RENDICONTI
del

SEMINARIO MATEMATICO
della

UNIVERSITA DI PADOVA

FRANCESCO UGUZZONI

Asymptotic behavior of solutions of Schrodinger
inequalities on unbounded domains of
nilpotent Lie groups

Rendiconti del Seminario Matematico della Universita di Padova,
tome 102 (1999), p. 51-65

<http://www.numdam.org/item?id=RSMUP_1999__ 102__51_0>

© Rendiconti del Seminario Matematico della Universita di Padova, 1999, tous
droits réservés.

L’acces aux archives de la revue « Rendiconti del Seminario Matematico
della Universita di Padova » (http://rendiconti.math.unipd.it/) implique 1’accord
avec les conditions générales d’utilisation (http://www.numdam.org/conditions).
Toute utilisation commerciale ou impression systématique est constitutive
d’une infraction pénale. Toute copie ou impression de ce fichier doit conte-
nir la présente mention de copyright.

‘NuMbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=RSMUP_1999__102__51_0
http://rendiconti.math.unipd.it/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

REND. SEM. MAT. UN1v. PADOVA, Vol. 102 (1999)

Asymptotic Behavior of Solutions of
Schrodinger Inequalities on Unbounded Domains
of Nilpotent Lie Groups.

FRrANCESco UGUZZONI (*)

1. Introduction.

The aim of this note is to present a technique which allows to find
asymptotic behavior at infinity, for solutions of a wide class of equa-
tions. m

Let § =je_91 G; be a stratified nilpotent Lie algebra of vector fields

and H=(RY,o) be its associated homogeneous Lie group. Let
{Xi, ..., X, } be a basis of G, and £ be the differential operator

L= X
ji=1

Moreover we denote by S, the £-natural local Sobolev space. We shall
assume that H has homogeneous dimension @ =3. We work in this set-
ting since we need the existence of a fundamental solution of — £ of the
type I' ~ cd?®~ ¢, where d is the natural «distance» on H. We refer to sec-
tion 2 for more precise definitions and additional notation.

The simplest example of this kind of operators is the classical Lapla-
cian £=4 on H= (RY, +), for N=@Q =3. The simplest non-abelian
example is the Kohn Laplacian £ = 4 on the Heisenberg group H =
=H* = (R¥*!, o), with homogeneous dimension Q =2k + 2.

We consider a nonnegative weak solution ueS,.(22) of the
Schridinger-type inequality

(1.1) - LusVu

(*) Indirizzo dell’A.: Dipartimento di Matematica, Universitd di Bologna,
P.za di Porta S. Donato 5, 40127 Bologna (Italy). E-mail: uguzzoni@dm.unibo.it
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in an unbounded domain Q and we obtain an asymptotic behavior of  at
infinity, starting from its L? properties. The potential V will be supposed
to belong to the space L?(£2) for all g in a neighborhood of @/2, i.e. to the
set

(12) LW¥2A(Q):={veL¥*Q)|3q, ¢2: 1 < —(2?- <qy veLMQ)NL%R)}.

Our technique relies on the use of some remarkable representation for-
mulas on the d-balls and is inspired to a work of Simader [S] and one of
Citti-Garofalo-Lanconelli [CGL].

We first consider inequality (1.1) in an exterior domain Q (ie. =
= H\ F with F a compact subset of H). The following theorem is the main
result of this note.

THEOREM 1.1. Let Q be an exterior domain of H and let Ve
e L192(Q). If ueS,.(RQ) is a nonnegative weak solution of

-LusVu in Q
such that weL?(Q) for a pe[Q/(Q —2), + x[, then

u<s>=0( ) as d(&)— + .

(&P

If moreover there exists piell, Q/(Q —2)[ such that ueL™(2)N
NLYQ=-2(Q), then

1

), as d(&)— + .

REMARK 1.2. Theorem 1.1 holds true also removing the hypothesis
on the nonnegativity of » if we replace the inequality — Lu < Vu with
| Lu| < |Vu|. In particular the Theorem holds for the equations
— Lu = Vu, with « that may change sign.

