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REND. SEM. MAT. UNIv. PAaDoOvA, Vol. 102 (1999)

Stabilizing Influence of a Skew-Symmetric Operator
in Semilinear Parabolic Equation (*).

JIRT NEUSTUPA (**)

ABSTRACT - Sufficient conditions for asymptotic stability of the zero solution of a
nonlinear parabolic differential equation in a Hilbert space are formulated by
means of spectral properties of a certain linear operator L. The operator L
need not be dissipative and its spectrum may have a continuous part touching
the imaginary axis. Stability is a consequence of an appropriate influence of a
skew-symmetric part of the operator L.

1. Introduction.

This paper deals with stability of the zero solution of the differential
equation

du
1 — =Lu+ N(t, u
1) 5 (t, u)

where L = A + B, A is a nonpositive selfadjoint operator in a real Hilbert
space H which does not have zero as its eigenvalue, B is a linear operator
«of a lower order» than A and N(¢, .) is a nonlinear operator in H. Many
works have studied the same problem on a more or less abstract level
under various conditions on the operators A, B and N.

(*) The research was supported by the Grant Agency of the Czech Republic
(grant No. 201/96/0313).
(**) Indirizzo dell’A.: Czech Technical University, Faculty of Mechanical En-
gineering Department of Technical Mathematics, Karlovo nam. 13, 121 35 Praha
2, Czech Republic.
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The situation when the operator L is essentially dissipative is studied
in detail in the work of G. P. Galdi - M. Padula (1990). Conditions leading
to a similar situation are also used in the papers of K. Masuda (1975), P.
Maremonti (1984), G. P. Galdi - S. Rionero (1985), W. Borchers - T.
Miyakawa (1992) and H. Kozono - M. Yamazaki (1995). All these condi-
tions involve the requirement that operator B is in some sense «suffi-
ciently small» in comparison with A.

If the symmetric part L, of operator L has some eigenvalues on the
positive side of the real axis then operator L is non-dissipative. The zero
solution of equation (1) can be stable even in this case if the skew-sym-
metric (= antisymmetric) part of L has an appropriate influence on the
behaviour of solutions of equation (1). This influence is involved in the
widely used assumption that Re A < — ¢ for some 6 >0 and all 1 e o(L),
where o(L) denotes the spectrum of L (see e.g. G. Prodi (1962), D. H.
Sattinger (1970) and H. Kielhdfer (1976)). However, this assumption can-
not be satisfied if the spectrum of L has an essential part which has a
nonempty intersection with the imaginary axis. Such a case is typical for
problems in exterior domains. Sufficient conditions for the stability of
the zero solution of equation (1) which can be fulfilled if L is not dissipa-
tive and the spectrum of L touches the imaginary axis are derived in J.
Neustupa (1994). However, these conditions are not formulated as condi-
tions on the spectrum of L only. Operator L is supposed to have the form
—A + B, + B, where A is a nonnegative selfadjoint operator which does
not have zero as its eigenvalue, B,, B, are certain operators «of the lower
order» and the conditions used in J. Neustupa (1994) also involve certain
boundedness of B; and B, with respect to A.

The present paper deals with the case when operator L is not dissipa-
tive and its spectrum has an essential part which has a non-empty inter-
section with the imaginary axis, but sufficient conditions for stability are
expressed mainly by an assumption abount E;(L) (the resolvent opera-
tor of L). This assumption (see condition (iv) in Section 2) does not re-
quire «sufficient smallness» of operator B relative to A and it can be re-
garded as a generalization of the condition «<ReA< — ¢ for all Ae
eo(L)».

This paper has the following structure: Section 2 contains basic as-
sumptions and auxiliary lemmas. The main result on stability at an ab-
stract level is proved in Section 3. A simple example in one space dimen-
sion is given in Section 4. The results from Sections 2 and 3 can also be
applied to a general parabolic system in three space dimensions and to
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the Navier-Stokes equations in an exterior domain. Follow-up papers are
being prepared on these themes.

The author wishes to thank Prof. M. Padula and Prof. G. P. Galdi for
their encouragement to study the stabilizing influence of a skew-sym-
metric operator in parabolic equations.

2. Basic assumptions and auxiliary lemmas.

Let H be a real Hilbert space with a scalar product (., .), and an as-
sociated norm |. [l,. Suppose that

L=A+B,+B,

where A is a selfadjoint operator in H which is nonpositive (i.e. its spec-
trum is a subset of the interval (— o, 0]) and it does not have 0 as its
eigenvalue. B, and B, are linear operators in H such that their domains
D(B,) and D(B,) contain D(A), B, is symmetric and B, is skew-symme-
tric. N(t, .) is for each te [0, + ®) a nonlinear operator in H with the
domain D(N) which does not depend on ¢ and D(A) c D(N).

Throughout this paper, o(L) will denote the spectrum of L, o(L) will
denote the resolvent set of L and R,(L) will be the resolvent of L (i.e.
Ry(L)=(L—-iD"1). We put

loll = l(=A)2glly for ¢ e D(-A)?), |olb=IlAglly for ¢ e D(A).

H, will be the completion of D((—A)"?) in the norm ||. ||, and H, will be
the completion of D(A) in the norm |.||;. We shall use the following as-
sumptions for operators B; and B,:

@ 3e1>0: B, glo < cillpl for ¢ € Hy,
(i) Jae1/2,1) ey, €32 02 [Bagllo < coll(—A)* pllo +
+esllglly  for ¢ e D((—A)*).

