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The Monge Problem on Non-Compact Manifolds.

ALESsIO FIGALLI (¥)

ABSTRACT - In this paper we prove the existence of an optimal transport map on non-
compact manifolds for a large class of cost functions that includes the case
c(x,y) = d(x,y), under the only hypothesis that the source measure is absolutely
continuous with respect to the volume measure. In particular, we assume com-
pactness neither of the support of the source measure nor of that of the target
measure.

1. Introduction.

Monge transportation problem consists in moving a distribution of
mass into another one in an optimal way, that is minimizing a given cost of
transport. In a mathematical language, the problem can be stated as fol-
lows: given two probability distributions x and v, with respective support in
measurable spaces X and Y, find a measurable map 7 : X — Y such that

(1) Tﬁ,u =1,
ie.
vA) = ,u(T‘l(A)) VA C Y measurable,

and in such a way that 7 minimizes the transportation cost, that is

[ et 1@y dute) = min [ et S@)duto) .
X

EH=Y
X

where ¢: X x Y — R is a given cost function. When condition (1) is sa-
tisfied, we say that T is a transport map, and if T minimizes also the cost
we call it optimal transport map. The difficulties in solving such problem
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even in an Euclidean setting motived Kantorovich to find a relaxed for-
mulation (see [11], [12]). He suggested to look for plans instead of trans-
port maps, that is probability measures y in X x Y whose marginals are u
and v, i.e.

(nx)yy =p and (ny)y =,

where 7y : X x Y — X and ny : X x Y — Y are the canonical projections.
Denoting by I7(x,v) the class of plans, the new minimization problem be-
comes then the following:

(2) min / c(e, y) dy(x, )
yell(u,v)
X

If y is a minimizer for the Kantorovich formulation, we say that it is an
optimal plan. Using weak topologies, the existence of solutions to (2) be-
comes simple under the assumption that X and Y are Polish spaces and c is
lower semicontinuous (see [15, Chapter 1]). The connection between the
formulation of Kantorovich and that of Monge can be seen by noticing that
any transport map 7" induces the plan defined by (Id x T');u which is con-
centrated on the graph of 7.

In a forthcoming paper with Fathi [8], we prove that, in the case
X =Y = M with M a smooth manifold, if i gives zero mass to sets with
o-finite (n — 1)-dimensional Hausdorff measure and the cost function is
induced by a C? Lagrangian that verifies some reasonable assumptions,
then the Monge problem has a unique solution and this coincides with the
solution of the Kantorovich problem, which turns out to be unique. In
particular, this result covers all the cases c(x,y) = d(x, %)” for p > 1, but not
the limit case p = 1. So this paper arises as an extension to non-compact
manifolds of the results of Bernard and Buffoni proved in [5], where the
authors showed the existence of optimal transport maps for a large class of
costs (that includes in particular the case c(x,y) = d(x,%)) on compact
manifolds without boundary. The existence of an optimal transport map in
the case c(x,y) = d(x,y) on non-compact manifolds has also been proved in
[10] under the assumption of compactness of the supports of the two mea-
sures (see the references in [10] for earlier works in the same spirit). In the
present paper we extend this result at the case of non-compactly supported
measures and, more generally, we prove the existence of an optimal
transport for a larger class of cost functions, which is the class of Mafié
potentials associated to a supercritical Lagrangian, using in particular re-
sults on weak KAM theory on non-compact manifolds (see [9]).
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We remark that we do not assume, as usual in the standard theory of
optimal transportation, that the cost function is bounded from below. In
fact such assumption would be quite non-natural for a Mané potential and,
also in particular cases, it would not be simple to check its validity. So, in
order to apply the standard duality result that gives us an optimal pair for
the dual problem, the idea will be to add to our cost a null-Lagrangian, so
that the cost becomes non-negative and still satisfies the triangle in-
equality, and the minimization problem does not change (see Section 2.2).

1.1 — The main result

Let M be a smooth n—dimensional manifold, g a complete Riemannian
metric on M. We fix L : TM — R a C? Lagrangian on M, that satisfies the
following hypotheses:

(L1) C2-strict convexity: V(x,v) € TM, the second derivative along
the fibers V%L(ac, v) is positive strictly definite;

(L2) uniform superlinearity: for every K > 0 there exists a finite
constant C(K) such that

Y(x,v) e TM, L(x,v) > K|jv||, + C(K),

where || - ||, is the norm on 7, M induced by g;
(L3) uniform boundedness in the fibers: for every R > 0, we have

A(R) := sup{L(x,v) | |]v||, < B} < 4+ 0.
xeM

We define the cost function

T

cre,y) = inf L), 7@®)) dt.

o= int [ Low).50)
0

The assumptions on the Lagrangian ensure that the inf in the definition of

cr(x,y) is attained by a curve of class C%. We now define the cost

clx,y) = ir;f cr(xe,y).

