REND. SEM. MAT. UNIv. PADOVA, Vol. 112 (2004)

Some Results for ¢-Functions of Many Variables.

THOMAS ERNST (*)

ABSTRACT - We will give some new formulas and expansions for g-Appell-, ¢-Lau-
ricella- and ¢-Kampé de Fériet functions. This is an area which has been
explored by Jackson, R. P. Agarwal, W. A Al-Salam, Andrews, Kalnins, Mil-
ler, Manocha, Jain, Srivastava, and Van der Jeugt. The multiple ¢g-hypergeo-
metric functions are defined by the ¢-shifted factorial and the tilde operator.
By a method invented by the author [20]-[23], which also involves the Ward-
Alsalam g¢-addition and the Jackson-Hahn g¢-addition, we are able to find ¢-
analogues of corresponding formulas for the multiple hypergeometric case. In
the process we give a new definition of g-hypergeometric series, illustrated by
some examples, which elucidate the integration property of g-calculus, and
helps to try to make a first systematic attempt to find summation- and reduc-
tion theorems for multiple basic series. The Jackson I -function will be fre-
quently used. Two definitions of a generalized ¢-Kampé de Fériet function, in
the spirit of Karlsson and Srivastava [69], which are symmetric in the varia-
bles, and which allow g to be a vector are given. Various connections of tran-
sformation formulas for multiple g-hypergeometric series with Lie algebras
and finite groups known from the literature are cited.

1. Historical introduction.

After Gauss’ introduction of the hypergeometric series in 1812, vari-
ous versions of the multiple hypergeometric series (MHS) were develo-
ped by people whose names are now associated to the functions they in-
troduced. In 1880, Paul Emile Appell (1855-1930) [7], [8] introduced so-
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me 2-variable hypergeometric series now called Appell functions
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REMARK 1. In the whole paper, the symbol = will denote defini-
tions, except when we work with congruences.

The four Lauricella functions of »n variables were introduced in [50].
The first systematic treatment of this subject was written in French by
J.M. Kampé de Fériet (1893-1982) and Appell [8].

The Kampé de Fériet functions, in their most general form, are defi-
ned in [p. 27] [69]. There are many generalizations of these functions in
the literature, and we refer to the books Srivastava and Karlsson [69]
and Exton [25].

Much of the research in MHS today is concerned with reduction for-
mulas which reduce the degree of the function in some sense. As in the
one-variable case, there are also confluent forms of MHS, which are ob-
tained by using limits.

We will now describe the method invented by the author [20]-[23],
which also involves the Ward-Alsalam g-addition and the Jackson-Hahn
g-addition. This method is a mixture of Heine 1846 [32] and Gasper-
Rahman [26]. The advantages of this method have been summarized in
[23, p. 495].
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DEFINITION 1. The power function is defined by ¢%=e®9?, We
always use the principal branch of the logarithm.

The variables a, b, ¢, a,, as, ..., b, by, ... € C denote parameters in
hypergeometric series or g¢-hypergeometric series. The variables
1,7, k, 1, m, n, p, r will denote natural numbers except for certain ca-
ses where it will be clear from the context that ¢ will denote the imagina-
ry unit. The g-analogues of a complex number a and of the factorial fun-
ction are defined by:

1—q®
(5) {a},= —

, qeC\{1},
—-q

®) fuht= IRy, {0},!=1, geC,

DEeFINITION 2. In 1908 Jackson [39] reintroduced the Euler-Heine-
Jackson g-difference operator

(PO 79 e eo\[1), w=0;
1-qu
do .
M Dy@)(w) =4 —(®) if ¢g=1;
dx
de e
t %(0) if x=0.

If we want to indicate the variable which the g-difference operator is ap-
plied to, we write (qu .@)(x, y) for the operator.

REMARK 2. The definition (7) is more lucid than the one previously
given, which was without the condition for x = 0. It leads to new so-cal-
led g-constants, or solutions to (D,¢)(x) = 0.

DEFINITION 3. Let [16] ¢; denote the operator which maps f(x;) to
f(g;x;). In our case all ¢;=gq.

The following operator [41] will be useful in chapter 5.
) ;=D

q, x;*
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DEFINITION 4. Let the g¢-shifted factorial (compare [p. 38] [28]) be
defined by

1, n=0;

(9) a;q)r= n-—1
@ [Ta-q¢**™ n=1,2,..,

m=0

The Watson notation [26] will also be used

1, n=20;
(10) (CL, q)n = n—1
[TA-ag™), n=1,2,....
m=0
Furthermore,
(11) (@; )= Il (1 —ag™), 0<]g| <1.
a; q)w
(12) (a;q)aE&, a®zqg " m=0,1,....
(aq®; Qo
(a3 q)-

13) (a; q)u = a#z-—-m—a, m=0,1,....

(a+a;q)

DEFINITION 5. In the following, % will denote the space of complex

271

numbers mod . This is isomorphic to the cylinder R x e, 6 eR.

log ¢
The operator

_ C cC
- >
7z

is defined by
(14) a—a+ ™ .
log q

Furthermore we define

(15) (@ q), = (a5 @),
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By (14) it follows that

n—1
(16) (@ = I a+qem,

so that this time the tilde denotes an involution which changes the minus
sign to a plus sign in all the » factors of (a; ¢),.

The following simple rules follow from (14). Clearly the first two
equations are applicable to g-exponents. Compare [72, p. 110].

- — 2
a1 i=b=d=bmod—"
log q
U 2
(18) G=b=a+bmod—,
log q
(19) q"=-q"
where the second equation is a consequence of the fact that we work
mod 2 .
log ¢

DEFINITION 6. Since products of g-shifted factorials occur so often,
to simplify them we shall frequently use the more compact notation Let

(a) =(ayq, ..., ay) be a vector with A elements. Then
A
(20) <((I), Q>n = <(11, ceey Qg q>n = H1<(1], q)n
=

The following notation will be convenient.

21 QE(x) =q".
When there are several q:s, we generalize this
(22) QE(x, ¢;) = ¢/

The g-hypergeometric series was developed by Heine 1846 [32] as a
generalization of the hypergeometric series.

DEFINITION 7. Generalizing Heine’s series, compare [26, p. 4], we
shall define a g-hypergeometric series by

(23) p+p’¢r+r’(al7 EER apv 51’ LR Brlq’ szl’ Tty Sp’; t15 ceey tr’) =
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_ 2 <CL1; Q>n"'<ap; Q>n [(_l)nq(g)

= — X
n=0 <17 Q>?’L<b1; Q>n-"<br; Q>n

]1+r+r’fp7p’

P’ r’
x2" [T (sis @ I (s 07,
E=1 k=1
where ¢ #0 when p+p’ >r+7r'+1, and

~ a, if no tilde is involved
(24) a= {

a  otherwise .

REMARK 3. In a few cases, when 0 < |g| <1, the parameter a in
(23) will be the real plus infinity.
The factors (a; q), then correspond to multiplication by 1.