It can be verified (for example by means of the resolution of identity
for the operator (—A) and the Holder inequality) that ||(—A)*¢|l, <
<||o|8* ~ || ~2*. Hence it follows from condition (ii) that if « > 0 is given
and k(u) = (2¢2)V/(2-29),(1-2a0)/2=-20) 4 902 then

@) 1B #ll§ < ullglls + k() llplf

for all ¢ € D(A).
It can be derived from condition (i) that operator B, is A-bounded
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with an A-bound arbitrarily small. Hence operator A + B, is selfadjoint
(see T. Kato (1996), p. 287). Let us denote its resolution of identity by
E(4). Put

+

P'= de(/l), pP"=1-P', H'=P'H, H"'=P'H.
0

P', P" are orthogonal projections in H and H', H" are closed orthogonal
subspaces of H such that H = H' @ H". Both projections P' and P" com-
mute with A+ B, on D(A+ B,) =D(A) and so P'D(A)cD(A) and
P"D(A)c D(A).

LEMMA 1. If condition (i) is satisfied then there exist positive con-
stants c4, C5, cg and c; so that

3) 1P ol + 1P gt < callglft + c5 el
@ 1P ol + 1P gl < csllBliE + e llglly
for ¢ e D(A).

Proor.
1P ¢l + 1P ¢l =

=(—AP'¢,P'¢)+ (—AP"¢, P"¢)y=(~A—B,) P'¢, P’ )y +
+((-A-B,)P"¢,P"¢p)y+ (B;P'¢p, P'p)y+ (BP"p, P" )y <
<((=A =B, ¢, ¢+ |B.P" glullP’ ¢l + 1B, P" pllo[P" $lly <

< (=A¢, 9)o+ [[Bspllo + 1B P plly + 1B, P pllo]-llslly <

<|glt + c:lllpll + 1P glly + 1P Bl 1-llpllo <

c
<lglf + ecilliglh + 1P ¢l + 1P gl + = llglls <
c
< (1+8ec)) 9l + 3y [P plf + 3ees [P gl + 0l

(1= Bec) " plf + [P" ¢lf1 < (1 + Becp) gl + -l
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If ¢ is chosen for example so that 1-—3ec,=1/2 then we obtain
the estimate (3). The inequality (4) can be derived in a similar way.
Then next condition we shall need is:

(iii) Jeze (0, 1): (A +B,) ¢, p)o< — cs|lp|2 for ¢ e H" N D(A).

The following lemma shows the case when (iii) is fulfilled.

LEMMA 2. Let there exist ¢ >0 such that o(A + B+ ¢P"By) | )
(i.e. the spectrum of the operator A + B, + ¢P" B, reduced to H") is a
subset of the interval (— o, 0]. Then condition (iii) is satisfied.

Proor. It follows from the assumption of the lemma that ((A + B, +
+eP"By) ¢, ¢)o <0 for all p e H". This can be rewritten as

(A+B) ¢, o< ——(Ag, dh.
1+e¢

Since (A¢, @)= —||¢|B, the above inequality confirms the validity of (ii).

The projection P” is identical with I — P'. Since space H' can be fi-
nite-dimensional in many practical cases, P’ can easily be expressed and
there exists a good possibility to verify the assumptions of Lemma 2. We
shall show this verification in a concrete example in Section 4 and we for-
mulate other conditions implying the validity of the assumptions of Lem-
ma 2 in another concrete situation in Section 5.

If zeC, z#0 then argz will denote the number ¢ e (-7, 7] such
that z = |z|e?.

We shall denote by H¢ a so called complexification of H. It is the
space of all elements of the type ¢, + i¢;, where ¢, ¢ ;€ H. The scalar
product of two elements ¢ = ¢, + i¢p;, Y =y, + iy, in Hc is defined by

(¢7 1/))0 = [(¢ra 1/%)0 + (¢iv 1/)1')0] + ’L[(¢z’ 1/)7)0 - (¢r’ wi)O]-

Operators A, B, and B, can be extended in the usual way to the opera-
tors in H so that, for example, if ¢ = ¢, +i¢p;e Hc and ¢, ¢ ;€ D(A)
then A¢p =A¢p, +iA¢;.

Since operator (—A) is selfadjoint and nonnegative in H, it is sectori-
al in H. Using conditions (i), (ii) and applying Theorem 1.3.2 from D.
Henry (1981), p. 19, we can derive that operator (—L) is sectorial, too.
Thus, there exists ¢ € (7/2, 7), a € R (we can assume that a = 0 without
loss of generality) and ¢y > 0 so that

S={leC;A#a and |arg(A—a)| <g@}co(l)
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and

Cy
|4 —al
for all A€ S and ¢ € H. Moreover, R;(L) ¢ is an analytic Hc-valued func-
tion of A in o(L) for every ¢ € H. It follows from D. Henry (1981), p. 20,

that operator L is a generator of an analytic semigroup e in H and
there exists ¢;p> 0 so that

(6) lle™ @llo < cr0e*(lglly

for all =0 and ¢p e H.
Denote C,(—98) = {#zeC; Rez> — 6}. The next condition we shall
use is:

(iv) 36 >0 so that if pe H' then P'R;(L) ¢ can be extended (in
dependence on 1) from o(L) N C, (—0) to an Hgvalued analytic func-
tion in C, (—9).

The validity of this condition will be verified in an example in Section 4.

) IR.(L) glly < llpllo

REMARK 1. It is obvious that condition (iv) is satisfied if there exists
0 >0 so that for each ¢ e H' the equation

M L=-ADy,=¢

has a solution y,;(¢) such that P'y,;(¢) can be extended from o(L) N
NC,(—9) to an Hg-valued analytic function of 4 in C, (—9).
We shall denote by 6, the number /2 in the rest of this paper.

LEmMA 3. If conditions (i), (i) and (iv) are satisfied then there
exists ¢;; >0 so that ||P' el <cye 0 t|pll for all pecH' and t=0.

PROOF. Assume first thatt = 1. Put n = — 6, + 1§, where £ is a posi-
tive real number which is so large that neS. Denote y =argyn. It is
clear that y € (n/2, 7). Let us define the curves I'y, I';, I's and I'y in C
by means of their parametrizations — in order not to complicate the no-
tation we denote the parametrizations by the same letters as the
curves:

rys)=-se¥;se(—, —|n|], Tys)=—0,+is;se[—§, &,
Iys)=se; se[|n|, +®), r(s)=a+|n—ale”; se[—y, y].
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Curves I'y, I'y and I'5 are subsets of S, the end point of I'; = the initial
point of I'y=7 and the end point of I'y= the initial point of ['s=n.

