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Mixed Hodge Structures on Log Deformations.

TARO FuJisawa (*) - CHIKARA NAKAYAMA (**)

ABSTRACT - We study the relationship of constructions of cohomological mixed
Hodge complexes and related l-adic constructions by various authors system-
atically.

Introduction.

J. H. M. Steenbrink showed in [13] that a semistable degeneration
over a disk in C yields a cohomological mixed Hodge complex (CMHC)
on the central fiber.

He also proved in [14], by means of Koszul complexes, that the cen-
tral fiber paired with the induced log structure in the sense of Fontaine-
Illusie already determines this CMHC and further established that log
analytic spaces over the origin locally like the central fibers of
semistable degenerations (called log deformations, see 2.15) yield
CMHCs even if they do not come from the actual families over disks.
These results were independently proved by Y. Kawamata and Y.
Namikawa [9] (which were formulated with the log structures in their
sense): their CMHC is constructed by means of real blow ups. Both
methods are different and we can ask whether both the CMHCs coincide
or not for log deformations that do not come from the semistable
degenerations.
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The purpose of this article is to study the relationships between the
above two CMHCs and their variants systematically. In particular we
see that the above two are essentially the same.

On the other hand, M. Rapoport and Th. Zink [12] made a similar con-
struction in the [-adic context and it can be also generalized to the case of
(algebraic) log deformations ([11]). Another topic in this article is to com-
pare their construction and the @-structures of the above CMHCs.

In Section 1 we recall double complex constructions due to J. H. M.
Steenbrink and S. Zucker in an abstract way, which will appear repeat-
edly in the sequel. In Section 2 we review some necessary definitions and
a few facts in log geometry of Fontaine-Illusie. In Section 3 we prove
that a log deformation yields a CMHC. Here we use ringed real blow ups
introduced in [8], which are (families of) real blow ups in [9] endowed
with the structure rings of log holomorphic functions. In Proposition
3.19, we see that our CMHC coincides with Kawamata-Namikawa’s. In
Section 4, we consider the case of semistable degeneration as in [13],
[15]. In Section 5 we prove that our CMHC coincides also with the one in
[14] (Theorem 5.8). In Section 6 we introduce some variants, which inter-
vene between the Hodge construction and the l-adic construction. Using
this, we compare in Section 7 the @-structures of the CMHCs with the
construction of Rapoport-Zink.

The authors are very thankful to Y. Nakkajima who suggested this
work. They are also thankful to the referees for their careful reading of
the manuscript and valuable suggestions. Both authors are partly sup-
ported by the Grants-in-Aid for Encouragement of Young Scientists, the
Ministry of Education, Science, Sports and Culture, Japan.

1. Steenbrink-Zucker construction.

In this section we present a method of constructing complexes which
will turn out to be cohomological mixed Hodge complexes. The method is
an analogue of the one used in the article [15] by Steenbrink and Zucker.
First of all we review the construction in the article [15, § 5] for the sake
of convenience.

DeFINITION 1.1. Let X be a complex manifold, and 4 the unit disk
in C. A morphism of complex manifolds f: X—4 is said to be a
semistable degeneration if the fiber Y:=f~1(0) is a reduced simple nor-
mal crossing divisor and if f is smooth over 4* :=A\{0}.
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(1.2) Assume that a semistable degeneration f : X — A4 is given. The
upper half plane in C is denoted by H. The morphism wu+—t=
= exp (2m\/ —1u) makes H into a universal covering of A%, Let X* =
=f Y 4a*)=X\Y,X,=XX,H=X*X,.H,n:X,—X*be the canoni-
cal morphism, j: X*—X the open immersion, i : Y—X the closed im-
mersion, and k=jm:X,—>X. These objects fits in the following
diagram:

4 J P

X, X* X Y
A
H A% Y {0}

in which all the squares are Cartesian.

For any topological space Z, C"(Z) denotes the complex of sheaves of
germs of rational-valued singular cochains on Z. In the situation above,
the complex K (X*) and K'(X,) is defined by

K (X*)=i1,C(X*), KX, =1 "k,C(X.).

Then there exists an isomorphism in the derived category i ~' Rk, Qy_—
— K (X,). On the other hand the complex K" (X, ) carries a monodromy
automorphism

T:KX.)—>KX.).

We remark that the kernel of 7 —id coincides with the complex
K (X*). For every nonnegative integer m the kernel of the morphism
(T —id)"*': K'(X,)—> K (X,) is denoted by B,,. A subcomplex B of
K (X,) is defined by B = UoBm' Then B also carries the monodromy

automorphism 7'. By definition of the subcomplex B the logarithm of the
automorphism 7 is well-defined on B.

On a topological space Z an abelian sheaf Z(r) is defined by Z(r) =
= (2n\/—=1)"Z,c C for every integer . For a complex of abelian sheaves
K on Z and for an integer », we define a complex K(r) by K(r) =K®
&®Z(r). Then the morphism

1
1.2.1) 0=———1logT:B—B(—1)

2m\/—1

is obtained. From the data (B, ) above Steenbrink and Zucker con-
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structed a complex o(B) by
o(BY=B*@®B""'(-1)
with the differential
d:o(BY=B"®B" '(-1)>B""'@B"(-1) =0(B)"*!
defined by
d(x, y) = (de, —dy + o(x)).

Then the obvious morphism K (X*)— o(B) is shown to be a quasi-iso-
morphism. Moreover the morphism of complexes

(1.2.2) 0 :0(B)—o(B)(1)[1]

is defined by 6(x, y) = (0, x). Here we remark that for a given complex
(K, dg) the differential d;; of the complex K[1] is given by dg11= —dxg
as in [4].

For a complex K the canonical filtration 7 is defined by

K? if p<wr
1.2.3) 7,KP=4{ (Kerd)NK? if p=r
0 if p>r

for every p, r.
Finally a double complex C " is defined by

CPi=oBY* 1" (g+1)/t,0BP* 1" (¢ +1)
for every p, g with the first differential

d':CPi—(Crtly

induced by the differential d of the complex o(B) and the second
differential

d": Cr1—(gprati

induced by the morphism of complexes 6 in (1.2.2). On the single complex
sC"" associated to the double complex C" a finite increasing filtration L
is defined by

Ly(sC)' = @ Tuizge10BY g+ D/reBY " g +1).
prg=n

In the article [15] Steenbrink and Zucker proved that the complex
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sC"" is isomorphic to the complex i 'Rk, Qy_ in the derived category
and that the filtered complex (sC"*, L) underlies a CMHC on Y.

(1.3) Now we come to the point to present an abstract analogue of
the Steenbrink-Zucker construction above.

DEFINITION 1.4. Let Y be a topological space. For every non-nega-
tive integer n, we are given a complex of abelian sheaves K, equipped
with an increasing filtration W and a morphism of complexes 0,,: K, —
—K,, ,1[1] satisfying the conditions

(1.4.1) KP' =0 for every p<0

(1.42) W_1K,=0

(14.3) W,,K? = K? for every p, m with m >p
(1.4.4) 0,(W,K))cW,, . Kl for every p, m
(1.4.5) 6,,,6,=0.

Then we define a double complex D = D(K,, W, 6,,) by

(14.6) DP9 =KP+ivlw,

(1.4.7) d': DP9—DP*19 is induced by the differential of K,

(1.4.8) d": DP*7—DP "1 is induced by the morphism 0,: K,—
- q+1[]-]

for every non-negative integers p, q. We denote by sD =sD(K,, W, 6,,)
the single complex associated to the double complex above. We define an
increasing filtration L on the complex sD by

n _— ,
LmSD - @ Wm+2q+1Dp q’

prqg=n

where W,,D? 7 is the image of Wme”“ by the canonical projection
KP+it*1—DP 9. We call the single complex sD = sD(K,, W, 6,) with
the filtration L the Steenbrink complex associated to the data

{(Kn7 W)’ 071}'
REMARK 1.5. We can easily see that

GI‘%’LSD: q@o Gr}x+2q+1Kq[1]

qg=-m

for every m.
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REMARK 1.6. We define a decreasing filtration /' on the Steenbrink
complex by
FrsD"= & Dr"1
+

p'tqg=n
p'=

=

for every p and n.

REMARK 1.7. We have the following functoriality for the construc-
tion above. Let {(X,, W), 0,,} and {(K,, W), 0, } be data satisfying the
conditions in Definition 1.4 and f,,: K,— K, a morphism of filtered com-
plexes with the equality 0,1, =/f,+1[110,:

4](;7,
K, — K,

T

K’)‘L‘Fl[]‘]fﬁ[l] n+1[1]-

n+1

Then we have a morphism of double complexes
D(f,):D(K,, W, 0, —DK,,W,0,)
and its associated morphism of single complexes
sD(f,):sD(K,,, W, 0,)—sD(K,, W, 6;)

preserving the increasing filtration L on both sides.

ProposITION 1.8. In the situation above the morphism of complex-
es sD(f,) is a filtered quasi-isomorphism with respect to the filtration L
if the morphism f, is a filtered quasi-isomorphism with respect to the
filtration W for every non-negative integer n.

Proor. Easy by Remark 1.5. =

Now we treat the case that we are given a complex K and a morphism
0 : K— K(—1). This case is an abstract analogue of the complex B with
the monodromy logarithm 6 (1.2.1). We can construct a double complex
(and the single complex associated to it) from the data (K, 6) by the
same way as in (1.2).

DEerFINITION 1.9. Let K be a complex of abelian sheaves on a
topological space Y and 6:K—K(—1) a morphism of complexes.
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We assume the condition K? =0 for p <0. Then we define a complex
of abelian sheaves o(K, 0) by

(1.9.1) o(K, 0y =K’ @ K"~ '(—1) for every p
(192) d:o(K, 0 —o(K, 0)’*' is defined by d(x,y) = (d,
—dy + 8(x)), where x € K” and ye K¥ ~'(—1).

Let (K, ) be as above. We set K, = Ker (6 : K—K(—1)). We define
a morphism of sheaves K —o(K, 0)” by

K{sx—(x,0)eoK, ) =K' ®K" 1(-1).
These morphisms for all p form a morphism of complexes K,—

—o(K, 0).

LeEmMMA 1.10. In the situation above the morphism K,— o(K, 0) is
a quasi-isomorphism if the morphism 6 : K— K(—1) is surjective.