REMARK 4. The parameters a; and 57; to the left of | in (23) are to be
271

thought of as exponents; they are periodic mod1
0g q

The general equation (23), with nonzero parameters to the left of || is
used in certain special cases when we need factors (¢; ¢), in the g-series.
One example is the g-analogue of a bilinear generating formula for La-
guerre polynomials [23].

This notation will be further extended as follows.

ExampLE 1. Let

= S 1 k
(25) @)= 2, e
We have
2 (—gx2) k+1
(26) DqEq(_xz) - (=) (L+q"")

=) {k},!

This can’t be expressed in usual ¢-hypergeometric notation in a simple
way. That’s why we suggest the following extension of the notation,
where an extra k appears in the index to indicate the summation varia-
ble. This elucidates the integration property of g-calculus, i.e. to get the
proper g-analogue, every factor in the hypergeometric formula has to be



Some results for g-functions ete. 205

integrated in the (multiple) sum. The sum is the natural g-analogue of
the integral, as is manifested by the definition of the g¢-integral

0 - 1+ k+1
@D D,E,(~a%) =m0y g, —a*A-l I ¢

In general the new notation should look like, compare (72), (90).
DEFINITION 8.

Hﬁ(k)
”|H g;(k) -

0/1, .. a
(28) p+p’+p”¢r+r’+’r”,k ~ B Z”
1

(@15 Q- @p5 O [(_1)kq(§)]1+v+r'—p—p’x

£=0 (15 @)e(by; @Yoo (brs QN
Hﬁ(lc)

XZkH(Sz, Q)kn(tz, Qi Hg %
j

where ¢ Z0whenp +p' +p”">r+7'+r"+ 1. We assume that the f; (k)
and g;(k) contain p” and 7" factors of the form (a(k); ¢ or (s(k); @)
respectively.

In the same way as the I" function plays a basic role in complex analy-
sis, the I', function plays a fundamental role for g-calculus.

DEFINITION 9. Let the I' -function be defined by [71], [36], [47]

L5 @y _ gy, it 0<|q| <1
(@ q)=

O
@cfg—l;o(q—l)l‘”q@, if 1<gq.

The following notation for quotients of I, functions will sometimes
be used.

DEFINITION 10.

Uy ooy @] Tglay)...Ty(ay)
oy, b Tyby)...T (D)

We will give a longer exposition of the I", function in [24]. Basically

(30)
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it has similar properties as the I' function except for the simple

2t ,n, kelN.
log ¢
As was pointed out by Jackson [41, p. 78] the g-analogue of hypergeo-

metric formulas with sums in the function arguments must contain a so-
called g-addition. Jackson meant the Jackson-Hahn g-addition, compare
[31, p. 362], which is given by

poles at €= —n =

(31) [xiy]gEZ(i)k(") q(g)ykx”_kzx”(ig;q) , 1=0,1,2, ...
k=0 klq x "

The Ward-AlSalam g-addition was invented by Ward 1936 [76, p. 256]
and Al-Salam 1959 [4, p. 240]

n

(32) (a®,b)' = Z(Z) A", n=0,1,2,....
q

Unlike the Ward-AlSalam g-addition, the Jackson-Hahn ¢-addition is
neither commutative nor associative, but on the other hand, it can be
written as a finite product.

We will find the Ward-AlSalam g-addition more convenient for our
purposes.

The paper [11] was a breakthrough in the studies of expansions for
MHS. By using an inverse pair of symbolic operators, Burchnall &
Chaundy were able to prove a large number of expansion formulas for
Appell functions. These results were later generalized by Verma [75]
and Srivastava [64] to Kampé de Fériet functions.

In 1942 Jackson [41] made the first attempt to find a g-analogue of
[11]. Jackson [41, p. 70] and Agarwal [2, p. 187] defined four so-called
normal g-Appell functions.

DEFINITION 11.
B3)  Dy(a;b,b';5¢|q; xy, x2) =

©

<a; q>7)’b1 +m2<b; q>7’)’b1<b ’; q>’)‘ﬂz

— lml.’)sz.
my, mg =0 <1’ q>m1<17 q>mg<C; q>m1+m2
(34) ¢2(a;b)b,;c76,|q;ml59€2)5
= <a’; q>17L1+7nz<b; q>m1<b ,; Q>7n2 m ms
X1 1902 2,

my,mz=0 (15 @), (15 @y Qi€ Oy
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(85)  Ds(a,a’;b,b";clg; xy, ) =

o

(@5 {5 @y(b; (05 Dy .
my, mp =0 <17 q>ml<1; q>m,2<6; q>m1+m2
(36) D y(w;bie,c’ | gswy,an) =

©

m Mg
1 lx 2

= <a; q>m1+mg<b; q>m1+m2 ;)clml xz,m/z’

mymz=0 (15 @ {15 Oyl Qi€ Qi

with the same convergence regions as before, and with even sharper
convergence when |g| <1 [41, p. 70]. “

For the four so-called abnormal g-Appell functions, acz’”zqk(”52> replaces
252 in the general term. We will see that normal functions (in a broader
sense) correspond to the Ward-AlSalam g¢-addition, and abnormal fun-
ctions, with £ =1, (in a broader sense) correspond to the Jackson-Hahn
q-addition.

g-Contiguity relations for ,¢; were found by Heine [33], and for g-
Appell functions by Agarwal [3]. The first Saalschiitzian theorems for
double series were published by Carlitz 1963 [13] and 1967 [14]. g-Analo-
gues of [13] were found by W. A. Al-Salam [5]. W. N. Bailey (1893-1961)
had been greatly influenced by Ramanujan as an undergraduate at Cam-
bridge 1914 and wrote the first systematic treatment of hypergeometric
series [10]. L. J. Slater attended Bailey’s lectures on g-hypergeometric
series in 1947-50 at London University and wrote many important pa-
pers on this subject; among her pupils were Howard Exton. R. P. Agar-
wal [2] visited Bailey, in 1953, and made the aforementioned contribu-
tions to the subject.

In 1966 Slater concluded [61, p. 234] that there seemed to be no
systematic attempt to find summation theorems for basic Appell series,
but Andrews [6] managed to prove some summation- and transforma-
tion-formulas for basic Appell series. Some of these do not have a hyper-
geometric counterpart. This is typical for g-calculus, we almost always
get more equations than we had before.

In a series of papers [52], [53] Miller has proved that by using the
maximal Lie algebra generated by the first order differential recurrence
relations satisfied by a MHS, we obtain addition theorems, transforma-
tions and generating functions. Then in 1980 Kalnins, Manocha and Mil-
ler [45] developed a theory which enabled the powerful use of Lie alge-
braic methods for the solutions of partial differential equations by two-
variable hypergeometric series. As was shown in [1], this technique can
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also be adapted to multiple g-hypergeometric series. This was the Lie al-
gebra approach.

