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CONSTRUCTION OF CONTINOUS IDELE CLASS CHARACTERS

IN QUADRATIC NUMBER FIELDS, AND IMBEDDING PROBLEMS

FOR DIHEDRAL AND QUATERNION FIELDS

by Franz HALTER-KOCH

Séminaire DELANGE-PISOT-POITOU

(Théorie des nombres)
17e année, 1975/76, n° 14, 13 p. 12 janvier 1976

The imbedding problem for algebraic number fields with abelian kernel has been

studied in detail by NEUKIRCH ~7~ on the basis of the duality theorems of Tate and
Poitou. We established a local-global-principle which says, that in almost all

cases an imbedding problem with abelian kernel has a (global) solution if, and onl~’

if, all associated local imbedding problemsare soluble. POITOU ~8~ dealt with the
exceptional case which, in case of cyclic kernel, only occurs if it contains an

element of order 8 . He proved that in this case there is at most one global con-

dition which guarantees the solubility of the (global) imbedding problem if all the
associated local problem have a solution. Furthermore, he presented a cohomological

description of the additional global confition.

In the present paper, I deal with the problem of imbedding a dihedral field of

2-power degree in a dihedral or quaternion field of higher degree. These are the

simplest examples of imbedding problems with abelian kernel for which the solubili-

ty of all associated local problems is not sufficient for the existence of a global

solution. I do not use the cohomological formalism established by NEUKIRCH and

POITOU (it seems to be very difficult to carry out the necessary calculations in
the present case) ; I shall solve the problem by an explicit construction of the

defining idele class character in that quadratic number field over which all consi-

dered dihedral and quaternion fields are cyclic. This method traces back to HASSE’s

paper [6] on cubic fields and has also been used in [3], [9] and [ 11] ; it has the

disadvantage of beeing very special but the advantage of beeing constructive modulo

Dirichlet’s theorem on primes in arithmetic progression.

1. Class field theoretic characterisation of extensions with dihedral or quaternion

group of order 2n+1 .

be the dihedral group of order 2n+ 1 and

the quaternion group of order 2n+~ . Both groups have the canonical normal series



2~
and for any 0 ~ B~  n the group (S ~ T)/ (S ) is a dihedral group of order

203BD+1 .

Let k be an algebraic number field and Q /k an extension with Galois group

(S ~ T) (in the sequel I shall call Q 
n 

a dihedral or a quaternion field over
k ). For 03BD > 0 , let Q 

B) 
The the fixed field of S 

203BD 
; then I have

where Q /k is a dihedral field of degree 203BD+1 for any 03BD  n , and Q /CL is
v B~ ~

cyclic for n . Let I0 be the idele group of 03A90 ; 03A9n is class field to

an idele class character of degree 2 of that means, to a continuous sur-

jective homomorphism L : I0 2014> Z/2n Z , which is trivial ci i . Let
T == T CL be the generating automorphism for and L 

’I" 
be defined by

= L(a ) for any idele o ~ I . Then I derive L = 2014 L according to the
2014i -*1 )relation T ST = S and, by computing the kernel of the transfer S,T~ 2014> S> ,

I obtain LJ I., == 0 in the dihedral case and L|Ik ~ 0 in the quaternion case,

more precisely, in the quaternion case L)]L. defines the extension CL/k ( L
denotes the idele group of k ).

Conversely, if 03A90/k is any quadratic extension of algebraic number fields with

generating automorphism 03C40 , and L : 1.. ’2014> is an idele class character

of degree 2 with associated class field 03A9n , then Q /k is dihedral or quater-
nion if, and only if, L 

’I" 
== 2014 L ; it is dihedral if LtL == 0 and quaternion if

L L defines CL/k .

2$ Construction of idele class characters.

