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On the b-ary Expansion of an Algebraic Number.

YANN BUGEAUD

ABSTRACT - Let b > 2 be an integer and denote by w(b) the number of its prime
divisors. As a consequence of our main theorem, we establish that, for n large
enough, there are at least (logn)'™/“®*¥ . (loglogn)™'* non-zero digits
among the first » digits of the b-ary expansion of every algebraic, irrational, real
number. Analogous results are given for the Hensel expansion of an algebraic,
irrational p-adic number and for the f-expansion of 1, when £ is either a Pisot, or
a Salem number.

1. Introduction.

Let b > 2 be an integer. Despite some recent progress, the b-ary ex-
pansion of an irrational algebraic number is still very mysterious. It is
commonly believed that v/2, and every algebraic irrational number, should
share most of the properties satisfied by almost all real numbers (here and
below, ‘almost all’ always refers to the Lebesgue measure); in particular,
every digit 0,1,...,b — 1 should appear in its b-ary expansion with the
same frequency 1/b. However, it is still unknown whether, for b > 3, three
different digits occur infinitely often in the b-ary expansion of v/2.

There are several ways to measure the complexity of a real number. A
first one is the block complexity. For a real number 6 and a positive integer
n, let denote by p(n, 8, b) the total number of distinct blocks of n digits in
the b-ary expansion of 0. It is shown in [2] with the help of a combinatorial
transcendence criterion from [5] that the complexity function » — p(n, &, b)
of an irrational algebraic number & grows faster than any linear function.
Since the complexity function of a rational number is uniformly bounded,
this shows that the algebraie, irrational numbers are ‘not too simple’ in this
sense.

(*) Indirizzo dell’A.: Université Louis Pasteur, U. F. R. de Mathématiques, 7,
rue René Descartes, 67084 Strasbourg, Cedex (France).
E-mail: bugeaud @math.u-strasbg.fr
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Another point of view is taken in [6, 18], where the authors obtained
very nice lower bounds for the number of occurrences of the digit 1 among
the first » digits of the binary expansion of an algebraic irrational number.
Apparently, their approach does not extend to a base b with b > 3.

In the present paper, we consider the question of the complexity of an
irrational algebraic number from a third point of view. Our aim is to es-
timate the asymptotic behaviour of the number of digit changes in its b-ary
expansion. For a non-zero real number 6, write

Q
0=+ Z b—zza,ko...ao.alag...,
k>—kq

where ky > 0, a_y, # 0if ko > 0, the a;’s are integers from {0,1,...,b — 1}
and ay, is non-zero for infinitely many indices k. The sequence (ay ), 1S
uniquely determined by 0: it is its b-ary expansion. We then define the
function nbde, ‘number of digit changes’, by

nbde(n, 0,b) = Card{1 <k <n:ay # ar1},

for any positive integer n. Apparently, this function has not been studied up
to now. If one believes that every irrational algebraic number & behaves in
this respect like almost all numbers, then % +— nbde(n, &, b) should grow
linearly in terms of n. Not surprisingly, much less can be proved. Indeed, it
easily follows from Ridout’s Theorem [16], recalled in Section 3, that we
have

nbde(n, &, b)

1.1)
logn n— +00

+ o0,

a proof of this is given at the beginning of Section 4. The main object of this
note is to improve (1.1) by using a quantitative version of Ridout’s Theorem.
As a corollary, we get lower and upper bounds for the sum of the first n
digits of an algebraic irrational number.

Our paper is organized as follows. The main results are stated in Sec-
tion 2 and proved in Section 4, with the help of an auxiliary theorem given
in Section 3. We display in Sections 5 and 6 the analogues of our main result
for the Hensel expansion of irrational algebraic p-adic numbers and for /-
expansions, respectively. Furthermore, we discuss in Section 7 various

results on the transcendence of the series Y b7, for an integer b > 2 and
Jj>1

a rapidly growing sequence of positive integers (1;);>1. In the last section,

we briefly consider an analogous problem for continued fraction expan-

sions.
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2. Results.

For any integer « at least equal to 2, we denote by w(x) the number of
its prime divisors.

THEOREM 1. Let b > 2 be an integer. For every irrational, real alge-
braic number & there exists an effectively computable constant c(&,b),
depending only on & and b, such that

2.1) nbde(n, &, b) > 3 (logn) /@O (loglogn) /4,

for every integer n > c(&, b).