Proor. Easy by definition. m

DEeFINITION 1.11. Let (K, 6) be as above. We define a morphism of
complexes

0 :0(K, 0) = o(K, 6)(1)[1]

by 6(x, y) = (0, x) for xe K?, y e K* "'(—1). We consider a complex of
abelian sheaves K, = o(K, d)(n + 1) with the canonical filtration W =t
for every non-negative integer n. Then the morphism 6 above defines a
morphism

0,=0n+1):K,=0(K, 0)n+1)—=0oK, 6)n+2)1]=K, (1]

for every n. We can easily see that the data {(K,, W), 0, } satisfies the
conditions in Definition 1.4. Thus we obtain a double complex
D(K,, W, 0) and the associated single complex sD(K,, W, 6) with the
filtration L. The complex sD(K,, W, 0) with the filtration L is called the
Steenbrink-Zucker complex for the data (K, ) and denoted by
(SZ(K, 0), L).

REMARK 1.12. We have
Grh,SZ(K, 6) =

q

G,z 100K, 0)(q+ DI

v
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by Remark 1.5. Therefore we have a quasi-isomorphism

EBO H™ 20+ 1(o(K, 0))(q + 1)[_m—2q]eGrﬁLSZ(K, 0)
q=
q=—m

for every m.

REMARK 1.13. In the situation above we define a morphism of
sheaves u: K?—o(K, 8)(1)P*1=KP*1(1) D K? by

u(e) = (0,(=1)"x)
for & € K”. Then the morphism x4 above induces a morphism
KPQD(KTL7 W, e)p,() = Q(K; 6)(1)p+1/W0

for every p. We can easily see that these morphisms induce a morphism
of complexes

K—sD(K,, W, 0) = SZ(K, 9)

which is denoted by the same letter u for simplicity.

LEMMA 1.14. The morphism u : K— SZ(K, 6) above is a quasi-iso-
morphism if the morphism 6 : K— K(—1) induces a zero map from
H?(K) to HP(K(—1)) for every integer p.

Proor. We can find the proof in [15, (5.13) Lemma]. =

REMARK 1.15. The construction above has the following functoriali-
ty. Let (K, ) and (K', ') be data as above and ¢ : K— K' a morphism
of complexes such that the following diagram commutes:

K -2 K(-1)

¢\L \Lw(%)

K’ ?K’(—l).
Then morphisms of sheaves
o(@):o(K, 6y’ —=o(K', ")
defined by o(¢)(x, ¥) = (¢(x), @(y)) form a morphism of complexes
o(g):o(K, 0) = o(K', 0")
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which has the commutativity o(¢)(1)[1]16 = 6o(¢):

oK, 0) —2> oK, o) (1)[1]

o(g) l/ \LQ((N(D[H

oK', 8") —> o(K', 6" X1)[1]

Then we easily obtain a morphism of complexes
SZ(¢):SZ(K, 6) = SZ(K', 0')

which preserves the filtration L on both sides.

COROLLARY 1.16. Let (K, 0),(K',0') and ¢ be as above. Assume
that the morphism @ induces a quasi-isomorphism between the kernels
of 0 and 6' and that the morphisms 6 : K—K(—1) and 6': K'—=K'(—1)
are surjective. Then the morphism o(@): o(K, 0) —>po(K',0") is a
quasi-isomorphism. In particular the morphism SZ;(¢):SZ(K, 6) —
—SZ(K', 0') is a filtered quasi-isomorphism with respect to the filtra-
tion L on both sides.

Proor. Easy by Lemma 1.10. =

REMARK 1.17. The construction of the Steenbrink-Zucker complex
has another functoriality which plays an essential role in Section 6.

Let K be a complex of abelian sheaves on a topological space Y with
the assumption K? = 0 for every p <0, d, 6': K— K(—1) morphisms of
complexes and ¢ : K— K a morphism of complexes with the condi-
tions

1.17.1) 6’ ¢ =6
1.172) ¢(—1)8' =0 ¢.

Notice that the conditions (1.17.1) and (1.17.2) imply the analogue of
(1.17.2) for the morphism 6. We define a morphism of sheaves

o(@)k: oK, )(n+1P=KP(n+1)®K? '(n)—

—o(K, 0" )n+1Y=KP(n+1)BK" '(n)
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(n+1) times n times

o(@h(x, y) =(@n+1)o...o@pn + 1)(x), p(r)o...ocpn)y))

for xe K”(n + 1) and y € K” ~(n). Then we can see that the morphisms
for all p form a morphism of complexes by the conditions (1.17.1) and
(1.17.2) for the morphism ¢. Moreover we have a commutative dia-

gram

( )71
oK, 0)n+1) > oK, )n+1)
el la
o(K, 8)(n +2)[1] W—)> o(K, 8")(n+2)[1]
for every n. Thus we obtain a morphism of complexes

SZy(@): SZ(K, 0)—SZ(K, ")

which preserves the filtration L on both sides by Remark 1.7.

COROLLARY 1.18. In the situation above the morphism SZy(¢p) is a
quasi-isomorphism if the morphism ¢ : K— K is a quasi-isomorphism
and if the morphism 6 : K— K(—1) induces a zero map from HP (K) to
HP(K(—1)) for every integer p.

Proor. We can easily obtain the conclusion by Lemma 1.14 because
the assumptions imply that the morphism ¢': K— K(—1) induces zero
maps on all cohomologies. ™

2. A review on log geometry.

In this section we review briefly some definitions and facts on log
analytic spaces which we shall need later. We do not give the details. See
[14] and [8] for them. See [7] and [5] for more on log geometry.

DEFINITION 2.1. ([14] Definition (3.1) and [8] Definition (1.1.1)) Let
X be an analytic space. A pre-log structure on X is a pair of a sheaf of
monoids (= a sheaf of commutative semigroups with unit elements) M
on X and a homomorphism « : M — Ox with respect to the multiplication
on Oy. A pre-log structure (M, a), or simply denoted by M, is said to be
a log structure if the induced homomorphism o ~'(©%) — ©% is an iso-
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morphism. A homomorphism of (pre-)log structures (M, a;)—
— (M, as)is ahomomorphism & : M; — M, of sheaves of monoids satisfy-
ing asoh=aj.

The inclusion functor from the category of log structures on X to that
of pre-log structures on X has the left adjoint M = (M, a) — M *, which
is constructed explicitly as the inductive limit (or push-out) of the dia-
gram M < a ~'(O%) — O% in the category of sheaves of monoids on X.

DEFINITION 2.2. ([14] Definition (3.4)) Let f : X—Y be a morphism
of analytic spaces, and let M be a log structure on Y. Then we call the log
structure (f'M—f"10y— Ox)” on X the pull-back log structure of M
and denote it by f* M.

DerFINITION 2.3. ([14] Definition (4.1) and [8] Definition (1.1.1)) A log
analytic space is a pair of an analytic space and a log structure on it. For

a log analytic space X, we denote by X the underlying analytic space and
by My the log structure: X = ()O(, Myx). A morphism of log analytic spaces
f : X—Yis a pair of a morphism of analytic spaces ]3 : )O( — f’ and a homo-
morphism of log structures ]g *My— My (2.1).

(24) Let N be the monoid of nonnegative integers with respect to
addition. Fog' a log analytic space X, we consider the following condition:
Locally on X, there is a homomorphism from the constant sheaf N% for
some 7 = 0 to My such that the induced homomorphism of log structures
(N%)*— My is an isomorphism.

In the rest of this article, we consider only the log analytic spaces
satisfying the above condition except Remark 2.5 and Section 7.

REMARK 2.5. In the above condition, if we allow any fs monoid in-
stead of N", we get the definition of fs log analytic spaces ([8] Definition
(1.1.2)). Therefore a log analytic space satisfying the above condition is
an fs log analytic space. Most parts of the rest in this section (including
2.7, 2.11, 2.18 ete.) hold also for fs log analytic spaces.

(2.6) Let X be a log analytic space satisfying the condition in (2.4),
and let f : Y— X be a morphism of analytic spaces. Then (Y, f* My) also

satisfies the condition in (2.4). This is deduced from the fact that when
Ny— My induces an isomorphism of log structures, its pull-back Ny—

@]
— f* My also induces an isomorphism of log structures.



232 Taro Fujisawa - Chikara Nakayama

(2.7 To a log analytic space X satisfying the condition in (2.4), a
ringed space X'°¢ = (X8, 9%%) and the natural morphism 7 : X'®®— X of

ringed spaces are associated, which we explain in this subsection.
As a set

Sflx)
[f(@)]

where S' = {xeC; || =1}. The morphism 7 sends (x, 2) to x. When

xeX, heHom (M ,,SY), h(f)=

Xlg= [(m, h)

for any feO%,t,

there is a homomorphism f : Ny— My as in 2.4 globally on X, we endow
X" with the induced topology from the embedding X%°&—X x
x (SV);(x, h) — (x, hiey), ..., h(e,)), where (e;); is the canonical base of
N'". This topology is independent on the choices of r and § so that the
topology of X' is well-defined for the general case.

The sheaf of rings O is a 7 ~!Oy-algebra generated by «logarithms»
of local sections of 7 ! My. This is defined by

O = (r 71 (Oy) ®, Symy(Ly))/a,

where Ly is a sheaf of abelian groups which sits in the commutative
diagram

7" 1(exp)
0 —— 2.77:\/ _].ZXlog —— 'L'_IOX —— 1_1(9}’} —— 0

2.7.1) H l ! l

exp

0 — 2aV-1Zye —> £y —> 1 'MF — 0

with exact rows and a is the ideal generated locally by local sections of
the form

f®1—-1Qn(f) for a local section f of 7 1(Oy).

Here 1 means the 1eZ= Sym’(£y), whereas h(f) belongs to £y=
= Sym!(L£y). See [8] or [16] for the precise definitions of £y and h.
We describe some properties of (X%, 9#). For an open log subspace
(U, Mx|p) of X, U8 is an open subspace of X '°¢ and O = O | yue. For
each x € X, the fiber 7 ~!(x) is homeomorphic to the product of »' copies
of 8! and the stalk of O% at any point ¥ over x is isomorphic as an Oy -
algebra to the polynomial ring of r’ indeterminates over Oy ,, where 7'
is the rank of the free monoid My /%, .. This r' also equals to the num-
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ber of the indexes ¢ such that the image of ¢; in My , by § does not belong
to O% ., where (e;); and 3 : Nxy— My are as above. See [8] Lemma (1.3)(2)
and Lemma (3.3).

We note that (—)“¢ is a functor from the category of log analytic
spaces satisfying the condition in (2.4) to that of ringed spaces and that ¢
is a natural transformation from (—)¢ to (3).