There is also a finite group approach to transformation-formulas for
¢-MHS, which we will briefly summarize. In the footsteps of Rogers [57],
[68], and Whipple [77], Lievens & Van der Jeugt [51] and Van der Jeugt
[73] proved some formulas for ¢-MHS by using the invariance group or
symmetry group of the particular double series.

In 1996 Kuznetsov & Sklyanin [49] showed the connection between
(multiple) Macdonald polynomials and g-Lauricella functions.

Obviously we have not seen the end of this story yet as the subject
gets more and more complex.

Various g-analogues of Kampé de Fériet functions occur in the litera-
ture, compare [69, p. 349-350] and [70, p. 50]. We give a definition remini-
scent of [26], which allows easy confluence to diminish the dimensions in
(387) and (38), and has the advantage of being symmertic in the variables.
Furthermore, ¢ is allowed to be a vector and the full machinery of tilde
operators and g-additions will be used. The first definition is a g-analo-
gue of [69, (24), p. 38], in the spirit of Srivastava. The second definition is
a g-analogue of [69, (24), p. 38] with the restraint [69, (29), p. 38], due to
Karlsson. It will be clear from the context which of the definitions we
use.

DEFINITION 12. The notation >, denotes a multiple summation with
the indices m,, ..., m, running ovgr all non-negative integer values. In
this connection we put m = 75:1 m.

DEFINITION 13. Let

(@), (b), (g:), (h;), (@), (b "), (gi ), (R} )
have dimensions
A,B,G;,H;,A'",B’', G/, H{.
Let
1+B+B'+H;,+H/ -A-A'"-G,-G/=0,i=1,..., n.
Then the generalized g-Kampé de Fériet function is defined by

(a"):(g7); --5(gn);
lq; x|

@A+A’:G1+G1’;M;Gn+G,g (a)(gl)’ ’(gn)’
(0): (hy); .5 (h,); (b)) :(h); ..; ()

@37 B+B': Hi+H{; ...; Hy+H,
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<(a), QO>ml +... +mn((a/ ' )7 o )m1 + .. +my H (<(§j)’ qj>m7-((gj’ ), qj )’mj wjmj)
=3 ' ' v

<(/b\)? QO>m1 +... +m,,,<<b ' )7 qO)ml + .. +my ﬁl(«k\]), qj>m7-((hj’ )7 qj )m7-< 1 5 qj>m7-)
= g ' !

X (—1)Zf=1mi( 4 Hj+ Hi =G =Gf + B+B'—A-A") o

m L m;
2

QE (B+B/_A—A/)( )’ qO)HlQE((l +Hj+H]~,—Gj—Gj')(2), qj).
j=

DEeFINITION 14. Let

(@), (b),(g:), (h;), (a"),(b"), (g, (hi")
have dimensions

A, B,G,H,A'",B',G',H'", Vi.
Let

1+B+B'"+H+H' -A-A'"-G-G'=0.

Then the generalized g-Kampé de Fériet function is defined by
(@):(g(); 59 )] _

(38) (DAJrA,:GJrG,, ((Al)~(£71); 7(./g\n), =
b"):(h); ...;(h )

: o N ;X
B+BH+H B): (h); ...;(hn);lq ”

<(a), QO>ml +... +’mn((a/ ' )7 o )m1 +..+my H (<(§j)a Qj>m-((gj’ ), Qj )m-xjmj)
_ E =1 'j lj y

<(/b\)? QO>m1+,,,+m”((b’); q0)1')11+,,,+mn Hl(«k\]), qj>mj((hj’); qj)mj<1; qj)m,]-)
=

X (—1)Z=1mQ+H+H =G=G'+B+B'~A-A")

m : m;
2 2

x QE (B+B’—A—A’)( ),qo)ﬁQE((1+H+H’—G—G’)( ),qj)-
j=1

REMARK 5. In case we want to get rid of the o symbol, we just take
away all the —1 and g-powers in the definitions. In the one-variable case,
this was the original approach, see Thomae 1871 [72, p. 111], [62]. How-
ever in this case we have to watch out for convergence and we lose the
confluence property.
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2. Transformations for basic double series.

In some of the proofs we will need the following g-summation formu-
las. A g-analogue of the Dixon-Schafheitlin theorem [19], [59, p. 24 (22)]
is a corollary of Jackson’s g¢; sum.

a,b,c,1+%a
39) 4Ps ~|q,q 2 =
1+a—b,1+a—c,%a

1+a—b,1+a—c,1+g,1+%—b—c
=T, :
1+a,1+a—b—c,1+%—b,1+%—c

A g-analogue of Kummer’s formula [48], the Bailey-Daum summation
formula, was proved independently by Bailey 1941 [9] and Daum 1942
[18]. This was the first example of a g-analogue of a summation formula
for a hypergeometric series with argument —1.

THEOREM 2.1.

(40) 2¢1(a; b;l‘f‘a—blq’ _ql—b):

1+a—&1+%(1+%—&iqh
=T

q —_—

a
l1+a,1+—=-0 1+21—b'
2 < 2) 7q>oo

where |¢°"1 7| <land 1+a—-b=0, -1, -2 ....

ProOF. Put c= < in the previous formula or use [26, (1.8.1) p. 14].
The idea to use the q?Dixon—Schafheitlin theorem for this proof was men-
tioned in Daum’s thesis [17], chapter 3. =

If a is a negative integer, (40) may be reformulated in the form
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THEOREM 2.2.

(41)  ,¢,(—-2N,b;1-2N-blq, —¢' ") =

_ %(21\7) gHrH-N Y (b; qh _
k=o\ k (1-2N —b; q)

q

zNZI(ZN) (c1p e, (2N) (—qy {0 O

o\ k (BN +b—k;qy \N (N+b; gy
_ (baw <1,q2>
(N+b;qw\2 7 [y
(42) 201 (=N, b; 1-=N—blq, —¢' ") =0, N odd.

Proor. The validity has been confirmed by Axel Riese (RISC) in
Linz using Mathematica. =

REMARK 6. For b= + o this is a result of Gauss [27], [29]. Equa-
tion (41) is a g-analogue of [55, p. 43].

The following corollary enables us to find a relation for I -functions
with negative integer argument.

COROLLARY 2.3.

43) r

1-2N-b,1-N] AN, b; q)y 1,
27 [y

"NW-2N,1-N-b] (1 NZb,0+N;qh

Proor. Just equate (40) and (41). =

We continue with a few examples where the Jackson [40], [26, p. 11,
1.5.4] g-analogue of the Euler-Pfaff-Kummer transformation is used.
1

(& @

‘When no convergence region is given for a certain formula, we first assu-

me that the absolute value of the function arguments are small.
The following three expansions of @, in terms of one-variable ¢ are

44  2¢.(a,bsc|g, t) = 2p2(a, ¢ —b; c|q, tg’|| —; tg®).
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q-analogues of the Appell and Kampé de Fériet [8, p. 24 (27), (27"), (27")]
formulas.

