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Traverso’s Isogeny Conjecture for p-Divisible Groups.

MARC-HUBERT NICOLE (*) - ADRIAN VASIU (¥%*)

To Carlo Traverso, for his 60th birthday

ABSTRACT - Let k be an algebraically closed field of characteristic p > 0. Let
¢,d € N. Let b4 > 1 be the smallest integer such that for any two p-divisible
groups H and H' over k of codimension ¢ and dimension d the following assertion
holds: If H[p%«] and H'[ p®«] are isomorphic, then H and H' are isogenous. We

d . . . .
show that b.q = [cj——dw This proves Traverso’s isogeny conjecture for p-di-

visible groups over k.

1. Introduction.

Let p € N be a prime. Let k be an algebraically closed field of char-
acteristic p. Let ¢,d € N. Let H be a p-divisible group over k of codi-
mension ¢ and dimension d; its height is ¢ + d. It is well-known (see [Mal],
[Trl, Thm. 3], [Tr2, Thm. 1], [Va, Cor. 1.3], and [O03, Cor. 1.7]) that there
exists a minimal number ny € N such that H is uniquely determined up to
isomorphism by H[p™] (i.e., if H' is a p-divisible group over k such that
H'[p"#] is isomorphic to H[p"#], then H' is isomorphic to H). For instance,
we have ng < cd + 1 (cf. [Trl, Thm. 3]). This implies that there exists a
minimal number by € N such that the isogeny class of H is uniquely de-
termined by H[p"]. We call by the isogeny cutoff of H. We have
1 < by < ny. Traverso speculated the following (cf. [Tr3, § 40, Conj. 5]):
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CONJECTURE 1.1. The isogeny cutoff by is bounded from above by

Li—ddw i.e., we have by < [cjﬁld]

The goal of this paper is to prove an optimal variant of the Conjecture:

THEOREM 1.2. Letc,d € N andlet b, q > 1 be the smallest integer such
that for any two p-divisible groups H and H' over k of codimension ¢ and
dimension d the following assertion holds: If H[p®<] and H'[p’] are
isomorphic, then H and H' are isogenous. Then b, 3 = {C—W and there-

cd ’ c+d
c+d -‘

fore we have by < [

In Section 2, we introduce notations and basic invariants which pertain
to p-divisible groups over k and which allow us to obtain a practical upper
bound of by (see Corollary 2.13). In Section 3, we prove Theorem 1.2; see
Example 2.10 for a simpler proof in the particular case when H is isosimple.

If the a-number of H is at most 1, then the inequality by < L:k—dd-‘ is in

essence due to Traverso (cf. [Tr3, Thm. of § 21, and § 40]; see Theorem 3.1).
We refer to Theorem 2.2 and Example 3.2 for concrete examples with

by = 1 and with by = Lﬂ

n dw (respectively).

2. Estimates of the isogeny cutoff by.

Letr:=c+dandj:= [gw € N. Let W(k) be the ring of Witt vectors

with coefficients in k. Let ¢ be the Frobenius automorphism of W(k) in-
duced from k. Let (M, ¢) be the (contravariant) Dieudonné module of H.
Thus M is a free W(k)-module of rank » and ¢ : M — M is a o-linear en-
domorphism such that we have pM C ¢(M). We have ¢ = dimy, (¢(M)/pM)
and d = dim;, (M /¢(M)). Let 9: M — M be the ¢ -linear Verschiebung
map of @; we have ¢d = J¢p = ply,.

The Dieudonné—Manin classification of F-isocrystals over k (see [Di,
Thms. 1 and 2], [Ma, Ch. II, §4], [De, Ch. IV]) states that:

e there exists m € N such that we have a direct sum decomposition
1

(M [5] , ¢)= % (M;, ) into simple F-isocrystals over k, and
i=1
e there exist numbers c;,d; € N'U{0} which satisfy the inequality
7; :=d; + ¢; > 0, which are relative prime (.e., g.c.d.(¢;,d;) = 1), and for
which there exists a B(k)-basis for M; formed by elements fixed by p~%¢".
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The unique slope of (M;, ¢) is o; := % €[0,1]Nn Q. To fix ideas, we

assume that oy <o <--- < a,,. Each? € %{1, ...,m} gives a slope o; with
multiplicity #;. The Newton polygon Ay of H is a continuous, piecewise
linear, upward convex function Ng :[0,7] —[0,d] which for all

-1
1€ {1,...,m} has slope o; on the interval {Z Yoy Y W}- As the field k is
=1 =

algebraically closed, the isogeny class of H is uniquely determined by
the Newton polygon N . The finite set N, 4 of Newton polygons we thus
obtain by varying H, can be partially ordered as follows: we say that N';
lies above (resp. strictly above) Ny if for all t<[0,7] we have
Ni1(t) > No(t) (resp. if for all ¢ €[0,7] we have N;i(f) > Na(t) and
moreover N7 # N3g). This partial order is convenient when studying the
variation of the Newton polygon in families. We will use the notation A/,
to denote the Newton polygon of e, where e is a p-divisible group over a
field that contains k.

