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REND. SEM. MAT. UNIv. PAD0OvA, Vol. 105 (2001)

Right Ideals and Derivations on Multilinear Polynomials.

VINCENZO DE FiLIPPIS (*)

ABSTRACT - Let R be an associative prime ring with center Z(R) and extended
centroid C, f(«x, ..., «,) a non-zero multilinear polynomial over C in n non-
commuting variables, d a non-zero derivation of B, m = 1 a fixed integer and ¢
a non-zero right ideal of R. We prove that: (i) if (d(f(«y, ..., x,)) —
—f(xy, ..., x,))™is a differential identity for o then Cg = eRC for some idempo-
tent element ¢ in the socle of RC and f(«;, ..., «,) is an identity for eRCe; (ii) if
(d(f(ry, ...y 1)) — f(ry, ..., 7)™ is central on R, for any 7y, ..., r, €0, then
Co = eRC, for some idempotent element e in the socle of RC and either
f(xy, ..., x,) is central in eRCe or eRCe satisfies the standard identity
Sy(xy, ...y 4).

Let R be an associative prime ring with center Z(R) and extended
centroid C. Recall that an additive mapping d of R into itself is a deriva-
tion if d(xy) = d(x)y + xd(y), for all x, ye R. In [5] J. Bergen proved
that if g is an automorphism of R such that (g(x) —x)" =0, forall x e R,
where m = 1 is a fixed integer, then g = 1. Later Bell and Daif [3] proved
some results which have the same flavour, when the automorphism is re-
placed by a non-zero deivation d. They showed that if R is a semiprime
ring with a non-zero ideal I such that d([«, y]) —[x,y]=0, or
d([x, y]) + [x, y] =0, for all x, yel, then I is central. More recently
Hongan [13] proved that if R is a 2-torsion free semiprime ring and I a
non-zero ideal of R, then I is central if and only if d([«x, y]) — [x, y] e
e Z(R), or d([x, y]) + [x, y] e Z(R), for all x, yel.

In this paper we prove two results generalizing some of the previous
ones. More precisely we consider the case when f(x,, ..., x,) is a multili-
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near polynomial over C in n non-commuting variables, ¢ a non-zero right
ideal of R and we show

THEOREM 1. If (d(f(ry, ..., 7)) =f(ry, ..., m))"=0, for any
71, ..., T, €0, then Co = eRC for some idempotent element e e Soc (RC)
and f(xy, ..., %,) is a polynomial identity for eRCe.

THEOREM 2. If (d(f(ry, ..., 7)) —flry, ..., m))" € Z(R), for any
Ty, ..., TnEQ, then Co = eRC for some idempotent element e e Soc (RC)
and either f(xy,...,x,) is central in eRCe or eRCe satisfies
Sy, ...y 24).

To prove these theorems we need some notations concerning quo-
tient rings. Denote by @ the two-sided Martindale quotient ring of B and
by C the center of @, which is called the extended centroid of R. Note
that @ is also a prime ring with C a field. We will make a frequent use of
the following notation:

f(xh ceey xn) = X1 X" Ly + ES QA 5Xs1)" " Lo(n)
for some a, e C and we denote by f¢(xy, ..., 2,) the polynomial obtained

from f(xy, ..., x,) by replacing each coefficient a , with d(a,-1). Thus we
write d(f(ry, ..., 1)) =f4ry, o, 1) + 2 flry, o, d(ry), ..., 1), for all

7, ..., ,€ R. We recall that any derivation of R can be uniquely exten-
ded to a derivation of @, moreover by [19] the two-sided ideal I and @ sa-
tisfy the same differential identities. For this reason whenever R sati-
sfies a differential identity, by replacing R by @ we will assume, without
loss of generality, R =@, C = Z(R) and R will be a C-algebra centrally
closed.

To obtain the conclusions required we will also make use of the follo-
wing result:

CramM 1 [14]. Let R be a prime ring, d a non-zero derivation of R
and I a non-zero two-sided ideal of R. Let g(xy, ..., &, d(,), ..., d(x,))
a differential identity in I, that is

911,y ooy Ty A(1y), ooy (1)) =0 Vry, ..., 1l
Then one of the following holds:

1) either d is an inner derivation in @, in the sense that there
exists q € Q such that d = ad(q) and d(x) = ad(q)(x) = [q, «], for all x e
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e R, and [ satisfies the generalized polynomial identity
gy, ..., 0, [q, 211, ..., [q, 2,1);
2) or I satisfies the generalized polynomial identity

9(901, ey s Y15 -oey yn)

We premit the following:

LEMMA 1. Let o be a non-zero right ideal of R and d a derivation of
R. Then the following conditions are equivalent: (i) d is an inner deri-
vation nduced by some be @ such that bo =0; (i) d(o)o =0 (For its
proof we vefer to [6, Lemma]).