The semigroup e/ can be defined by the formula
Lt _

1
21
T Uryurls

e e"R,(L)dA .

Since projector P’ is closed in H, we have

1
Pleft= _— J' eP'R;(L)dA.
2m
ryuryury
Suppose that ¢ e H'. Denote by y/(¢) the analytic extension of
P'R;(L) ¢ to the domain C, (—9). It follows from Cauchy’s theorem
that the integral of e*y; (¢) on I', is equal to the integral of the same
function on I',. This means that

21

1 1
® Petp-— [ dy@d-— [¢P RO pd+
r,ur,urs ml“ 1
1 Lt 1 At D
+— [+ — [P RuL) pr,
2m 2m
Iy Iy

Using estimate (5) and the expression of the integral on I'; by means of
parametrization, we get

1
|| (e R(L) g2 H -
2mr 0

= |n|
1 i .
= E; || J e_sexp(“wl)t'P,R~sexp(—wi)(L) (P'e‘w’ds

=
0

= Il =Inl
1
e VYR e~ yir (L) llods < Py j eV icy|gllods =

<

=

3 )

_ e (D elrls gl < 23 ﬂel”l(m"’)twno-

27 cosy-t 27 cosy
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Since Re = |n|(cosy) = — §,, we have

1
9 ” i Ie“P’R;(L) pdi ” <cige |l
mr1 0

where c¢;3= — ¢ /(27-cos ). We can also derive the same estimate for
the integral over I's. Further, we have

<

=

3
1 1 . .
|| — .fe“yxw)dz” - “ [erneroyts caiorias
T[lr 0 3

2

3
1 1
< 5o [Intoa@lods = g—e| [l @lod |
21 1 27 r

Let L%(I'y; He) be the Banach space of mappings f; which are de-
fined a.e. in I', and their values belong to H. The norm of f; in

L2(I'y; Hp) is jllﬁ”odl' The mapping G : ¢—>yl(¢) can be re-

garded as a hnear mapping of H' to L2(I'y; H¢). Let us show that this
mapping is closed:

Assume that {¢,} is a sequence in H' such that ¢ ,— ¢ in H' and
Gp,—P in L%(y; H;). The behaviour of the functions sin [kn(A —
—17) /(2&1)] for A € I', is the same as the behaviour of the functions sin k4
for Ae[0, 7]. Hence the set M of all functions of the type

(10) YA) = k}: Y -sin[ka(A —77) /(2&7)]

(where neN and v, ..., ¥, H¢) is dense in L2(I'y; Hc). This can be
proved by a contradiction: If M is not dense in L%(I'y; H;) then there
exists ¢ e L2(I'y; H), @ #0, which is orthogonal to M. In particular,
this means that if y e H; and ¥ has the form (10) with ¢, =a,v (a,e
eC,k=1,...,n) then

~

@ Pursno = [ @), Wy S aysinlin2 - 7) /(26)] 44 =0.
I,

Hence (¢(4), ), = 0 for a.a. A € I',. Since y was chosen arbitrarily in H,
@ is equal to the zero element of L2(I'y; H). But this is a contradiction.
Suppose now that ¥ is an arbitrary function of type (10). Then ¥ is ana-
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lytic (in dependence on A) in C. Using Cauchy’s theorem and the
convergence

[li@n) —ui@lker | = | [IPRi0) 9~ P RiL) gl
r, ry

< const.

1.~ plbar | <const. o, - glf—0,
Ty

we can write,

[ @i (@), ¥W)dh= [ @i (9,), ¥A)dh—
Iy Iy

= [@i @), BW)di = [ G (@), D)k
ry Iy

So y/ (¢n) =y, (¢) weakly in L2(I'y; H;). Since Bp, =) (¢p,) =P in
L2(I'y; H¢), we have @ =y, (¢). Thus, the operator G is closed.

The domain of definition of G is the whole space H' and hence, due to
the closed graph theorem, G is bounded. There exists ¢;, > 0 (Which does
not depend on ¢) so that

i @l | < veE
Iy

1/2
I”?h’ (¢)I|§d}l‘ =\/—2_§”'B¢“L2(r2 Hc)\014”¢”0
Iy

So we obtain the estimate

(11)

- J ey @) || < 22e ol
It follows from (8)-(11) that

||P'eLt¢||0\(zc13 ) e,
2n

We have derived this estimate for t =1 and ¢ € H'. However, if we also
use inequality (6) for e [0, 1), we can easily obtain the desired estimate
P el ¢y < ¢y e %1t|gllo for all t=0 and p e H'.

We shall use the following assumption about nonlinear operator N:

(v) 3e[0,1] Fy=2-4 Fes>0: [N, @)l <cislloll Lol +
+ gl for t=0 and ¢ € D(A).
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Under solutions of equation (1) or another analogous equation in a
time interval [0, T) (where T e (0, + ©]), we understand functions %
such that:

a) if J is a compact interval in [0, T) then weL2(J; Hy)N
NL%(J; H) and du/dte L*(J; H),

b) u satisfies a given equation a.e. in (0, 7).

It follows from the theory of interpolation spaces (see J. L. Lions - E.
Magenes (1972)) that if a solution % has the regularity which is required
in condition a) then it is (after a possible change on a subset of [0, T)
whose measure is zero) a continuous mapping from [0, T') to H,.