Let l be a prime, n  1 y k an algebraic number field with idele group I

and P be the set of all places of k . For any p ~ p , I denote by k the
- y - 

p
local completion of k at p ; if p = P is finite then U, is the group of

units, and U the group of einseinheiten of if h ~= P is archimedian, I

set U == k" , U’" = R + , if p is; real, arid U’ if p is complex. Let

... , ch = I be representatives of a system of generators for the l-class-

group of k , that means, for the l-Sylow subgroup of Up).k  . Let
~ == (c ~ ~.. j, c.) ci i -be the free abelian group generated by c ~ ... ~ c. ;
then multiplication of ideles defines a homomorphism

and, an idele class character L : I -> Z/ln Z of degree ln of k is uniquely
determined by its "restricted local components"

If on the other hand a homomorphism A -> and a family of conti-

nuous homomorphisms (L : U ---> Z)p~p P (almost all equal 0 ) are given,

they are the restricted local components of an idele class character if, and only



holds ; of course , this condition must only be satisf ied by a system of generators

for ker ~ . Let kX be the group of all k ~~ whose associated principal

ideal is an power and, let c: k~ be representatives of a sys-

tem of generators for The principal ideles can be written in the

form

generate ker ~ .

Now it is obvious that (L , (L ) ) is the system of restricted local compo-

nents of an idele class character if, and only if, it satisfies the "compatibility
conditions"

f o r al l I .

If an idele class character L : I --~> Z is given by its restricted local

components ~L : (L ) ~) the full local components L : k; --> can be

computed as follows : Let TT E k be a prime element of k ; then for a suitable
integer r / 0 mod ,~ there is a representation

The advantage of the description of an idele class character by restricted local

components consists in the fact, that the conditions ~C . ~ under which a system of
1

given restricted local components can be put together are rather simple.

3. Description of dihedral and quaternion fields over £ .

In the following considerations I restrict myself to the case k = Q , though

part of it might be carried out in general. Let % = be a qu adratic number

field, D E Z s quare-f ree , D = ± d or D = ± 2d , where d = p1 ... Pt with

different odd primes p , , . , , Pt 0) . Let T be the generating automor-

phism, p the set of all places, and I 0 the idele group of 03A90 . Let 1,...,h
be prime ideals of first degree of ~ such that their ideal classes generate the

2-class group and let ... , h be the associated primes. I denote

by C 
v 

that idele of 03A90 whose p v -component is p 
v 

and whose other components



are 1 , and th en I s et ~. _ ~ c ~ , ... , c. ) c: IO o
Now let L : I 0 ~> Z,~2n Z be an idele class character of degree 2n and

(’L ) be its restricted local components. Then L defines a dihedral or
A ~, p~P
quaternion field over Q if; and only if, the following conditions are satisfied :

~1~ For any prime p which splits p ~ ~~’ , and any xU ~~I~
with (p , p~ )~ = (~ , p~) = 1; x U , , I have 

P P
mth ~ ~ , ~ ~ - ~~ ! ~ ~ E U x I have

(2) For any prime p which is inert in 33 ~ p , and any f3 E U , I have

(3) For any p which ramifies in p ~ p2 , and any p 6 U == U n Qp , I

have

in all other caseso

A corresponding condition for the C’ s is automatically satisfied by my choice

of them. Conditions (1), (2) and (3) I call the restricted local dihedral, resp.

quaternion conditions. Of course, if L defines a dihedral or quaternion fields

the full local components L 
P 

satisfy analogous conditions.

Now, I give a summary of all possible local components L : X .--.> Z/2n JZ
which satisfy the local dihedral, resp. quaternion conditions. If 25 = CL is a

prime element then L is uniquely determinated by Lp and the value

L (z) E Z/2n Z e
1° p i,nfinite, .- If p is complex y then L == 0 ; therefore, on account of

condition (3), 03A90 cannot be complex in the quaternion case. If p is: real and

~,~ = ~T , then L 
P 

is determined by L P (- 1 ~ , and on account 

holds.

2° p finite, p 2 . -- Let p , ~ 2 be the associated p rime ; then U1p is a

pro-p-group, L is uniquely determinated by its value on a primitive root n for

.

(a) p ~ pp’ : Let 03C0 
p 

E Z be a Primitive root for p , then 03C0 E U is one

for p , and rt E U t is one If I set L (03C0p) = X E Z/2n Z , then
p ~ ~ p p

(p -- 1~X - 0 , and L ~ (~ ~ -- -- ~ on account of ( 1~, p is a prime element for
P _ ~ p 

,~ 
P

p and and Lp’ (p) = - L ( p ) E Z/2n Z It

(b) p = : Let rt E U be a primitive root for p and L (03C0p) = Y ~ Z/2n Z ;
p ~ , 

~ ~ P p -

then, condition (2~ is equivalent to ~p + 1~Y - 0 . p is a prime element, and
P



I, ~ ~ _ 0 ~ resp, 2n~~’ ~ ~ ~ in the dihedral, resp. quaternian case.