We stress that for every non-zero rational number p/q and for every
integer b > 2, there exist integers ¢y and C such that nbde(n,p/q, b") < C
for ¢ > ¢y. The growth of the functions % — nbde(n, 0, b’) can be used to
measure the complexity of the real number 6. In this respect, the ‘simplest’
numbers are the rational numbers and Theorem 1 shows that algebraic
irrational numbers are ‘not too simple’.

The proof of Theorem 1 given in Section 4 yields a (very) slightly better
estimate than (2.1) and an explicit value for the constant c¢(¢, ).

We display two immediate corollaries of Theorem 1. A first one con-
cerns the number of non-zero digits in the expansion of a non-zero alge-
braic number in an integer base, a question already investigated in [6, 18].

COROLLARY 1. Let b > 2 be an integer. Let & be a non-zero algebraic
number. Then, for n large enough, there are at least

(10g n)1+1/((u(b)+4) . (log logn)_l/4

non-zero digits among the first n digits of the b-ary expansion of &

For b = 2, Corollary 1 gives a much weaker result than the one obtained
by Bailey, Borwein, Crandall, and Pomerance [6], who proved that, among
the first n digits of the binary expansion of a real irrational algebraic
number ¢ of degree d, there are at least c¢(é)n!/? occurrences of the digit 1,
where c(¢) is a suitable positive constant (see also Rivoal [18]).

Besides the number of non-zero digits, we may as well study the sum of
digits. To this end, for an integer b > 2 and a non-zero real number 0 with
b-ary expansion
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set

n
S, 0,b) =Y a,
k=1

for every positive integer n. We know that S(n, 8, b)/n tends to (b — 1)/2
with n for almost all real numbers 6. It is believed that the same holds when
0 is an arbitrary irrational algebraic number. In that case, we are only able
to prove a much weaker result, namely that n — S(n, £, b) cannot increase
too slowly, nor too rapidly.

COROLLARY 2. Let b > 2 be an integer. Let & be an irrational algebraic
number. Then, for n large enough, we have

22) S, &,b) > (logn) /@O . (loglogn) 1/

and
S, &,b) < n(b — 1) — (log n) /@O (Jog logn) 4.

Inequality (2.2) should be compared with Theorem 4.1 from [3], which
gives an upper bound for the product of the first » partial quotients of an
irrational, algebraic number. Actually, the proofs of both results are very
similar.

3. An auxiliary result.

For a prime number ¢ and a non-zero rational number x, we set
||, := 7", where u is the exponent of ¢ in the prime decomposition of x.
Furthermore, we set |0, = 0. With this notation, the main result of [16]
reads as follows.

THEOREM (Ridout, 1957). Let Sy and Sy be disjoint finite sets of prime
numbers. Let 0 be a real algebraic number. Let ¢ be a positive real number.
Then there are only finitely many rational numbers p/q with ¢ > 1 such
that

3.1) ’0 _P
q

1
1 el T 9l < 25

fESl £ES2

For the proof of Theorem 1, we need an explicit upper bound for the
number of solutions to (3.1). The best one for our purpose has been es-
tablished by Locher [13].
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We normalize absolute values and heights as follows. Let K be an al-
gebraic number field of degree k. Let M(K) denote the set of places on K.
For x in K and a place v in M(K), define the absolute value |x|, by

@ |x|, = |o(2)|*'* if v corresponds to the embedding ¢ : K — R;
(i) ||, = |o@@)|** = |[a@)[?’* if v corresponds to the pair of con-
jugate complex embeddings 7,6 : K — C}
(i) x|, =V p)"’rd“(”)/ kit v corresponds to the prime ideal p of Ok.

Here, Np is the norm of p and ord,(x) is the exponent of p in the de-
composition of the ideal (x) into prime ideals. These absolute values satisfy
the product formula

H ], =1 for x in K*.
veMEK)

The height of x is then defined by
H(x) = H max{1, |x|,}.
veEMEK)

It does not depend on the choice of the number field K containing «. The
Mabhler measure of x is given by

M(x) = H@)"

where k' < k is the degree of «.

We denote by | - |, an extension of | - |, to the algebraic closure of K.

THEOREM L. Let K be an algebraic number field. Let ¢ be real with
0 <e< 1 Let F/K be an extension of number fields of degree f. Let S be a
finite set of places on K of cardinality s. Suppose that for each v in S we are
given a fixed element 0, in F. Let H be a real number with H > H(0,) for
all v in S. Consider the inequality

(3.2) [T min{1,16, —1,} < HR™™*

ves
to be solved in elements y in K. Then there are at most
¢" 95 log (6f) - log (¢ 'log (6/))
solutions y in K to (3.2) with
H(y) > max{H, 4"*}.
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Proor. This is Theorem 2 from [13] in the case d = 1, with different
notation. O

4. Proof of Theorem 1.

o Preliminaries.