LEMMA 4. Let v>0 and fe L2(0, t; H). Then there exists a unique
solution v of the equation

dv
12 —_— =
(12) " Av + f(t)

with the initial condition v(0) =0 in the time interval [0, ) and

dv
dt < V2| flozc,  m + V2Illiz, < m-

13)  ollzco, v ) + .
L0, 75 H)

ProoF. The idea of the proof is the same as that used in the proof of
Theorem IV.1 in O. A. Ladyzhenskaya (1970). Let us define

t
D(£) = {u; u(t) = I(P(S) ds, p e L%(0, t; Hz)], Lu= c(li_'c: - Au.
0

D(L) is dense in L2(0, v; H). The adjoint operator £* to £ is densely de-
fined in L2(0, r; H) and so £ is closable. Let £ be the closure of £.
Let we D(L) and te [0, r] now. Then

3
(£u, .E’u,)Lz(o’ uH) ™ j(d—u “Au, —(‘lﬁ _Au) ds =
0
0

ds ds
T du 1|2 d ‘Tl a
[ 5 ez o) |- [ 5
; ds |lo ds ol ds

It is seen from these equalities that if u, € D(£), u,— % in L%(0, 7; H),

2
"+l as-+ o .
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Lu,— Luin L?(0, v; H) then {du, /dt} converges in L%(0, 7; H), {u,}
converges in L?(0, t; H;) and {u,(t)} converges in H, uniformly for t e
€[0, 7). Thus, we have du/dteL?(0,7; H) and weL?(0, t; Hy)N
NC(0, l; H,) for u e D(L).

Let us now show that R(£) = L2(0, 7; H). (R(L) is the range of £.)
Suppose that this is not true. Then there exists ge L2(0, 7; H), g =0,
which is orthogonal to R(£) and consequently, also to R(£). Since the

t
element I A 1g(s)ds belongs to D(£), it holds:
0

T,

t t
= (g, £ [ A—lgds) - j (g<t>,A-lg<t>— j o(s) ds) dt =
0 0

L%0,7;H) 0 0

= J

So (—A)~2¢(t) = 0 for a.a. te [0, 7], which means that g is the zero ele-
ment in L2(0, 7; H). This is the desired contradiction. So R(£) =
= L%(0, v; H). This implies the existence of the solution v of equation (12)
with initial condition v(0) =0 in the interval [0, 7].

Suppose that v;, v, are two such solutions. Put w = v, — v,. Then
dw/dt = Aw and w(0) = 0. Hence w(t) = e*w(0) = 0. This proves the
uniqueness of the solution.

Inequality (13) can be obtained if we multiply equation (12) by v in
L*0, 7; H).

-4 g[8 + 14 || [ o(s) ds

LEMMA 5. Let conditions (i), (ii) be fulfilled and let u be a solution
of equation (1) in the interval [0, T). Then the initial-value problem
given by the equation

(14) 3’; = Av+B,v+ P"B,v + P"N(t, )

and the initial condition v(0) = P"u(0) has a unique solution v in the
interval [0, T') such that v(t)e H" for a.a. te [0, T).
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ProOF. Let us denote ' =P'wu and u" = P"u. Applying projection
P" to equation (1), we obtain

15 B ur B+ PR+ P Bt + PNG, W,

So if we prove that there exists a solution v; of the equation

d
16) b =Av+ B+ P"Byv — P" By’

with the intial condition v;(0) =0 in the interval [0, T'), we can put v =
=" + v; and if we add equations (15), (16) and the intial values of func-
tions #” and v;, we can see that v is the desired solution of equation (14)
which satisfies the initial condition v(0) = P"u(0).

Let 7 < T. It follows from inequalities (3), (4), condition (ii) and the
fact that weL?(0, v; Hy) NL%(0, v; H) that P"B,u’'eL%(0, v; H").
Using operator £ from the proof of Lemma 4, we can write equation (16)
with the initial condition »,(0) =0 in the equivalent form

am v = (@) (Byv, + P"Byvy) — (&) 'P"Byu’.

Applying inequality (13) and standard but rather laborious estimates, we
can obtain:

— d —
(@)~ (Byvy + P"Byv)|l2o, «; 1y + “ — ()" (Byv1+P"B,vy) <
dt L2(0, 7; H)
e || dn
< V2wl o )+ Ke) T —
dt |2, o)
1/2 d "o\ —1 ”
+V2'2 || —(©)~'(Byv, + P"B,v,)

dt L2(0, 7; H)

for each £ >0. Let £>0 and 7,>0 be chosen so small that

\/st

1
, Ke)ti?< 7 Veri? <

NG
DO =
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Assume that 7 <7, at first. Then we have

_ d —
@) (Byor + P Bo)lrco, o+ || L & (B,v,+P"B,w) <
dat L2%(0,7; H)
1 dv,
< =l | B .
2[n s+ || ]

Thus, the operator I — (£)~'(B, + P"B,) is invertible and equation (17)
is uniquely solvable in [0, ].

Now let 7 > 7. We can assume without loss of generality that 7, was
chosen so that 7 = 2*7, for some ke N. We have proved the existence of
solution v, of equation (16) with the initial condition v,(0) = 0 in the time
interval [0, 7,]. Put

v, (1) for te0, 741,
vp(t) = {
1(21¢0—1t) for telr,, 27¢].
Let v3 be the solution of the equation
d’l)3
—dt_ =A’I)3 + Bs?)3 + P"Ba’l)3 - P"Bau,(t + To) +

d
+P"Bu' (to—t) +2%(10— £)

with the initial condition v3(0) = 0 in the interval [0, 7,]. (Its existence
can be proved in the same way as the existence of solution v, in [0, 74].)
Put v4(t) =0forte [0, tol, v4(t) =v3(t — 1) forte [ty, 274]. It can easi-
ly be verified that v; = v, + v, is the solution of equation (16) with the in-
itial condition v;(0) = 0 in the interval [0, 27,]. This solution can be ex-
tended in the same way to the time interval [0, 7]. Since 7 can be chosen
arbitrarily near to T (if T < + «) or arbitrarily large (if 7= + ), the
solution exists on the interval [0, T).