(c) p ~ 2 : Let ~t E Z be a primitive root for p ; then, it is also one for

, and if I set Z (03C0) = X 
p 

E Z/2n Z , then (3) is e quivalent to

in the dihedral case,

in the quaternion case.

JD is a prime element for p , and if L = « E Z/2n Z , then
in the quaternion case if p == - 1 mod 4 ,

in all other caseso

It follows that the quaternion case with n = 1 is only possible if p = 1

mod 4 .

then, condition (3) is equivalent to the following ones:

~~~’0 ~ ~~i ’ ~~~1 ~ ~2 ~ ~ ~ ~~~ 

~’0 ~ ~~l ~ ~~ ~ ’ ~’~2 ~ ~ in the case.

From this, one easily sees, that in the quaternion case I mUst have n J 3 .

(~) Here and in the following, 2~"~ stands for 2~~ + 2~ JZ .



in the dihedral case,

in the quaternion oase.

Now assume, that a system (LA , (L ) ,.--) satisfies the restricted local 

dral, resp, quaternion conditions ; I shall give a detailed description of the com-

patibility conditions (C ) ; to make life easy I assume L03B2 ==...= Lh 
== 0 . Let I"

~ 
x Pi Ph

be the group of all a ~ CL for which the associated principal ideal (cy) is a

square and r = ~y ~ I" ; N~ /n(’Y) > 0) ; then

and a set of representatives of a basic for the F2-vector space is given

by

If D ~ 1 mod 4 (that is, if 2 ramifies in ~~- ~ , I set p - 2 . In the fol-

lowing, I omit the case 03A90 = Q(- 1) , which needs separate (but simple) considera-
tions. The compatibility condition for (- ~~ is a consequence of the restricted

local dihedral and quaternion conditions.

with u* E Z , u*03BD ~ 0 mod 2, 03B2*p E U and 03B1* E CL" . Now the compatibility con-

dit ion reads

where

For i ~ 0 , I obtain



The compatibility conditions have the form

Now I set P~ = unramified over 

and , for i ~ 1 ,

where the term ~, .. ~ only occurs if 2 ramifies in ~ ,

then a simple (but lengthy) computation shows that the compatibility conditions are

equivalent to

in the quaternion case if pi == - 1 mod 4 s

otherwise

in the quaternion case if d = - 1 

otherwise.

in the quaternion case,

otherwise.

Now, I assume that the restricted local dihedral, resp. quaternion conditions,

are fulfilled by the system (L I (L) _-,) ; let L be the associated idele class

character. Then, in the dihedral case, I obtain

while in the quaternion case this is at least valid mod 2~"’ . In any case, T find

(C.) to be equivalent with that part of the local conditions which concern the

prime element.



Let me return to the equation N03A90/Q(03B1i) = ± (pi/ci) for i  0 , and notice
that genus theory in quadratic number fields yields the equivalence of the follo-

wing conditions :

In the case i - 0 , there is 2 E " if, and only if, pi ~ ± I mod ~

for all i ~ 1 .

4. 

Let ~ be a dihedral field of degree cyclic of degree ’ ,
S a generating automorphism for 03A9n/03A90 , and 03A9

v 
the fixed field of I

shall obtain necessary and sufficient conditions on n to have an imbedding in a

dihedral or quaternion field 03A9n+k of degree 2n+k+1 over £ (k  1) , and I

shall establish a method which allows ~ne to construct the idele class character of

% which defines from that which defines (1 . First let me summarize the
conditions on 03A9n , which guarantee the solubility of all associated local imbedding
problems. These conditions follow immediately from the explicit description given
in the previous chapter. but now I state them in terms of the global extension

_ c~ ; i .

Local conditions :

1° If, for any prime p > 2 which splits in % , ~, ~ ~ 1 , 2,..., n + k~ is

maximal with p _ 1 mod then

p is unraroif’ied in
2° If, for any prime p > 2 which is inert in (1 , 2 , , .. , n + k)

is maximal with p = - 1 ~~ , then