< (a, B @y i™
45)  Dq(a; B, B v|g; x1, 1) = > i
ny =0 <17 Vs q>1n1(902; q)a+m1

X opo(a+my, y— B +my; y+my |q, xzqﬂ'”_; Lp gty

00 my

(a, B5 @,
46)  Dy(a; B, By @, @) = 2 -
m=0 (1, ¥; @, (25 Qg

X op2(B'yy —asy+my|q, xaq® ™| —; a2q”).

- <a7ﬁ; q)"'[/ xi”Ll
@ Di(a; BB y|g m, ) = 2 !
my =0 <1’ Vs q>’W11(m2; q)(1+ﬁ'—y

Xop1(y —a,y =B +my; y +my |q,902qa+ﬂ/7y)-

By Jackson [40] we obtain the following two expansions of
2¢1(|q7 &1 EBq',)CZ):

©

<a7 ﬁ; Q>77119€ml
(48) 2¢1(a,ﬁ§V|q’x1@qx2): z :
my =0 <1a ) q)anl(x2; Q)aerl

X 2¢2(a+m1, Y —ﬁ; Y+ my |q, x2q13+m1|| — x2qa+ml).

S <ay ﬂ; CI> 901m1
49) o1 (a, B5 y|q, @ D) = 2 m
my =0 <1, Ve q>n7,1(962; q)ﬂ+”11
aaB+ m, y = i+ g, 3 = 2,

By [34, p. 115] we obtain

N (a5 B5 @y 1"
(B0)  2pi(a, B v|q, @ Dyxs) = 2 ! x
my =0 <15 Vs Q>ml(902; q)a+/3—y+m1

Xop1(y —a,y—B;y+m|q, Ly q TP,

The following three expansions of @, in terms of one-variable ¢ are g-
analogues of [8, p. 24 (30), (30"), (30")]

< <a7 ﬁ’ Q>m1'7("m1
G Doa; B, B3y, 7' €5 @, ) = 2 -
m =0 <]-» ) (I)ml('%'z; Q)aerl

Xopolat+my, y' —B"5v"|q, 22" || =5 wpq ™M)
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o my

(a, B5 @),
(62)  Dy(a; B, By, v ¢ 21, X)) = > :
mi=0 (1, ¥ @y (025 @)

Xopo(B',y —a—my; vy’ |q, taq® ™ =5 2q?).

=)

<a7 ﬂ; q m x/’nl
B3)  Do(a; B, B3y, v | @y )= 2 S x
m=0 (1, y; Q>ml(9(52§ Q)a+ﬂ’fy’+m1

Xop1(y' —a—my, y" =B'5y’ |q,x2qa+ﬁ’_y’+ml)-

By [40], we get a g-analogue of [8, p. 25 (31)]

, , 1 S (s B @y o
Dola; B, 7,7 |¢; 1, w2) = > L (2,q%; @, ¥
(@25 Qg mi=0 (1,75 O,

© <a +my, yr _IBr; q>mz(x2qﬂ')mz
me=0 (L, 75 Quy(@2q ™5 @y

1 oo Byy =" =

= —— @it N T L P
(23 @)y =1y, X2q“ =3

(~1)q" =

)

The following three expansions of @3 in terms of one-variable ¢ are g¢-
analogues of [8, p. 25 (33), (33"), (33")]

< <a7ﬂ;q’ﬂ’b x’m’l
(B4) Dy, a’; B, B y|q; e, @) = 2 G
mi=0 (1, V5 @, (@25 Qo

Xopola',y =B +my;y+my |q,902(1ﬂ’||_;902‘1a’)-

S {a, B @y ™
55)  Dg(a,a’; B,B';v|q; v, x2) = > :
mi=0 (1, V3 @), (25 Q)pr

Xopo(B',y—a’'+my; vy +my|q, 22q" || =5 22q”").

kd (a, ﬂ: q>m "
(56)  Pyla, a’s By B3 y]q; @, w) = 2 » -
my=0 <1, Vs q>m1(902: q)a’+/3'—3/—m1

Xopi(y—a'+my, y— B +my;y+m|q, Ly q TP,

Our next task is to find g-analogues of some general formulas of Car-
Ison [15]. We first recall the following two equivalent forms of the ¢g-Van-
dermonde theorem. The second one also appeared in [41, (29) p. 74] and
[42, (60) p. 56].
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LEMMA 24.
b; b'; , (b+b';
(57) < ’ q>m< ’ q>n q -nb' _ , —Nb < q>N )
mtn=N (15 @)n(1; @) (1; g)w
min=N (1; @)u(1; Q) (L; ¢)v

The order classification [35] for double hypergeometric series (DHS)
was prevalent for a long time. Carlson [15] showed evidence in support
of the need for a new classification of DHS.

THEOREM 2.5. A g-analogue of Carlson’s transformation [15, (8),
p. 223].

<b7q>m<b ,7q>n —nb'
59 (g @ a00) "l =
( ) er;:N <1,q)m(1,q>n 1 ( H 2) ?
<b; q>m —nb' ,,m
_ b—i—b'; Nb' ga M ga Tt
< q>NWL+§VL:=N <b+b,7 1;q>m<1;Q>nq L
Proor.

i N-n
b; On-u(b’; : N - : ,
60) LHS= 2, (b3 Qv - o ’q>”q—nb D ( ") T
q

n=0 (1; @)y (15 @)y m =0\ m’

RS M S I ) L (D Ll
m=0 <1,Q>m n=0 <1;q>n<1;q>anfm
N

xlmsz_mq_b'(N_m) <b; q>m<b +b'+ m; q>N7m
m=0 <1;q>m <1;q>N—m

M N

" w05 @b+ b+ m

= RHS.
"l+’l=N<1;Q>m <1;q>n

REMARK 7. One obtains three similar results by i) using equation
(58) in place of (57), or ii) using [x; + x ];" in place of (x; &, x5)™ or iii) ma-
king both of these changes.
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COROLLARY 2.6. A g-analogue of [15, (4), p. 222], which is valid
when

|| + 22| <1, a=ec, c=b+b', b=1, b' =1,

netther ¢ nor b+b'=0 or —N.

i (@; @+ n(b; Ouf'5 Oy

(61)
m,n=0 <C; q>m+7[<1’ (I}m(l, Q>n

q 7nb’(x1 @qxz)mxgl =

N (l,b'f'b’; m n,b; m b .
= z < q,> + < q> q nb mlmxéz.
m,n=0 <C; q>m+n<b +b , ]_; q>m<1; q>ﬂ

REMARK 8. Three other g-analogues of Carlson’s transformation
may be obtained via the three variants of Theorem 2.5 mentioned
above.

3. g-Analogues of some of Srivastava’s formulas.

In this chapter we will derive some more complex g-analogues than
before. When certain special cases of these (non-¢)-formulas have been
published, we try to find g-analogues of them too. We will prove two ge-
neral multiple formulas via the ¢g-Vandermonde sums, and two general
formulas by use of (41). The Bailey-Daum theorem will also be
used.