In the theory of Lagrangian Dynamics, this function is usually called Mafié
potential. We now make the last assumption on L:

(L4) supercriticality: for each x#y <M, we have c(x,y)+
+c(y,x) > 0.
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This assumption ensures that also the inf in the definition of c(x,y) is
attained by a curve of class C2. We will consider the Monge transportation
problem for the cost ¢. Our main result is the following:

THEOREM 1.1. Assume that c is the cost function associated to a su-
percritical Lagrangian that satisfies all the assumption above. Suppose that

/ d(@, y) du@) dvly) < + oc,
MxM

where d is the distance associated to the Riemannian metric. If u is ab-
solutely continuous with respect to the volume measure, then there exists
an optimal transport map T : M — M for the Monge transportation pro-
blem between i and v. This map turns out to be optimal for the Kantorovich
problem. More precisely, the plan associated to this map is the unique
minimizer of the secondary variational problem

min [ /14 @) - V@) + U@ o)

MxM

among all optimal plans for (2), where U is a strict subsolution of the
Hamilton Jacobi equation (see Proposition 2.2).

We recall that the idea of using a secondary variational problem in
order to select a “good” optimal plan was first used in [2] and refined in [3].

REMARK 1.2. We observe that, by the triangle inequality for the dis-
tance, the condition

/ d(e, y) du(e) dv(y) < + oo
MxM

18 equivalent to the existence of a point xy € M such that

/d(ac, x0) dulx) < + oo,
M

/ d(y, @) dvly) < +oc.
M

In fact, fixed xy,x1 € M, since d(x,xy) — d(xg,x1) < dx,x1) < d(x,x9) +
+ d(, 1),

x—d(x,xg) 1s integrable if and only if x— d(x,x1) 1is integrable.
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In particular all Lipschitz functions on M are integrable with respect to
both u and v.

We remark that the Lagrangian

1 2
L = L 10

satisfies all the hypotheses of the above theorem and, in this case, we
obtain

C(UC, ?/) = d(x7 ?/)

2. Definitions and preliminary results
2.1 — Preliminaries in Lagrangian Dynamics

We recall some results of Lagrangian Dynamics that will be useful in
the sequel (see [6], [7], [13]) and that shows the naturality of the super-
criticality assumption.

ProposiTION 2.1.  Let L be a Lagrangian that satisfies assumption
(L1), (L2) and (L3). For ke R, let us define ¢, the Maiié potential
associated to the Lagrangian L + k. Then there exists a constant ko such
that

@) for k < ko, ¢, = — oo and the Lagrangian is called subcritical;
() for k > ko, ci is locally Lipschitz on M x M and satisfies the
triangle inequality

cr(x,2) < cple,y) +crly,2) Va,y,z € M;

m addition c,(x,x) = 0 Vo € M,
(i) for k > ko, the Lagrangian L is supercritical, that is c(x,y) +
+c(y,x) > 0 for each x #+y € M.

The following proposition is a simple corollary of the results proved in [9]:

ProrosiTiON 2.2. The Lagrangian L is supercritical if and only if
there exist 6 > 0 and a C™ function U such that

H(x,d,U) < -6, Vze M,
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or equivalently
Lx,v) —d,UWw) >0, V(x,v)eTM,

where H is the Hamiltonian associated to the Lagrangian L, that is

V(x,p) € T*M, H(x,p):= sup {{(p,v) — L(x,v)}.
veT .M
Proor. The value kg is the so called critical value of L, and is the
smallest value for which there exists a global C! subsolution of

H(x,du) =k

(under the assumptions made on the Lagrangian, this value exists and is
unique). Then it suffices to apply the following approximation result, also
proven in [9]:

THEOREM 2.3. Ifu:M — R is locally Lipschitz, with its derivative
dyu satisfying H(x,d,u) < k almost everywhere, then for each & > 0 there
exists a C> function u,: M — R such that H(x,d,u,) <k-+¢ and
|ux) — u.(x)| < eforeach x € M.