Without any loss of generality, let us assume that

@.1) b-1/b<&<1.
Write
f ; bk =0. a10e .

and define the increasing sequence of positive integers (n;);>1 by
a1 = ... = Qpyy Uy 7 Qg1 A0 Gy 1 = oo = Ay, Gy, F Oy, 11 TOT €VETY
7 > 1. Observe that

nbde(n, ¢, b) = max{j : n; < n}

for m > ny, and that n; > j for j > 1. To construct good rational approx-
imations to ¢ we simply truncate its b-ary expansion at rank a,,1 and then
complete with repeating the digit a,,1. Precisely, for j > 1, we define the
rational number

G=> % + Z (ln7+1 Z bn,czzjil D

k=1 k=n;+1
Set
Pi(X) = a1 — Gy + (@ — @y DX + .+ (02 — a)X" 4 X"

nj—n;_
=Up;+1 — Ay, + (an,-,lJrl - anj,l)X T4+
(g1 — @ )X + 01 X,

and observe that

Py(b)

4.2) &= Tt —1)

Let p; and ¢; be the coprime positive integers such that

bi.

43) §=
7
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Since 1 < ‘C’/nj+1 - an].| < b — 1, there exists a prime divisor ¢ of b such that
Ord[{(a177.+1 — Q) < ord,(b), thus

Unj+1 — Oy

4.4) Ol'dg( b~ 1)

) < —(n; — Dord,(b) — 1.

We infer from (4.4) and

(@ 11— @y, DO (@ — a2 g b
Orde ¢ ) '
b — 1)
> —(n; — 1) ord,(b)

that ¢; > 2"~1. Consequently, we get

(4.5) 247N <H(E) = q; < 0"(b - 1).
Observe that

1
(4.6) € =&l <gun

e Proof of inequality (1.1).

We first establish the result claimed in the introduction, that is, that
Ridout’s Theorem implies (1.1). Let ¢ be a real number with 0 < ¢ < 1. Letj
be a positive integer. It follows from Ridout’s Theorem that there exists a
positive constant C(¢) such that

P,(b) .
I > n, (1+8)'
‘é b — 1)‘ >C(e)b™"
We then deduce from (4.6) that there is a positive constant C'(¢) such that
njp1 < (1 +emj + C'(e) for j > 1. This implies that n; < C"(e) - (1 + ¢Y holds
for j > 1 and some positive constant C”(e). Consequently, we get

logn _

log C”(e) S logn

>
nbde(n, ¢, b) > log(l4+¢ = 2’

2

when 7 is sufficiently large. This proves (1.1).
The improvement upon (1.1) rests on the fact that, by Theorem L, we
have an explicit estimate for the number of solutions to (3.1).

e Preparation for the proof of Theorem 1.

Let denote by d the degree of &.
The Liouville inequality as stated by Waldschmidt [20], p. 84, asserts



224 Yann Bugeaud

that

1 e
‘f — E‘ >————— for any positive integers p, q.

91~ MO - "
Consequently, we obtain that
b < (20)" - M(&) - b™,
thus we have
4.7 N1 < 2dn;,

for every integer j with j > 2 log (8M(¢)).
Let ¢ be a positive real number with ¢ < 1/(log6d). Let j; be the
smallest integer with

4.8) Jj1 > max{2dlog (3M(%)),102d + 1)elog b},
and let j > j; be an integer. Let 41, ..., ¢, denote the (distinct) prime di-
visors of b. We infer from (4.6), (4.7), (4.2), (4.3) and the assumption (4.1) that
‘ w(b) ) (b)
min{1, [1/¢ — q;/pl} - [] lgsl,, < 4 min{1,1& = pi/g1} - [ ] lasls,
i=1 i=1
4.9) <4b" gt (b—1)
< 4(b _ 1)1+2d ((b _ 1)bn;)_”j+1/n7’qj—1
S 4(b _ 1)1+2d H(éj)—l—nj,l/nj'
It follows from (4.5) and (4.8) that H(&)" > 2971 > 4(b — 1)'**. Conse-
quently, we infer from (4.9) that, if n;,; > (1 4 2¢)n; holds, then
0 1+2d : 2-¢
min{1, [1/¢ — ¢;/pjl} - [ ] lajl,, <40 — D HE) *HE) ™
(4.10) i1
<HE
Observe that all the rational numbers ¢; are distinct. Furthermore, we have
H(&) > max{H(&), 4"} as soon as j > ji.