We first derive two g-analogues of the general formula [65, (4), p.
295] (62) and (66).

THEOREM 3.1. If {C,} ¢ is a sequence of arbitrary complex num-
bers then

2(%)+on
o m+n 2 N
Cm+ n¥ q

> CN%'
©2 =2 o—14v+N; )y
m,n=0 <17 v, q>m<1) g, q>n N=0 <1y v, 0; q>N< q>N

PRrOOF.
63) LHS=

5 CyxV &K (=v+1-N, —=N;q),

_ q71(71+v+2N+0)=RHS. ]
N=0 (1, v; q)y n=0 (1, 0; ¢
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COROLLARY 3.2. A first gq-analogue of [65, (8), p. 296]. If |x| <%
then

2(%) + on
m+n 2
q

S A, W m +n L
(64) Z (As 5 Qo+
m, n=0 <V) 1’ Q>m<07 15 q>n

s @

v+o-1 vFo-1 v+g v+o
2

i’ b b b b
(4, u >

- 2 2
=2
n=0

<V’ 1907V+U_1;q>71

REMARK 9. The convergence radius R(q) in Corollary 3.2 is the one
for ¢ = 1. We feel that the convergence radius for |q| <1 is in fact big-
ger, and that R(q) <1. This is justified by the following computation.
Denote the terms of the RHS sum in (64) a,,(x). Then the quotient crite-
rion gives

. a, 41 () .
65) limn—+oo | 217 | —limn— + o X
a, (x)
+o-1 +0o-1 + i
A+n,u+mn, vra +mn, vro +n, vro +mn, d +n;q)4
2 2 2 2
X x| =l

w+n,1+n,0+n,v+o—1+mn;q)y

This implies that the RHS of (64) should converge for |x|<1, when
|¢| < 1. However, things are not so easy as we have an equality between
a double sum and a simple sum as functions of the two complex variables
x and ¢. In general, the convergence works best when both |¢| and |x|
are far away from 1. The same reasoning obtains for Corollary 3.4 and
Corollary 3.6.

THEOREM 3.3. If {C,} ¢ is a sequence of arbitrary complex num-
bers then

© ) n 208 +n(=2(m+n)—v+2)
(66) 2 Cm+7,,90m+nq 5 +n m+mn)—v _
m,n=0 <1; ) q>m<]-7 o5 q>n
CNQCN

Ms

(6—=1+v+N;q)ygV1 "M,

N=0 <1’ v, 0; Q>N
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COROLLARY 3.4. A second q-analogue of [65, (8), p. 296].

2(3) + w(—2(m+mn)—v+2)

ke l . m+mn
(67) 2 < y U5 q>m+nx q

m, n=0 <V, 1; q>m<0; 1; q)’n
+0-1 wv+o0-1 wv+0o v+o
J ly ’ . ’ ’ ) ) x” ramem
B 2 < u 2 2 2 2 q>n 7 |90| < l
= <V7170’V+0_1;q>?l ’ 4.

THEOREM 3.5. A g-analogue of [65, (5), p. 295].
If {C,}i-o is a sequence of arbitrary complex numbers then

©

—1) Cw i g g —mn
(68) 2 ( ) n+n q
m, n=0 <1, g, q>m<1, o; q>7’b

= o (—0 FT1= 2m;q)qP "
=2 (-1 . :
(03 @Qan (1,1, 0; q),

PROOF.

(69) LHS = 2 CN%' 2( <—(7+ 1 —N, —N; q>”qn(N+a):
0<1 o; q>Nn 0 <1) 03 q>n

) i CyaN (-0 +1—N;(1>N/2<l,qz> =
N =0, Neven <1, g, q>N <—0+1_§;Q>N/2 2 e

_ S G, (=0 +1— 2n;q), 1 2\ —RHS. .
n=0<1a0;q>2n <_U+1_n;q>¢z n

1
COROLLARY 3.6. A g-analogue of [65, (9), p. 296]. If |x| <—
then

o Ayt Q) sy ™ g
a3 (—1y A Do .
m,n=0 (0, 1; q>m<0a 1; q>n
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2’ 2 2’ 2 2

-0 +1—- 2n;q), " + no
(—o - n; q) (_1)nq(2)+ -
(1; @)

By (62) we get

COROLLARY 3.7. A first q-analogue of a reduction formula for the
Humbert function [65, (12), p. 296].

71 ¢1:2;0‘u: X, X575 . ol —
(71) 18141 lg; x, vq
w:v; 0,
v+o0—-1 v4+0 v+o-1 v+o
:5¢4 U, 9 Ty 9 ’ B |q,9€ .

v,o,v+o—1, o
By (68) we get

COROLLARY 3.8. A g-analogue of a reduction formula for the Hum-
bert function [65, (13), p. 296].

g (_1)% ; na,/.m+n —mn
D (s q) q "™

(72) _
m, n=0 <1,V;q>m<1,1/;q>n
_ uop+l o opopt+l
. i (_1)n<—1/ +1—- 2n; q>nx2nq('§‘)+nv 9’ 9 9’ 5 q ]
n=0 <1’ i,q>n v v+1 m =
2’ 9 ’ 2, 2 ,q
n
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uoput+l E u+1 o

) ) ) ’ _ +1_2k_
e I PR I L 1 B

v v+1 v wv+1 ~

57 9 757 2 7V71

COROLLARY 3.9. A g-analogue of [65, (14), p. 297], which leads to a
relation for the product of the two Jackson q-Bessel functions [26], [37],

[38].
(73) 2¢1(°°,°°§V|q,90)0¢1(—;0|q790q0):
v+to-1 v+o wv+o-1 v+o
=493 5 g 5’ 3 lg, x|.

v,o,v+o—1

THEOREM 3.10. The first g-analogue of [65, (16), p. 297].
"V Ou{os ahg T Cun"(v o5 q) -
v Dulos g™ _ S ( Q) ..

. C}’n n
a > et
m,n=0 <1’ Q>m<1; Q>n n=0 <17 q>n
Proor.
© N N . . n(—v+1-o0)
C _Ny ) n ’
@) LHS= > v 9 (Vs Ong _
N=0n=0 (1; ¢)nv{(1, —v+1—N; q),
®© N _ _ _ .
-y Cyax™{(v, —v+1—0—N;q)n _ RIS | -
N=0 (1, =v+1—N; q)y
There is also a second g-analogue of [65, (16), p. 297].
THEOREM 3.11.
< Cm 72x7n+n V; m 0; n " < Cnxn V+G; n
ag > Cur V3 Dnlos g™ _ ( D
m, n=0 <17q>m<15q>n n=0 (1’q>n

By putting

(a; @)
) Cn = ’
(c; @)
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in the two equations above, we get the following two special cases, which
are g-analogues of [8, (24), p. 22].

COROLLARY 3.12.