In fact, if L is supercritical, then k is strictly negative, and it suffices to

k
apply the theorem above with ¢ = |2—O| On the other hand, the inverse

implication follows by the characterization of c;, given above. O
1
We observe that, in the case L(x,v) = 5 (1+ [[v]2), it suffices to take
1
U=0,0= 5

2.2 — Duality and Kantorovich potential

It is well-known that a linear minimization problem with convex con-
straints, like (2), admits a dual formulation. Before stating the duality for-
mula, we recall the definition of c-transform (see [2], [4], [5], [8], [15], [16]).

DEFINITION 2.4 (c-transform). Given a pair of Borel functions
p: X = RU{-o0},y:Y — RU{+ oo}, with

/|(p|du<+oo and /|1//|dv<+oo,
b'¢ Y
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we say that  is the c-transform of ¢ if

V(x,y) e X xY, w(y) = supe(x)—clx,y),
xeM

and we write y = ¢°.

Observe that, if w = ¢°, then one obviously has ¢(x) — w(y) < c(x,y) for
all (x,y) € X x Y. Integrating this inequality on the product X x Y, one
obtains

Wy € G, v), / pdi— / wdv= / (@) — vy dy(a, y)
X Y

XxY

< / cx,y) dy(xe, y).

XxY

THEOREM 2.5 [Duality formulal. Let X and Y be Polish spaces
equipped with probability measures u and v respectively, ¢ : X x Y — Ra
lower semicontinuous cost function bounded from below such that

/ ¢, ) dula) d(y) < +oc.
XxY
Then

min { / c(ac,y)dy(x,y)} =  max {/(ﬂdﬂ—/l//dv|1//=(ﬂc}~
yEI (1) ()L ()< L (v)
X X

xY Y

For a proof of this theorem see [1, Theorem 6.1.5], [2, Theorems 3.1 and
3.2], [16, Theorem 5.9].

We now consider a cost function c(x, %) as in Theorem 1.1. By hypoth-
esis (L3), ¢ is Lipschitz. In fact, given x,y € M, we consider a geodesic
Yy : 10,d(@,y)] — M from x to y with [/}, , || = 1. Then

d(a,y)
e, y) < / LG, . 5, 0) dt < A, ),

and so we have
le(x,y) — cz,w)| < |e(x,y) — cz,y)| + |cz,y) — c(z, w)|
< max{|c(, )|, [c(z, 2)|} + max{|c(y, w)|, |c(w, y)|}
< AMld(x, 2) + d(y, w)].
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Moreover c satisfies c(x, ) = 0 and the triangle inequality
c(,2) < e, y) + ¢y, )
(see Proposition 2.1). Fix now z € M and consider the auxiliar cost
o, y) = c(x, y) + aly) — a(x),

with a(x) := c(x,2). Obviously ¢ still satisfies the triangle inequality.
Moreover, since c is Lipschitz and satisfies the triangle inequality, we have

(3) 0 <ex,y) <cle,y) +cly,x) <2A0)d(x, y).
Thus ¢(x, ) is integrable with respect to 1 ® v if so it is d(«, ), and in this

case we can apply Theorem 2.5 to prove the following:

THEOREM 2.6. Given two probability measures uand v on M such that
| daypduaisy) <+ .
MxM

let € be a cost function as above. Then there exists a Lipschitz function
u: M — R that satisfies

wy) —wx) <cle,y) Ve,yeM

/ﬁd(v—,u): / cdy

M MxM

and

for each y optimal transport plan between p and v. In particular, this
implies
u(y) — ulx) =cw,y) for y-ae. (x,y) € M x M,
that is
@ —a)y) — @ — a)w) = clx,y) for y-ae. (v,y) € M x M,

The Lipschitz function u := u — a 1s called a Kantorovich potential.

PrOOF. Let (p,y) € LY (u) x L'(v) be a pair that realizes the maximum
in the dual problem, with v = ¢°. We want to prove that it suffices to take

U= —y.
Fixx,y € M. Since y = ¢° and ¢ satisfies the triangle inequality, we have

w(x) = sujg p(z) —cx,2) < sulg w(y) + ¢z, y) — e, 2) < w(y) +cx,y).
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Let now ¢y be a point of M such that w(xy) € R (such a point exists, being
w € LY. Choosing in the inequality above first x = xy and after y = x,, we
obtain that v is finite everywhere. So we can subtract w(y) to the two sides,
obtaining

(=w)y) — (= w)@) < clx, y).