REMARK 2.8. It is the ringed space defined above that we called in
the introduction a ringed real blow up.
We will use the following two propositions later in Section 3.

ProPOSITION 2.9. Let f: X—Y be a proper morphism of log ana-
lytic spaces satisfying the condition in (2.4). Then f°¢ is also proper.

ProoF. Since 7 in (2.7) is proper, we see that both X'%¢—Y and
Y°¢—Y are proper. Then f°¢ is proper. =

ProposiTION 2.10. Let f: X—Y be a morphism of log analytic
spaces satisfying the condition in (2.4). Assume that the homomor-
phism of log structures f* My— My is an isomorphism. Then the natu-
ral homomorphism t 1 (Ox) ® sy-10pf 8 1 (OFF) — ORE is an isomor-
phism.

Proor. This is checked at stalks by using the descriptions of the
stalks of O%%¢ and O [8] Lemma (3.3). Cf. 2.7 above. =

The following proposition and its variant 2.17 were proved by T.
Matsubara.

ProPoSITION 2.11. Let X be a log analytic space satisfying the con-
dition i (2.4). Let F be a locally free Ox-module of finite rank and
7: X6 — X the natural morphism in 2.7. Then the natural homomor-
phism

F—Rt,t*F
18 @ qQuasi-isomorphism.
Proor. This is a special case of [10] Proposition 4.6. For reader’s
convenience, we recall the proof briefly: We may assume that F = Oy.

We have to show that for any xe X, (R?7,0%), =0 for ¢ >0 (resp. =
= Oy, , for ¢ = 0). Since 7 is proper and separated, we can work fiberwise.
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As described in 2.7, T ~!(x) is homeomorphic to (S*)"" and all the stalks of
Ole |:-1() are isomorphic to Ox ,[T4, ..., T, ], where »’ is as in 2.7 and
T/s are indeterminates. Further olggg|,71(x) is in fact a locally constant
sheaf and the action of 7,(r " '(x)) can be described as g;(T}) =T, +
+ dz-J»Zyr\/—_l (1<1,j<7’')in taking a suitable (T}); and (g;); such that
the set {gi,...,9,} generates m,(t '(x)). It is enough to show that
Hq(r‘l(x), O%|.-1)) =0 for ¢>0 (resp. = Oy , for ¢=0). The case
where r' = 1 is deduced from the exactness of 0—Oy ,—
— Oy, x[Tl] N OX «LT1]1—0. Here we use the fact that the cohomologies
of S with a locally constant coefficient sheaf M are calculated by the
complex M, = Mx, where xeS! and ¢ is the monodromy. The general
case is reduced to this case by the Kiinneth formula. m

NortaTIiON 2.12. ([14] (2.6) and [8] (1.2.3)) Let X be a manifold and D a
reduced divisor with normal crossings on X. Let 7 : D — X be the closed
immersion and let j: U:=X\D <X be the open immersion from the
complement. In the next deflmtlon we denote by M x the pull-back log
structure ¢*(Ox N Jj. OF Ca(‘)X) on D.

DEFINITION 2.13. Let f: X—A4 be a semistable degeneration and
Y =f"1(0) (Definition 1.1). Then f induces a morphism of log analytic
spaces (Y, My x) — ({0}, My, 4), which we call the log central fiber of
f. We denote ({0}, My ) simply by 0 and call it the standard log
Point.

ExamMPLE 2.14. Let 0 be the standard log point. Then 0"°¢ = S and
OFe is a locally constant sheaf whose local value is C[log t], the polynomi-
al ring over C, where t is a global section of the log structure M, that
generates (0, M,) over I(0, Of) = C*.

DEFINITION 2.15. ([14] Definition (3.8)) A morphism Y —0 from a
log analytic space to the standard log point is said to be a log deforma-

tion if locally on Y, Y is isomorphic over 0 to the log central fiber of a
semistable degeneration (Definition 2.13) and if each irreducible compo-

nent of f’ is smooth over C.
The log central fiber of a semistable degeneration is clearly a log
deformation.

REMARK 2.16. In 2.12, (X, Ox Nj, OF) satisfies the condition in (2.4)
(cf. [7] Example (2.5)(1)); and by 2.6, (D, Mp x) also satisfies the condi-
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tion in (2.4). Hence any log deformation (and in particular the standard
log point also) satisfies the condition in (2.4).

ProPOSITION 2.17. Let f: Y—0 be a log deformation. Let Y, be the

log analytic space (f/, ]3 *M,), which satisfies the condition in (2.4) by
(2.6). Let g be the natural morphism Y —Y; induced by f. Let F be a lo-

cally free Oy-module of finite vank and let T : Y€ — Y and Ty Yi®— Y
be the natural morphisms in (2.7) for Y and Y, respectively. Then the
natural homomorphism

i F—>Rg#1*F

18 @ qQuUasi-isomorphism.

Proor. This is a special case of [10] Lemma 4.5. The properness of ]?
is assumed there for another purpose; but as for [10] Lemma 4.5 only,
this assumption is not necessary. The proof is similar to the previous
Proposition 2.11. We calculate the cohomologies of the fibers of g%,
which are again the products of some copies of S!. =

(2.18) Here we explain log de Rham complexes on a semistable de-
generation and on a log deformation.
First, let f : X— A be a semistable degeneration and Y =f"1(0). We

denote by o the sheaf of differential forms with log poles 2% (log %) in
the usual sense ([2]). We have the log de Rham complex wY.

Next let Y—0 be a log deformation. We denote by o} the sheaf of
differential forms with log poles on Y ([8] (3.5)). (In the case that Y is the
log central fiber of a semistable degeneration X — A, o} is isomorphic to

the pull-back of wk to IO/ as a coherent sheaf.) We have the log de Rham
complex wy.

Further we consider the ©O\%*-module !¢ := t* w}.. This module is
endowed with the derivation d : O — w118 which is compatible with
the usual derivation and d log: My— w?. For the precise definition, see
[8] (3.5). Thus we have the complex w}°8. We also have the log Poincaré
lemma as follows.

ProposiTION 2.19. Let f: Y—0 be a log deformation. Then the nat-
ural homomorphism Cyw:— @ 3¢ is @ quasi-isomorphism.
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Proor. This is a part of [8] Theorem (3.8). We see that the condition
in [8] (0.4) is satisfied for a log deformation by taking P, = N" for some
r=1and ¥, =((1,...,1)) in the notation there. m

3. CMHC on a log deformation.

In this section we construct a CMHC on a log deformation. This is an
analogue of the Steenbrink’s result in [13] in the context of the log geom-
etry. As mentioned in the Introduction, Kawamata-Namikawa [9] and
Steenbrink [14] obtained such result independently. Here we present
another way to construct CMHC on a log deformation, which is a «loga-
rithmie» analogue of the argument in [15], and prove the coincidence of
our CMHC and Kawamata-Namikawa’s.

(38.1) Letf:Y—0 be alog deformation. Then we have a commuta-
tive diagram

Yo — y
| I
St=0s —> 0

by the functoriality of ( — Yog - As in the article [16] by S. Usui, we define a
topological space Y. and the morphisms 7:Y,—Y"8 f.:Y.—R by
the cartesian square

Y, —> Y™
(3.1.1) £ l lfbg

R —> St=0"¢
where the morphism of the bottom line R— 8! = 0 is the universal cov-
ering given by s~ exp (221 —1s), where s denotes the coordinate func-
tion of R. The covering transformation of R—S! given by s—s+1
gives rise to an automorphism of Y, over Y. This automorphism in-
duces the monodromy automorphism

T:non ‘Fonx,a'F

for every abelian sheaf F' on Y. The direct image

Temen ‘For, a0 'F



Mixed Hodge structures on log deformations 237

of the monodromy automorphism above is called the monodromy auto-
morphism too and denoted by the same letter 7' by abuse of the
language.

LEMMA 3.2. In the situation above we have an exact sequence

3.2.1) 0—>F—>g, a0 ' F8 7, 2 1F—>0

on Y5, In particular we have an exact sequence

0 —>r*F—>r*n*n*1Fﬂr*n*n*1F—>O
if the abelian sheaf F is T .-acyclic.

ProoF. Take an open subset U of Y'°¢ such that the morphism 7 co-
incides with the projection U x Z— U. Then we have

U, n.nw™'F)=Map(Z, (U, F)),

where Map (Z, I'(U, F)) denotes the set of all mappings from Z to
(U, F) as sets. Then the canonical morphism F — s, 7 ~! F induces the
diagonal morphism (U, F)—Map(Z, I'(U, F)) sending a of I'(U, F) to
the constant map with values a. Moreover the monodromy automor-
phism T acts on this set by T(a)(¢) = a(i+ 1) for every element a of
Map (Z, I'(U, F)). Thus we can see that the diagonal morphism above
coincides with the kernel of the morphism 7' — id. Now we prove the sur-
jectivity of the morphism 7 — id. Take an element b of Map (Z, I (U, F)).
Define an element a of Map (Z, I'(U, F)) by

i—1
> bk) for i>0
k=0
a(i) =40 for 1 =0
-1
— > bk) fori<O.
k=1

Then we can easily check the equality (T —id)(a) = b. Thus the mor-
phism 7' —id on I(U, w.n 'F)=Map(Z, I'(U, F)) is surjective. Thus
we obtain the exact sequence (3.2.1) =

LeEmMA 3.3. In the situation above, let F be a locally free Oy-mod-
ule of finite rank. Then there is a quasi-isomorphism

FQcClul > R@am),w 1t*F
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that sends the indeterminate u to (27\/ —1) log t, where t is a genera-
tor of the log structure of the standard log point 0 (¢f. Example
2.14).

ProoF. Let the notation be as in Proposition 2.17. Define g, = g'¢ x
(€] O
xgR:Y,—Y; =Y XR and denote by 7, the projection ¥; , =Y X
[¢]
X R—Y{® =Y xS!. These spaces make a commutative diagram

9o
Y, — Yl, w

Tl lm

g 9% 1
ylg = 5 Ylog

l l”

vy Ly,
where the upper square is cartesian. Then R(tm),n '7*F =
=R(117,)xRGuwsm 1v*F, which equals to R(r;m), 77 'Rgler* F by
proper base change theorem with respect to the proper map g% (9" is
proper by Proposition 2.9).
Further by Proposition 2.17, 77 'Rg X8 r* F is naturally quasi-isomor-
phic to

AT T F = (17 F @, 0%) A (17 F ®c(f1%) 71 0FF) =

= (1170) " F ®c (o ()71 O5%),

where f;: Y;—0 is the induced map from f. By Example 2.14, we know
that O is locally constant and that 71 1(fi%®) 1O is constant valued
by Clul, uw=(2ax\/—1)"'logt. Thus we have R(wn),n 't*F =
=R(r,7)s(t171) 1 (F ®¢C[u]), which is seen to be quasi-isomorphic to
F QcClu] by applying [6] Proposition 2.7.8, taking Y,, there to be }O’l X
X[—n,n] for each n. =

(3.4) Assume that we are given an injective resolution @y.w:— 1. Then
we have a quasi-isomorphism

Qy, =7 'Qyue—7 1.