We emphasize that in Theorem 1.1 no assumption is made about the
boundary values of u. We also remark that 1 /d 9 e L2, (H); hence our
result can be considered optimal.

In Theorem 1.1 we deal with exterior domains since we need to write
representation formulas on d-balls and allow to go to infinity both the
center and the radius of the balls. This limitation can be overcome if we
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are able to find an auxiliary function w =% in Q of the type w =T x*f,
with f< |V|u in H. This idea allows to get asymptotic behavior for sol-
utions of Dirichlet problems related to (1.1) on arbitrary unbounded do-
mains. In particular we derive the following theorem.

THEOREM 1.3. Let 22 be an (arbitrary) unbounded open subset of H
and let Ve LIV2(Q). If u is a nonnegative classical solution of

—LusVu in Q

u=0 n 082

(&) —>0 as d(§) — +
then

1
ey

u(§)=0( ) as d(§)— +x, Vs<@Q-2.

REMARK 1.4. Theorem 1.3 holds true also removing the hypothesis
on the nonnegativity of u if we replace the inequality — Lu < Vu with
| Lu| < |Vu|. In particular the Theorem holds for the equations
— Lu = Vu, with » that may change sign.

We remark that in Theorem 1.3 we do not assume any a priori
summability of . We also remark that the «limit» behavior
o(1 /d(E)Q_Z) is the one of the fundamental solution of — ..

The results of this note can be applied to semilinear equations of the
type — Lu =u9 whenever we know that » belongs to the suitable L?
spaces. Indeed if u is a weak solution in a (global) Sobolev space, say u e
eS¢ % (= L? for every pe [2, 2Q/(Q — 2)]), both the condition on u and
on the potential V=u?"1 could be automatically satisfied. For example,
if 1+4/Q<g<(Q+2)/(Q—2), then we immediately obtain that V=
=u?"1 belongs to the class LJ¥Z,

Moreover our results can be used as a starting point in order to ob-
tain nonexistence theorems in unbounded domains. An example of appli-
cation is given in [LU1] where we find asymptotic behavior of nonnega-
tive weak solutions to the critical semilinear Dirichlet problem

~Agu=u@ /@2 i 0
1.3 {

ueSHRQ)
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and we also prove some related nonexistence results (see also [U1]). We
stress that the Sobolev space S¢ considered in [LU1]-{U1] is not embed-
ded in L?2; hence a solution u of (1.8) belongs a priori to L? only for p =
=2Q/(Q — 2). Actually in [LU1] we prove that such a solution belongs to
LP? for every pelQ/(Q —2), + =] (and so V=y4@*+2/@-2~1¢ [,1Q/)
but this result is highly nontrivial, in particular for Q/(Q —2) <p<
<2Q/(Q —2).

Other examples of application to nonexistence results for semilinear
equations on the Heisenberg group will be given in the forthcoming pa-
pers [LU2] and [U2]. In this respect we point out that Liouville-type the-
orems for semilinear A y+-inequalities on some unbounded domains have
been recently proved by Birindelli-Capuzzo Dolcetta-Cutri[BCC]. Fi-
nally we quote that asymptotic behavior for capacitary problems on exte-
rior domains of groups of Heisenberg type has been treated by Danielli-
Garofalo [DG].

Acknowledgment. We would like to thank Prof. E. Lanconelli for his
interest in this work and useful suggestions. We also thank the referee
for having drawn our attention to the references [BCC] and [DG] and
for some constructive comments.