Thus, if we define % := —y, by (3) we have
w(y) — u(x) < cle,y) <2AQ)d(x,y) Ve,y € M.

This inequality tells us that w is 24(1)-Lipschitz, and so, by Remark 1.2,
e LMw) N L.
Observe now that

0=rclx,x) > o) —plx) = —ul) > o).

Thus, if y is an optimal transport plan between yx and v, we have

/5(907?/)@(%,%)2 / (w(y) —u(x)) dy(x, y)

MxM MxM
= [aac-w> [pau- [vir= [ @y
M M M MxM
as wanted. O

2.3 — Calibrated curves

Fix a C* function U and a ¢ > 0 given by Proposition 2.2, and a Kan-
torovich potential # given by Theorem 2.6. Following [5], we recall some
useful definitions.

DEFINITION 2.7 [u-calibrated curve]. We say that a continuous piece-
wise differentiable curve y : I — M is u-calibrated if

t
W) — u(y(s)) — / L(:0),50) dr = (), 9t) Vs <tel,

where I C R is a nonempty interval of R (possibly a point). A u-calibrated
curve is called non-trivial if I has non-empty interior.
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Obviously a non-trivial u-calibrated curve is a minimizing extremal
of L, and hence is of class C%. In addition, we observe that each u-ca-
librated curve y can be extended to a maximal one, that is a curve 7 that
can’t be extended on an interval that strictly contains I without losing
the calibration property (this follows by the fact that, fixed the initials
position and the velocity, the minimizer is unique; thus, if two u-cali-
brated curves locally coincide, they must coincide in the intersection of
their domains of definition, and so one can use this fact to find an un-
ique maximal extension of y). We observe that, if y is maximal, then /
must be closed. In the sequel, also in the case I = R, I =[a,+ c0) or
(— oo, b], for simplicity of notation we will always write the interval on
which a maximal curve is defined as [a, b].

DEFINITION 2.8 [transport ray]. A transport ray is the image of a non-
trivial u-calibrated curve.

In [7], it is proved that Kantorovich potentials are viscosity subsolutions
of the Hamilton-Jacobi equation, that is equivalent to say that « is locally
Lipschitz and satisfies

H(x,du) <0, forae xeM,
or equivalently

L(x,v) — dyu(w) >0, forae xeM, YweT,M.

We recall that, if y : [a, b] — R is a u-calibrated curve, then for all ¢ € (a, b)
the function w is differentable at y(t) (see [7]). Then we have the following:

LEmma 2.9. Let y:[a,b] — R be a u-calibrated curve. Then for all
t € (a, b) the function u is differentable at y(t) and we have

d},(t)(u - U)(V(t)) > (Sa

where U and 6 are given by Proposition 2.2. This implies that y is an em-
bedding and transport rays are non-trivial embedded arcs.

PRrROOF. As y(t) is u-calibrated, we have

t
u(y®)) — u(y(s)) = / L(y(), (@) dr Vs <t, s,t€la,b],
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that implies, recalling Proposition 2.2,

u(y(®) —u(y(s) _

t—s

t
— [ L6,
= dypu(i(t) = L), 3(t) =2 dypy U(9()) +9. O

We now define the functions o : M — R and f : M — R as follows:

— of(x) is the supremum of all times 7" > 0 such that there exists a
u-calibrated curve y : [ — T',0] — M such that y(0) = «;

— p(x) is the supremum of all times 7' > 0 such that there exists a
u~-calibrated curve y : [0, T] — M such that y(0) = «.

LeEmMa 2.10. o and f are Borel functions.

ProOF. Let K' C M be a countable increasing sequence of compact set
such that | K" = M. Then we can define the auxiliary functions o;(x) as the

supremuml of all times 7 > 0 such that there exists a u-calibrated curve
y:[—T,0] — M such that y(0) = x and y( — T) € K'. We will prove that «;
is upper semicontinuous for each 7, and this will implies the measurability of
o as a(x) = sup o;(x) for all x € M (the case of f§ is analogous).