LEMMA 2. If (d(f(ry, ..., 1)) —f(ry, ..., )" € Z(R), for any
Ti,y ...y ThEQ, then R is a GPI-ring.

ProoF. Assume R is not commutative, otherwise we conclude trivial-
ly that R is a GPI-ring. Suppose that d is a inner derivation, d = ad(b),
for some b e @, d(x) = [b, x], for all xe Q. Since d # 0, let b ¢ C. Moreo-
ver, since R is not commutative, there exists aeg —C. Thus
[([b, flaxy, ..., ax,)] — flax,, ..., ax,))™, x,.1] is a non-trivial GPI for R.

Let now d an outer derivation of R. If for all re g, d(r) e rC, then
[d(r), r] =0, that is R is commutative (see [4]). Therefore there exists
a € such that d(a) ¢ aC. Write

d(flaxy, ..., ax,)) =

=f%awy, ..., ax,) + 2 flawy, ..., d@)z; + ad(xy), ..., ax,).

Thus

[(fd(axl, e, Q) +

+ 3 flazy, ..., d@) &+ ad(@), ..., ax,) = faw, ..., 65,)) ", 2y ]

is a generalized differential identity for R. In particular, by Kharchen-
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ko’s theorem in [14], since d(a) ¢ aC, we have that

[(fd(axl, ool Qi) +

+ 2 flawy, ..., d(a) «;, ..., ax,) — flaxy, ..., axn))m, an]
is a non-trivial GPI for E. =

Before proceeding to he proof of main results, we need to resolve the
simplest case, when o = K.

LEMMA 3. Let R= M, (F) be the ring of k X k matrices over the
field F, with k = 2, d a non-zero inner dertvation induced by a non-cen-
tral element A of R. Theorems 1 and 2 hold if o = R.

PrOOF. Suppose k = 3. Let e;; the usual matrix unit with 1 in (7, j)-
entry and zero elsewhere. By the assumption

([A, fQry, ..., )1 =f(ry, ..., )" €Z(R) Nry,1s, ..., 1eR.

If assume f(x,, ..., x,) not central in B, by [20, Lemma 2, proof of Lem-
ma 3] there exist 7y, ..., 7, € R such that f(ry, ..., 7,) = ae;, with0 #ae
e F and 7 #j. Since the subset { f(ry, ..., ) : 71y, ..., ¥, € R} is invariant
under any F-automorphism, then for any ¢ #j there exist ¢, ..., t,e R
such that f(¢,, ..., t,) = ae;. Thus, for any i#j

([A, ae;] — ae;)™ e Z(R)
moreover ([A, ae;]— ae;)™ has rank <2, that is ([A, ae;] —ae;)" =0
in R. Right multiplying by e;
0= (Aael] - a,e,-jA - aeij )m eij = (ae,]A)m eij.
It follows that the (j,i)-entry of the matrix A is zero, for all ¢ # j and this
means that the A is diagonal, that is A = >, a, ey, with a; e F. Now deno-
t

te d the inner derivation induced by A. If y is a F-automorphism of R,
then the derivation d, = xy ~'dy satisfies the same condition of d, that is

d,(f(ry, ..., ) = flry, ..., )" €Z(R) for any ry, ..., 7,€eR.

Since the derivation d, is the one induced by the element x(A) = y ~' Ay,
then y(A) is a diagonal matrix, according to the above argument. Fix now
1#=j and y(x) = (1+e;) x(1—e¢;), for all xeR. Since x(4)=(1+
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+¢;)A(1 — e;;) must be diagonal then

D aen—a; e; +aje; is diagonal
t

that is a; = a; and we get the contradiction that A is a central matrix.
Therefore f(x, ..., «,) must be central in R.

Of course if ([A, flry, ..., )1 —flry, ..., )" =0, for all
7y, ..., ",€R, the above argument can be adapted to prove that
f(xy, ..., x,) is central, without any restriction on k. Moreover, since in
this case [4, f(ry, ..., ,)] =0, then f™(ry, ..., r,)=0forallr, ..., r, e
€ R and so f(xy, ..., x,) is an identity in R [20, Lemma 3, proof of Theo-
rem4]. =

LEmMMA 4. Theorem 1 holds if o =R.