We now apply Theorem L with K = @, S = {00, 01, ..., low }, 0o = 1/&,
0, =0fori=1,...,w(). Let s =1 + w(b) be the cardinality of S and set

4.11) T(e) := 2" ¢4 (loge™1)log (6d).

It then follows from (4.10), our choice of ¢, and Theorem L that for every
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integer j > j; outside a set of cardinality at most T'(¢) we have

Njt1 < (1 + 28)1@]'.

o Completion of the proof of Theorem 1.
Let J be an integer with

J > max{ (2d log (3M(9)))?, (4db)*}.
Let j2 be the smallest integer with

Jo > max{2d log (3M(%)),4dbVJ },
and check that J > j 3/ 2,

Let k£ > 3 be an integer. It is convenient to set ¢ = s +4 = w(b) + 5.
For h =1,...,k, define
(4.12) g = J D@D (o0 NS (log 4d) VI
and check that
J WMoy << ... <g< 1/(log 6d).

Put Sy = {j2,72 +1,...,J}. Observe that our choices of js and ¢1,..., ¢
imply the analogue of (4.8), namely that

jo > max{2d log (3M()),102d + )¢, ' log b}, (1 <h <k).

For h=1,...,k, let S;, denote the set of positive integers j such that

Je <j < J and njq > (14 2¢,)n;. Observe that Sp O S1 D ... D ;. It fol-

lows from (4.10) that, for any j in Sj,, the rational number p;/q; satisfies
w(b)

min{1,1/¢ - ¢;/pl} - [ [ lasl, < HE >

1=1

Consequently, the cardinality of S), is at most T'(gy,).
Write

S():(So\Sl)U(Sl\Sz)U...U(Sk_l\Sk)USk.

Combining (4.7) with the above estimates, we obtain that

Wy M1 M2 "

n n, Ny Nj,+1
—J* J J X.XL

k
<1+ 281)J H 1+ Zgh)T(z‘.‘h,—l) (Zd)T(gk),
h=2
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Taking the logarithm and using the fact that log (1 + ) < u for any posi-
tive real number u, we get

k
(4.13) logny —lognj, <2J e +2> & T(er1) + T(e) - (log 2d).
h=2

We easily infer from (4.11), (4.12), and (4.13) that
log 1y — logn,, < 8ke™+2 jo=bfo jo=D/" (100 1YV (log 4d)'/”

4.14
( ) + J@=D/o J(afl)/ak (lOgJ)l/U (log4d)(u‘k’1+1)/cf’“’.

Let log * be the function defined on the positive real numbers by log "o =
= max{logx,1}. Choosing for k the smallest integer greater than
(loglogJ) - (log *loglog 4d), we get from (4.14) that

logny —logn;, < J“ Y/ (log DY (loglog J) (log 4d)"/° (log Tlog log 4d),

where, as in the sequel of the proof, the constant implied by < depend only
on o(b). Since n;, < jo < J?/3 < J@D/7 we get that

logny; < Jo/o (logJ)l/" (loglogJ) (log 4d)V° (log "loglog 4d),
thus

J > (logn,) V™V (loglogny) YV (logloglogn,) 1~ /D

x (log4d)~Y“D (log *log log 4d) 1Y/,

Since 0 — 1 = w(b) + 4 > 4, this completes the proof of Theorem 1. O

5. On the Hensel expansion of irrational algebraic p-adic numbers.

Let p be a prime number. As usual, we denote by @, the field of p-adic
numbers, and we call algebraic (resp. transcendental) any element of @,
which is algebraic (resp. transcendental) over Q. If ¢, is a p-adic number,
we denote by

+00

&= Z arp®, (@ €{0,1,...,p —1},ko > 0,a_y, # 0 if kO > 0),
k=—ko

its Hensel expansion. It is proved in [2], Section 6, that the sequence
(a)r>—k, cannot be ‘too simple’ when ¢, is algebraic irrational. Using the
methods developed in the present paper, we get the p-adic analogues of
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Theorem 1 and Corollaries 1 and 2. With the above notation, for a positive
integer n, set

nbde(n, &,,p) = Card{l <k <n:a; # a1},

and
n
S(?’l/, fpap) = Z Qy;.
k=1

THEOREM 2. Let p be a prime number. Let &, be an algebraic irrational
number in Q,. For any positive real number 6 with 6 < 1/9 and any suf-
ficiently large integer n, we have

nbde(n, &,,p) > (logn)'*,

and there are at least (log )™ non-zero digits among the first n digits of
the Hensel expansion of &,, and, moreover,

(logn)'*’ < S(n,&,,p) < n(p — 1) — logn)' .

