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VI.1

Let E be a vector space and B8 a 0-field of subsets of E

compatible with the linear structure on E.

Let p ¢+ E - R" be a measurable map such that
1) o(x+y) s clo(x)+o(y)] for x, y €E
2) plax) s p(x) for |a|] s 1, x €E.

Let (Q, M, P) be a probability space.

By E-valued random variables we shall mean measurable mapping:

X: (Q, m) - (B, 8).

The definitions of symetricity and of independence for E-va-

lued random variables are the same as usually.

Lemma 1 : Let X be an E-valued symetric ramdom variable and e € E theu

P(o(e + x) < 2lelyc 1

Proof : The subsets of E : A = {z|p(e+2) < Qé%g)} and
B = {x‘p(e—z) < Ré%ﬁ)} are disjoint and meaéurable. Since X is symetr:c
P(X € A) = P(X € B) and P(X € A) + P(X € B) < 1. Hence P(X € A) < % o

Q. E. D.

In the sequel X1, X2,...Xn will denote a fixed sequence of

E-valued, independent, symetric random variables.
Let us denote

S, = X, + X2 +... Xk for k = 1,...n.

k 1
t
Lemma 2 : ®P(max p(S. ) 2t) < 2P(p(S.) ==
1<k<n k n 2C
Proof : Let t = min {k,p(Sk) 2t} (1 = += if the set is empty). The
sets (1 = k) k = 1...n are disjoint and
n
U(r=k) = (max p(Sk) > t)

k=1 1sk<n
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For k = 1, 2...n we have
Plo(5,) <30) N (=1) = | X (5 )<t P
t .
Let Qk(e) = P(p(e + X 4 *---X ) < 35¢)- By lemma 1 if o(e) =2 t then

Qk(e) < % . By Fubini theorem and independence arguments :

I x

T=k (p(S )<

(because p(Sk) 2 t on

Thus P((p(Sn

Hence, adding these in

. dP = Ik Q (s, )ar = éP(T:k)

(r = k).

) <) N (5=K)) < 3e(e=k) for k = 1...m.

equalities we get

P((p(s) <3 ) n (max o(s,) = t)) =35 P (mﬁx o(s,) = t)

Because P((p(S ) < ==

c ) ﬂ(maxp(s )2t -P(p(s ) =3 )+-P(maxp(sk) 2 t)

we get
t
P(mﬁx o(s,) 2 t) = 2r(p(s ) 2355 Q. E. D.
Let us denote by S = o(S_) and by H = max p(Xk)
n
1<k<n
Lemma 3 : fP(H 2 t) < 2P(S = -t )
—_— 2
4C
Proof : o(X)) = 0(8;), o(Xy) = o(s,-8,) = clo(s,) + o(s;)],...
p(Xn) = p(Sn— Sn—l) < C[p(Sn)-kp(Sn_l)]. Therefore
max p(Xk) < 2C max p(S ).
1<k<n 1<k<n

P(H =2 t) = P(m;x p(Xk)

Lemma 4 : P(S 2 s+t

> t) < P(max p(sk) 2 ?ét:—) < 2P(s 2-19—2) Q. E. D.
k 4C

+u) s P(H 2 ~) + 4P(s >——- ) P(s > )
ac?
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Proof : Let T = min {klp(Sk) 2 —EE } then
C

(s=2s+t+u)c(H 2%) U 8 ((r=k) N (p(Sn—Sk) 2—-5—-2-)). Thus
k=1 C

Ps s+ t+w) P22 s 5 p((s=k) N (o(s, -5) =)
k= C

The events (p(Sn-Sk) ZJ%) and (T==k) are independent therefore
C

n
P(S 2s+t +u) sPE27) + & Pli=k) P(o(s - S,) 25)
k=1 C

By lemma 2 P(p(Sn-Sk) 2 i@) = P(p(Xk+1 +...Xn) 2-§é) < 2P(s 2—§3)

C 2C
Hence
P(Sz2s+t+u) spPH22) +2°(s 22 ) Plmax o(8,) = t ) <
C 3 k 2
2C k C
P 2 3) + ap(s = 2) P(s 2% . Q. E. D.
2C 2C
Lemma 5 : If ¢ is a real random variable then
4+
El¢]| = Jf‘ P(lel 2 t)dt.
0
Proof
f+w +o +o |¢
, PUel zt)at = [ (E xmzt )at = E([ X‘¢|2tdt) = Bf, dt=
El¢l. Q. E. D.