Uniqueness of the solution can be proved by the standard procedure:
we suppose that we have two solutions, we subtract them and we
prove that their difference is equal to the zero element of H identically
in [0, T). To do that, we can use the fact that the operator A + B, + P"B,,
generates an analytic semigroup in H, which can be shown in the
same way as in the case of operator L. Since equation (14) and
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the initial condition ¥(0) = P"u(0) represent the problem in H”, the
values of solution v remain in H".

LEMMA 6. Let conditions (i), (i) be fulfilled. Then u is a solution of
equation (1) in the interval [0, T) if and only if w=v+ w where the
Sfunctions v, w are solutions of the equations

(18) d—: =Av+ B,v+P"B,v+ P"N(t, v +w),
dw
19) T =Aw+B,w+B,w+P'B,v+ P'N(t, v+ w)

in the interval [0, T), satisfying the initial conditions v(0) = P"u(0),
w(0) =P’ u(0).

Proor. Let u be a solution of equation (1) in [0, T). It follows from
Lemma 5 that there exists a solution v of equation (14) in [0, T'), satisfy-
ing the condition v(0) = P"u(0). If we put w =u — v, we can see that
equation (14) is identical with equation (18) and subtracting equations
(1), (18), we can see that w is a solution of equation (19) in [0, T'). Sub-
tracting also the initial conditions which are satisfied by functions » and
v, we get: w(0) =P’ u(0).

On the other hand, if v and w are solutions of equations (18) and (19)
on the interval [0, T'), satisfying the initial conditions »(0) = P"u(0) and
w(0) = P'u(0), then we can add equations (18), (19) and we can see that
% =v+w is a solution of equation (1) on [0, T).

3. Main theorem about stability.

We shall not treat the question of the existence of solutions of equa-
tion (1) in this section. We are going to derive estimates of each solution
u whose value at time ¢ = 0 is «small enough» and these estimates will be
valid as long as the solution exists, i.e. in a time interval where solution %
is defined. Thus, % cannot finish with a «blow up» in the neighbourhood
of the right end point of its domain of definition. It is natural to expect
that » can be defined in the time interval [0, + ). In fact, to prove this,
it would be necessary to use some additional assumptions about the non-
linear operator N (see e.g. D. Henry (1981)) and in order not to compli-
cate this paper, we do not want to do this here.
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THEOREM 1. Let conditions (i), (ii), (iii) [or (iii)'], (iv) and (v) be sat-
isfied. Then to any given € > 0, there exists k>0 so that if u is a sol-
ution of equation (1) in the interval [0, T), |[u(0)|, + |[u(0)|; < kx then
lt)llo + )|, < e for all te[0, T). Moreover, if T=+ o then
Jim (@)l + 1P u@)llo) = 0.

Proor. Let u be a solution of equation (1) in a time interval [0, T). It
follows from Lemma 6 that u = v + w, where v and w are solutions of
equations (18) and (19) in [0, T, satisfying the initial conditions v(0) =
=P"u(0)and w(0) = P' u(0). We are first going to derive estimates which
will be valid a.e. in the interval (0, 7).

If we multiply equation (18) by v, use condition (iii) and the fact that
v(t)e H" for a.a. te [0, T), we obtain

(20) —;— —gt—||v||%=((A+Bs) v, V)o+ (P"B,v, v)y+(P"N(t, v+w), v)y<

< = cgllolff + [INCE, v + ) o [olo-

Multiplying the equation (18) by (—Awv) and using conditions (i), (ii),
we get

1 1d
= = —plf =

. 2 2 dt

= — |pl + (B,v, —Av)y + (P"B,v, —Av),+ (P"N(t, v + w), —Av), <

1 3 3 3
< — =P + =B vl + =||B,v| + =|IN(t, v + w) | <
Lol + 21,008+ 21,0l + E1vee, v+ wl

1 3 3 3 3
< — =Wl + =cE Wl + =pilolE + =kl + = |INCG, v+ w) .
ol + 2 cFloll+ e lolg+ Skt lplf + SINGE, v+ )l
If we choose u;=1/6 and denote c,s = 3(cZ+ k(1 /6)), we obtain
d 2 1 2 2 2
21 Ellvlh s - 3 [l + c6llvlff + BIINCE, v + w) .

The solution w of equation (19) can be expressed in the form

t
w(t) = e w(0) + j elt-9 F(s) ds ,
0
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where F(s) =P’ B,v(s) + P' N(s, v(s) + w(s)). Thus, we have
P w(t) =P'e"w(0) + ftP' elt=9 F(s) ds .
0
Using Lemma 3, we obtain
I w0l < e o0 + [ e~ 8.
0

Denote by h(t) the right hand side of this inequality. Then
22) 1P w(t)lo < h(t)
and moreover, it can be verified that » satisfies the equation

dh
(23) — +61h=cyllF®)l

dt
and the initial condition A(0) = ¢y, [w(0)]|o. Multiplying equation (23) by
h, one gets

(14
> ahzs —0,h%+cy|lFloh,
dprs—on+ Dpp< — .02+

@) 1@ ST

2¢f 2¢f
+ =Bl + == ING, v+ w)lf <

1 1
| <00k + cuuslbl+ ekl + e INGE 0 + w) B

where ¢;; = 2¢3 /01. The number 4, in (24) can be chosen arbitrarily in
the interval (0, 1).