The proof of Theorem 2 uses the same idea as that of Theorem 1. The
good approximations to £, are obtained by truncating its Hensel expansion
and repeating the last digit. Theorem L, however, cannot be applied in the
present context: we need a statement involving rational approximation to a
p-adic algebraic number that gives an explicit upper bound for the number
of solutions to an inequality first studied by Ridout [17]. A suitable
statement is Theorem 3.1 from Evertse and Schlickewei [12], that we apply
with n = s = 2 to get Theorem 2. We leave the details of the proof to the
reader.

6. On f-expansions.

Let # > 1 be a real number. The f-transformation T is defined on [0, 1]
by T : @ +— fa mod 1. Rényi [15] introduced the f-expansion of a real x in
[0,1], denoted by dg(x), and defined by

dp(x) = 0.2122 ... 2y - . .,

where x; = [ﬂT}';l(oc)]. For x < 1, this expansion coincides with the re-
presentation of x computed by the ‘greedy algorithm’. If ff is an integer, the
digits a; of x lie in the set {0,1,..., 5 — 1} and dg(x) corresponds to the -
ary expansion of x defined in Section 1. When /3 is not an integer, the digits
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x; lie in the set {0,1,...,[f]}. We direct the reader to [4] and to the re-
ferences quoted therein for more on f-expansions. We stress that the f-
expansion of 1 has been extensively studied.

It turns out that the method of proof of Theorem 1 applies to f-expan-
sions, when f is a Pisot or a Salem number. Recall that a Pisot (resp. Salem)
number is a real algebraic integer > 1, whose complex conjugates lie inside
the open unit disc (resp. inside the closed unit disc, with at least one of them
on the unit circle). In particular, every integer b > 2 is a Pisot number.

For a real algebraic number 6, let #(0) denote the sum of the number of
infinite places on the number field @(0) plus the number of distinct prime
ideals in Q(0) that divide the norm of 0. In particular, »(b) = w(b) + 1 for
every integer b > 2.

THEOREM 3. Let f > 1 be a Pisot or a Salem number. Let M be a po-
sitive integer and let (ay)i>1 be a non-ultimately periodic sequence of in-
tegers from {0,1,..., M}, and set

(473
&= o
2 p

Let 6 be a positive real number with 6 < 1/(r(f) + 3). If there are arbi-
trarily large integers n for which

Card{l1 <k <m:a # apq} < logn)'™,

then & is transcendental.

We omit the proof of Theorem 3 since it is very similar to that of
Theorem 1. Note that Ridout’s Theorem has already been used in this
context, see [1].

We display a consequence of Theorem 3 on the number on non-zero
digits in the f-expansion of 1.

COROLLARY 3. Let f > 1 be a Pisot or a Salem number. Write
dﬂ(l) = 0.0&1@2 A

For any positive real number 6 with 6 < 1/(r(f) + 3) and any sufficiently
large integer n, we have

a +as+ ...+ a, > (logn)'™?,

149

and there are at least (logn) " indices jwith 1 <j < n and a; # 0.
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7. On the series > b7,
Jj>1
Let b be an integer with b > 2. Let n = (n));>; be a non-decreasing
sequence of positive integers. It is well-known that if n grows sufficiently
rapidly, then the number
np = Z b

J=1

is transcendental. For example, it easily follows from Ridout’s Theorem
that the assumption
lim sup Bt >1

Jotoo Ty

implies the transcendence of &, ;, see e.g. Satz 7 from the monograph [19].

In particular, for any positive real number ¢, the real number &, is
transcendental when n; = 2¥!, where [ - ] denotes the integer part. A
much sharper statement follows from Theorem 1.

COROLLARY 4. Let b > 2 be an integer. Let n be a real number with

1

A OF

Then, the sum of the series

Z b~", where nj = 20" for j > 1,
J>1

1s transcendental.

