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Abstract.

1) In every separable Banach space X a biorthogonal sequence
3%
(xn,xn) is constructed such that linear combinations of the xﬁ:s are

3*
dense in X, for every x in X if xn(x) - 0 for all n then x: O and

aup N I < o
I

. - 2. .
2) Linear subspaces of L7T0,17 which admit an orthonormal
basis consisting of uniformly bounded functions are characterized.
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The present paper consists of three sections.
In the first one using a trick invented by Olevskil ([9] Lemmas 3

and 4) we prove

Theorem 1 : In every separable Banach space X there exists a fundamental

*
and total biorthogonal sequence (xn,xn) such that

3*
sup e Il ¥l < =
n

¥*
Recall that a sequence (xn,xn) of pairs consisting of elements of
a Banach space X and bounded linear functionals on X, i.e. elements

#* 3
of X - the dual of X is said to be biorthogonal if xn(xm) = 62 for

3*
n,m = 1,2,... A biorthogonal sequence (xn,xn) is fundamental if linear
combinations of the :'s are dense in X, and is total if the condition
M 4
xn(x) =0 forn = 1,2,... implies that x= 0.

Theorem 1 answers a question of Banach ([1], p.238). A slightly

weaker result has been previously obtained by Davis and Johnson [4].
The main result of the second section is

Theorem 2 : Let E be a separable linear subspace of a Hilbert space
Lz(p) where p is a probability measure on a sigme field of subsets of
a set S. Then E admits an orthonormal basis consisting of uniformly

bounded functions if and only if

(i) E N L(p) is dense in E in the Lz(p) norm,
(ii) EN {feL™(p) : “f‘Lﬁs 1} is not a totally bounded subset
of Lz(p).

Moreover if E N Lw(p) is a separable subspace of Lm(p) then the
orthonormal basis can be constructed so that it spans a linear sub-

space which is dense in the norm ll.'hnin E N Lw(p).
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As a corollary we obtain that every subspace ot Lz(O,l) of finite
codimension admits an orthonormal basis consisting of uniformly bounded
infinitely many times differentiable functions. This answers a question

of H. Shapiro [14].

In the third section we consider the class of such Banach spaces X
which admit an isometric embedding, say j, into a space C(S) of all
scalar-valued continuous functions on a compact Hausdorff space S such
that there exists a Borel probability measure p on S such that the unit
ball of j(X) is not a totally bounded subset of Lz(p), i.e. j(X) regar-
ded as a subspace of Lz(p) satisfies the condition (ii) of Theorem 2.
Using a recent profound result of Rosenthal [13] we show that a Banach
space X has the above property if and only if it contains a closed linear
subspace isomorphic to the space 11 of all absolutely convergent series‘

of scalars.

1. Proof of Theorem 1 . We begin with a lemma which is a modifica-

tion of Oleveskil's Lemma 3 of [9]. If A is a non-empty subset of a
Banach space X, then [A] denotes the closed linear subspace of X gene-

rated by A and lin A - the linear subspace of X generated by A.

Lemma 1 : Let X be a Banach space and let n be a positive integer.
— 3 * S
Let xo,xl,_..,ﬂ n be elements of X and let Xoo Xy 0 ooy x,n be
2 -1 2 -1
% #*
elements of X such that xp(xq) - 63 for p=0,1,...,2"-1. Then there
exists a unitary real matrix (ai ) such that if
'J 0<k,j<2"
2"-1
e, = a,_ . X,
for k=0,1,...,2"-1,
n
27-1 5
and e = 3 al .
k j=0 k,j ]
then -n
(1) max lle || < (1+-J53 max Hx. 1] + 2 2|onn
O<p< 2 P l<j<2 J