PrOOF. Let

92y, ...y Xy, d(y), ..., d(,)) = (d(flay, ..., 2,)) — (X1, ..., X)) =

_ (fd(xl, s @)+ S @, ey A@), ey 3,) ~ fl@, e xn))m.

If d is not inner then, by Claim 1, R satisfies the differential identity

g(xly ey xny ?/1, EEE) yn) =
= (fd(xlv crey xn)+2f(xl’ ceey yi’ )xn) _f(xlv ceey xn))m

In particular f™(x,, ..., «,) is an identity for R. In this case since R sati-
sfies a polynomial identity, there exists a suitable field F' such that B and
M, (F) satisfy the same polynomial identities. It follows that f(x,, ..., x,)
must be an identity in M, (F) (see [20]) and so in R.

Now let d be an inner derivation induced by an element A € Q.

Then, for any 7, 75, ..., r,e R, ([A, f(ry, ..., v )] =flry, ..., v )" =
=0. Since by [1] (see also [7]) R and Q satisfy the same generalized po-
lynomial identities, we have ([A, f(ry, ..., )1 =f(r, ..., )" =0, for
any ry, 7s, ..., 7, € Q. Moreover, since @ remains prime by the primeness
of R, replacing R by @ we may assume that Ae R and C = Z(Q) is just
the center of R. In the present situation R is a centrally closed prime C-
algebra [10], i.e. RC = R. By Martindale’s theorem in [21], RC=R is a
primitive ring which is isomorphic to a dense ring of linear transforma-
tions of a vector space V over a division ring D. Since R is primitive then
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there exist a vector space V and the division ring D such that R is dense
of D-linear transformations over V.
Assume first that dimpV = . Recall that one ecan write
fQ@y, ..., €,) =2, L. . X, + glﬁgxg(l)xo(z)...xa(n). We want to show that,
g

for any veV, v and Av are linearly D-dependent.
If Av =0 then {v, Av} is D-dependent. Thus we may suppose that
Av#0. If v and Av are D-independent, since dimpV = o, then there

exist ws, ..., w,eV such that v=w,, Av=w,, ws, ..., w, are also li-
nearly independent. By the density of I, there exist », ..., r, e such
that

TnWe = Wy -1

rw,=w;_,; for 4<isn-1

T3W3 = Wy,
ToW, = W
1w = wy

r,w; =0  for all other possible choices of i, ;.

Therefore
(LA, fOry, ..., v )1 =flry, .., ) v=—v
and we obtain the contradiction
0=(A, f(ry, ..., v )1 =f(ry, ..., )" =(=1)"v#0.

Hence A, Av must be D-dependent, for any veV.

Now we show that there exists b € D such that Av =vb, for anyveV.
Choose v, weV linearly independent. Since dimpV = o, there exists
# eV such that v, w, u are linearly independent. By above argument,
there exist a,, a,, a, €D such that

Av=va,, Aw=wa,, Au=ua, that is A(v +w + u) =va, + wa,, + ua,.

Moreover A(w +w +u) = (v + W+ %) @y 444, for a suitable a, , ,, 4+, €D.
Then 0= v(av+w+u - av) + w(av+w+u - a/w) + u(av+w+u - au) and, be-
cause v, w, u are linearly independent, a, = a,, = @, = @, 4 4 + 4, a8 requi-
red.

Let now re R and ve V. As we have just seen, there exists b € D such
that Av =vb, r(Av) = r(vb), and also A(rv) = (rv) b. Thus 0 = [A4, r] v,
for any ve V, that is [4, ]V =0. Since V is a left faithful irreducible R-
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module, [4, r] =0, for all re R, i.e. A€ Z(R) and d = 0, which contradic-
ts our hypothesis.

Therefore dim;, V must be a finite positive integer. In this case R is a
simple GPI ring with 1, and so it is a central simple algebra finite dimen-
sional over its center. From Lemma 2 in [16] it follows that there exists a
suitable field F' such that R ¢ M, (F), the ring of all k¥ X k matrices over F,
and moreover M, (F) satisfies the generalized polynomial identity

(LA, flxy, ...y 2,)] = flag, ..., 2 )™,
As in Lemma 3 we conclude that f(x, ..., x,) is an identity in
R. m

LEMMA 5. Theorem 2 holds if o =R.