Fix 7 € N and let (x;) C M be a sequence converging to a limit x € M
such that o;(x;) > T for all j. Then we know that there exists a sequence
E [-T,00 - M of wu-calibrated curves such that yj(O) =u; and
yj( —-T)e K'. As yj( —T) € K*, we know that there exists a constant A such
that ||j)j(0)\|},]_(0) < A for all j (see for example the Appendix in [8]). Then,
taking a subsequence if necessary, we can assume that 7j converges uni-
formlyon[ — T,0]toacurve y : [ — T,0] — M which is still u-calibrated, as
it is easy to see, and satisfies 7(0) = x, y(— T) € K'. Then o;(x) > T. O

We now can define the following Borel sets:

DEFINITION 2.11. We define the set 7 given by the union of all the

transport rays as
T :={xeM|a+ px) > 0}.

For ¢ > 0, we define the sets
T.:={xeM|ax)>e pl)>c}.
Clearly 7, c 7 for all ¢ > 0 and the set £ := 7 — 7T is the set of ray ends.
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We now recall the following:

THEOREM 2.12.  The function u is differentiable at each point of T . For
each point x € T, there exists a unique maximal u-calibrated curve

Vet [ = ol@), )] — M
such that y(0) = x. Thais curve satisfies the relations
dyu =V, L(zx, 7,(0))
or equivalently

For each ¢ > 0, the differential x— d,u is locally Lipschitz on T,, or
equivalently the map x+— 7,(0) is locally Lipschitz on T..

For a proof see [7].

DEFINITION 2.13. For x € M, we will denote by R, the union of the
transport rays containing x. We also denote
R :={y e M | u(y) — u(x) = c(x,y)}.
We observe that R, = y,([ — a(x), f(x)]) for all x € 7.

In order to conclude this section, we recall two results of [5].

LEmMA 2.14. We have

o [200.@D e,
" ey if weM\T,

where y,, is given by Theorem 2.12.

ProoF. Let x be a point of 7. By the calibration property of y,, we
have

u(y, (@) — u(y,(0)) = c(y,(0),7,@®) Vt [0, )],
that is
7. € BTVt €[0,Bw)],

and so we have y,([0,f(®)]) C R . Conversely, let us fix x € M, y € R}.
Then we know that there exists a wu-calibrated curve y:[0,7] — M



The Monge problem on non-compact manifolds 159

such that
T
/ L(y®), 7®) dt = c(@,y) = uly) —ux), y0) =2z, W(T)=y.
0

So, if x €7y, by Theorem 212 y=y,|,7 and hence y=y(T)=
= ,(T) € y,([0, f(x)]), while, if x ¢ 7, there is no non-trivial u-calibrated
curve and then we must have y = « in the above discussion, that implies
R = {x}. O

ProposiTION 2.15. A transport plan vy is optimal for the cost c if and
only if it is supported on the closed set

U {z} x R} ={(z,y) € M x M | c(z,y) = u(y) — u(z)}.
xeM

Proor. By Theorem 2.6, y is optimal if and only if

/ (e, y) dy(, y) = / @) d(v — (@) = / (uly) — u(@)) dy(a, y).
MxM M MxM

The conclusion follows observing that c(x,y) > u(y) —u(x) for all
x,y € M. O

3. Proof of the main theorem.

The line of the proof is essentially the same as in [5], where the authors,
using ideas of Lagrangian Dynamics, extend to a Riemannian setting the
results obtained in the Euclidean case in [2].

As before, we fix a C* function U and a 6 > 0 given by Proposition 2.2,
and then fix a Kantorovich potential u given by Theorem 2.6 (see Sections
2.2, 2.3). We now define the second cost function

c(a,y) = glc(, y) — Uly) + Uw)),
with ¢(t) := v/1 + t2. Consider the secondary variational problem
(4) min / c(x,y) dy(x, y),
ye@
MxM

where O1is the set of optimal transport plan, and select a minimizer y, of this
secondary variational problem. We now want to prove that it is supported
on a graph.
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The idea is the following: first one sees that the measure y, is con-

centrated on a o-compact set I C |J {x} x R} which is c-cyclically
xeM
monotone in a weak sense that we will define later in the proof. Then one

considers the set on which the transport plan is not a graph, that is
A={xeM|#T,) >2},

where I, := {y € M | (x,y) € I'} and # denotes the cardinality of the set.
In this way, intersecting A with a transport ray R, thanks to the mono-
tonicity of 4 N R it is simple to see that 4 N R is at most countable. Finally
Theorem 2.12 allows us to parameterize the transport rays in a locally
Lipschitz way. This and the fact that 4 N R has zero .77 '-measure for each
transport ray R (where 77" denote the k-dimensional Hausdorff measure)
imply that 4 has null volume measure, and so x(A) = 0 as wanted.