¥ - ¥* - 3*
(2) max !e ” < (143 max Iix,” + 2 ”x H
0£p<2 p 1Sj<2 J (o]
#* L,
(3) ep(eq) = ég for p,q = 0,1,...,a -1
- 36 *
= { M I;-( :r .1"
@ ey) =) 1 Te) RIS NN,
<p< <p< 2 O<p< Osp<2
Proof : The conditions (3) and (4) are satisfied for every unitary
2" x 2" - matrix. The specific unitary matrix for which (1) and (2)
hold is defined to be the matrix which transform the unit vector basis
of the 2n-dimensiona1 Hilbert space 12n onto the Haar bhasis of this space.
We put =
2
n 2 w o ol
abo.-2 for O0<kc2
s-n
-8~ ~g-~1
2% for 2% lor gk < 2° (2r+1)
s-n
n 2 n-s-1, n-s-1
ak,25+r -2 for 2 {(2r+1) £k < 2 (2r+2)
0 for k< 2" lor and for k=2""5"t(2rs2).
(s=0,1,...,n-1 ; r=0,1,...,2%-1)
We have
21 n-1 - 22 )
(5) vy la | = g 2 < 1+WZ for Osk<2
. ke, 5
J:l s=0
Ciearly (5) inplies (1) and (2).
*
Proposition 1 : Let (xn,xn) be a fundamental and total biorihsgonal
sequence in a Banach space X such that there exists an increasing infi-
3
nite sequences (nk) such that sup HxP H l|x; ” = . < ». Then there exists

n & Kk
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*
a fundamental and total biorthogonal sequence (en,en) in X such that

M 2
sup le Il lle I < Mm1+2) 41

n
. @ . (<]
and lin {en}n=1 = lin {xn}n=1
. “ * © . * @©
and lin {e } , = lin {xn}n=1
Proof : Without loss of generality one may assume that ||xn” =1

for all n. Pick a permutation p(.) of the indices and an increasing

~ ~% %*
sequence (m_) of the indices so that if X = x and X_ = X for
r n p(n) n p(n)

r m
all n and q, = v 2P for all r then
p=0
" i
if n;!qr for all r, then Hxn” ”an < M,
if n=q_for some r=0,1..., then
r

m m

O 4
2

2 - ,
(1+,2) Mel > [(14 42) M+ H’x“::ll 2 29[(1+ D + Il’i’nll 2 “7.

Next we put

for 0<k< 2 ; r=1,2,..

where akrj are defined as in Lemma 1 for n-= m. Using Lemma 1 we easily
’

3*
verify that such defined sequence (en,en) has the desired properties.
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Proof of Theorem 1 : We shall assume that dim X = «. Then the separability

of X implies that there exist sequences E1 c E C ... of subspaces of X

and F1 c F2 c L of subspaces of X such that d1m E = dim Fi =

i for
@
i=1,2,..., k) E. is dense in X and if f (x) =0 for all f¥*¢ Lj F

then x= 0. In view of Proposition 1 it is enough to construct a biortho-

gonal sequince (x X ) in X such that if G = [xl,xz,...,xn] and
H [xl,xz,...,xn] then for all s
(6) G SE_ ; H SE 5 s Il xx )l <3 .
3s-1 s ’ 3s-1 s '’ 3s 3s

* % #*
Pick X, €X and X, €X so that O;lx EE and xi(xl) = 1. Assume that

for some n- 1 21 the elements X in X and the functionals

1’ e o _1
*
X11XgyeeepX 4 in x* have been deflned to satisfy (6) and so that
*
xp(x ) = bg for p,q = 1,2,...,n-1. We consider separately three cases.
1°) n = 3s-2. If G 1, - Es we define x €X and x. GX arbitrarily
" n-
a4y _ &4 - .
so that xn(x ) = 6 and xp(x ) = 6p for p,q_ 1,2,...,n. 1f Es\ G _, is
n-1
non empty, say e EES\ Gn-l’ then we put x =e - p§1 b (e) xp and
n = (6, U {x 1}]. Clearly x #0. Since dimE_ = dimE__,+1 and
e GGn\ Es-l and since the inductive hypothesis implies that Es-l c Gn-l’
we infer that G D E . Since x_€G_ \ G , there exists a bounded
n s n n n-1 * M
linear functional on G, say g such that g (xn) = 1 and g (g)
#* 3
for g’éGn_l. We define X to be any extension of g to a bounded linear

functional on X.