Proor. If, for every v, ...,1el, (d(f(ry,...,1,))—
—f(ry, ..., 1))" =0, by Lemma 4, f(r,, ..., r,) is an identity in B . Other-
wise, by our assumptions, I N Z(R) # 0. Let now K be a non-zero two-si-
ded ideal of R, the ring of the central quotients of R. Since K N R is an
ideal of R then KN R N Z(R) # 0, that is K contains an invertible ele-
ment in R, and so R, is simple with 1.

We know that for any 7,7, ...,7,eR, (d(f(ry, ..., 7)) —
—flry, ..., r))" € Z(R), ie.

[(A(f(ry, ..., 1)) —flry, .., 7)™, 8]1=0 for any seR .
Thus R satisfies the differential identity
g(xy, ..., 2, d(ay), ..., d(x,)) =
=[(FA@, s )+ S f@r, s @), oy ) = @, s ) ) ]

If the derivation is not inner, by Claim 1, R satisfies the polynomial
identity

g(xI, cos Ty Y1y -0 yn) =

= [(fd(xl, . xn)+§;‘,f(x1, ey Yiy oeey X)) = f(21, ..., xn))m, xnﬂ]
and in particular R satisfies
[(Ei:f(xl, ooy Yy veny X)) — f21, ..oy xn))m, an]

and so [ f™(xy, ..., &,), , +1]). Therefore R is a prime Pl-ring. For a e
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e R — Z(R), we have that R satisfies
[(Zf(xl, ola, 2], . x,) — flag, .. xn)) s xnﬂ] =

= [([a7 f(x17 ey xn)] _f(wly ey xn))m9 x’n+l]

and in this situation we get the required conclusion by lemma 3.

Now let d be an inner derivation induced by an element A € @ .Also in
this case we will prove that either f(x,, ..., x,) is central in R or R sati-
sfies Sy(xy, ..., %4).

By localizing R at Z(R) it follows that ([A, f(ry, ..., 7)1~
—flry, ..., )" e Z(Ry), for all r, 15, ..., r,€Ry.

Since R and R satisfy the same polynomial identities, in order to
prove that R satisfies [f(«x, ..., ©,), &, +1], Wwe may assume that R is sim-
ple with 1.

In this case, ([4, f(ry, ..., ") —flry, ..., )" € Z(R), for all r,
¥, ..., T,€ R. Therefore R satisfies a generalized polynomial identity
and it is simple with 1, which implies that @ = RC = R and R has a mini-
mal right ideal. Thus A e R = @ and R is simple artinian that is R = D,
where D is a division ring finite dimensional over Z(R) [21]. From Lem-
ma 2 in [16] it follows that there exists a suitable field F' such that
Rc M, (F), the ring of all k£ x k matrices over F', and moreover M (F)
satisfies the generalized polynomial identity [([4, f(xy, ..., 2,)]—
—flxy, ...y )™, %p41). We end up again by lemma 3. =

REMARK. In all that follows we prefer to write the polynomial
flxy, ..., x,) by using the following notation:

Sy, ..., xy) = Zgi(xl’ ey L1y Lig1y oeey L) Ly
1

where any g; is a multilinear polynomial of degree n —1 and x; never
appears in any monomial of g;. Note that if there exists an idempotent
e e H = Soc (Q) such that any g; is a polynomial identity for eHe, then
we get the conclusion that f(xy, ..., x,) i a polynomial identity for
eHe. Thus we suppose that there exists an index ¢ and 7y, ..., 7, _1€
eeHe such that g;(ry, ..., 7,_1)#Z0. Now let f(x,...,%,)=
=0;(®1, ooy i1,y Tty -ey L) X5 + R(2y, ..., ,) where g; and h are mul-
tilinear polynomials, x; never appears in any monomials of g; and x;
never appears as last variable in any monomials of h. Without loss of
generality we assume i =mn, say ¢,(xy, ..., ,_1) =t(xy, ..., ,_1) and
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so f(xy, ..., 2,) =t(2X1, ..., Xp_1) X, + A(Xq, ..., x,) where t(eHe) = 0.