Let H, 4, be the p-divisible group over k whose Dieudonné module
(M, g, gbc{‘dt_) has the property that there exists a W(k)-basis {eo, ..., e,_1}
for M., 4 such that we have $e.a.(e) = eqq if L€{0,...,¢; — 1} and
%‘di(el) =peqifl e {c;,..., 7 — 1} (here the lower right indices of e are
taken modulo r;). It is well-known that H. 4 has the following two
properties (see [dJO, Lem. 5.4]): (i) it has codimension c¢;, dimension d;,
and unique Newton polygon slope «;, and (ii) its endomorphism ring
End(H,g4) is the maximal order in the simple (),-algebra
End(H,, 4, 2@ Qy of invariant o; € Q/Z. In addition, these two properties

P

determine H 4 up to isomorphism (see [Ma] and [Oo4, §1.1]). Let
Hy:=[[ Hgq; we have Ny, = Ng. The Dieudonné module of Hy is

=1 m
(M07 ¢0) = H (Mciydﬂ ¢Ci,di)'
=1

DEFINITION 2.1 (Oort). We say that a p-divisible group H over k is
manimal if it is isomorphic to the p-divisible group Hy determined un-
iquely from the Newton polygon Ny of H.

The p-divisible group Hy is the unique (up to isomorphism) minimal p-
divisible over k that is isogenous to H.

THEOREM 2.2. A minimal p-divisible group H over k is determined up
to isomorphism by H[p] (thus we have by = nyg = 1).
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Proor. For the isoclinic case (i.e., when the pairs (c;, d;) do not depend
on 1) we refer to [Val, Exa. 3.3.6]. For the general case we refer to either
[Oo4, Thm. 1.2] or [Va2, Thm. 1.8]. O

DEFINITION 2.3. By the minimal height qg of a p-divisible group H over
k we mean the smallest non-negative integer qu such that there exists an
isogeny w, : H — Hy to a minimal p-divisible group, whose kernel Ker(y,)
1s annthilated by pix.

DEFINITION 2.4. By the a-number ay of a p-divisible group H over k we
mean the nwmber dimy (a,, H[p]) = dim; (M /$M) + IM)) € N U {0},
where a, s the local-local group scheme of order p.

See [002, Prop. 2.8] for a proof of the following specialization trick.

PROPOSITION 2.5. For every p-divisible group H over k, there exists a p-
divisible group H over k[[x]] that has the following two properties:

(i) 1its fibre over k is H;

(i) i k((x)) is an algebraic closure of k((x)), then HW has the same
Newton polygon as H and its a-number is at most 1.

DEFINITION 2.6. By the weak isogeny cutoff of a p-divisible group H
over k we mean the smallest number by € N such that the following two
properties hold:

() if H' is a p-divisible group over k such that H'[p®] is iso-
morphic to H[p®], then its Newton polygon N g is not strictly above N'y;
(ii) there exists a p-divisible group H over k[[x]] that has the fol-
lowing three properties:
(ii.a) its fibre over k is H;
(ii.b) the fibre Hiyy over k((x)) has the same Newton polygon as H;
(ii.c) the isogeny cutoff of Hr— is at most by and the a-number of

: k(@)
HW 1s at most 1.

Note that property (i) holds for any level greater or equal to by. Thus
the existence of the number by € N is implied by Proposition 2.5.

- Facr2n. If H' is the Cartier dual of H, then qg = qgpt, by = by, and
by = by.
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Proor. This follows from Cartier duality (the Cartier dual of H,, 4, is
H di-,Ci)' D

LemMmA 2.8. The isogeny cutoff by is the smallest natural number such
that for every element g € GLy(W(k)) congruent to 1y modulo p%, the
Dieudonné module (M, g¢) is isogenous to (M, §).