20) n = 3s-1, If H ) Fs we define x €X and x ex arbitrarily

n-1,
*
so that xn(xq) = 6q and xp(x ) = 6p for p,q = 1,2,...,n If F \H
* » Dn-1 *
is non empty, say f GFS\Hn_1 then we put X = f - T f (x )x
q=1
n-1

* , 3 #* #*
Since f £H there exists an x €X such that 1 = f - ¥ f (xq)xq(x).

q=1 .

]

n-1’
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n-1
#* #*
We put x_ = x - £ x (x)x_. It is easy to check ti-.. x (x ) = 81 and
n p-1 p n T q n
3* n .
xp(xn) = 6p for p,q = 1,2,...,n. Let H = [ H _, U {xn}]. Since the
inductive hypothesis implies that F CH and since dim F_ = dim F + 1
s~1 n-1 s s-1

3%
and f €F \ F we infer that H D F .
S S n S

-1

3°) n - 3s. Using Mazur's technique (cf. [10] Lemma) we pick an x €X

with len” = 1 so that x*(xn) = O for every x.u‘Eﬂn___1 and for all g in Gn__1
and for all scalars t, l‘g+ t xn” > (1- 1/3)||g“ . Define g* on Gn by
g g+t x) = t. Then [t| = [lt x Il < llg+t x Il + llgll s (1e3/2) llg+t x|l .

* * *
Thus llg ” s 3. We define X, to be any norm prezerving extension of g

to a linear functional on X.

Remark 1 : Using in the case 3° Day's technique (cf. [3]) which bases on
the Borsuk antipodal mapping theorem one can choose (both in the case of
3 3 3*
real and of complex scalars) Xz and x3s so that ||xssH =|lx3s” = x3s(xss)= 1

for s = 1,2,... Now the inspection of the proof of Theorem 1 yields that

in every separable Banach space for every € >0 there exists a fundamental
and bounded biorthogonal sequence (en,e:) such that Ilen“ ||e:” < (1+~£52+ €
for all n. We do not know whether for every € >0 this bound can be repia-

ced by 1+ €. However, as was observed by C. Bessaga we have

Corollary 1 : 1In every separable Banach space X there exists an equivalent
norm |”.|" such that there exists in X a fundamental and total biorthogonal
3* . #* *
sequence (en,en) with “lenIH ”lennl = 1.
Proof : We admit ”!x”l = max (|§x” , sup Ie:(x)l) for x € X where (en,e:)
n
is any fundamental and total biorthogonal sequence in X such that||en“ =1
for all n and suplle:” < © ,
n
Remark 2 : A similar argument to that which is used in the proof of

Theorem 1 allows to prove the following
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Theorem 1' : Let X and Y be Banach spaces and let T : X -- - Ybe one-to-
one bounded linear operator. If X is separable, T(X) is dense in Y and T
is not compact, then there exists fundamental and total biorthogonal se-

* . * . .
quences (xn,xn) in X and (yn,yn) in Y such that

# . *
sup max (||an ||Xn” ,I|ynH ||ynH) < =
n

and T(xn) =¥,

for all n.

2. Constructions of uniformly bounded orthonormal sequences.

We employ the following notation. If p is a probability measure
(= a non negative normalized measure) on a sigma field of subsets of a

set S then <x,y > = [ x(s) y(s) u(ds), ||x||2= <x,y 72 4
S

“x”°° = inf sup |x(s)|
p(B) =1 s¢€B

for any p-absolutely square summable scalar valued functions x and y on S.
Lw(p) and Lz(p) denote as usually the Banach spaces of those x thatllx”co< ®

and ||x|l2< » respectively.
The proof of Theorem 2 is similar to the proof of Theorem 1.
Instead of Proposition 1, we apply the following result due to OlevskiY

([9], Lemma 4).