ProOF oF THEOREM 1. Suppose first that f(x;, ..., ,) @, is not
an identity for o. We proceed to derive a contradiction. Since by lemma 2
R is a GPI ring, so is also @ (see [1] and [7]). By [21] Q is a primitive ring
with H = Soc (Q) # 0, moreover we may assume that f(x;, ..., ©,) €, +1 is
not an identity for oH, otherwise by [1] and [7] it should be an identity
also for pQ, which is a contradiction. Let a,, ..., a,,;€0H such that
flay, ..., a,) a, 1 #0. Since H is a regular ring, then for all a € H there
exists e2=ee H suchthateH =, H + o H +.. +a,,,H,eceH,a=ea
and a;=ea; for all 1=1,...,n+1. Therefore we have f(eHe)=
=f(eH) e #0. By our assumption and by [19] we also assume that
(d(f(xy, ..., 2,)) — flxy, ..., 2,))™ is an identity for o@. In particular
d(f(xy, ..., 2,)) — flay, ..., ¢,))™ is an identity for eH. It follows that,
for all r, ..., r,eH,

0 = (d(ef(ery, ..., er,)) — flery, ..., er,))" =
= (d(e) f(ery, ..., er,) +ed(fler, ..., er,)) — flery, ..., er,))".

As we said above, write f(xy, ..., x,) =t(xy, ..., L, 1)@, + WXy, ..., 2,),
where x, never appears as last variable in any monomials of 4. Let re H
and pick 7, =17r(1 —e). Hence we have:

0= (d(e) tlery, ..., er,_1) er(l —e) + ed(t(er;, ..., er,_1)) er(1 —e) +
+et(ery, ..., er,_1) d(e) r(1 —e) + et(ery, ..., er,_1) ed(r)(1 —e) +
+et(ery, ..., er,_1) erd(1 —e) — t(ery, ..., er,_1) er(1 —e))" =
= (d(e) t(ery, ..., er,_1) er(1 —e) + ed(t(ery, ..., er,_1)) er(1 —e) +
+et(ery, ..., er,_1) d(e)r(1 —e) +et(ery, ..., er,_1) ed(r)(1 —e) +
+et(ery, ..., er,_q1) erd(1 —e) —tlery, ..., er,_;) er(1 —e))-

(d(e) tlery, ..., er,_1) er(1 —e))™ L.

Left multiplying by (1 — e) we obtain

0=(1—--e)d(e)tlery, ..., er,_1) er(l —e))™
and so ((1 —e)d(e) tlery, ..., er,_1) er)" 1 =0 that is

((1—-e)d(e) tier, ..., e'rn_l)eH)m+1 =0
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and, by [11], (1 —e) d(e) t(ery, ..., er,_1) eH = 0 which implies
(1 —e)d(e) tlerye, ..., er,_1e) =0.

Since eHe is a simple artinian ring and {(eHe) # 0 is invariant under the
action of all inner automorphisms of eHe, by [8, lemma 2], (1 —e) d(e) =
=0and so d(e) = ed(e) eeH . Thus d(eH) cd(e) H + ed(H) ceH c oH and
d(a) = d(ea) e d(eH) ceH. This means that d(oH)coH. Therefore the
derivation d induced another one 6, which is defined in the prime ring

oH = ———L, where [,(oH) is the left annihilator in H of oH, and
oH Nly(eH)

o) = d(x), for all xeoH. Moreover we obviously have that
(d(f(xy, ..., x,)) — f(xy, ..., 2,))™ is a differential identity for oH. So, by
lemma 4, one of the following holds: either 6 =0, or f(x;, ..., x,) is an
identity for oH.

If 6 = 0 then d(oH) cly(oH) that is d(oH) oH = 0. By lemma 1, d is
an inner derivation induced by an element b € Q such that bo = 0. Thus,
for all r, ..., r eoH,

0=(d(f(ry, ..., T )) =Sy, ey )" =(f(ry, ...y 7)) b—=f(ry, ..., P ))" =
=(=1)" "1y, oo, m)"0+ (1) f(ryy ey )™

Right multiplying by f(ry, ..., r,) we have f(ry, ..., 7,)" "' =0 and, as a
consequence of main theorem in [8] we get the -contradiction
flry, ..., m) oH =0. Also in the case f(xy, ..., x,) is an identity for oH
we obtain the contradiction that f(xy, ..., x,) x,,; is an identity for
oH.

Finally we are in the case when f(v,...,7,)7,.1=0 for all
71, ..., Tn+1€0. In this case, the proof of theorem 6 of [18, page 17, rows
3-8] shows that there exists an idempotent element e € Soc(RC) such that
Co =eRC and f(x,, ..., x,) is an identity for eRCe. =

ProOF OF THEOREM 2. Consider first the case when [f(x, ..., ,),
X,+1]1%, 42 is an identity for o. By [18, proposition] Co =eRC for
some idempotent element e e Soc(RC). Moreover, by [7], theorem 2,
[flxy, ..., %), %, 1%, .2 is also an identity in oR and so in ¢Q. In
particular it is an identity for oC=eRC, that is
[flery, ..., er,), er, 1] er,.o=0,for all r, ..., r,,2€ RC and so, for all
71y .oy Tne1€RC, [flerye, ..., er,e), er,,1¢] =0. This means that
flxy, ..., x,) is central-valued in eRCe and we are done.