Proor. Letvbeareal numberwith0 < » < 1.Let N be alarge integer.
We check that the number of positive integers j such that 2U" "1 < N is less
than some absolute constant times (log N)/“~ and we apply Theorem 1 to
conclude. O

Actually, it is possible to derive from Theorem 1 the transcendence of
the real number &, , for other fast growing sequences n. Like in Corollary
4, the precise statement would involve w(b), the number of distinet prime
factors of b. It turns out that it is possible to improve Corollary 4 and to get
rid of the dependence on w(b) by using the following version of the Cu-
giani—Mahler Theorem [10, 11, 14], that we extract from Bombieri and
Gubler [7] (see also Bombieri and van der Poorten [8]).
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THEOREM BG. Let S; and Sa be disjoint finite sets of prime numbers.
Let 0 be a real algebraic number of degree d. For any positive real number
t set
loglog (t + log 4)) 1/4

_ 1/2
f@® =Tog4d) ( log (¢ + log 4)

Let (pj/qj)j>1 be the sequence of rational solutions of

) 1
‘0_5 T el TT 19l: < e

éGSl [ESQ

ordered such that 1 < q1 < q2 < ... Then either the sequence (p;/q;)j>1 s
finite or

Proor. This follows from Theorem 6.5.10 of [7]. O
We can then proceed exactly as Mahler did ([14], Theorem 3, page 178).

THEOREM 4. Let b > 2 be an integer. Let (a;);>1 be a non-decreasing
sequence of positive integers tending to infinity. Let n = (n;);>1 be an in-
creasing sequence of positive integers satisfying ny > 3 and

log log 1\ /4 )
Nj1 > (1 + ay (%igi_ ]> ) nj, (=1
)

Then the real number

én,b = Z b

J=1

s transcendental.

We omit the proof since it is exactly the same as Mahler’s one. Note that
Theorem 1 yields a similar statement as Theorem 4, with however 1/4
replaced by any real number smaller than 1/(w(b) + 4).

It does not seem to us that Theorem 1 can be derived from Theorem
BG.

An easy computation allows us to deduce from Theorem 4 the following
improvement of Corollary 4.
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COROLLARY 5. Let b > 2 be an integer. Let n be a real number with

1
0< —.
,77<5

Then, the sum of the series

Z b, where n; = 20" for j > 1,
J>1

18 transcendental.
More generally, one can consider the following question.

PROBLEM. Let n = (n;);>1 be a strictly increasing sequence of positive
ntegers and set

(7.1) OEDPELS

J=1

If the sequence n increases sufficiently rapidly, then the function f, takes
transcendental values at every non-zero algebraic point in the open unit
disc.

By a clever use of the Schmidt Subspace Theorem, Corvaja and Zannier
[9] proved that the conclusion of the Problem holds for f;, given by (7.1)
when the strictly increasing sequence n satisfies

(7.2) lim inf Y1 > 1.

Jj—+ oo ’VL]
It is perhaps possible to combine the method developed in [9] with the ideas
of the present paper to relax the assumption (7.2).

8. Continued fraction expansions.

Despite some recent progress, the continued fraction expansion of a
real algebraic number of degree greater than or equal to three remains
very mysterious. In particular, we still do not know whether its sequence of
partial quotients is bounded or not. Even an analogue of Theorem 1 for
continued fraction expansions would be new.

In the sequel, we restrict our attention to expansions with partial
quotients equal to 1 or 2. More precisely, for a strictly increasing sequence
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n = (nj);>; of positive integers, we denote by &, := [0;ay,az, ... ] the real
number whose continued fraction expansion is given, for k > 1, by a; = 1if
k¢n and ap =21if k € n.

It is expected that &, is transcendental unless (ay)r>1 is ultimately
periodic (in which case &, is clearly a quadratic number). In particular, it is
very likely that &, is transcendental if n increases sufficiently rapidly. As a
first result in this direction, we claim that, if &, is algebraic, then

8.1) logn; = o(j).

Indeed, if (8.1) does not hold, then there are infinitely many positive in-
tegers j and a real number ¢ > 1 such that n; > ¢/. Consequently, we have
lim sup T >1,

jotoo N
and the transcendence of the associated real number &, follows from
Theorem 3.2 of [3].

With similar ideas as in the present paper, but with some additional
technical difficulties due to the use of the Schmidt Subspace Theorem in
place of the Ridout Theorem, we are able to improve the above result as
follows:

There exists a positive real number 6 such that, if &, is algebraic, then
logn; < '

holds for every sufficiently large integer j.
This and related results will be the subject of a forthcoming paper.
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