) is the restriction of such a system to

(, » there exist P such that
q, U1
SR (w) ()
j=1 ay i q% i

has prescribed value 2n+u—1.ei mod 27t (ei =0 or e; = 1) . If furthermore 2

remifies in @, and * 2 € Ng /g Oy » I mst only choose G§. in such a way that
the associated primes satisfy qj =~ 1 mod 8 to get L

" q.(aO) + Lq‘.(aO) =0
mod 2 H . J J

As to the congruences (B), (C) and (D) I only consider (B) which is the most dif-
ficult one ; the others can be done in a similar manner. So I assume
“ =1 and

D=2 mod 4,

2n¥k—2 mod 2n+”—1 in the quaternion case if D= - 2 mod 8 ,

R(O) £

0 moa 2F1 otherwise.,
I have to distinguish several cases :

(a) + 2 ¢ Nf@/g Og : This case can simultaneously be done with congruence (A) ty

(%) qém) denotes the field of m-th roots of unity over

d"
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considering the field

k=put+1
ie 5 e —
= ~ )(’\/2 9 »\/Cl y eee /Jct_l)
instead of

. 2 -+l e
M= Qgﬁ )(\/ L 3 e ’\/c.t_l) ’

and observing that Co » Py s see , Py, are quadratic independant in M.

(b) =2em /QQS, k =2 : Take a prime p =5 mod 8 which splite in ¢ ,

p = pp' 3 then o:'(; has opposite quadratic characters mod y and mod p' , and

therefore exists 1. =0 mod 2% such that L. (a ) + L. (a ) = 2% moa 2™! ; the

_ v
congruences (A) remain unchanged mod 2n+m. 1 (E) remains unchanged mod ol

(¢) =2€1

¢ k >3 D=-2mod 8 : Then (oz)... (2/c ) ; take
i O?/Q 0 ’k Wil /9
a prime p

(at least p = -1 mod 8) which is inert in OO

p = p « On account of (O!o/p) = -~ 1 there exists 'i'p 0 moa 27 ~1 such that
L (Gf ) = 2™l poa 2™ and this does the job.

]

(d) + 2 € N . /QQ; , k=23, D=-=2 mod 8 : On account of (3), I have n > 2.
I consider the ?leld

y ( k"‘”’*'z) 4 - —-

M = QO (W2 y MOy eee s "/ct-l)

% J2 Py s e+ 5 Py, are quadratic independznt in
M  whence there exist infinitely many prime ideals Tq'o of first degree in OO for
which (Ot Jé/ﬁo) = -1 and (pl/"q'o) =+ 1 if 1 >1 . Let qy be the restric-
tion of such a vb to QO and q = =1 mod 21‘:_"“72 be the associated prime, Let

-2
me Z be a primitive root for g, and set T (w) = 2"7° | Then

and observe that the numbers

~ n+u—2 '
qu(ao) + chq)(uo) = 2 (XO - XO)
%0 0

where 010 =1 nod G » < =1 mod qé .

Now I use the equations

NCb/Q(a):'cZ:-_’ (-—%(—)-—)=-l ,
and the fact that c, is a square in Q to conclude x4 = X} =2 mod 4 .
(e)_.2eHC/Q.O, >3, D=2 mod8, w>2: I proceed as in (d) with
the following modification : If -1 ¢ II /Q “O , I consider the field
w* = w(Jye®)T)
instead of M to guarantee that " remains unchanged mod 27",
(f):i:ZEN,{b/&fg,k;B, —2mod8, w=1:If

V/ay = (- 1) .5 2(1 + «/1)‘){'3
then
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51 mod 2 if NQO/‘Q(CYO) >0

zo mod 2 if NQO/Q(CYO) <0 .

W3

x 3 2 Vf'{ WE "W.; '
= /2 = (= . . #* =
If -1€Ng/qQ and Ba—-y/af (= 1) "5 “(1++D) 7, then wf=1
mod 2 .

Let p=-1 mod 2k be a prime which is inert in QO + P=p » then o is a
quadratic residue mod p if, and only if, NCb/Q(ao) >0 . If 7 1is a primitive

root for p , and if I set 'f,p(n) = 2" , then
P omod 2P ir NQO/Q((XO) <0
+ .

n+l o e NQO/.Q(O‘O) >0

0 mod 2
while ip(y*/a*2) = 2" mod 2*! | Replacing WB by WB + 2" and setting T
above yields the desired result.

I (ay) =

as
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