Suppose now that [f(x;, ..., ®,), ,+1] %, 2 is not an identity for o.
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As in proof of theorem 1, since by lemma 2 R is a GPI ring and so is
also @ ([1], [6]), Q is a primitive ring with socle H = Soc (Q) # 0 [21] and
[fxy, ..., 2,), %, 1] %, + o is not an identity for oH, otherwise we have
the contradiction that [ f(«;, ..., #,), ®,,1] %, .o should be an identity
for 0Q. Let ay, ..., a,,2€0H such that [f(a,, ..., a,), @y 1]y 2#0.
By the regularity of H, for all a e oH, there exists an idempotent ele-
ment g € oH such that @ = ga, a; = ga;, foralli=1, ..., n + 2. Moreover,
by [19], [(d(f(xy, ..., £,)) — f(xy, ..., )", %, 1] is an identity in 0@, in
oH and also in gH . As above we write f(x;, ..., x,) =t(xy, ..., L,_1) X, +
+ h(xy, ..., ), where t and h are multilinear polynomials, x, never ap-
pears in any monomials of ¢, x, never appears as last variable in any mo-
nomials of A and let »,...,r,eH, with »,=7r(1-g). Thus
flgry, ..., gry) =t(gry, ..., gr,_1) gr(1 — g) and again

@ A flgry, -5 gra)) —flgry, ..y gr))™ =
= (d(t(gr1, ..., gra-1) gr(1 —g)) —t(gry, ..., gra—1) gr(l — g))-
(d(g) tgry, - gra-1) gr(1—g))" " 'eC.
Therefore, by commuting (1) with gr(1 — g), we have
0 =gr(1—gXd(@tgr, ..., grn-1) gr(l — )"
that is

((L=g)d(t(gry, ..., grn_1) gH" 1 =0

and by [12] (1 —¢) d(g) t(gry, ..., 97n_1) gH. Since gHg is a simple arti-
nian ring and ¢{(gHg) # 0 is invariant under the action of all the inner au-
tomorphisms of gHg, by [8, lemma 2], (1 —g) d(g) =0, that is d(g) =
=9d(g) egH. Therefore d(gH)cd(g9)H + gd(H)cgHCoH and so
d(oH) c oH . Therefore the derivation d induced another one &, which is

oH ) i
Hn e Vhere Lu(eH) is the left an

nihilator in H of oH, and 6(Z) = d(x), for all 2 € oH . Moreover we obviou-
sly have that [(d(f(xy, ..., 2,)) — f(@q, ..., 2,))", X, 1] is a differential
identity for oH. By lemma 5, one of the following holds: either 6(oH) = 0
or f(xy, ..., x,) is central-valued in oH or oH satisfies the standard iden-
tity Sy(ay, ..., x4).

defined in the prime ring oH =



182 Vincenzo De Filippis

If f(x, ..., z,) is central-valued in oH we get the contradiction
that

[f(xly ey x’n)) xn+1]xn+2

is an identity for 0. On the other hand, if 8(oH) =0, as in the proof of
theorem 1, we have that d is an inner derivation induced by an element
be @ such that bp =0 and for all r, ..., r,e0H

(2) (d(f('rl’ --',Tn)) _f(rb "'7Tn))m=(f(/rl’ "'7Tn)b—f(rl}"‘77‘n))m=
=(=1)""f(r, ..., )"0+ (= 1)"f(r, ..., 7,)"eC.

By commuting () with f(r,, ..., 7,) we get (=1)" " 1f(r, ..., r,)"*1b=0.

In this case, the main theorem in [8] says that f(ry, ..., ,) 0Hb =0,
for all »,...,r,eoH. Since H is prime and b =0, it follows that
flry, ..., 7)) oH =0, and a fortiori [ f(7y, ..., ), Tn+1] Tw+2 =0, for all
71, ..., ¥,€0H, a contradiction.

Finally we consider the last case when Sy(x;, ..., 24) is an identity
for oH. In this condition S,(xy, ..., ¥4) 5 is an identity for oH and so also
for oC. By [18, proposition], there exists an idempotent element ee
e Soc (RC) such that oC =eRC and so S;(eRC) eRC =0, which means
S;(eRCe) =0, as required. ™=
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