Proor. Let t € N. The arguments proving either [Val, Cor. 3.2.3] or
[NV, Thm. 2.2 (a)] show that: () if g € GL»;(W(k))is congruent to 1;; modulo
p', then every p-divisible group H, over k whose Dieudonné module is
isomorphic to (M, g¢), has the property that H,[p'] is isomorphic to H[p'],
and (ii) if a p-divisible group H' over k has the property that H'[p'] is iso-
morphic to H[p'], then there exists g € GLy;(W(k)) congruent to 1;; modulo
p' and such that the Dieudonné module of H’ is isomorphic to (M, g¢). The
Lemma follows from these two statements and the very definition of the
isogeny cutoff by. O

LEMMA 2.9. For every p-divisible group H overk, the isogeny cutoff by is
bounded from above by the minimal height qy plus 1 i.e., we have
by <qu+1

Proor. Let w: H— Hy be an isogeny whose kernel is annihilated by
p?. Let (Mo, ¢,) — (M, $) be the monomorphism of Dieudonné modules
associated to the isogeny w; we will identify M, with its image under this
monomorphism. We have p%M C My C M. Let g € GLy(W(k)) be con-
gruent to 1) modulo p?*1, We write g = 13, + p?%+le, where e € End(M).
We have p%tle(M,y) C pttle(M) C p?+IM C pMy. Thus we have
g € GLy,(W(k)) and moreover g is congruent to 1y, modulo p. Therefore
the reductions modulo p of the two triples (My, ¢, ) and (Mo, g, dg971) co-
incide. As the Dieudonné module (M, ¢) is minimal (being isomorphic to
(Mo, ¢y)), from Theorem 2.2 we get that it is isomorphic to (Mo, g¢). The
isogeny class of (M, g¢) (resp. of (M, ¢)) is the same as of (M, g¢) (resp. of
(Mo, #)). From the last two sentences we get that the Dieudonné modules
(M, g¢) and (M, ¢) are isogenous. From this and Lemma 2.8, we get that
by <qg+ 1. O

ExamPLE 2.10. Suppose that m =1 i.e., H is an isosimple p-divisible
group. Let 6y: Hy — Hy be an endomorphism such that End(H,) =
= W(F,)[0p] and 0y = p, cf. [Ma, Ch. III, §4, 1] and [dJO, Lem. 5.4].
From [dJO, 5.8] we get that there exist inclusions (M, ¢,) — (M, ) —
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— (0, V" VM,,¢4,) between Dieudonné modules over k. Let
wo : H — Hy be the isogeny defined by the first inclusion (My,¢,) —
— (M, $). Its kernel is annihilated by H}ffl)(d’l) = pw and therefore

w] — j— 1. Thus by < j, cf. Lemma 2.9.

we have qg < [ .

REMARK 2.11. The function f : (0, c0) x (0, 00) — (0, c0) defined by the
xy
r+y
an inequality f(x1,y1) +f (a2, y2) <f(x1 + 22,91 + y2). But the function
9(x,y) := [f(x,y)] is not subadditive. Due to this and the plus 1 part of
Lemma 2.9, our attempts to use Lemma 2.9 in order to prove Theorem 1.2
by induction on m € IN, failed. On the other hand, in most cases Lemma 2.9
provides better upper bounds of by than those provided by the following

Proposition.

rule f(x,y) = is subadditive i.e., for all a1, 22, ¥1,y2 € (0, 00), we have

PROPOSITION 2.12. For every p-divisible group H over k, the isogeny
cutoff bu 1s bounded from above by the weak isogeny cutoff by 1.e., we have
by < by.

PrOOF. Let k((xx)) be an algebraic closure of k((x)). Let H be a p-divisible
group over k[[x]] of constant Newton polygon such that its fibre over k is H
and the isogeny cutoff b of Hyr; is at most by, cf. property (ii) of Definition
2.6. We recall that the statement that H has constant Newton polygon means
that the Newton polygons of H and Hiy coincide i.e.,, Ny = N s For
the proof of this Proposition it is irrelevant what the a-number of H

m 18.

Let H' be a p-divisible group over k such that H'[p®] = H[p"]. Based
on [I1, Thm. 4.4. f)] we get that for all » € N\, there exists a p-divisible group
H,, over Spec(k[[x]]/(x")) that lifts H' and such that M [ptr] =
= H[pb” 1 X gy Kll]1/(x™). Based on loc. cit., we can assume that H), 1
restricted to Spec(k[[x]]/(x™)) is H,,. Therefore the H,’s glue together to
define a p-divisible group H' over the formal scheme Spf(k[[x]]). We recall
that the categories of p-divisible groups over Spf(k[[«]]) and Spec(k[[x]])
are naturally equivalent, cf. [dJ, Lem. 2.4.4]. Thus let H’ be the p-divisible
group over Spec(k[[x]]) that corresponds naturally to H.