p is unramified in

. ~~ ~ r

3° If a prime p > 2 is ramified in % , p ~ p 2 , then
(a) p splits in Q 

n 
into prime ideals of relative degree 2 , if I am in the

quaternion case with k = 1 and p = -- 1 mod 4 ;

(b) p splits completely in Q in all other cases.

4° If n~ is real, Q is real, too. In the quaternion case, % is real.

5° If z is a prime divisor of 2 in 03A90 , and 8 is a prime divisor of z in



Q , then the following conditions are fulfilled :

(a) If D = 1 mod 8 , then (- 1 , (~ = 0) .

(b) If D = 5 mod 8 , then ~/T)’ , = 1 = 0) .

(c) If D = 2 mod 4 , then

in the quaternion case if k = 1 

in all other cases (w~ == 0) .

in the quaternion case if k = 1 ~W 1 = 2~’* ) ~
otherwise (w == 0) ,

in the quaternion case if k = 2 (w.. = 2 " ) ~
in all other cases if k ~ 2 (~ == 0) .

(e) If D = 3 mod 8 , then

in the quaternion case if k = 1 (w~ == 2 "" )
otherwise = 0) .

Now I can prove the following theoremo

THEOREM. - Let be a dihedral field of degree 2n+1 , 03A9n/03A90 cyclic of

degree 2 p and k ~ 1 ; then the following assertions hold :

(l) If k = 1 y the local conditions 5~? for p = 2 , are a consequence of 

4° (consequently, all local conditions at p = 2 , with exception of the second

condition in the case D = - 1 mod 8 ~ k ~ 2 , can be omitted).

(2) The local conditions are sufficient for the existence of an imbedding of Q 
n

in a dihedral or quaternion field of degree 2n+k+1 unless we deal with one of the

following cases :

k ~ 3 , and if all local conditions are fulfilled, then Q has an imbedding in a

dihedral or quaternion field of degree 2 if, and only if,

in the quaternion case if k = 3 and D - - 1 mod 8 ,

otherwise,

for an idele to of CL with the property



where e is that idele whose ~-component is z and whose other components are

1 , g is a unit idele with ~~ , 1 and y (the ideal associated
with ~ lies in the class whose square is the class of ~ ~ .

If n = 0 in the above theorem, I obtain as a corollary the results of DAMEY and

Proof. - Let Q be given by its defining idele class character L of CL with

restricted local components (L ) P) , and let me use the notation of the
previous chapter. Then assertion (1) follows from the fact that 03A3ti=0 ^(i) is the

L-value of the idele ( . , o , 1 , D , ... , D , z , 1 , ...) (if 2 is unrami-

fied in I 0, z = 1 ). To handle the condition stated in (3)
observe that, in the case D == - 1 , - 2 mod 8 ~ 1 ~ - 2 , 2 ~= 

k ~ 3 , I obtain

for any m E I 0 as in assertion (3) wherefore the condition stated there is
equivalent to

in the quaternion case if k = 3 and D mod 8 ,

otherwise.

The local conditions 1~ ~ 2°, 4° and 5° guarantee the existence of liftings

L : U ---> Z of L : U ~-r.> Z/2 / n Z which satisfy the restricted local
r p 

~ 2014 

dihedral or quaternion conditions. Constructing a dihedral of quaternion field

~n+k ~ ~ is equivalent to construct liftings of P )
such that they satisfy the restricted local conditions and the compatibility condi-

t ions . To carry out this con st ruct ion I f irst assume that I have f ound any liftings

which satisfy the restricted local conditions and then I shall modify them little

by little to obtain finally a system which satisfies all requirements.

Let (Lp) p~P) The liftings of (L ) .-) which satisfy the restric-

fed local dihedral, resp. quaternion, conditions and let ^* , /Y be quantities
formed from (L) .-) in the same manner as ^* , ^(i) are formed from

A b ~r ~(i~ B n /. B
(Lp)p~P) ; then ^*~+ 2" Z = ^* , ^(i) + 2n Z = ^(i) .

Assume that for a x E {0 , 1 , . , . , k} the following conditions are fulfilled :

(A) For any i E (l ~ ... , t- 1~ ,