2. Notation and definitions.

Let (G, [.]) be a stratified nilpotent real Lie algebra and let (H, o) be
its simply connected associated Lie group. We can identify H with RY,
for a suitable N e N, and (G,[.]) with the Lie algebra of o -left-invariant
vector fields on RY, with the usual Lie bracket law [X, Y] = XY — YX.
We denote by {0,}150 the group of dilations naturally associated to H

and by @ the homogeneous dimension of H. Let G = .énal G; be the stratifi-
j=

cation of G and let {X, ..., X,,} be a basis of G;. We shall deal with the
differential operator

We recall that X;, ..., X, generate the whole § by the assumption §
stratified. Moreover, if we set

Ve=(Xy, ..., Xp)
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then V; and £ are homogeneous, w.r.t. the dilations 6 ,, of degree one
and of degree two respectively.
Throughout the paper we will make the assumption

Q=3

on the homogeneous dimension of H. We remark that, if @ <3, then it is
necessarily § = Gy, (H, o) is simply (R?, +) and € is the Laplace opera-
tor 4 on R?. If Q =8, there exists a homogeneous norm || on H such
that, setting

de(m) = |77 o &l e,
a fundamental solution of — £ with pole at & is given by

Cq

2.1) I's= 2@t

where cg is a suitable positive constant depending only on Q (see [G]).
We set

A&, m) =de(n), I, n)=Tn).

Moreover we will often write d(n) instead of dy(#n) and I'(n) instead of
Ty(n7). We recall that a homogeneous norm on H is a function |-|: H—
— [0, + o[ such that |-|eC*(H\{0})NC(H), || =0iff =0, || =
=1&7" (=] -¢&]) and

2.2) |0.&| =4|§]|.

Moreover any homogeneous norm satisfies the following triangle
inequality

[Eon| < c(|&] + |n])
for a suitable ¢ = 1. Hence there exists =1 such that
2.3) d(&, n) < P&, &) +d(&, m)
for every &, n, {e H. Moreover, since |&|¢= |§‘1 | ¢, it is also
(&, n) =d(n, &).
We denote the d-balls on H by
By(&, r) = {neH|dE, n <r}.



56 Francesco Uguzzoni

Since the Lebesgue measure is a Haar measure on H we have
|Ba(&, 7) | = | Ba(0, )| =72 |B4(0, 1)|.

Moreover on H the following polar coordinates formula holds:

[£d&)de=Q|Bu0, 1)| ﬂ(e) 0¥ de.
i J
In particular it follows that, for every sel0, Q[,
2.4) digeLP(Bd(g, 1) NLYH\B4E 1)), for 1sp< fj- <g< + .
We also remark that
2.5) |Vedo| € L™ (H)

since Ved, is homogeneous of degree zero w.r.t. the dilations 6, and
then

?2% [(Vedo)(&) | = ?213 [(Vedo)(O1/a)8) | = Jnax [ (Vedo)(n) |.

More details on nilpotent Lie algebras and homogeneous groups can be
found, for example, in [FH], [F] and [RS].

If Q2 is an open subset of H, we denote by S(L2) the Sobolev space of the
functions u € L2(R) such that Vou e L2(R). The norm in S(R) is given
by

172
”u”sm)‘—‘ ( I|V£u|2+u2) .
Q

Moreover we denote by Sj,.(2) the set of those u e LZ2.(2) such that
ou e S(Q) for every ¢ e Cy° (Q). Let Ve L'%/2(Q); a function u e S),.(2)
is called a weak solution of

—LusVu in Q

j(vfu, V£¢)$jVu(p VpeCi(RQ), ¢=0.
Q2 Q
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We remark that in the definition above Vu e L}, since u € S,,.c Li%/@~?
and Ve L 92 We also remark that every classical solution of — Lu < Vu
is a weak solution in our definition, since X* = — X; for j=1, ..., n.

3. Proof of the main theorems.

The following representation formula plays a basic role in the proof
of Theorem 1.1. Let £ be an open subset of H and u € S,.(2); then for
a.e. £ Q and every r> 0 such that B;(&, ) c 2, we have

a1 u<s>=<Mru><s>+% jeQ-l( (VT V.,eu>)d9
0

By(&, @)

where M, is the mean value operator defined by

3.2) Mw© = [ |Veds [P

" By(&, 7
and c is a suitable positive constant. This formula has been proved in
[CGL], Proposition 2.3. We have only replaced the £L-balls 2,(§) =
= {I'¢>1/r} of [CGL] with our d-balls and used the «explicit» expression
of I" (2.1). We remark that the integral in the right-hand side of (3.1) is fi-
nite since (using (2.5))

[(VeTg, Veudn) | < | Vel e|Veu|(n) < cd(&, )~ |Veu(n) | € L, ,

for a.e. £€ Q by Tonelli’s Theorem, since d(&, n)' "Ye Ly, ¢ (see (2.4))
and |Veu(n) | €Ly, ;-
We define r: H—[0, + o[,

d(é)
3.3) r(§) = 4_ﬁ3

where § has been introduced in (2.3).