The p-divisible group H’ lifts A’ and we have

H'[]Oi’”] = pTOj.lim.n_)mH;L[pBH] _ H[pi’H],
As H'[p1] = H[pP*] and b < by, from the very definition of b, we get that
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H;C«x)) has the same Newton polygon as Hy;; thus N W= = N . As the

Newton polygons go up under specialization (see [De, Ch IV §7, Thm.]),

we conclude that the Newton polygon Ny of H' is above the Newton

polygon Ny of H. But Ny is not strictly above Ny, cf. property (i) of

Definition 2.6. From the last two sentences we get that N’y = Ny. This

implies that by < by. O
From Lemma 2.10 and Proposition 2.12 we get:

COROLLARY 2.13. For every p-divisible group H over k, we have the
Sollowing inequality by < min{by, ¢z + 1}.

3. The proof of Theorem 1.2.

In this Section we prove Theorem 1.2. We begin by proving the fol-
lowing particular case of Conjecture 1.1 which in essence is due to Traverso
(cf. [Tr3, Thm. of §21, and § 40]).

THEOREM 3.1. Suppose that ag < 1. Then we have by < j.

Proor. We first recall how to compute the Newton polygon N of H (cf.
[Ma], [De, Ch. IV, Lem. 2, pp. 82—84], [Tr3, §21, Thm.], and [Oo1, Lem. 2.6]).
Let v, : W(k) \ {0} — N U{0,00} be the normalized valuation of W(k);
thus v,(p) = 1. Let & € M be such that its reduction modulo p generates the
k-vector space M /(M) + SdM). Let ap,aq,...,0cb1,...,bqg € W(k) be
such that the map

c d
W= Z%-#i —l—ZbﬁZ M —-M
=0 /=1

annihilates «. It is easy to see that we can choose x such that
vp(ag) = vp(bg) = 0and {x, #(x), . .. ,¢“’1(.%'), Ax), . .. ,&d(x)} is a W(k)-basis
for M. For ¢ € {1,...,d} let a.., := p‘by; thus a; is well defined for all
1€{0,...,r}. Let

Q) =1+ > wpla)t =t"+ > vt € ZIt].

ie{l,...r} ie{l,..,r}
a;#0 a;#0

We recall that the Newton polygon of Q,(f) (more precisely, of the (» + 1)-
tuple (ay, . . ., a,)) is the greatest continuous, piecewise linear, upward convex
function N : [0,7] — [0, d] with the property that for all 7 € {0,... 7} we
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have NV ,(1) < vy(a;). Then we have
(@)) Ny =N,.

To check Formula (1) we view M as a W(k)[F']-module, where F- A= 1°F
and where F' acts on M as ¢ does. The W (k)[F']-module M is isogenous to the
WE)[F]-module M’ := W(k)LF']/W(k)[Fly', where

y =Fl =Y o a)F .
i=0
But the Newton polygon of the W(k)[F']-module M’ is N/, cf. [De, Ch. IV,
Lem. 2, pp. 82—84]. Thus Formula (1) holds.

We recall that j = [% .Asc,d > 0, we havej > 1. Let g € GLy (W (k)
be congruent to 1;; modulo p/. Let H, be a p-divisible group over k whose
Dieudonné module is isomorphic to (M, g¢). Asj > 1, H,[p]is isomorphic to
H[p] and therefore ay, = ay < 1. Based on Lemma 2.8, to prove the
Theorem it suffices to show that the Newton polygons Ny, and Ny
coincide. By replacing (¢, d) with (g¢, 9g~1), the map w : M — M which
annihilates x gets replaced by another map

c ) d
Yy = Z Qg e—i® + Z bg‘wﬂé M —-M
=0 =1

which annihilates x, where a,, ._; is congruent to a,_; modulo p’ and where by

is congruent to b, modulo p/. For ¢ € {1,....d} let agcie == p‘fbg_g; thus

ag; € W(k) is well defined for all ¢ € {0,...,r} and it is congruent to a;