(78) ¢1(a; b; b,;clq; qcfa*b’qC*a*bfb'):

=®y(a;b,b'5¢lg; g0, T TN ) =T

c,c—a—b—b’]

c—a,c—b—>b’

where |q¢ 7P| <1.

For n =2, the above theorem implies the following reduction theo-
rem for a g-Lauricella function from [21, p. 5 (27)].

THEOREM 3.13.
(79 DG(a, by, ..o, bys el g @, wq ™", 0 727, L wg TR =
=50 1(a, by + ... + b,; c|q, xqg 70,
where

(80) ¢(Z;L)(a/7 b17"'7bn;c|q;x17'--9xn)5

n
<(l; q>ml +...+my, H <bj’ (]>m,xj”"-7'
j=1 j

>

— , max(|x|,..., |x,|) <1.
<C; Q>m1+...+m,7, ‘H1<1; q>m_7-
=

THEOREM 3.14. A g-analogue of [65, (17), p. 297].

i (=1)" Grn+nxm+n<v; Q>m<v; Q>n _ S Can2n<v7 QN); q>n

81 :
n, =0 <1;q>m<1;Q>n n=0 (1,‘] >n

ProoF. See the proof of (88). =

By applying the Bailey-Daum theorem, we can prove the follow-
ing
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THEOREM 3.15. A g-analogue of [63, p. 104]. If a # negative integer
then

82 @i(a;b, b 1+a+b—b|g;q' Y, —q' ) =

a -
1+a+b—b',1—b’,1+% <1 50 ’1’q>

l+a,1+b-b",1+% —p’ ~
@ S <1+3,1—b’;q>

@y

:[‘q

where |q¢*7"| <1.

Proor.

(83) LHS — Z <a’7 b ,; q)’n

— 1) gm0 =
77,:0<1,1+Cb+b_b,;Q>n( )q

- i <CL+71/, b’ q>Wl qm(lfb'):
=0(1l,1+a+b—-0"+mn;q),
< (@, b5 q),

— 1) n(l—b')r
20 G Y !

m

1+a+b—-0',1-0’ B
(1-q) "=
1+0-b',1+a—-b"+n

< b'; q), ,
_ z <CL, s 4/n (_l)n n(l—b )I" [
n=0 <1;1+a_b,;q>n 1 !

1+a+b-0', 1—b’]
1+b-b',1+a-0b’

= RHS . [ ]

When « is a negative integer, the above theorem may be reformu-
lated as

THEOREM 3.16.

(84) @,(-2N;b,b';1+a+b—-0b"|q;q¢" 7", —¢* ") =

s 1—2N+b—b’,1—b’] Gaw 1.,
N1-2N-b",1+b=b'[(N+b";¢)w\2 " |y

(85 @, (—N;b,b';1+a+b—-0b"|qg;q" ", —¢*"")=0, N odd.

The following theorem is a g-analogue of Srivastavas generalization
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of Carlson’s identity from [67, (3), p. 139]. Notice the difference
in character to the equations in chapter two.

THEOREM 3.17. If {C,}7-0 is a bounded sequence of complex
numbers,

xz0, vzl, o#l, v+0#0, -1, —-2...
and the two double series are absolutely convergent, then
m LY —0
o me,xz”*”(——lq ; q) (Vs @ulo; s
m

2

CONEEDY i X
m,n=0 <1, q>m<1; q>n

< Qe (= (1) + (5] om s 1= - m) -

2

o

_ 2 C?n,Jrnxlmen(v; q>m<v to+m; Q>n QE ( _ (7’&) _ mn)
m,n=0 <1; q>m<1; q>n 2

Proor. We will use the g-Euler-Pfaff equation (44).
87 RHS=

(_]-)nCleN(%)n@); Q>N<_N’ 1_'1)_0'_N; q)n
1

-3 3

q72(1+0):
N=0n=0 <1,q>N<1,1_/U_N7 q>n
d Cyai (v; o,—N Y B
:NE,O N 1x( D 2¢2[1_U_N|q’_%q2 v N||_ﬁq1+o_N]=
<1;q>N(——2q”";q) ' @
€Ly -N

(ﬁqZ—v—N)nq(g)
_ i CNOC1N<?}; q)N & <_N) g3 q>n &Ly

N=0 (1;q>N ¢2=0<1,1—1)—N;q>n (_ﬁqlJra.q)

&Ly ’ n—N

_ i CleN<v, q)N N <_N7 g, q>n ( Y q27v7N)n><

N=o (1;¢)y n=0(1,1—v—N;q),

_ N-n
X(—ﬁq*”;q) QE(—(N n)+(n)+O(N—n)) L2 =
L2 N-n 2 2

L1

Ly
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S ﬁ’: Cyai'(o; q>n<v;q>N—n(_ﬁqo. q) o
N=0n=0 {(1;¢)(1; @)n_n Tz "N

xQE(—(Nz_")+ (Z)+0(N—n)+n(1—N))(%)N=LHS. .
1

4. g-Analogues of reducibility theorems of Karlsson.

Karlsson [46] has derived two interesting reduction formulas of ge-
neral character for triple sums, which can be used to deduce many re-
duction formulas for hypergeometric functions in three variables [69, p.
311]. The formulas (39) and (41) are used in the proofs. Clearly many mo-
re reducibility formulas of this type can be deduced. We illustrate with a
g-analogue of one interesting special case known from the literature.

THEOREM 4.1. A g-analogue of [46, p. 200].
If {Cy wtm.n=0 18 a sequence of arbitrary complex numbers
then

< Cm n+] b? n b) xmxn(_x )p
(88) z . +p< @ Cl>p 1 L2 2/ _
m,n, p=0 <17 q>m<1’ q>n<1’ q>p

M .2k

i i Cm,2k<b’6; q)ljxl Lo
VR0 (1 (L, 1 gk

PRrOOF.

S o G, (b5 b, —t; q), " al(—1)PqP1—?
89 LHS= 2>, 2 (b5 0pti" @2 q _
=0 p=0 (1 (15 ¢(1, 1=t = b5 q),

~ 1
b; ol = q2
o I Cm b; xmxt < ’ t/2<2’
_ 2 E /,t< @) 1"y 12 — RHS. -

0 t=0,¢even <17q>m<1’q>t <b+£,q>
2 "y

REMARK 10. We obtain (81) by putting ;=0 in the theorem
above.
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COROLLARY 4.2. A g-analogue of [46, 2.5, p. 201].

a
¢, —
90) @P(a+1,14+a—c,b,b;clqg; —¢ % n, —v)=T, 2 e
a,c— —
2
b, b L a
’ 9 ——+c+k;q
X 3Po il . a|q,9€2||_||| < 2 >a+1_c
1,0_5 a i
—_— L4
(€=0;5qQr1-(1+q2 ")

Proor. Put

C _ <a+1;q>m+n<1+a_6;q>m

; 2= —q°" % in (88).