Proposition 2 : Let p be aprobability measure on a sigma field of subsets

of a set S. Let (xn) be an infinite orthonormal (with respect to the inner
product < .,.>) sequence of functions in L*(p) such that lim infllxnlL”< @,

Then there exists an orthonormal sequence (en) such that n

. @ . ©
lin {xn}n=1 = lin {en}n=1
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and sup ”e ”m .
n n

The proof of Proposition 2 can be obtained by a non essential modifi-
cation of the proofs of Lemma 1 and Proposition 1. Actually Olevekil sta-

ted Proposition 2 for the Lebesgue measure on [0,1].
To prove Theorem 2 it is convenient to use the following simple fact.

Lemma 2 : Let (gn) be a normalized sequence in Lz(p.) which weakly (in

Lz(p)) converges to zero and let sup Hgn”m = M < ». Then for every finite
n

dimensional subspace of Lw(p), say F, and for k>0 there exist an index

no>k and a function h in the orthogonal complement of F such that

(FU {g31=tF U (n)], llnll,=1

and
Inll < M+27¥,
[+

Proof : Let p=dim F. Let el,ez,...,ep be any orthonormal basis for F.
Pick € >0 so that

p

M+e T ”e”

j=1 4% -k

= < M+27%,

1-¢p

Since (gn) converges weakly to O in Lz(p), there exists an index n0>k

. such that |<gn ,ej>| < e for 1 £ j < p. Put
o

s, - 1 ) lle, - & I
h=(g -3 <g ,e.>e,. g - <g_ ,e.>e, .
%o j=1 o J J "o j=1 o J J 2

Clearly h belongs to the orthogonal complement of F, “h”2= 1 and

(ru {g,31=[Fu {n}].
o
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We have
]
s, -7 <e, eoell = lig, I Il 5 <g o sel
n
o j1 o o j=1 o
P
< M+e ¥ lle.llm
j=1 J
p P

and ”g - I <g ,e->e~“ 2 “g “ -“2 <g e.>e_|l

"o =1 %o 4 I 2 n, 2 j=1 n’"3i"ive

=2 1-¢p
P -k
Thus ||h]] < (M+e % lle.” ) (1-ep) < M+2 .
fee) . J ©
j=1

Proof of Theorem 2 : It follows from (i) that there exists in E an in-
creasing sequence of finite dimensional subspaces F1 c Fz C ... such that

oo
dim F_ = p and U F, is dense in E. Clearly if E N L"(p) is a separable

p:l

[oo]
subset of Lm(p) one can choose the sequence (Fp) so that the union L} F
P

p=1
is dense in E N L™(p) in the L (p) norm. The condition (ii) yields that
there exists in E a sequence (gn) satisfying the assumption of Lemma 2.
In view of Proposition 2, it is enough to define inductively an orthonor-

mal sequence (hn) in L™(p) N E so that for s=1,2,..

(7) [{hlyhz"’"’hzs_l}] = FS ’

(8) Ilhzs“m < M+ 278

where M = sup l‘gnl‘w.
n

We define h1 as any element of F1 with ||h1||2: 1. Suppose that for
some n-12=>1 the functions hl’hz""’hn-l have been defined to satisfy

the conditions (7) and (8) and so that <hp,hq > = 8% for p,q- 1,2,...,n-1,
1Y

Let us consider separately two cases.
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1) n - 2s for some s=1,2,... We put hn:11 whexs b is that of Lemma 2
applied for F = [{hl,h2,...,hn_1}] for (gp) and for k= s.
2) n = 2s-1 for some s=-2,3,... If F_ < [{hl,hz,...,hn_l}] we again

define h =h where h is that of Lemma 2 applied for F= [{hl,hzrﬂ,hn_lﬁ
for (g ) and for k=1. If F_ Z [{h , 2,..; sh 4 1] then there exists
an f Wthh belongs to F \[{h ceoyh 3], Let T be the orthogonal

projection of f onto [{hl’ SRR n_l}]. We put h_ =(£-D || f- Tﬂ

Clearly llh ”2:: 1 and h belongs to the orthogonal complement of

({h ,hy, .0 sh n_11]- Obviously we have fe[{h }]\[{hl,hz, yh 1}].
By the inductive hypothesis F_, © {hl,hz,...,hn_l}]. Thus

Fs c [{hl,hz,u. ,hnjj because dim FS = dim FS_1+1.