Let us use the notation w’' = P’ w, w"” = P"w for a while. If we multi-
ply the equation (19) by w, we obtain:
1d

> EIIW||2= ((A+B,) w,w)o+ (Baw, w)+ (P' By, wy+ (P'N(t, v +w), w)y=

=((A+B)w',w')y+{(A+By)w", w")y+ (P'Bgv, w')y +

+(P'NE, v+w), w )< (Aw', w')o+ (Byw', w')y — cgllw”| +
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1 1
+lw|§ + EHP’Ba’vH% + §||P’N(t, v+w)f <
1
< — cg(JJw' B+ llw" ) + (cg— 1)|w | +u 5 |Bsw B+ @—||W’||3+||W’||§+
3

1 o, 1 2, 1 2
+ =gl + =kl + = ING, v+ w)|f <

2 2 2

1 1

<- ECsIle?*-(CB*- Dl [F+ g sefllw'|F + 11/ 5) + 1w |5+ §ﬂ4|iv||§+

+ bl + SING, v+ ).
If we choose p3= (1 —cg)/cf and use (22), we obtain:
(25) %Ilwll% < — cslwlff + eish® + ua [l + Ko Il + INGE, v+ w)§
where c;g = ¢ /(2 —2cg) + 2. uy can be an arbitrary number in the inter-

val (0, 1).
If we multiply equation (19) by (—Aw), we obtain:

1
(d—”’, —Aw) = 2 L, —Aw) = 2 S jufp-
dt 0o 2 dt 2 dt

= — |jw|§ + (B;w, —Aw)y + (Byw, —Aw), + (P’ B,v, —Aw), +
+(P'N(t, v+ w), —Aw)y <

1
< = S Il + 21, g + 2[1Bawlls + 21Bo vff + 2N (¢, v +w)f <

N

1
-3 [0l + 245 [0l + 2(cZ + k(ues))wlE + 2 6|1 + 25w e) I +

+2|IN(t, v+ w)|B.
If we choose us=pus=1/8 and denote ¢,y =4(cf + k(1/8)), we get:
d

@0 dt

1 1 1
ol < = 2 o+ clolf 5 I+ 4 o+ e+l
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Let &, ¢, 7 and w be positive numbers. (Their concrete values will be
specified later.) Put

Vv, b, w) = [Pl + &l + ¢k + pllwl + wilewl?.
It follows from (20), (21), (24), (25), (26) that

d

27
@7 "

1
Vv, h,w)< [ —2c3+ 168+ Cr7k(u o) S+ E(u ) n +4k ( 3 ) w]”v”f +
1 1 " 2
+ —55"‘017/42@‘*'#4774‘ Ew [l + [ —6,&+ cignl h? +

1
+[—cgn + crg]|wlff — Ewllwllé +

+[8E+ e+ 1+ 4w]|N(E, v+ w) | + 2|INE, v+ w)lo[[v],-
Let us choose &, &,  and w so that

1

Ci6& + Crrk(uz) S+ k(uyg) n +4k( ) w = Cg,

co

1 1
-—&+c + +—-w=0,
45 128+ puan 2
1
_561C+61877=0;

1
_ECS”-'-CIQCU:O'

This system has a positive solution:

o} 0 0 20
§=E§[cl7ﬂ2+ ]ﬂ4+ CS 1 ], C:&’ 77: Cg 1 , w:il__
a4 2618 8618019 44 8AC18 16AC]8019
where
I} 0 1 0.k cg0 1 k(1/8
A=clﬁ[cl7ﬂ2+ el +_—CS ! ]+—I:Cl7k(‘ll2)+ ! (‘ll4) + gt ( / )].
2ci3  8ciglyg 4 218 C18C19
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If we substitute these values of &, £, n and o to (27), we obtain

d 1 1 1 1
28) —V,hw)< — cgllff — = EwllE— = 615R%— = canllwlf — = wllwl}+
(28) py ( ) 08”’0"1 4 E" "2 2 18 D) 877" “1 ) a)|| ”2

+exnlINCE, v +w)[§ + NG, v +w)l |[vll,
where ¢y =3&+ ¢y +n+4w. Let us denote
o, 1 5, 1 2, 1 o, 1 2|
@, w) ||| = |cslvlf + = EllllE + = 615h% + —nes|lwlf + = wllwl| .
4 2 2 2
Using condition (v), we can derive that there exist ¢, > 0 and ¢y > 0 so
that
INCE, v+ w)|B < o V(w, by w7~V || (w, w) ||%,

INGE, v +w)ollvllo < e VI, b, wP*7 71 |0, w) |||
Substituting this into (28), we obtain

d
—V, h, w) <
i ( )

< |||, w) ||| =1 + eapcoy V(, ko, w71 + eoyc00 V(w, b, w7711,
Thus, if

Ca0 €1 V((0), h(0), w(0))2+7=1 + ¢y e V(1(0), R(0), w(0) P *7-1<1
then

—d—V(v, h,w) <0
dt
for a.a. te (0, T). This means that
(29) V((t), h(t), w(t)) < V(v(0), h(0), w(0))

for a.a. te [0, T). Hence we have

B0) @8 + llu) | = l[o(®) + w(®)[§ + lo(t) + w(t) | <
< el + ER@® ] + nllw®) [ + wlko®)[F1 <
< 03 V(0 (B), A(t), w(t)) < ¢33 V@(0), 1(0), w(0)) =
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= cosl[l(O)[3 + Ell (O + (Cefi + MO + wllw(O)]f] =
= cx[[lP"u(0)[[§ + EIP"u(0)§ + (Zefi + mIIP’ u(0)[}§ + wllP’ u(0)|F] <
< e [IP"u(O)[ + [P u(0) 51 + cos[IP" u(0) [ + [P u(0)[}] <
< o4 [u(0) |5 + easLea [lu(0)[[f + ¢5 [ 0)[§1 < ol 0) [ + [l 0) [

These estimates complete the proof of the first part of the theorem.
Suppose that 7'= + o and the initial values of v and w are so small
that

Ca0 Ca1 V((0), R(0), w(0))*#*7 =1 + e300 VI(0(0), h(0), w(0)P*7 "1 < %

now. Then
d 1
—V, h,w) < —=|||(v, w)|||?
—V, b, w) < = |0, w) |

for a.a. te (0, + ©) and hence
17
tEE-nw V(u(t), h(t), w(t)) + 2 f [l (w(s), w(s))]|?ds < V(#(0), h(0), u(0)) .
0