(€ Om+n
(91) RHS=
_ <a;Q>2k<1+a’_C’a’+2k;Q>m <b E > 2k( l)m mic—a) —
m, k=0 <C;q>2k<1yc+2k;Q>m <1 i >
. - +2k, L v1+k
S (G D 0Bk e | TS y
~ q
k=0 (¢; q)ar (1,1; g 1+a+2k,c—%+k
a ~
——+4c+k1q
y < 2 >w . <%,b,b,q>
k 2k
a — ——— = E X X
<E +1+k’ C_a,q>°° k:0<0_2,i, 1;q>
2 k
c,% <—%+c+k;q>
a+l-c
XTIy a =, =LHS. =
@ =S| (=5 Quir-c(I+g7 )

THEOREM 4.3. A g-analogue of [46, 4.1 p. 202].
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If {Cy uwtm.n=0 18 a sequence of arbitrary complex numbers
then

P
Cm,n+p<a” b7 q>n<a) b’ 1- WTW ,(I> xlmx;(_g@)pqg(“ g
14

©2) >

m,n,p=0

<1;q>m<1;q>n<1, - n;p ;q>

i Cm,2k<a7 b, 1Tk, 5? Qe+ b; Q>2k96'1m9022kq_kb

m, k=0

(1; )u(l,a+b,1 “b—k,1; q)
Proor. Compare [56, p. 56].

@) > > x

m,n=0 p=0

——

n ®+p2-n—-a—b)+Ln-p-1)
Cm,n<a9 b; q>n<a7 b’ -n, 1- E 7(]> mlmxznq : 2
p

% / by(39)
<1;q>m<1;q>n<l,1 -n—bl-n-a,— g ;q>
P
n n
_ i Cm,n<avb;q>nx1mx2n 1—b—n,1—a—n,1—5,1—a—b—5 _
. . q
m=0 (L @ (L5 @y l—n,l—a—b—n,l—b—g,l—a—g

_$ 5 Gudabigers (imemmizamis
m=0 n=0,neven <1, q>m<1; q)n

q
l-a-b—n,1—a-—

o3 o3



226 Thomas Ernst

2 1 _ i Cy, 2@, b; Qap ey 5"

x 2
— L
<1 —g—b,b+%;q> <2 e k=0 (15 @) (15 @y
n/2

(1-a-b—-2k, T—F,b; q)

. _— 1 2\ _
(1-a—-2Fk,1 _k_b’b+k?Q>k<§’q>k_RHS’ [

5. g-Analogues of Burchnall-Chaundy expansions.

This chapter is mainly based on the following inverse pair of symbolic
operators defined in [11]. We will get an improved version of [41] in the
process, compare [2]. The operators 6, and 6, from (8), chapter 1 will be
extensively used.

DEFINITION 15.

hyh+6,+6, h+6,, h+6,
949 V(W) =T, , 4,(b =T, .
h+6,,h+0, h+6,+6, 1
Then
(95) Vo (RXhs @l @l ws" = (B @Yy 1" 25

Recall that
96)  294(a, b;clq, x1) 291(a’, b";¢"|q, x) =
(@, b; ufa’s 0" Oy

= 1 L2 .

m, n=0 <1’ C; q)m<15 C,; q>n

<a/; q>m+n<b; q>m+n xlmxzn-

O 2p1(a, b c|q, 0 D) = X
! m,n=0 <1’ q>m<17 q>1z<c; q>m+n

We can write symbolically (the last three equations first appeared in [41,
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(14) p. 72])
98)  Dy(a;b,b';5¢,¢' |q; xp, x2) =
=V, (a)pi(a, b;clq, x)2¢1(a,b";c" |q, xs).
99)  D3(a,a’;b,b';¢|q; x, x2) =
=4,(c) 291(a, b; c|q, 21) 201(a’, b"; ¢|q, x2).
(100)  @(a; b,b';c|q; a1, x2) =
=V, (@) 4,(c)291(a, b; c|q, x1)ep1(a, b'; clq, 22).
(101)  @4(a; b, b';¢c|q; x1, 22) =Vy(a) Ps(a, a; b, b'; c|q; 21, ).
(102)  @q(a; b, b"; c|q; ®1, 23) =A,(c) Pola; b, b'; ¢, c|q; v, 2).
(103)  D4(a, b;c,c’|q; w1, 22) =V, (b) Pa(a; b, b;c, ¢ |q; 2, X2).
(104)  »¢1(a, b; c|q, 2D xz) =V, (b) Dy(a; b, b; c|q; 1, x2).
(105) ¢ 1(a, b; c|q, ¥, D x2) = A ,(c) Py(a, b; ¢, c|q; x1, 0z).
(106)  s¢1(a, b; c|q, v, D) =
=V, (b) 4,(c) Py(a; b, b; c, c|q; 21, 2).

(107) 2¢1(a7 b; C|q7[901+902]q):

a:b;b;
—V(b)(p %) |Q9901"%.2 .

’ ’

(108) 2¢1(a/’ b; C|Qa[-%'1 + x2]q) =
, b o, ©; 0;

2:2;1
:Aq(C) @2:121[ |q,9017902 .
©, ©:¢;C;

(109)  291(a, b; c|q,[2; + x21) =

=V,(b) 4,(c) P13 [a b, @3 b; |q,x1,ac2j.
©:c;C;
For a simple g-hypergeometric series we obtain
(110) ;z¢1(a,b;6|q,x1)=;szl(a,b;ﬁrlq,xl),
(01+¢;5 ), (c; q)

and analogous formulae for double series.
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The following formulas for 6; and 6, obtain.

1
111) D(a;b,b";clq; 2y, 22) =
(—a—0,—05+1;q), ' |45 01, 2

-1) a; q), N — (B +r(a—
=M¢1(a—v;b,b’;0|q;%q”, wyqng P,
(@ =75 @)y
(112) (=015 q)201(a, bs c|q, 2) =
_ (_1)r<a, b; q>erT

RS

2p(atr,b+r;ctr|q, xq ") q
(¢; Q)

(a; @20, 0" 9)r
(€5 @or
X®i(a+2r;b+r,b" +r;c+2r|q; 219", 229 ") q’"z"".
Combining (111) and (113) we obtain
(=01, =055 9),
(ma—0,-05+1;q),
(~1'{a,b,b'59),
- (¢; Qar
We obtain the following set of lemmata

(118) (=64, —05;9),P1(a;0,0";¢|q; 21, 25) = Xy Xy X

(114) @(a;b,b";¢clq; 2y, ) =

G +ra-1)

/g @ (@+r;0+7r,b0" +r;c+2r| g0, 20)q

S <_01’ _02; q>r h )
115 V. (h) = -~ T q™eY el
1) W= 2 e

S -0 ’ -0 5 )
(116) A= A0 2050
r=0 <17 1—h-— 01— 0y q>7'

i (_1)T<_01’ _GZ;Q>T<h;q>2’F (§)+’rh87,€

17 A, = :
A1) Ay (k) 0L, h+r—1,h+0,, h+03; q) 1o

and

S _0,_0,k_h; 'rk; r -
Z (-6, 2 (k5 q): vhet g

118)  V (k) 4,(k) = .
(&) V() 4,k S0 bkt r—1,k+ 0y, k+05q),

i <h‘_k7 _917 _92; q>7 q»,-
=0 (1, h,1-k—6,—05q),

where the last formula is the g¢-Pfaff-Saalschiitz theorem.