in the quaternion case if p. 1 = - 1 mod 4 ,

otherwise.

(B) If D = 2 mod 4 , then

in the quaternion case if D == 2014 2 mod 8 ,

otherwise.



(C) If D = - 1 mod 8 , then

in the quaternion case,

otherwise.

Obviously, if n = 0 , then (A) to (E) are true. I now have to modify a finite

number of the I , s by terms > 0 mod 9 such that in the case n = k the con.....

graence (E) is valid mod P , and that in the case n  k the congruences (A) ,
(B) and (E) are valid mod 2n+ , while (C) and (D) are valid mod 

If - i e £ , i first modify (E) ; assume X" > o mod E o
mod 9’ (n % I) . Take a prime p * - I mod (p z - I mod 4 if k = n)
which is inert in % ; fl* iS a quadratic non-residue whence there

exists I z 0 mod with I ($") z 2n+n-1 nod /" ; this does the job.
[ P P

Next, in the case D E i mod 4 , + 2 e ?i, / £ , I first deal with (B) , (c) or
(D) while in all other cases I first deal with To obtain the congruences (A)
Nod 2n+n , 1 consider the field M = 03A9(2k-n+1)0 (c1 , .. o ; (2) and observe
that p , I ... , _ p t-1 

are quadratic independent in M ; so there exist infinitely

many systems ( q , ... , qt-1) of prime ideals of first degree in M such that

(pi/qj) = (- 1)03B4ij . If’ (q1 , ... , qt-1) is the restriction of system to

% , there exist Lq1 , ... , Lqt-1 such that

has prescribed value mod 2n+~’ (e . = 0 or e . - j ~ . If furthermore 2
1 

x 
1 1

ramifies in Do and f 2 E N ~/ ~ ~ x , I must only choose ( . in such a way that

the associated primes satisfy q. = -- 1 mod 8 to get + -- 0

mod 2 n +x . 
~ 0 0

As to the congruences ~8~, (C) and (D) I only consider (B) which is the most dif-

ficult one ; the others can be done in a similar manner. So I assume D = 2 mod 4 ,

~, > 1 and

-~~ -1= 
the quat ernion case if D = -- 2 mo d 8 ,

A £ 
o mod otherwise.

I have to distinguish several cases :

(a) ± 2 ~N03A90/Q 03A9x0 : This case can simultaneously be done with congruence (A) by

2 03A90(m) denotes the field of m-th roots of ’unity over 03A90 .



considering the field

instead of

and observing that c~ y p. y ... ~ p. are quadratic independant in M.

(b) ± 2 ~ N / q~ ~ k = 2 : Take a prime p = 5 mod 8 which splite in qk ,
p ~ pp ; then ~ has opposite quadratic characters mod p and mod and

. 

~ 
n ~/B /Bn n+1

therefore exists L. == (3 mod 2 such that L. + L, ~ ) == 2 mod 2 ; the

/ B 
0 ~3 / ~’ B 

~ ~ 

congruences (A) remain unchanged mod 2 ~ (E) remains unchanged mod 2 .

(c) - 2 ~ N03A90/Q 03A9x0, k ,> 3 . D = - 2 mod 8 : Then = " (2/c0) ; take
a prime p = - I mod 2 

-n+1 (at leas t p = - 1 mod 8) which is inert in 03A90 ,
p -= p . On account of = - 1 there exists L = 0 mod 2 

" 

such that

1~ (~ ) == mod 2~~ , and this does the job. 
P

(d) + 2 = N . / k 3: 3 , D = - 2 mod 8 : Oil account of (3) y I have K 5- 2.

I consider the field

and observe that the numbers 03B10 2 , p. , ... y are quadratic independznt in

M whence there exist infini tely many prime ideals q0 of first degree in Do for

which (03B10 2/q0) = - 1 and (pi/q0) = + 1 it i  1 . Let q0 be the restric-

tion of such a. to C~ and ~ - 1 nod 2~~~~ be the associated prime. Let

n be a primitive root for q0 and set T (n) = 2 " . Then

Now I use the equations

instead of Iyi to guarantee that N ~~~’ remains unchanged mod 2~+~‘ .

then



14-13

Let P _ -- 1 mod 2k be a prime which is inert in 03A90 , p ~ p , then a 0 is a

quadratic residue mod p if, and only if, > 0 . If n is a primitive
root for p , and if I set L ~;~~ ~ 2n , then 

8B) --

while ~. 2n mod 2n+~ . Replacing W 3 by W 3 + 2n and setting L p as

above yields the desired result.
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