We divide the proof in many steps, in order to make the overall strategy
more clear.

Step 1: the construction of .

First we observe that ¢ is integrable with respect to 1 ® v. Indeed, since
¢ has linear growth, it suffices to prove that

cl@,y) =clx,y) — Uly) + U)

is ¢ ® v-integrable. The uniform boundedness in the fiber of L(x, v) implies
that the Hamiltonian H(x,p) is uniformly superlinear. By this and the
inequality H(x,d,U) <0, we get that the gradient of U is uniformly
bounded, which implies that U is Lipschitz, that is

\U(y) — Ux)| < Cd(x,y) Y,y € M.
So we have
0 <cx,y) < (C+AQ))d(x,y),

and then c(x,y) is integrable with respect to 1 ® v, since so is d(x,y) by
assumption.

Let us consider the lower semicontinuous function (: M x M —
— [0, + oo] given by

) — cle,y) if uly) — ule) = cle,y),
Y= +00  otherwise.
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Note that, as y,({(x,y) € M x M | w(y) — w(x) = c(x,y)}) =1,

/ L) dilee, ) = / &, ) dyole, ) < +oc

MxM MxM

and, thanks to Proposition 2.15, we have that y, is a minimizer for the

Kantorovich problem
i d .
y!}lﬁﬂw{ / (e, y) dy(w, y)}
b

It is then a standard result that y, is concentrated on a set I” that is {-cy-
clically monotone, that is if ((x;,;)) is a finite family of points of I” and
o(1) is a permutation, we have

1<i<i

! !
> @i yo) = Y L@y
i1 i1

(for a proof see, for example, [2, Theorem 3.2]). By the definition of { this
implies the following monotonicity property of I':

if ((aci, Z/i))1 cicl is a finite family of points of I and (i) is a permutation
such that (@, ¥s))) is still contained in I, then

1<i<l

l l
é(xia ?/o(z)) Z Z 6(9017 yl)
=1

i=1

5

By inner regularity of the Borel measure y,, there exists a g-compact
subset I” C I" on which y, is concentrated. Obviously I is still monotone in
the sense defined above.

Step 2: Ais a Borel setand 4 C 7.

Now that we have constructed I”, we define
A:={xeM|#I,>2},

where I, := {y € M | (x,y) € I'}. Let K’ be an countable increasing se-
quence of compact set such that I = |J K’ (we recall that I” is o-compact).

1 . .
For each ¥ € M, we consider the compact set K! :={y e M | (x,y) € K'}
and we define the upper semicontinuous function

J;(x) := diam(K?),



162 Alessio Figalli

where diam denotes the diameter of the set. Then J(x) := supé () =
= diam(/",) is a Borel function and so

A={xeM]|ox) >0}

is a Borel subset of M.
Let us now show that 4 C 7. If & ¢ 7, then, by Lemma 2.14, R = {x}.
Hence, as I', C R} (see Proposition 2.15), I', C {«} and « & A.

Step 3: 4N R is at most countable for each transport ray R.

We fix a transport ray, that is the image of a non-trivial maximal u-
calibrated curve y : [a,b] — M, and we consider the strictly increasing
function f : [a,b] — R defined by f = (u — U) oy (see Lemma 2.9). We
observe that

c(y(s), y@®) = ¢(f@) — f(s)) Vs <t, s,tela,bl
In view of the monotonicity of I” we have
G(f @) —f() + (f(t) —f(s)) < J(fE) — f(9) + $(f ) — f(s)
whenever (y(s),y®) € I', (y(s"),y#)) € I', s < t', ' <t. Now, following [2],

we show the implication
(5) Gy el, G tNel, s<s = t<t.

Assume by contradiction that ¢ > t'. Since s <t and s’ <t, we have
s<s§ <t <t In this case, setting a=f(")—f(s), b=f{)—f(s),
c=f@t) —f(t), we have

$la+b+c)+¢b) < ¢la+b)+ b+ o).
On the other hand, since ¢ > 0, the strictly convexity of ¢ gives
da+b+c)—db+c) > fla+b) — ¢b),

and therefore we have a contradiction. By (5), we obtain that the vertical
sections I, of I are ordered along a transport ray, i.e.

Yyr € I'y,, Yy2 € Iy, Y1 <Yz Whenever x; = y(s1), ¥2 = ¥(s2), 81 < S2.