The @-sheaf w ~1I? is an injective @-sheaf for every p because I” is injec-
tive and because the injectivity of the sheaf is a local property (see [6]
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Proposition 2.4.10). Therefore we obtain an isomorphism
R(tm) Qy, >t my ']
in the derived category. Moreover we have an exact sequence
0 —>r*l—>r*n*n*11T—7§r*n*nfll—> 0

by Lemma 3.2 because of the 7 .-acyclicity of the sheaf I? for every p.
We define subcomplexes B(I),, and B(I) of v, m,.x I by

(3.4.1) B),, = Ker (T —id)" 't mon '

for non-negative integer m and by

(3.4.2) BI)= U B
The subcomplex B(I), is identified with the complex 7. via the canoni-
cal morphism 7,1 —>t,m,m 1.

The morphism log T is well-defined on the subcomplex B(/) by defini-
tion. We define an automorphism U : B(I) — B(I) by

5 (-1
U:
1;::0 k+1

(T —id)*

which satisfies the following conditions:

(34.3) U-(T—id) = (T —id)-U
(34.4) U-log T=1log T-U
(3.4.5) Ulga, = id

(3.4.6) (T —id)-U=1log T.

Then we see that the morphism log 7' : B(I) — B(I) is surjective be-
cause the morphism 7T —id: B(I/) = B(I) is surjective by Lemma 3.2.
Moreover we have Ker(log T:B(I)—B()) = Ker(T —id) = B(),=
=71,1.

LeEmMMA 3.5. For an injective resolution Qyw—>1 the inclusion
B()—>t.n,.n 1 is a quasi-isomorphism.

Proor. It is sufficient to prove that the morphism

B)¢=B(H)Q@C—rt men e=t.m,7 'IQC
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obtained by tensoring C is a quasi-isomorphism. By Proposition 2.19 in
the last section the canonical morphism Cyw— w ¢ is a quasi-isomor-
phism. Then there exists a quasi-isomorphism 3" —I¢ which sits in
the commutative diagram

Cylog E— a)"log

I

Cylog e I C

(3.5.1)

because Cyoe— I is an injective resolution of Cyiwe. Then we have a
quasi-isomorphism

oylul =Rn),n oyt = Ram)x He=t,a,m ¢

by using Lemma 3.3. We remark that the monodromy automorphism 7'
on the right hand side corresponds to the automorphism on wy[u] in-
duced by the homomorphism of algebras C[u] — C[u] sending « to u + 1
via the quasi-isomorphism above. Thus we see that the quasi-isomor-
phism above factors through the subcomplex B(/); = B(I) ® C. There-
fore it is sufficient to prove that the morphism wy[u] —B)q is a
quasi-isomorphism.

An increasing filtration fil on wy[u] is defined by the degree of the
indeterminate 2. On the other hand the subcomplex B([),, of B(I) de-
fines a filtration on B([/). It is easy to see that the morphism above sends
fil,, o y[u] to B(I),, ¢. Therefore it suffices to prove that the induced
morphism

Grg%wY[u] %B(I)m, C/B(I)mf 1,C

is a quasi-isomorphism. Trivially we have an isomorphism wy—
— Gri'wy[u] by sending x to xzu™. On the other hand the morphism
(T —id)™ induces an isomorphism B(I),, ¢/B),,-1,¢—>BU) ¢. More-

over these isomorphisms make the following diagram commutative

vy —> Grl wy[u]

l l

B(I)(), c <— B(I)m,C/B([)m— 1,C»
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where the left vertical arrow stands for the composite of the quasi-iso-
morphism

oy—Rr,.o ')’,IOg
in Proposition 2.11 and the quasi-isomorphism

Rt 03— Rr. Ie=B) ¢

induced by the quasi-isomorphism w j'°¢— I before. Thus we complete
the proof. =

(3.6) Now we fix an injective resolution @yw:—1 and a quasi-iso-
morphism o ;"¢ — I¢ as above which we call a reference morphism. Then
the reference morphism induces a quasi-isomorphism ¢ : wy[u] — B(I)¢
as in the proof of the last lemma.

We denote the morphism of complexes

1
————log T: B(I) >B(I)(-1
2n\/—_10g () —BUI)(~1)

by 6. Then we obtain the Steenbrink-Zucker complex (SZ(B(), d), L)
which is a complex of @-sheaves on Y.
On the other hand a morphism of complexes

1
0= —oylul > oylu]

C2am/—1 du

gives us the Steenbrink-Zucker complex (SZ(wy[u], 6), L).
We can easily see that the morphism ¢ fits in the commutative
diagram

wylul —= B)¢

al la

wilul == B()c.
Therefore we have a morphism of the Steenbrink-Zucker complexes
3.6.1) SZ(¢):SZ(wylul, 0) =SZ(BU)¢, ) = SZ(BU), 0)¢

preserving the filtration L on both sides by the functoriality in Remark 1.15.
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LEMMA 3.7. The morphism SZ(¢) is a filtered quasi-isomor-
phism with respect to the filtration L on both sides.

Proor. We have
Ker (0 :wylul = owylul) =wy
and
Ker (0 : BI)¢c—B(I)¢) =B(I)y,c =74 1¢.

The morphism ¢ induces a quasi-isomorphism from wy to B(I)y ¢ as in
the proof of Lemma 3.5. Moreover the endomorphisms ¢ on wy[«] and
B(I)c are surjective. Thus we obtain the conclusion by Corollary
1.16. =

(3.8) On the complex wy Steenbrink defines a finite increasing fil-
tration W in [14, §4] which is an analogue of the usual weight
filtration.

A morphism of complexes

3.8.1) 0:0y—>wy[1]
is given by
O(x) =dlogt N«

for a local section x of w%, where ¢ is the generator of the log structure of
the standard log point 0 (cf. Example 2.14).
Then we define a data {(K,, W), 6,} by

(3.8.2) K, = wy with the increasing filtration W for every =
(3.8.3) 6, =0 for every n.

We can easily see that this data satisfies the conditions (1.4.1)-(1.4.5)
by definition. Thus we obtain the Steenbrink complex of the data
{(K,, W), 6,,} which is denoted by (A¢, L) as in [13] and in [14].

(3.9) Now we will establish the relation between the complexes
SZ(wylul, 0) and A, constructed above.
We define a morphism

Y :o(wylul, 6 = oflu]l®wh Hul— ol
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by
(3.9.1) Y, y) = a9+ dlog t Ay,

where x = E ; (w’/j!) and y = Z y](u]/]‘) are elements of w%[u] and
ob Hul. We can easily see that the morphisms v for all p form a mor-
phism of complexes y : o(wylul, 0) = wy.

LeEmMMA 3.10. The morphism v above is a quasi-isomorphism.

Proor. The inclusion wy—wy[u] induces a quasi-isomorphism
t:oy—o(wylul, 6) by Lemma 1.10 because the inclusion above coin-
cides with the kernel of the morphism ¢ and because the morphism 6 is
surjective. We can easily see that the composite of the morphisms
Yi:wy—>wy is nothing but the identity. Thus we obtain the conclu-
sion.

By definition the identity on @y induces a morphism of filtered
complexes

(0y, 1) = (0y, W),

where 7 denotes the canonical filtration. In [14] this is proved to be a fil-
tered quasi-isomorphism. Thus the morphism of complexes vy induces a
filtered quasi-isomorphism

(o(wylul, 6), 1) = (wy, W)

which we denote by the same letter .

The morphism 6 :o(wy[ul, ) = o(wylul, 6)[1], the morphism
0:wy—>wy[1] and the morphism  :o(wylul, 6) —>w}y satisfies the
equality 6y = 6. By setting

Y. =y (o(wylul, 6), 1) = (oy, W)
for every n, we obtain a morphism of the Steenbrink complexes
sD(y): SZ(wylul, 6) = sD(o(wylul, 9), 7, 0) >A¢
by the functoriality.
LemmA 3.11. The morphism
sD(y): SZ(wylul, 6) —=A¢
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18 a filtered quasi-isomorphism with respect to the filtration L on both
sides.

Proor. Easy by Proposition 1.8 and by the fact that v :
(o(wylul, 6), 1) = (wy, W) is a filtered quasi-isomorphism. =

The filtered quasi-isomorphisms sD(y):SZ(wylul, ) >A, and
SZ(@): SZ(wylul, 6) = SZ(B(), 6)¢ in (3.6.1) define an isomorphism

a : SZ(BU), 8)¢— A¢

in the derived category.
On the other hand we have a finite decreasing filtration F' on A =
=sD(wy, W, 0) defined in Remark 1.6.

THEOREM 3.12. Assume that the analytic space Y is compact and
that the irreducible components of Y are Kdihler. Then the data

(3-121) ((SZ(B(I)7 6)5 L),(A(b La F)’ a)

18 a cohomological mixed Hodge complex on Y.

Proor. Let Yy, Ys, ..., Y, be the irreducible components of the ana-
lytic space Y. We set

Yim] = 11 Y, NY,N...NY,

1<i1<ig<...<iy <l

m

for every m. Then every Y[m] is nonsingular because Y is the underlying
analytic space of a log deformation. Thus every Y[m] is a compact Kéhler
complex manifold by the assumption. In [14] Steenbrink constructed an
isomorphism of complexes

Rm: GFEL]CD.Y_)‘Q'Y[M][ _m]

for every m which is the analogue of the Poincaré residue isomorphism.
By using this isomorphism we obtain the conclusion as in [13],
[15]. m=m

REMARK 3.13. We can easily see that the same conclusion holds for
the case that Y is algebraic.

REMARK 3.14. The C-structure Ay of the CMHC above is the same
as the ones in [9] and [14]. But the method to construct @-structure is
different from the methods used in [9] and [14]. We will see later that
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the resulting @-structures are essentially the same. (cf. Proposition 3.19
and Theorem 5.8 below.)