modulo p/t™{0i=c} - The pair (Q,(t),N,) gets replaced by the pair

(Qgu(), N g), where Qg () :=1"+ > w,(a,)t'" " and where N is the
ie{l,..r}

Newton polygon of Q,.(t). As N, ?gé(l]lpward convex and as N,(0) =0

and N,(r) =d, we have N,(t) g% for all ¢t€[0,7]. Thus j= g}

. . ._cd
> [Nu(e)] > N(e) >N, @) for all i € {0,...,c}. As r>d and j > 07, for
. . di
1€{c+1,...,r} wehave j+i—c > 71 From the last two sentences we

get that j + min{0,7 — ¢} > % > N,@@) for all i € {0,...,7}. From these

inequalities and the fact that for all ¢ € {0,...,r} the elements a,; and
a; are congruent modulo p/ M0~} we easily get that Ny, = AV,. From
this identity and Formula (1) we get that Ny, = Np. O
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3.1 — End of the proof of Theorem 1.2.

Based on Proposition 2.12, to prove the inequality by < j it suffices to
show that by < J. We recall that A4 is the set of Newton polygons of p-
divisible groups over k of codimension ¢ and dimension d. Let Dy be the
class of p-divisible groups of codimension ¢ and dimension d over k whose
Newton polygons are strictly above Ny.

We prove the inequality by < j by decreasing induction on N’y € A/ cd-
Thus we can assume that for every e € Dy we have b, < j; as b, < b, (cf.
Proposition 2.12) we also have b, < j. To show that by <7, let H be a p-
divisible group over k[[x]] such that the properties (ii.a) to (ii.c) of Defi-
nition 2.6 hold. Let b be the isogeny cutoff of H-——. From the very defi-
nition of by we get that

Fe((@))*

BH < max{b,b.|o € DH}

As b < j (cf. Theorem 3.1 applied to Hk(( 5 ) and as b, < j for all e € Dy (cf.
the inductive assumption), we have by < j. This ends the induction.

Thus by < j and therefore by < j. As H is an arbitrary p-divisible group
over k of codimension ¢ and dimension d, we get that b, 4 < j. If j = 1, then
we obviously have b4 = 1. If j > 2, then the below Example shows that
there exist p-divisible groups H over k of codimension ¢ and dimension d
and such that we have by = j. This implies that for j > 2, we horzwe bea > 7.

We conclude that for all values of j € N we have b.g =7 = {71 O

ExamMPLE 3.2. Suppose that j > 2. Let s € IN be the smallest number
such that r divides c¢d — s; we have j — 1 = dT_ We assume that there
exists an element x €M such that the »-tuple (e,...,e.):=

= (@, ¢(x), .. ., ¢‘H(90), &d(x), ...,3x)) is an ordered W(k)-basis for M
and we have an equality & () = ¢°(x). Thus ¢le;) = ;1 if i € {1,...,¢}
and @(e;) = pejq if i € {c+1,...,7}. We have ¢'(¢;) = p’e; and therefore

all Newton polygon slopes of H are g; thus m = g.c.d.(c, 7). Replacing the

equality Sx) = ~¢”(ac) by the equality Sa) = &”(m) - pj‘{x, we get a p-
divisible group H over k whose Dieudonné module (M,¢) is such that
Ple) = e ifie{l,...,c—1}, fle) = pi~ley + ec.1, and $le)) = peiry if
i€{c+1,...,7}. As (¢,9) and (¢, ) are congruent modulo p/~1, H[p/~1]
is isomorphic to H[p’~1]. We have N y(t) :% but the piecewise linear

function NV ;(t) changes slope at ¢; more precisely we have N j(c) =j —1
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(cf. Formula (1) applied to I:I, to xeM, to the function
gi=—pi 1+ — 9 M — M, and to the polynomial Qx(t) =t"+

+(j — Dt? + d). Thus the Newton polygon slopes of H are ‘7— (with

multiplicity c¢) and 1 — J— (with multiplicity d) and therefore they are

d
different from %l This implies that by > j and therefore (cf. the inequality

by <j proved in the previous paragraph) we have by = 7.

ExampLE 3.3. Suppose that ¢ = d and that H is as in Example 3.2.
Then gy :% (cf. [NV, Rmk. 3.3]) and j = E] If ¢ is odd, then

by =j = crl_ qu + 1; moreover, for H := (Q,/7,) ® H @ p,~ we also

2 ¢ +1
2

(see Lemma 2.9) is optimal in general.

have b;; =j = = qi + 1. Thus for ¢ = d, the inequality by < gy +1
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