As a consequence, the set of all ¥ € R such that I', is not a singleton is at
most countable, since, if for such « we consider 7, the smallest open interval
such that y( ) D I'y, we obtain a family of pairwise disjoints open intervals
of R.
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Step 4: covering the set /.

As A C T, we will cover 7 with a countable family of, so called, trans-
port beams.

DEFINITION 3.1. We call transport beam a couple (B, y) where B C R" is
a Borel subset and y : B — M is a locally Lipschitz map such that:

— there exist a bounded Borel set Q@ ¢ R” ! and two Borel func-
tions @ < b : 2 — R such that

B={(ws)e2xR|alw) <s<bw}cR"=R"7xR;

— for each we @, the curve y, :[alw),b(w)] — M given by
Z1o(8) = y(w, s) is u-calibrated.

We remark that we do not assume that y is injective.

We now want to prove that there exists a countable family
(Bjks Xj)jken of transport beams such that the images y;.(B;x) cover the
set 7.

So let take D c R" ! the closed unit ball and let wj:D— M,jecN,bea
family of smooth embeddings such that, for each maximal u- cahbrated
curve y : [a,b] — R, the embedded arc y((a, b)) intersect transversally the
image of y; for some j € IN. Indeed, in order to construct such embeddings,
it suffices to take a countable atlas (U;, 0;);cy such that 6;(U;) = B2(0) c R"
(where B,(0) denote the 7- dimensional ball of radius r centered at the
origin) and that satisfies U 0; L(B1(0)) = M, and to consider the i image by

0 of the countable famlly (Dl Pi<i<n, geon(-1,1] of (n — 1)-dimensional balls
of radius 1 defined by

Dy, = {(901,...,907,,) | 2, = q, Z |acm|2 < 1}.
m#l

For each (j,k) € N2 let us consider the set Qi =DnN 1//]-’1(7%). Let us
define
ajp(@) = —aoy; : Qp — R,
bje(w) :=Poy;: Qi — R,

where o and f were defined in Section 2.3. We observe that, by Lemma 2.10,
a;j;, and b; ;. are Borel functions. We can now define the Borel sets

Bj = {(w,s) € Qi x R | ajr(w) < s < bjr(w)}.
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Finally, we define on B;. the map
Xj.k(wa S) = yz//]-(a))(s)'

We now observe that y; , is locally Lipschitz. In fact, we can write an ex-
tremal using the Euler-Lagrange flow f; : TM — TM, which is complete
because of the energy conservation. Thanks to the hypotheses made on L,
the map

(s,2,v) — fs(x,v)

is of class C!. As we have
%@, 8) == 1y o fs(w;(@), 7, (1) (0)),

where 7y, : TM — M is the canonical projection, in view of Theorem 2.12 we
deduce that this map is locally Lipschitz. It is clear that, for each transport
ray R, there exist j, k € N such that R is contained in Xj‘k(Bch)-

Step 5: u(A4) = 0.

In order to conclude that u(A) = 0, it suffices to prove that, if (B, y) is a
transport beam, then the set 4N y(B) is negligible with respect to the
volume measure.

We recall that, for each w € Q, the curve y,, is a locally bilipschitz
homeomorphism onto its image, and so, as we know that the set
AN y({w} x [a(w), b(w)]) is countable, the set y (A1) N B intersects each
vertical line  x R along a countable set, and so in particular has zero .71-
measure. Then, by Fubini’s theorem, y~1(A1) N B has zero .7 "-measure in
IR", and so, since locally Lipschitz maps send .77"-null sets into .72"-null
sets, we get

AN B) < 7" (1 ()N B) =0,

that implies that 4 N y(B) is negligible with respect to the volume measure.

Step 6: uniqueness.

We now prove that the transport plan selected with the secondary
variational problem is unique.

Let y,, 1 be two optimal transport plans, which are optimal also for the
secondary variational problem. By what we proved above, we know that
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they are induced by two transport maps ¢y : M — M and t; : M — M, re-

V)

spectively. Let us now consider 7 := %. By the linear structure of the

two variational problems (2) and (4), 7 is still optimal for both, and so it is
induced by a transport map ¢. This implies that both y, and 7y, are con-
centrated on the graph of ¢, and so ty = t; u-a.e.

REMARK 3.2. We observe that exactly this argument shows also that
the set £ of ray ends is negligible with respect to the volume measure.
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