REMARK 3.15. We can see that the CMHC in the theorem above is
independent of the choice of the reference morphism w‘f,k’g—ﬂc as fol-
lows. Let us assume that we have two reference morphisms
vy, v 0y E— I These morphisms induce morphisms
@1, Q2. oylul— B(I)c as before. There exist a complex J consisting of
injective C-sheaves bounded below and a quasi-isomorphism v :Io—J
such that the morphisms vv,, vvy: 0} —J are homotopic because of
the commutativity of the diagram (3.5.1). The morphism v : Io—J in-
duces a morphism ¢ : B({)¢— B(J). Then the homotopy between vv; and
v, induces the homotopy between the morphisms

SZ1(@)SZ(¢1), SZ1(¢) SZ,(¢3): SZ(wy[ul, 0) = SZ(B(J), 0)

which preserves the filtration. Therefore the morphisms SZ;(¢;) and
SZ (@) from SZ(wylul, 6) to SZ(B(I), d)¢ coincide in the filtered de-
rived category. Hence the morphisms v; and v, induce the same mor-
phism from SZ(B(I), d)¢ to A¢ in the derived category.

REMARK 3.16. We see that our CMHC is independent of the choice
of an injective resolution @y.:— 1 as follows. Let I and I’ be injective
resolutions of @Qywe. Then we have a morphism of complexes v:I1'—1
such that the diagram

leug — ]’

I

leog — ]

is commutative. By the remark above we may assume that the reference
morphisms make the following commutative square

. !
w };log — I¢
lv

w'Ylog — Ic.
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Then we have a commutative diagram

oylul —> BI') —> tem.m 11
oylul — B() — t,m,.a ',
from which we obtain an isomorphism

((SZ(B(I"), 9), L),(A¢, L, F), a") = (SZ(B(I), 0), L),(A¢, L, F), a)

of CMHC on Y. In addition the isomorphism above depends only on the
homotpy class of the morphism v:/’'—1 as in the last remark.

(3.17) The morphism of complexes u : B(I) —SZ(B(I), 6) is defined
in Remark 1.13. For this morphism to be a quasi-isomorphism it is suffi-
cient that the morphism ¢ induces a zero map from HP(B(I)) to
H?(B(I)(—1)) by Lemma 1.14.

This is checked stalkwise as follows. Take a point y of Y and put r:=
= rank (M{"/ O%),. Consider y as an fs log analytic space endowed with the
pull-back log structure of My. Let y., Lyyk’ggy be the base change of
Y. 5> Y5 Y with respect to the closed immersion y — Y. Since Y'¢ is
locally contractible and 7 is proper, we have (RY(z7), Qy, ), =H (Y., Q)
by base change. The space ¥., is homeomorphic to (S')" ! x R, and the
monodromy acts on the cohomology via the transformation R—R;
u—u + 1. Since H'(y.., Q) = HY((S*)" 1, Q), the action is trivial.

Thus we obtain isomorphisms

R(w)4 @y, = R(z) 7 7' Qyue =1, 0, v ' [ —B(I) > SZ(B(), 9)

in the derived category. Therefore we obtain the following by Theorem
3.12.

COROLLARY 3.18. The cohomology group HP(Y., Q) carries a
mixed Hodge structure.

In [9] Y. Kawamata and Y. Namikawa define their CMHC for a com-
pact Kéhler normal crossing variety with a log structure in their sense,
which corresponds to our log deformation Y in a natural way. Then the
real blow up Y in their sense is nothing but the fiber of the morphism
Y — (8 = §1 over the point 1 € S, and the @-structure of their CMHC
is R(|9)+ Q.
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ProrosiTION 3.19. Our CMHC (3.12.1) coincides with Kawamata-
Namikawa’s CMHC in [9].

Proor. It is sufficient to check the coincidence of the @-structures
because of Remark 3.14. Because Y is isomorphic to the fiber Y. ¢ of the
morphism Y, —R over the point 0, the sheaf R(z|y). @y is identified
with the sheaf R(z7), i, @y, ,, where ¢ denotes the inclusion Y, — Y.
Then it is sufficient to prove that the canonical morphism R(wx7), @y, —

— R(t7), 14 Qy, , Is a quasi- 1som0rphlsm We cons1der the stalk of both

sides over a point y of Y. Let ¥, 0—>y —>y1°g—>y be the base change

of Ym,0—>Ym—>Y1°g—>Y as in (3.17). We remarked in (3.17) that the
stalk (R?(z). @y, ), is identified with the cohomology group H(y.., Q).
Moreover the stalk (R?(7) i Qy, ,), is identified with H(y.. o, @) by
base change because Y, (—Y is proper. The space .. is homeomorphic
to (81" "1 x R as in (3.17) and the space Y=o is homeomorphic to the
closed subspace (S1)" 1= (S1)"~1x {0} of (SH"~! x R. Therefore the
canonical morphism H%(y.., @) —H(y. ¢, @) is an isomorphism. Thus
we complete the proof. =

4. CMHC for a semistable degeneration.

(4.1) In this section we consider the case that the log deformation Y
comes from a semistable degeneration as in [13], [15].

Let f : X— A be a semistable degeneration as in Definition 1.1. We
denote by Y the central fiber f~1(0) which is a reduced simple normal
crossing divisor on X and the inclusion Y— X by <. The coordinate func-
tion of 4 is denoted by ¢ and the pull back f*¢ on X is denoted by ¢ again
by abuse of the language if there is no danger of confusion. Then the
morphism f : X — A turns out to be a morphism of log analytic spaces
and defines a log deformation Y — 0 as in Notation 2.12 and in Definition
2.13. We denote the morphism Y—0 above by f again by abuse of the
language.

Then we obtain a cartesian square

log 1% 1
ylg ' xlog

flng \L \Lflog

Sl=(lg —» Alog,

The open immersion j: X*—X induces an open immersion j°¢: X * —
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— X2, The closed subsets 0"¢ of A2 and Y'°¢ of X'°¢ are the complements
of the open subsets 4* and X * respectively. The open immersions 4* —
—A and j¢: X*—X coincide with the restriction of the morphisms
7:4% — A and 7: X8 — X respectively.

We denote the universal covering of the topological space 4'°¢ by H.
Then the upper half plane H is an open subset of H and the complement
H\H is the universal covering R of the closed subset 0°¢=S8! of
A log_

We define a topological space X., by the cartesian square

X’m s Xlog

oo

H — A

We denote the morphism in the top line by  : X, — X'°¢. Then the com-
plex manifold X ., defined in (1.2) is an open subset of X., and the comple-
ment X, \X, coincides with Y,.. We denote the open immersion X, —
—X,, by j. and the closed immersion Y., — X, by 7.. The morphisms
7:X,—X*and 7 :Y,— Y8 coincide with the restriction of the mor-
phism 7:X, —>X log t4 the open subset X, and to the closed subset Y,
respectively. Moreover the monodromy action on X,,, X, and Y., is com-
patible with the inclusions j,.: X, — X, and i,: Y, — X,. We summa-
rize the situation in the diagram

e

|
;

XW

\Ln T b
j log

X s Xlog - Ylog

| X

X

i
X* >
in which the four squares are cartesian.

4.2) LetC'(X.,), K'(X,), T, Band 6 be as in (1.2). As we reviewed
in (1.2) the @-structure of the CMHC in [15] is the Steenbrink-Zucker
complex SZ(B, d).

The log de Rham complex w ¥ in (2.18) carries the weight filtration W
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as usual. A morphism of complexes 6 : wy—wyx[1] is defined by
dt
O(x) = 7 Ax

for a local section x of w%. Then the C-structure of the CMHC in [13],
[15] is the Steenbrink complex sD(wYy, W, 0).
The morphism

(o lox=Q2%, —C X.)e

defined by integrating differential forms on singular chains induces a
morphism of complexes

i loylul =K (X.)e
which factors through the subcomplex B. The morphism 0 : B¢— B¢

corresponds to the morphism

1 4, .
- i l'oylul—i
2m\/—1 du

as before. Thus a morphism between Steenbrink-Zucker complex

0= "o xu]

SZ(i " wxlul, 8) >SZ(B, d)¢

is obtained. Moreover a morphism o(i ~'wx[ul, )’ =i "' w% is defined
by the same formula as (3.9.1). Hence a morphism of complexes

(4.2.1) SZ(i rwxlul, 8) = sD(wy, W, 0)

is obtained by the same way as in Lemma 3.11. Steenbrink-Zucker [15]
shows that these morphisms define an isomorphism « :SZ(B, d)¢—
—sD(wy, W, 0) in the derived category and that the data

4.2.2) ((SZ(B, 9), L),(sD(wx, W, 0), L, F), a)

is a CMHC on Y.
Now we fix an injective resolution Qxw.:—J and a quasi-isomor-
phism

-, lo
Wy g—)JC

which is compatible with the morphisms Cyie—J and Cyi:— w 3¢ as
before. Then the complex i 7,7, 7 'J carries the monodromy auto-
morphism 7" and a subcomplex B(J) is defined by the same formula as
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(3.4.1)-(3.4.2). We can define the morphism log 7" on B(J) and denote the
morphism

1
_ . N _
e logT:B(J)—B(/)(—1)
by 6 as before. Then we obtain the Steenbrink-Zucker complex
SZ(B(J), 8) on Y. On the other hand the morphism w }'®®¢ —J induces a
morphism ¢ 'wy[u] =1 r,m, w1 J, which factors through the sub-
complex B(J)¢ as before. Moreover the morphism 6 on B(J)c corre-
sponds to the morphism

1 d
— i loy[ul—1 Toylu]

2m\/—1 du
which we denote by 6 again. Thus we obtain a morphism of complexes
SZ(i twylul, 0) >SZ(B(J)¢, 6) which turns out to be a quasi-isomor-
phism as before. Combining with the morphism (4.2.1) we obtain an iso-
morphism a : SZ(B(J), 0)c—sD(wx, W, 0) in the derived category. By
the similar way as before we can prove that the data

(4.2.3) ((SZ(B(J]), 0), L), (sD(wx, W, 0), L, F), a)

is a CMHC on Y. This CMHC is independent of the choice of the injec-
tive resolution @yw:—J and of the quasi-isomorphism w3} ¢—J¢ as
before.

(4.3) At first we will prove that these two CMHC’s are isomor-
phic.