This complete the induction and the proof of the sufficiency of the

conditions (i) and (ii). The necessity is trivial.
Remark 1 : A similar argument gives

Theorem 2' : Let T : X -- -H be a one to one bounded linear operator from
a Banach space X into a Hilbert space H. Let E = T(X). If E is separable
and T is not compact then there exists a sequence (xn) in X such that

sup!lxn” < « and (T(xn)) is an orthonormal basis for E. Moreover if X is
n

* * *
separable and x_ € X is defined by x (x) = <T(x), X > for x €X and for

H

n=1,2,..., where <.,. >H denotes the inner product of H, then (x ) can
be chosen so that (x_,x ) is a fundamental and total biorthogonal sequen-

ce in X and sup||xnn ||x:” < ® ,
n

Remark 2 : There exists an orthonormal decomposition of L2[0,1] onto
subspaces E, and E_ such that neither E, nor E_ admit uniformly bounded

1 2 1 2
. . ©
orthonormal bases. It is enough to define E, = [{xl} U {x2m}m=2] and

-0 i . 2
[{Xz} U {x2m-1}Jm:2 where (xn) is any orthonormal basis for L°[0,1]

(t) = 0 for Ogt<-1-

such that the functions x1 and x2 are unbounded, xzm_1 5
and xzm(t) = 0 for éw<t <1 (m=1,2,...). However as was observed earlier

by F.G. Arutunian (unpublished) we have
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2
Corolliary 2 : If E is a linear subspace of a separable space L (p)

where p i~ a non purely atomic probability measurc and if the orthogonal

compicment of E is finite dimensional, then [E| bas a uniformly bourded

~ 4

orthonormal basis. Moreover 1f E | L’(p) 1s dense in E then the basis

can be chosen from elements of E N L¥(p).

Proof : It is enough to show that [E] satisfies the conditions (i) and
(ii) of Theorem 2. To check (i) first observe that the density of L*(u)
regarded as a subspace of Lz(p) in Lz(p) implies that for every positive
integer p and for every linearly independent fl’fz’“"’fp+1 in L2(p)
there exist yl,yz,..v,yp+1 in Lm(p) such that the matrix (yk’fj)lgk,jSp~1
is invertible. Let (ai,k)lsi,k£p+1 be the inverse matrix and let

p+l
2, = X

for i-1,2,...,p+1. Then 2z, €L7(p) and <z, ,f. > = 69
i 0 i i’73 i

i,k Yk

for i=1,2,...,p+1. The above observation applied to any basis of the or-
thogonal complement of E and any non zero element f of [E] yields the
existence of an y in Lm(p) such that <y,f > = 1 and <y,g> = 0 for all g
in the orthogonal complement of Es. The last condition means that y e [E].
Hence there is no £# 0 in [E] which is orthegonal to all y € [E] N L%(p),
equivalently [E] N L®(p) is dense in [E]. Hence [E] satisfies (i).

The'"moreover!" part of the Corollary follows from the observation

that if [E] satisfies (ii) than E also satisfies (ii).
An immediate consequence of Corollary 2 is

Corollary 3 : Let f be any unbounded function in L2[O,1]. Then the ortho-

gonal complement of f admits a uniformly bounded orthonormal basis consis-
ting of trigonometrical polynomials. This basis has no extension to any

uniformly bounded orthonormal basis for L2[0,1]c

Corollary 3 answers a question of Shapiro [14].
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3. Fat subspaces of C(S) spaces.