Put W(v, k, w) = |[v|f + ak? + b|lw|} where a, b are such positive con-
stants that —-1/2+acyus+(1/2)b<—1/4. Since W(v, h, w) <
<const. |||(v, w) |||, W(v, k, w)is integrable on (0, + ). It follows from
(21), (26) and the boundedness of V(v, h, w) (see (29)) that

d 1 1 1
— W, h,w)<|—= +acqus+ =b||0E —ad;h%— =b|wl| +
W, )< | =2+ acgus + 50 Il - 080 - Sl

+

1
i+ aerok(uz) + 40 (g)]nvu%+bcwnwn%+[3+ac17+4b1nzv<t,v+w>||%s
1 1
< = 1ol - 8,7 = 2l + e + V00, B, w7V 0, w) 17 <

1 1
< - Z|p|E—ad h? - =|jw|} +
4” I~ ad, 2” [
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1 1
+ g9 V(1(0), 1(0), w<0))2<ﬂ+7—“(zllv||§+ ad h®+ E!lel%) +eg=

1 1
= Loay V0(0), A(0), w(0))2+7- — 1] (Zuvnz Yadiht+ Euwna) + .

Thus, if the initial data are so small that ce V(©(0), #(0), w(0))*¢+7-D <1
then the time derivative of W(v, k, w) is bounded above a.e. in (0, + o).
This, together with the continuity and integrability of W(v, k, w) on the
interval (0, + o), implies:

tlirpm W(w(t), h(t), wt))=0.

Thus, we have: lim ()]l + 1P ut)lp) = 0.

4. An example in one space dimension.

This section contains an illustrative example of the operator L = A +
+ B, + B, which is not dissipative, and conditions (i)-(iv) are satisfied.
Hilbert space H is LZ2((0, + ©)) here. D(A) is W22((0, + »))N
NWE2((0, + o)) and

Lu=u"+[Ux)ul,

where U(x) = 2n%x for x € [0, 1] and U(x) = 2x2for x e [1, + ). Oper-
ators A, B, and B, are:

Au=u",

m?u for xe[0,1),

B,u= lU’(oc)u=
2 0 for xe (1, + x),

2nteu’ + n%u  for xe[0, 1),

2

1
Bau=U)u'+ =U'(x) u=
2 2m%u’ for xe (1, + x).

The validity of conditions (i), (ii) is obvious. We are going to show that
operator L is not dissipative and conditions (iii) and (iv) are fulfilled,
too.

The spectrum of the operator L, = A + B, is a subset of the real axis.
It is not difficult to verify that the interval (— «, 0] represents a contin-
uous part of o(L,) and it contains no eigenvalues of L,. By standard cal-
culation, we can find out that L, has the unique eigenvalue 4, = 4.516239
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(exactly, Ao =n® — s2, where s is the positive solution of the equation s-
-cots = — \/n? — s?). The algebraic multiplicity of 4, is equal to one and
the corresponding eigenfunction is

ey sin(\Va?2—A,x) for xe[0, 1],

cgge“/‘—"’” for xe (1, + )

up(x) = {

where c3; = 1.166203 and cg, = 7.192440. (Exactly, the constants c3; and

+ o

¢s2 are chosen so that cg sin \/72 — 1o = cge~ V40 and J ul(x) da = 1.)
0

Hence subspace H' is one-dimensional and it is generated by function
ug. H" is the orthogonal complement to H' in H.

Let us now turn our attention to condition (iii). Due to Lemma 2, we
can investigate the spectrum of the operator A + B, + ¢P"B, in space
H". Since o((A + B,) |y») =(—,0] and eP"B, is (A + B,)-compact,
0((A+ By,) |y+) and o((A+ B, + eP"B;) |g») can differ at most in a
countable number of isolated eigenvalues. Hence, if the intersection
0((A+ B, + eP"By) |g) N (0, + ») is nonempty, then it contains only
some eigenvalues of (A + B, + eP" B;) | g-. Thus, to verify (iii), it is suffi-
cient to show that for ¢ > 0 small enough no such eigenvalues exist. Sup-
pose the opposite, i.e. that there exist sequences ¢, ¢, and u, such that
€, is monotonically decreasing and tends to zero, &, is a positive eigen-
value of the operator A + B, + ¢, P"B, and u,e H" is a corresponding
eigenfunction. The functions u, can be chosen so that ||u,|l,=1.

The boundedness of &, is obvious. Multiplying the equation Awu, +
+ B,u,, + €, P"B,u, = &, u, by u, and using condition (i), we obtain: ¢, <
< (1+€4) ¢1ltnlli — |lu, [, which implies: &, < (1/4)(1 +¢&,)%c?.

Let &, be a cluster point of the sequence §,. Then {y=0. In order
not to complicate the notation, a subsequence of &, which tends to &, as
n—> + o will also be denoted by ¢, in the following. The equation Au, +
+ B,u, + €, P"Byu, = {, u,canberewrittenas(4 + B, — &oI) u, = (&, —
— &) Uy + €, P" Byu,. As the right hand side tends to the zero element of
H" if n— + , {, belongs to o((4 + B,) |g»). However, this speetrum
coincides with the interval (— «, 0] and so &,=0.

Because A+ B,+¢P"B,=A+ (1+¢)B;—¢P'B, and P'B,u,=
= (B, Uy, U)o Uy, the equation (A + B, + ¢P” B,) u,, = , 4, can be rewrit-
ten as

(31) Aty + (1 + £,) Bythy — U, = €, (BsUn, UpoUo-
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+
Since u, is orthogonal to u,, the integral J U, (8) uy(s) ds is equal to
Zero. 0

1
Suppose that (B,u,, u), = n° J u,,(8) uy(s) ds =0 at first. Then the

+

0
integral I u,(8) uy(s) ds also equals zero. Equation (31) implies that

1
un(x)=633e‘\/c_”’” for x e (1, + ) and it can easily be verified that cs=0.
Therefore

+ o

__ C33C3 —VEr -V
Uy, (8) Up(s) ds = ————e 0
J ° Ve, + Vs

and this is obviously different from zero. Hence the equality
(Bgty, U)o =0 can be excluded.