Let us denote by F(t) = P(S 2 t) and by G(t) = P(H =2 t) then it follows
from the lemma 4 that

() F(t) = 6() + 4 (=)
C anS
2C
1 1
Theorem 1 : If P(S = ——3) < 3 then
2C 48C

ES <6CE H + 24

Proof : By (*) we obtain
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+e et et 1
j F(3t)dt < f G(E)dt + 4 + 4f F%——3) F( ——3)dt . Hence
0 0 1 2C 2C
1 % e 3.0 1 e
3 j F(t)dt < ¢ j G(t)dt + 4 + 4.2C¥F( —-3)f F(t)dt or equivalently
0 o 2C 0
1 3.,1 .3 * e
[5 - 4.2C F(E c’) ] jOF(t)dts C fo G(t)dt + 4.
Since % - 4.2032F(1—§) 2-%, by lemma 5 we get theorem . Q. E. D.

2C
Remark 1 : From lemma 3, it follows that

EH < 8C2 ES

In the rest of the paper we shall assume that p fulfils : 3')p(ax)=|a|pp(X)

for some 0 < p < ® and for all x ¢ E.

Let f1, f2,...fn be a sequence of independent, symetric equi-

distributed real random variables.
Let A(t) = P(|£,1° > t). We shall assume that

a) f:kals)ds < Kt¢¢?t) for t 21
b) A(1) >0

Let X1 = xlfl’ X2 = x2f2,...Xn = xnfn where X 1Xge oo X € E. Then X

is a sequence of independent, symetric E-valued random variables.

1o Xge o X

Theorem 2 : If P(H 21) <1 - e“lil) then EH s KA(1) + 1

Proof : Since
n o < llﬁﬂf s
G(s) = P(m;x p(Xk) 2 s) skfl P(!fkl 2 Er;k)) = kfl (;r;k)) we have

EH = IO G(s)ds s 1 +k§1 f1¢vX;(;;))ds =1 +k§1 p(xk) f . V*”(s)ds
o(x,)
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1 _ka«E%EE))
But G(s) = P(mzx o(X,) =2 s) =1 —ﬂ_L (1-P(p(xk) 2s)) 21-e

Therefore

- 1
(**)k§1¢VY ST;;)) < -log(l - G(1)) <JV11) (by the assumptions)
Hence —ETiET— <1 and we can apply a) and then

n
1 s
K K ¥* . . E. D.
EH < 1 +k§1 W(p(xk)) <1 + /V\l) (by -)(-) Q. E. D

Now combining theorem 1, 2 and lemma 3 we arrive at

Theorem 3 : Let € = min 1.4V(1) ’ 1 1 & = min L ; L and
—_— 9 2 3 - 2 3
48 C 4C 2C

M= 6C[5 +/ (1) ] then if P(S 2 8) < c then E S < M

Remark 2 : If E is a topological vector space and p is continuous then

it is easy to pass from finite series to infinite ones.

Let f,, f,..

.fn be independent realvariables such that they
are equi-distribued with characteristic function equal to e~ v 0< q s 2.

ThenJV(t) = P(lfi‘p 2 t) fulfils the conditions a) , b) for each

w [t° 1f q = 2
p<aq-= q if gqg< 2

Let E be a quasi-normed space e.g. the norm in E fulfils
HAxH = |X| Hx” and “x-by” < C'(”x”-ﬁ”y“) for some C'. It we apply theorem
3 to p(x) = ||x||P then we obtain

Corollary : Let E be a quasi-normed space, and fl, f2...fn a sequence

of independent real random variables each of them with the characteristic
. -]
function equal to e .

3#
For each p < q , there exists e, & and M such that for each

Xx,...Xx €FE if
n

1
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n
P(” z xifi” >8) < ¢ then
i=1

n
E|l = x.£[[P<m
i=1 b1

Remark 2 : Let 0 < p < 2 and that A_ be a canonical cylindrical measure
on a locally convex vector space E with the dual 4‘ (cf exposé V).
Assume that F is a quasi-normed space such that F' zeparates F, and that
u: E - F is a continuous linear operator. Using corollary one can prove
the following : if u(kp) is a Radon measure then u(hp) is of each order

%*
<p,

Remark 3 : Using methods presented here it is possible to prove that

if u(kz) is a Radon measure then

f eEHx”du(x2)(x) < +o for some €.
F

But it is not possible to obtain that

2
I e€“x“ du(kg)(x) < +o® e.g. the Shepp's result.
F

BIBLIOGRAPHY

(1] J. Hoffmann-Jgrgensen : Sums of independent Banach space valued
random variables, Aarhus University, Preprint series 1972-1973 N° 15.

(2] B. Maurey : Séminaire Maurey-Schwartz 1972-1973, Exposé N°V.