By pulling back the injective resolution Qywe—J by 7 : X,, — X% we
obtain an injective resolution @y_— o ~'J. Restricting to the open sub-
set X, we have an injective resolution Qy_—j.'7 ~'J. Then we can find
a quasi-isomorphism of complexes

C'(Xo)—=jutatd

which is compatible with the morphisms Qx, —C'(X,) and Qx, —
—j.'m'J. Then we have a quasi-isomorphism of complexes

K(X,)—i Yemujota tJ

SR )

=1 7, (Ju)sJu T
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which is compatible with the monodromy automorphism. In the local
situation such as X is a polydise, the topological space X, is identified
with the space ([0, 1) X S1)* x A4’ and the space X., with ((0, 1) x S1) x
x A! for some k, [. Therefore the canonical morphism of complexes

is a quasi-isomorphism. Then we obtain a quasi-isomorphism of complexes
iilf*ﬂ*ﬂilt]_)i 717*77:*(500)*5;177:71J

which is also compatible with the monodromy automorphism. Therefore
we obtain a morphism in the derived category

(4.3.1) B—B(J)

which turns out to be a quasi-isomorphism because both sides are quasi-
isomorphic to the complexes K (X,) and ¢ ‘7,7, 'J. Then the
quasi-isomorphism (4.3.1) induces an isomorphism of complexes
SZ(B, 0) = SZ(B(J), 6) in the derived category. We can easily see that
this isomorphism induces an isomorphism of CMHC’s (4.2.2) and (4.2.3)
in the derived category.

Next we will prove that the CMHC (4.2.3) is isomorphic to our CMHC
(3.12.1). The pull back Qy:—> (i'°¢)~1J of the injective resolution @y —
— J is a quasi-isomorphism. Then we have a quasi-isomorphism of complex-
es (i'¢)"1J—1I which is compatible with the morphisms @y.e—1 and
Qyoe— (1°8) "1 J, where Qyu:—> I is the injective resolution fixed in (3.6).
Then we have a morphism of complexes

VRRE IO 0 b S N U S A
=T, mem (i) 1T
=T mem

where the morphism in the top line is the canonical base change mor-
phism. By definition the left hand side is identified with ¢ "' R(z7), Qx.
and the right with R(zn), @y, = R(t7), 1, 1 @Q%. and the morphism above
is also identified with the canonical base change morphism. Thus we can
see that the morphism above is a quasi-isomorphism by using the base
change theorem as in (3.17). Because the morphism above is compatible
with the monodromy automorphism, we obtain a quasi-isomorphism of
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complexes B(J)— B(I). This morphism induces a quasi-isomorphism
SZ(B(J), 0) —SZ(B(), 0)

by functoriality. This gives us an isomorphism between the @-structures
of CMHC (4.2.3) and of our CMHC (3.12.1). The C-structure of these
CMHC’s are isomorphic because we have wk" " /W, =i, (0} " 1/Wq)
for every p, ¢ =0. These data gives us an isomorphism between the
CMHC (4.2.3) and our CMHC (3.12.1).

5. Koszul complex construction.

In this section we will prove that our CMHC (3.12.1) constructed in
last the section 3 is isomorphic to the one constructed by J. Steenbrink in
[14]. In this section we use the same terminology as in [14, §1] for divided
power envelopes and for Koszul complexes.

(5.1) At first we briefly recall the Koszul complex construction by
Steenbrink in [14].

Let Y—0 be a log deformation. We denote the log structure on Y by
My. We denote by M{ the abelian sheaf associated to the monoid sheaf
My. A morphism e : Oy— M{" is defined by e(f) = exp (2x\/—1f) for a
local section f of Oy. We fix the positive integer N =dimY + 1.

In [14] Steenbrink constructed torsion free abelian sheaves L° and
L' such that the following conditions are satisfied:

(5.1.1) the sheaves L° and L! fit in the commutative diagram

0 — Ker(e) L' —— ! Coker(¢) —> 0
I N
00— Zy Oy M¥ Coker(e) —= 0,

where the morphisms Ker(¢) —Zy and Coker (¢) — Coker (e) are iso-
morphisms.

(5.1.2) there exists a global section of L! whose image by v, is the
global section ¢ of M{”.

We denote by t the global section of L' mentioned in (5.1.2) by abuse
of the language.
Now the Koszul complex Kos"(¢) is considered for every non-nega-
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tive integer n. An increasing filtration W is defined on Kos"(¢) in [14]
which is an analogue of the weight filtration on wy. Moreover a mor-
phism of complexes

6 : Kos"(e)’ — Kos" " 1(g)(1)P+!
is defined by 6(x ®y) = (2m\/—1)  ®t Ay as in [14] for a local section x
and y of I',_,(L°) and /p\L1 respectively. It is easy to check that the
morphism 6 defines a morphism of complexes

6 : Kos"(e) = Kos" "1 (e)(1)[1]

A morphism of abelian sheaves

T(v): (L) — Oy
is defined by

1
(5.1.3)  Iwp) (™). wf)) = —————— ()" vy (25)2... vy ()%,
alag! ...yl
where 1, ¥s, ..., ), are local sections of L° and a4, ay, ..., a; are non-
negative integers. We can easily check that this is a morphism of sheaves
of rings. On the other hand the morphism of abelian sheaves

dlogwv;: L'— w0l

induces a morphism

P
AP(dlogv;): ANL'—wh
for every p, where the symbol - stands for the composition of the mor-

phisms. Then the morphism of abelian sheaves ¢ : Kos" (&)’ — ¥ is de-
fined by

p
(5.1.4) p(x®y) = (2aV —1)"F Iwe)(@) A (d log-v;)(y)

P
for local sections x of I, _ (L") and y of /\L'. It is easy to see that this
morphism gives us a morphism of complexes ¢ : Kos"(¢) — oy preserv-
ing the filtration W on both sides.

The data consisting of the complexes K, =Kos¥ "1 (e)(n +1), the filtra-
tion W and the morphism of complexes 6:K,=Kos¥ " (e)(n+1)—
—K, 1[1]1=KosV " *2(¢)(n +2)[1] satisfies the conditions (1.4.1)-
(1.4.5). Thus the Steenbrink complex sD(K,,, W, 0) is obtained as in Def-
inition 1.4.

The morphism of complexes ¢ :Kos® """1(¢) >wy induces a mor-
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phism of complexes ¢ : K, = Kos¥ """ 1(e)(n+1)—>w}y in the trivial
way. Then the morphisms 6 : wy—wy[1]in(88.1)and 0 : K,— K, ,[1]
are compatible via the morphism ¢. Thus the morphism of complexes

SD(¢):SD(K7L? W’ 0)0_)SD(CU'Y’ W’ 0) =A

is obtained by the functoriality of the Steenbrink complex. Then the
data

(5.1.5) ((sD(K,,, W, 0), L),(A¢, L, F), sD(¢))
is proved to be a CMHC on Y in [14].

(5.2) We define an abelian sheaf L by L°=L° ®Zy. The projection
pr:L°=L°®Zy—L° induces a morphism pr: I',(L°) —TI,(L°) for
every non-negative integer n.

Now [ denotes the global section 0@ 1 of the abelian sheaf L°®Z, =
=L". Then we have

(5.2.1) T = @ T, (L) 1Y

for every n. The morphism pr: I",(L°) —T,(L°) is given by
pr( > %kl[k]) = Xy,

where x;, is a local section of I',,_ (L) and then 2 x;, 1% is a local sec-

tion of I’ (L ). We define a morphism of abehan sheaves o' r, (L% —
— T, _(L° for every positive integer n by

n n—1
6’( 3 xkl[k]) S 1
k=0 k=0

by using the direct sum decomposition (5.2.1).

We denote by e the image of the global section 1 of Zy by the canoni-
cal injection Zy = Ker (¢) — L°. Then the multiplication with e in I(L?°)
gives us a morphism of abelian sheaves

m:Fn(LO)%FnJrl(LO)

for every n. Moreover e can be regarded as a global section of L° by the
inclusion L°— L. Then the multiplication with e in I(L°) defines a mor-
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phism of abelian sheaves
m: I—'n(io)%rn+1(io)

for every n.
On the other hand we define an automorphism 7' : I", (L°) — I, (L")
by

T( > xkl“"]) = > w(l+e)¥
k=0 k=0

by using the direct sum decomposition (5.2.1). Then we can see that the
logarithm of the automorphism 7 coincides with the morphism —mod’.

(5.3) The global section ¢ of L! gives us a morphism of abelian
sheaves Zy— L' which is denoted by &’ here. We define a morphism of
sheaves ¢ : L' =L°@®Zy—L"' by ¢ =¢ + ¢'. Then we have Coker (§) =
=M{/O%-t% and Ker(¢) = Ker (&) =Zy.

Now we have a complex of abelian sheaves Kos"(¢) for every non-
negative integer n. The morphisms above induce morphisms of
sheaves

(5.3.1) pr : Kos"(¢)P — Kos" (&)?
(5.3.2) 6’ :Kos"(¢)P — Kos" ~(¢)?
(5.3.3) m : Kos"(e)? — Kos" ! (e)P
(5.3.4) m : Kog" (¢’ — Kos" T 1(¢)?
(5.3.5) T :Kos"(€)P — Kos" (¢)*

by tensoring with the identity. We can easily see that the morphisms
o', m, m and T define morphisms of complexes by the fact that the glob-
al section ¢ is contained in Ker (¢) = Ker (¢). As for the morphism pr, we
have the equality

(5.3.6) pr-d=d-pr— (2m\/—1)"10-pr-0': Kos"(¢)’ — Kos" ()" * 1.

On the other hand we have the equality —log T'=m0'. We define a mor-
phism of complexes o :Kos"(£)—Kos"(£)(—1) by 6= —@m\/—1)"tlogT=
=Q2xV-1)"1mo’.

Now we have a morphism of complexes o : Kos" (&) — Kos™(£)(—1).
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Thus we obtain the Steenbrink-Zucker complex
SZ(KosY (¢), 0) = sD(o(Kos" (&), d)(n + 1), 7, 6).
We define a morphism
Y :0(KosV (2), O)(n + 1) =
= KosV(&)(n + 1)’ @ Kos™ (8)(n)? "1 —=>KP = Kos¥ """ 1(e)(n + 1)?
by
Y, y) =m"* pr(x) + m"0-pr(y),

where x and y are local sections of Kos™(¢)” and Kos"(£)’ . Then the
morphisms 1 for all p define a morphism of complexes

¥ o(Kos¥ (8), )(n+1)—>K,

because of the equalities (5.3.6) and 6%=0.

LemmA 54. The morphism
'l/}Q: Q(KOSN(;}), (5)(% + 1)QH n, Q

18 a quasi-isomorphism, where the subscript stands for the tensor prod-
uct with Q.