Put v, =u, /(Bsuy,, Ug)o. Then (Byv,, uy)y=1. Substituting this to
(31) and using also the concrete forms of u, on the intervals (0, 1) and
(1, + ), we can rewrite (31) in the form

32) v+ (1+e,) n%v,—E,v,=¢€,csin(\Va2—Agx) on (0, 1),

v,’[—Cnu=encsze‘\m’” on (1, +).
The solution v, of this problem can be explicitly expressed. However, the
integration of v,(x)-uy(x) shows that

+ + o

I U, () Uy () dac = % J uf (@) dx +o(e, +&,) for n— + oo,
0 0 0

which means that the integral on the left hand side is positive for » large
enough and so v, ¢ H" and u, ¢ H". Thus, condition (iii) is fulfilled.

We shall now verify condition (iv). Elementary estimates show that
o(L) is a subset of the parabolic region {z=¢+ineC; < a/2—
-n%/a?}. IfA=¢+ineC, ¢ < — n? /a®then Ais an eigenvalue of opera-
tor L.

Suppose that 6 € (0, 1,). Let us work with e G N o(L) where G =
={z=C+meC;Le(-0d,a/2+1), |n|<aV(1/2)a+0J+1} firstly.
The function y; = R, (L) u, is the solution of the equation (L — AI) y; =
= Uy, i.e.

(33) (Y2)wx + U@) (Y1), + [Up(@) — A1 Y5 = uo ()
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and y;(0) = 0. Denote by %7, y# a fundamental system of solutions of
the corresponding homogeneous equation. Then y; can be expressed in
the form

I I
el el [
0

where 4, = y{-(yi"), — yi*- (y}),. (4 ; is the Wronski determinant of sys-
tem y7, y#.) It can be derived that

A4,(1) e3¢ for xe[0, 1],

A;(1)e =D for xe(l, + »).

A,(8) =A;'(1)-exp[— fU(t) dr] = {
1

The homogeneous equation which corresponds to (33) is the equation
with constant coefficients in the interval [1, + ), so its fundamental
system y{, y# can easily be expressed here. We can choose 7, yi! so
that

o e - L \/12 ] P [_1_/12 }
yi(x) exp[( 2a+ 4a +l)x , Yi'(®)=exp 2a 4a +A |z

for xe[1, + ). (We use the symbol / for the square root in the com-
plex domain in such a sense that \z =V/|z| -exp((1/2) iargz) if z =0,
Vz=0 if 2=0.) We can express A4,;(1) now: A4,(1)=

= —2e*\/(1/4)a%+A. Since Re\/(1/4)a2+i>V(1/4)a%—1,>
> \/(1/4) a?-(1/2)a+ 03> (1/2) mforallAe G,1/4,(1)is the analytic
function of A in G. Let us choose

1
?//{I(S)MO(S) e d1=sh o \/ﬁ
f A(S) —Of——m)——yl (8)-cg; sin —2-a Aos|ds +
(e 1 1,
+II Al(l)exp[(ga \/Za +1 \/l_o)s]ds.
Since Re[(1/2) a—\/(1/4)a®+ i - Vil <(1/2)a—\(1/4)a%-6 -

= VAg<Vb - V2, <0, the last integral is finite and so |C!| < + .
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Thus, we have

“YH(S) uy(8) "y (8) ug(s)
d I CII .
34) y(x) =yf(x) J 2.0 s+ yj (x)[ +J ——Al(s) ds]
Let us choose Cf so that y,(0) =
cl ?//Ill(O) ya”(S) uo(s) ds |
0, A4,(s)

+ o0

y1(0), yi(0) and I Y1 (8) ug(s) /4,(s) ds are analytic functions of 1 not

0
only in G N o(L), but in the whole set G. It can be shown by standard nu-

merical methods that
1 1
exp| —=a—+/=a®+4 l
2 4

for all a e ((1/4) n%,(9/4) n%) and A e G. So C¥ is an analytic function of
A in G. To emphasize its dependence on A, we shall denote it by C# in the
following.
It is not difficult to show that Iu,l(ac) uy(x) da is the analytic function
of A in G. 0 1
If > 1 then we can decompose I in (34) to I + I , We can substitute
x

1 te

ly#(0) | =11.791

x

0 0
the concrete forms of %/, y{f, A, and u, to the integrals J and I, we
1

can evaluate these integrals and we obtain the expression:
Y () =
e_\/TOx

1 1
- +
2V 1/4)a2+A [ 1/2)a-VA/Aa?+i-Vi, 1/2)a+V1/4a?+i—Vi, ]
+(C# + M,) exp [( - %a -V(1/4) a2 +1)x

L expl(= (1/2)a—V(1/4) a®+ A)(x - 1)+\/_]
2V(1/4) a®+ A[1/2a + \/(1/4) a® + 4 \/_0

+
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where

1
M, = e 2yl(s)c sm(ﬂ—a—/los)ds.
' 2\/(1/4)a +/1j i 2

It can be derived from the conditions 0 <d <A, and Rei> — ¢ that

1 1 1 1 1
Re(—%a—ﬂza2+}.)<—§n2, Re(5a+1’Zaz+l—\/lo)>En(n—l),
1 1,
Re —z-a— Za +A=Vi, | <V —Vi,<0.

+
Hence f Y, (@) -ug(x) dx is the analytic function of A in G. This means

1
that (y;, %) also depends analytically on 4 in G and (y;, %)e %o is the
analytic continuation of P'R;(L) uy from o(L) to G. Since C,(-9) =
=o(L) U @G, condition (iv) is satisfied.
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