(119) V, () 4,(k) =
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By the same method which was used in [41], we obtain the following
g-analogues of the corrected version of Verma [75, (10)-(14)]. The formu-
las also closely resemble g-analogues of [64, (11), (12), (8), (13), (T)].

When there will be no misunderstanding, we will write G and H for
Gq; Gy and Hy; H,.

THEOREM 5.1.

(a):(g1);(g2);

120 AGLG [ ; %y, =
A200 PERIL) 4y )y oy 0 2

o ((91),(92), a5 )((@); Qo 2 tra P
Z ( 3 7 V@AilzG er1,.(;. 4;1 %
=0 (1, U, (s D), 3 @y | B

(@+27), © (g +7), a+7;(ga+7), a+7;
x |q’ 901, 902
(b+27), a+2r:(hy+7), ©;(hy+ 1),
(121) — (—1) <(gl),(92)§ Q>r<(00); q>2r (§)+rax17.xZT %
r=0 <15(h1),(h2)7 a; q>y<(b); Q>21»
PATLG+1 (a+2r), a+7':(gl+7”), 00;(92—1—7'), o0 | - x:|
B+1:H+1 (b+27), © :(hy+7), a+r;(hy+7), a+r; q; ¥y, Lo .
(122) = Z <(gl) (92) y—a, a; q>r<(a); ‘1)21- @me{x{x

2 Gty 57— L 0O, s

arteer| (@t27), v +2r:(g+7), a+7r;(ge+1), a+r;
X D iia g5 @1, 3.
(b+27), a+2r:(hy+7), y+2r;(hy+7), y +27;

_ S DA, (020 (@3 Qe sy
r=0 (1, (hy), (he), a+7—1; @){(b); )2,

(a+27r), a+2r:(gy+ 1), ©;(gs+ 1), ®©
b+27), w:(hy+7r), a+2r;(he + 1), a+2r

(123)

] g X

A+1:G+1
X DRI

|C], L1, 902:|.

124) = i (=191, (g2), a = v, a5 @),{(a); @hor )+ ry
re0 (1,(Ry), (hs), 75 @0{(B), a5 @)a,

i oy X

(@ +27),y+r:(g,+7r), a+r;(g,+7), a+7r;

X@A +1: +1|:
B+1L:H+1
(b+27), a+2r:(hy+7),y+r;(hy +7),y +7r;

|q; L1, 902:|.
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These formulas hold when A+G<B+H,+1,A+G,<B+H,+1, and
|1|, |x2| are chosen in such a way that both sides converge [64, p. 49].

Proor. We will use the following abbreviation.
0= (_1)m(1+H1—G1+B—A)+n(1+H2—G2+B—A) X
xQE((B—A) (m;r”) +(1+H, - Gl)(ZZ) +(1 +H2—G2)(Z)).
First we prove (122).

a _9 5 _9 y - ; r ; r 3
(125) LHS = 2 ( 1 2, Y =05 V5 @) regr gt %
r=0{l,a,y+r—1,y+60,y+ 05 q),.

X ¢A+1:G+1 |:(0/), Y :(g1)7 a?(gz), a;

T R T AL L wg] -

0 2(3) + ra
S ¢ T as anlys Qe
r,m,n=0 <O(,’)/+7"_1;V77;q>7"

4 (@), y :(91), @;(g2), a;
<], (O po e

g5 @y, x| = RHS.

(D), a:(hy), y +7;(hg), y +7;
Equations (120) and (123) follow from (122) by letting y — + « and a —
— + oo respectively. Equation (124) is proved in a similar way.

< _97_07 - .
L = 3 At O g g
V:0<1,a,1_)’_91—92;Q>r

" (@), v :(g1), a;(g2), @;
(b)a a :(hl); V,(hz); Va

] -

O x

> (=1q"" " (a =y Vs Dvnesr
2, n=10 <1,0(;q>y

((OL), q>m+n<(gl)7 a; q>m<(g2)1 a; q)n/mlmen —
(0), a5 Qs n{(l1)y ¥5 Dl (B2, 75 QL5 Q- {15 O

©

(—1rq? o =y, (9, @, (0 D@ @
v, n=0 (1,(hy), v, (h2); ), {(D), a5 @),
o B2 {@ 420, y 475 Qnn{G1 41, a4 15 (g2 1), 2+ 13.9),
((O+20), a+21; @Yy ((hy + 1),y +15.9), (o +7), 7 + 759,
Equation (121) follows from (124) by letting a— + . =

X

=RHS.
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REMARK 11. As pointed out in [75], specialization of parameters in
(120) yields the following results from [41]: 33, 36, 39, a corrected version
of 42, a corrected version of 43, 45, and 48. Similarly, (121) gives 34, 40, a
corrected version of 44 and 46 from the same paper, while (122) gives [2,
6.8 p. 193], and equation 49 from [41]. Moreover, (123) gives [2, p. 194], as
well as equations 41 and 47 from [41], and (124) gives 38 and 50 of [41].
Compare [64, p. 51].

6. Conclusion.

There is a typical trend in some of the new results. In the Watson-
and Jackson formulas for g¢ ; series, we append an extra tilde in numera-
tor and denominator to get the g-analogue. This is also the case in the
LHS triple sum of (92). However, in the RHS double sum of (92) we ap-
pend two extra tildes in numerator and denominator to get the g-analo-
gue. In (64) and (73) the hypergeometric function argument 4z is repla-
ced by x times two tildes in the numerator.

The following decomposition of the g-hypergeometric series into even
and odd parts is a g-analogue of [68, p. 200-201], and an 1example of a ¢-
analogue of a hypergeometric function with argument e

THEOREM 6.1. [22, (366), p. 71]
(126) ¢ ((a);(D)|q, 2) =

(@ (@ (a+1) (a+1)
7?7 2 ’ 2 -
=4 Pasis lq, 2%q"* 77|+
® ® 0+) b+D 1 15
.27 2 b 2 ) 2 ’2727 |
AU(l—qaj)
HDT X
9 IIa-q¢%
j=1
(@+1) (a+1) (@@+2) (a+2)
2 7 2 7 2 2 -
XgrPas+3 lq,2%q? 7571,
b+1) G+1) ®+2) B+2) 3 3
2 7 2 7 2 7 2 T2 2 7
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So we have 2 cases where the tilde operator is connected to g-analo-
gues of hypergeometric function arguments expressed as x x 2*". The
extended g-hypergeometric series (28) follows a similar pattern.

Hopefully the ¢-Kampé de Fériet functions defined here will enhance
the understanding of this interdisciplinary subject. Further develop-
ments along these lines will be given in future papers.
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