ProOF. The inclusion i : L°—L°=L°®Zy induces a morphism of
complexes i : Kos" (¢) — Kos" (¢) because of the equality ¢ = . We can
easily see that the morphism i : Kos" (¢)? — Kos" (¢)” factors through the
kernel of the morphism 6. Therefore the composite of the morphism
above and the canonical morphism Kos™(£)”? — o(Kos™ (£), 0)’ =
= KosV ()’ @ KosV(e)(—1)P~! for every p defines a morphism of
complexes ¢ :KosV(e) =>o(KosV (&), ). Then the composite u:
KosM(e)(n +1)—K, = KosV """1(e)(n +1) coincides with the mor-
phism 7" *!. Thus it suffices to prove that the morphism ¢ is a quasi-iso-
morphism because the morphism my: Kosk(e)Q—> Kosk“(e)Q is a quasi-
isomorphism for every k=N by Lemma (1.4) in [14].

We have an exact sequence of complexes

0 — Kos™(&)(—1)[ —1]—o(Kos™ (&), §) — Kos" () =0
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by definition. Then we obtain a long exact sequence
o —> HP 1 (Kos" (£)(— 1)) — H (0(Kos™ (£), 6)) — H? (Kos" (2))
— H?(Kos™ (8)(—1)) —> -

for every p. We can easily see that the morphism HP (Kos" (8)) —
— H?(Kos™ (¢)(—1)) is induced from the morphism J. On the other hand
we have a long exact sequence

... > HP(KosV (¢)) —> H?(Kos" () —> HP (KosV ~1(§)) —=> ---
from an exact sequence
0 —> Kos" (&) —> Kos" (8) —=> Kos" ~1(¢) —>0 .

Then we can easily see that these two long exact sequences fit in the
commutative diagram

-+—>  HP(KosM(e)) —> HP(KosV(§)) — HP(KosV~1(§)) —>--

lz \Lid l @xvV-1"lm

e —> H (o(Kos¥ (), 6)) —> H (Kos" (8)) —> HY(Kos¥ (£)(— 1)) —> -
because the morphism H?(Kos"(&)) — H? (Kos"(£)(—1)) in the bottom
line is induced from the morphism J. Thus the morphism ¢4 is a quasi-
isomorphism because the morphism #,: KosV ‘l(é)Q—> KosV (&8)g is a
quasi-isomorphism by Lemma (1.4) in [14].

In [14] it is proved that the identity on K, induces a filtered
quasi-isomorphism

(K, 1) = (K, W),

where 7 denotes the canonical filtration. Therefore the morphism of com-
plexes v induces a morphism of filtered complexes

¥ :(0(Kos™ (8), 0)(n + 1), 1) > (K,,, W)

which is a quasi-isomorphism after tensoring with @. Then the mor-
phism of filtered complexes

Y :(0(KosV (2), 6)(n + 1), 1) = (K,,, W)

is compatible with the morphisms 6: Q(KOSN &), 0)n+1)—
%Q(KOSN(E,), 0)n+2)[1]and 0: K,— K, ,[1]. Therefore we obtain a
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morphism of the Steenbrink complexes
sD(y) : SZ(Kos™ (8), 0) = sD(o(Kos™ (), d)(n + 1), 7, 0) >sD(K,,, W, 0)

preserving the filtration L on both sides.

ProroSITION 5.5. The morphism sD(y)q is a filteved quasi-isomor-
phism with respect to the filtration L. Therefore the data

(5.5.1) (SZ(Kos™ (&), 9),(A¢, L, F), sD(¢) sD(y))
giwe us a CMHC on Y which is isomorphic to the Steenbrink’s CMHC
(5.1.5) after tensoring with Q.

Proor. Easy by Lemma 54. =

(5.6) Now we use the same notation such as Y'*¢, Y., 0% as in the
previous sections. We fix an injective resolution Qy.:— I and a reference
quasi-isomorphism o "¢ —I.

From the diagram (2.7.1) we obtain a commutative diagram
@2m\/—1Did h

TﬁlLOﬁ T Oyﬁ TﬁlOY I DGY

(5.6.1) lr’ls lr’le lr’leXp \Lexp

1711)1
T L —— ¢TI MP = 1 'M{ = ' M{".

1

For the later use we denote the morphism exp:£y—7 'M{ by
expe,. Now we consider the Koszul complex Kos" (expge,). Because
of the exactness of the bottom line in the diagram (2.7.1) the morphism
2a\/ = 1Zy— Ly induces a quasi-isomorphism

(5.62)  (2aV =1 Zywe = ['y((27\/ 1) Zyie) —> Kos" (expy,)

by Lemma (1.4) in [14]. Therefore we have a quasi-isomorphism
v : Kos" (expp,)g—1

which fits in the commutative diagram

27V =1)" Qe —> Kos™ (expe,)g
(5.6.3) l lv

QYlog e I y
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where the left vertical arrow stands for the morphism given by sending
2avV-1)"a to a/N!.
On the topological space Y., we have a commutative diagram

1170 7't le “1_-171
a1t L ——= a 't 'L

\L \Ln’lr’lvl

-1 7ty
a 'Ly —— a 't 'MF

by pulling back the diagram (5.6.1). On the other hand there exists a
global section log ¢ of 7 ~'.Cy such that its image by 7 ~'exp,, coincides
with the global section ¢ of 7 ~'7 ' M{’. This global section defines a
morphism of abelian sheaves

-1
Zy,—n Ly

and this morphism fits in the commutative diagram

Zy, = gLt

\L \L:r’lr’lvl

-1 Tledey
n Ly ——= m v My

by definition. Therefore we obtain a commutative diagram

_ o~ . xlr71g _ _
gl WL =gt L°®Zy, ——= alv'L?

l/ \Ln’lr’lvl

-1 Tledey o
T oey — T 7T My

which induces a morphism of complexes

7 17 1KosV(8) = KosV(w 177 18) —
(5.6.4) N1 o
— Kos™ (7 " expy,) = 7~ Kos" (expg, ).

By composing this morphism and the morphism 7 ~'v we obtain a
morphism of complexes

(5.6.5) k:x 't KosV(8)g—
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which fits in the commutative diagram

Qy, —> 7 't 'KosM(&)q

! I

QYOc —> '71_1[7

where the left vertical arrow stands for the morphism given by sending a
to a/N!. Hence we obtain a morphism

T K:KosV(E)g—otamem ]

by taking adjoint.

The automorphism 7' (5.3.5) on KosV (&)q corresponds to the mon-
odromy automorphism 7 on 7., v ' I via the morphism 7, 7, k. Then
the morphism t,7.k factors through the subcomplex B(I) of
7,7 1 because the morphism 7 — id on Kos" (¢) is nilpotent. Hence
we obtain a morphism of complexes Kos" (¢)q— B(I) which is denoted by
7,74 K by abuse of the language. The morphisms 6 : B(I) = B()(—1)
and 0 :Kos" (£)g— Kos"(£)(—1), are compatible via the morphism
7,74 K. Therefore we obtain a morphism of the Steenbrink-Zucker
complexes

(5.6.6) SZy (1 4 7 4 k) : SZ(Kos™ (8)g, 6) = SZ(B(), )
by the functoriality.

ProOPOSITION 5.7. The morphism SZi(tT 47y k) above induces an
isomorphism from the CMHC (5.5.1) to the CMHC (3.12.1).

Proor. It is sufficient to prove that the diagram in the filtered de-
rived category

. sD(y)
SZ(KOSN(S), 0)c —> sD(K,, W, 0)
szlmnml lsDw)

a

SZ(B(), 0)¢ — Ag
is commutative. Because the morphism « in the derived category is rep-
resented by the morphisms

SZy(g) sD(y)
SZ(B(I), 0)c <— SZ(wylul, 6) —> Ag,
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it is sufficient to find a morphism of complexes
¢ : Kos" (&)= o y[u]

such that we have the equalities SZ;(¢)SZ,(¢p) =SZ; (17, k) and
sD(y) SZ(¢) = sD(¢p) sD(yp) in lzhe filtered derived category.
Now we define a morphism ¢ : Kos" (¢)» = w¥%[u] for every p by

5 n—p n—p 1
1% ) — s
¢(k20xk ©Y kz’o a1k Pk

where x;, is a local section of I, _ p_,c(LO) for every k. We can easily
check that these morphisms form a morphism of complexes which we de-
note by ¢ :Kos¥(¢) = wy[u] again. By tensoring C we obtain a mor-
phism Kos™ (8)¢— w y[u] which we denote by ¢ too. Then we can easily
see that the diagram

p
T(wo)(ay) /\(d log-v)(y) u,

o(KosV (3), 9)(n +1) —> K,
Q(‘E)\L \L‘P
owylul, )  —> wy

is commutative. Then we have the equality sD(y)SZ,(¢)=
=sD(¢) sD(y).

On the topological space Y we have a morphism of abelian
sheaves

Vo (Ly) : Ly— O

by the definition of O'%¢. Then we obtain a morphism of sheaves of rings
T(vy(Ly)) : I Ly— O by the same formula as (5.1.3). On the other hand
the morphism d log: M{" —w?} is extended to the morphism

MY > o}

on Y'°¢ which we denote by d log again. Thus we obtain a morphism of
abelian sheaves

p
¢¢: Kos¥ (expe, ) = 'y, Ly Q@ N1 MY - of
by

P
P E(x®y) = 2oV —1) "N Mwy(Ly)) (@) A(d log)(y)
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for every p as in (5.1.4). These morphisms for all p define a morphism of
complexes

log.. al
¢"¢: Kos™ (expp,) = w'®

because we have the equality d-vy(Ly) = d log-expg,: £y— w}', where
d on the left hand side denotes the differential on the complex w}"®.
Then we have a commutative diagram

Q2a\V-1NZyw —> Kos" (expy,)

l |-

Cyiog — W -l}log s

where the top horizontal arrow denotes the morphism (5.6.2) and the
bottom the canonical one and the left vertical arrow is given by sending
27V —-1)"a to a/N!. Therefore the diagram

log
Kos"(expe,)c —> oy

'} l

IC S IC

log

commutes in the derived category because of the commutative diagram
(5.6.3).
On the other hand we can easily see that the diagram

o peaNgy TT gy
a 't " KosV(e) e —= aw 't wylul

| |

1 N ﬂfl log 4
7~ Kos™(expe, )¢ — b4

1

w },7 log

is commutative, where the left vertical arrow is the morphism (5.6.4) and
the right is the morphism defined by sending the indeterminate « to the
global section log ¢ of O'%. Thus we have the diagram

R R N A S T
a 't KosV () g —> mT T wylul

g !