Definitioa : Let p be a probability Borel measure on a compact Hausdorff
space S. A closed linear subspace Z of C(S) is said to be fat with respect
to p if the unit ball of Z regarded as a subset of the Hilbert space L2(p)
is not a totally bounded set.

Let Ip s L(p) - Lz(p) denote the natural injection. It is clear that
Z is fat with respect to p iff the restriction of Ip to Z is not a compact
operator or equivalently if E= Ip(Z) satisfies the condition (ii) of Theo-

rem 2.

Our next result characterizes Banach spaces which admit fat isometric
embeddings into C(S) spaces. Some of the equivalent conditions are stated
in terms of 2-absolutely summing operators, i.e. such bounded linear ope-
rators which admit a factorization through a natural injection Ip for some
measure p (cf. [12] and [8]).

Proposition 3 : For every Banach space X the follwing conditions are

equivalent
(a) there exists a uniformly bounded sequence (xn) of elements of X
such that no subsequence of (xn) is a weak Cauchy sequence,

(b) X contains a subspace isomorphic to 11,

(c) there exists a 2-absolutely summing operator from X onto 12,

(d) there exists a 2-absolutely summing non compact operator from X

into 12,

(e) for every for some isometric embedding j of X into a C(S) space
there exists a probability Borel measure p on S such that j(X)

is fat with respect to p.

Proof : (a) = (b). This is a profound recent result of Rosenthal [13].

(b) = (¢). Let T ba a bounded linear operator from 11 onto 12
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(cf. [2] for the existence of such an operator). Then by a result of
Grothendieck [7] (cf. also [87]) T is 2-absolutely summing. Hence, by
[12] T admits an extension to a 2-absolutely summing operator from X

onto 120
(c) = (d). Obvious.

(@) = (e). Let T : X - =12 be a non compact 2-absolutely summing
operator and let S be a compact Housdorff space. By a result of Persson
and Pietsch [11], for every isometric embedding j : X -- - C(S) there
exists a Borel probability measure p on S such that T=AIpj for some
bounded linear operator A : Lz(p) ---412. Since T is not compact, the
image of the unit ball of j(X) under Ip is not a totally bounded subset
of Lz(p). Thus j(X) is a fat subspace of C(S) with respect to p.

(e) = (a). It follows from (e) that there exists a uniformly bounded
sequence (xn) in X such that ||ij(xn) -Ip ;j(xm) ”2 21 for nZm (n,m=1,2,...
Thus the sequence (xn) does not contain weak Cauchy sequences because

Iy takes weak Cauchy sequences into strong Cauchy sequences.,

A similar result to our Proposition 3 was recently independently

discovered by Weis [16].

Our last result is related to Gaposhkin's [6] generalization of a
result of Sidon [157].

Corollary 4 : Let p be a probability measure on a sigme field of subsets

of S. Let (gn) be a uniformly bounded sequence in L~ (p) such that (gn)

tends weal.ly to zero in Lz(p) and lim sup||gnH2 > 0. Then there exists
n

an infin:te subsequence (gn ) and ¢ >0 such that
k

for every finite sequence of scalars cl’CZ"
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Proof : Without loss of generality we may assume that inf|!gn”2 > 0.
n

Then (g ) does not have Cauchy (in 12 (p)) subsequences because (g )
weakly converges in 1.2 () to zero but no subsequence of (g ) strongly
converges to zero. Thus gr) regarded as a sequence of elements of L (p)
does not contain weak (i; Lm(p)) Cauchy sequences because the natural
injection Ip: L7(p) -—-+L2(p) takes weak Cauchy sequences in L™ (p)

into strong Cauchy sequences in Lz(p). Since sup||gn|Ln< »,t0 complete
n

the proof it is enough to apply Rosenthal's criterion (cf. Rosenthal [13]

for the real case and Dor [5] for the complex case).

*

3% %
*
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