.77:7110 e .7[_110

1

which commutes in the derived category. Because the canonical isomor-
phism o y[u] =7, 77 1 is the adjoint of the right vertical arrow, we
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obtain the commutative diagram

SZ(Kos" (¢), 6) SZ—I@ SZ(wylul, 0)
’ C Y ’

SZl(r*n*K)\L lSle)

B(I)¢ — B(D)¢
and complete the proof. =

Now we obtain the following:

THEOREM 5.8. Steenbrink’s CMHC (5.1.5) is isomorphic to ours
8.12.1).

6. An analogue of Rapoport-Zink construction.

In this section we present another construction of the @-structure of
our CMHC (3.12.1) which is an analogue of Rapoport-Zink construction
in [12].

(6.1) Let Y—0 be a log deformation. We use the same notation such
as Y8 Y, 08 as before. We fix an injective resolution Qyw:—1I and a
reference morphism w ;"¢ — ¢ as in (3.6). Then we obtain the complex
7.mm I on Y with the monodromy automorphism 7. We denote the
morphism

1
2m\ -1

by 6'. Now we obtain the Steenbrink-Zucker complex

(T—id):romem >t men YI(—1)

SZ(temem I, 0")

with the increasing filtration L. This is an analogue of the complex con-
structed by Rapoport-Zink in [12].

(6.2) We will prove that the complex SZ(t .. 11, ") is filtered
quasi-isomorphic to the @-structure of our CMHC (3.12.1) SZ(B(I), ¢)
with respect to the filtration L.

We denote the restriction of 6’ on the subcomplex B(I) by the same
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letter 6'. Thus we obtain a morphism of complexes
0': BU)—B(I)(—-1)

from which we obtain the Steenbrink-Zucker complex SZ(B(I), ') with
the filtration L.

Because the inclusion ¢ : B(I) > 1, m,m 'I is compatible with the
morphism ¢, it defines a morphism of complexes

SZ1(1): SZ(B(I), 0") —>SZ(v w11, 8")

preserving the filtration L on both sides by the functoriality in Remark
1.15.

LEMMA 6.3. The morphism SZ,(t) above is a filtered quasi-isomor-
phism with respect to the filtration L on both sides.

Proor. We have
B(I)y=Ker(6': BU)—B(I)(-1)) =

=Ker (0 it mem >t m,m 1I(-1)).

Then we obtain the conclusion by Corollary 1.16 because the morphisms
O itumen >t m,n 'I(—1)and 8': BUI)—B(I)(—1) are surjec-
tive by Lemma 3.2. =

On the other hand there exists a morphism of complexes
U :B()—B()
such that the conditions (3.4.3)-(3.4.6) are satisfied. Therefore the mor-

phism — U satisfies the conditions (1.17.1) and (1.17.2). Thus we obtain a
morphism of complexes

SZy(—=U):SZ(B(), 6) —>SZ(B(I), d")
preserving the filtration L by the functoriality in Remark 1.17.

LEMMA 6.4. The morphism SZ,(—U) s a filtered quasi-isomor-
phism with respect to the filtration L.

Proor. Notice that the morphism U is an isomorphism of complexes.
By Corollary 1.18 it is sufficient to prove that the morphisms 6 and 6’ in-
duce zero maps from HP(B(I)) to H?(B(I)(—1)) for every p. This is
proved in (3.17). Thus we complete the proof. =
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Composing these filtered quasi-isomorphisms we obtain the following:

PRrROPOSITION 6.5. There exists a filtered quasi-isomorphism
SZ(B(I), 8) >SZ(tymwoem '1,0")
with respect to the filtration L on both sides.

7. Degeneracy of [-adic weight spectral sequences.
In this section we compare our construction and the construction in [11].

THEOREM 7.1. Let I be a prime number and T a topological genera-
tor of Z;(1). Let f : Y— (SpecC, N-constant log structure) be a proper
semistable morphism of fs log schemes (loc. cit. Definition (1.2)). As-

sume that each 1rreducible component of Y is smooth over SpecC. Then
the Steenbrink-Rapoport-Zink l-adic spectral sequence
Brrtr= @ @ HTTHY, Q- — k) = HU(Yy, @)
k= -7 CardE=r+2k41
(see loc. cit. Proposition (1.8.3) for the notation) is isomorphic to the Q-
tensored spectral sequence associated to the Q-structure of CMHC in
Theorem 3.12 for Y,, (cf. Remark 3.13).

For the proof, we need a lemma:

LEMMA 7.2. Let Y—O0 be a log deformation, and 0’ —0 the endo-
morphism of the standard log point induced by multiplication by n on
the monoid N, n=1. Let Y' :=Y X0’ the fiber product in the category
of fs log analytic spaces. Then Y ' is the fiber product of Y'¢ and 0"
over 0% in the category of topological spaces.

Proor. Since the problem is local, it is enough to prove that
(Spec C[P])\% — liin(Spec (CLD]))e is a homeomorphism, where P is the
n diag.
push-out of the diagram D :N<N =N (r=1) in the category of fs
monoids. In general (SpecC[Q])%2 = Hom (Q, R2%') x Hom (Q, S') as
topological spaces for any fs monoid @. Further Hom(—, S!) sends
push-outs to fiber products. Finally Hom (P, R™') =

= lim Hom (D, R4 since P is actually the push-out of D in the category
of monoids. =
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Proor oF 7.1. First we modify the construction in the proof of [11]
Proposition (1.4) slightly in the following three points. Let the notation
be as in there.

1. Replacing the quasi-isomorphism K<—s(B"") —s(A"") there with

the quasi-isomorphism KidgTs(A”) as in [15, (5.13) Lemmal], we have a
spectral sequence which is isomorphic to the one in [11] Proposition
(1.8.3).

T-1)QT

2. Replacing L = S(KT—_>1K) there with L' := s(K( —  K(-1)), we
have an isomorphic spectral sequence, which is associated to the double
complex A" that is isomorphic to A", where T is the generator of
Z,(—1) such that T®T =1.

3. Replacing T with another 7', we have an isomorphic spectral se-
quence by [11] Lemma (1.3.1) and (the algebraic version of) the functori-
ality in 1.17.

Thus in the following we may assume that T is the image of (s+—s +
+1) e Autgi(R) = 7,(0°) by the natural homomorphism m(0"8)—
I loget (0) = Z( 1) —Z,(1), and compare the spectral sequence associat-
ed to A" for this T with the Hodge-theoretic one.

In the following we denote by ey the natural morphism of topoi
(X2g)y~ — (X&)~ in [8] (2.1) for an fs log scheme X that is locally of fi-
nite type over C. Let A4 — 1 be a resolution as in [11] (1.3), and ey 1 —J
an injective resolution on Y%¢. Here A is the constant sheaf Z/l" Z for an
integer £ =1. We claim that then there is a natural homomorphism
ei’:lgy*ﬂ*ﬂ*lﬁf*ﬂ*ﬂile], where ¢y is the forgetting log morphism.
In fact, first, there is a natural homomorphism
s ey ot 1 = egleY*liLn (T ety l) =

Y
n

N -1 . — —
=lime; & yurtyyne iyl = lim v, o) m), ey 'l
—

n n

Here the second equality comes from the fact that ¢y is quasi-compact
and quasi-separated. See [11] (1.3) for m;u; ), is (7w1,0)%8: (Yy0)8 —
— Y%, Note that the fs log analytic space (Y7 )., no longer satisfies the
condition in (2.4). Second, Lemma 7.2 implies that (Y,,).. — Y% uniquely
factors through /. Hence we have x| ) 'ey'[—>m,m tey ' I—
— a2 'J. Thus we have eglK%r*n*n’lJ, which is compatible with
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(T—1)®7V‘ and o' = 1 (T—1), and we have e.'(4"")—
N T A A Y

We consider the associated spectral sequences. By [1] XVI Théoreme
4.1, we see that the associated spectral sequence of e;(A ") is isomor-

phic to the one associated to A’"". Hence we have a homomorphism ¢ of
spectral sequences from the one associated to A" to the one associated
to SZ(r 4w, 1J, 0"). Now the calculation of E;-terms of the latter is
the same as in [11] Proposition (1.8.3):

El_r,q-H‘: k@o E'C{l69 m} Hq_r_Zk((YE)anyA(_T_k))
k= —r CardE‘:y;JAr’ZkJrl

in virtue of [8] Lemma (1.5) and [14] (3.9), which are analytic analogues
of [8] Theorem (2.4) and [11] Lemma (1.8.1) respectively. Again by [1]
XVI Théoreme 4.1, we see that ¢ is an isomorphism.

In the following we denote by s.s. (A1), where A is the constant sheaf
ZN"Z (h=1), Z,, Q,, or @ on Y,,, the spectral sequence associated to
SZ(temem 1J,0") for an injective resolution A4 —J. By taking liin of

h
the above ¢, we see that the l-adic one with Z;-coefficient is isomorphic to

lim s.s. (Z/1"Z). The rest is to show that lim s.s. ZN"Z) < ss.(Z),

I _ _ I
8.8.(Z) ®zQ,— s.s5.(Q) and s.5.(Q) < s.5.(Q) ®¢Q; because Proposi-
tion 6.5 says that s.s.(Q) is isomorphic to the spectral sequence associat-
ed to SZ(B(I), 0). It is enough to show that there are suitable maps as
above; for once maps exist, they are isomorphisms because E;-terms of
various s.s. (/) are all calculated similarly as before and the claims are
reduced to the universal coefficients theorem and the finiteness of coho-
mologies of compact manifolds. Only the existence of the first map may
not be trivial. But it comes from the fact that the map s.s.(Z;)) —
s.s.(Z/N"Z) is independent of the choices of compatible resolutions of Z;
and Z/I"Z (cf. the last sentence of Remark 3.16). =

REMARK 7.3. By [3] Scholie (8.1.9)(iv), we know that the Hodge the-
oretic spectral sequence in Theorem 7.1 degenerates in E-terms. Theo-
rem 7.1 and [11] Theorem (2.1) give an algebraic proof for this fact. Con-
versely, Theorem 7.1 and [3] Scholie (8.1.9)(iv) give an alternative proof
of [11] Theorem (2.1) under the assumption where the characteristic is
zero. In fact, by [11] Lemma (2.2) and a standard argument in [11] (2.3),
we reduce the above case of [11] (2.1) to the case where F'=C.
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