LEMMA 3.1. Let Q2 be an exterior domain of H, let Ve L1924 (Q)
and let u e Sy,.(2) be a nonnegative weak solution of

-LusVu in Q
such that w e LP(Q) fora pe[1, + »[. Ifthere exist s€]0, Q/p] and two
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positive constant R, M such that

@9 I re|lVius —,  for d(§) >R,
Ba(&, 2Br(&))\By(&, r(&)) (&)
then
1
u(g)_o(d(g)s)’ an(E)—>+oo

Proor. For every exponent te]l, + o[ we shall denote by t'=
=t/(t— 1) the conjugate exponent of ¢. Since Ve L!¥%(Q) there exist
1, g2 such that 1 <¢; <@Q/2<¢g;< +  and

3.5) VeL"(Q)NL%(Q).
Moreover ¢; < (Q/2)' =Q/(Q —2) <g{ and then
(3.6) I'eL%(By(0,1)) N LY (H\B,(0, 1))

by means of (2.1) and (2.4).
For every £e H and r >0 such that By(&, r)c 2, we define (see

(32))
M,(8) = (M,u)(&),
N®= [ Iev]
Bg(&, 7
and
L@ = [ relViu= [ 1G 0 |V|G)un)dy.
By(§, ) By(&,7)

We remark that I,.(§) < + » a.e. by Tonelli’s Theorem, since I'(§, ) €
& Ly, ¢ and (Vu)(n) € Ly, , because u € Sy, LY@ ~? and Ve L 9/2 More-
over

@D N(&) =S| ellmmye, ) IVIlLe@ae, »+ I el sy, 19 IVILa @y, )

sC(||V”L4?2(B‘,,(g, Vil Ba(E, 7))
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by (3.6). In particular (3.5) and (3.7) give

3.8) sup N, (&) <c.
{& 7| By E, D¢}

By (2.5), (3.2) and the assumption u € L?() we can estimate also M, and
get

c c 4
69 M©O<7 [ us Shlllraen= 5% = .
By(&, )

Let us now recall the representation formula (3.1) for . Since — Lu <
< Vu weakly in £, it is not difficult to see that

‘e
(Vel'e, Veu) < J (rg— Eé_—g) |V]u

By(&, 0) By(&, 0)

(one only needs to approximate (I'; — cg /09~ %) with a suitable sequence
of functions Cy°(£2)). Then we get
Cq
- QQ_Z |V|’LL do

F§|V|u)d9

(310) w(E) < M,(&) + —feQ ‘(

By(§, 0)

<M<§)+—je" 1(

By(&, 7
=M, (&) +1,(8) < +1(§)
(by (3.9)). Hence, if B4(&, 2Br)c 2 (see (2.3)), we have

3.11) Le< | I"g(n)lVI(n)( +I<n>)dn

By(§, 1)

4 C
<7 N(®+ J Te|VILS —g5 + J re|V|I,
By(&, ) By(&, 1)
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(by (8.8)). Moreover, if B;(&, 38%r) ¢ 2, then

612 [ ryviL= | I“(§,77)|V|(77)( | F(n,C)IVI(C)u(C)dC)dﬂ

By(&) By(&,m) By,

IV](©) u@( IEDTn,0O|V|@) dn)dc

By(&,281) By(§, )N By, ")

sc sup N,(0) I T'e|Viu
LeBuE 2 g

since,  setting = A=By(&, ")NBy¢E, 1), A ={neA|dn,l <
<d(§, ¢)/(2B)} and A, = A\A,,wehave (notethatd(&, n) = d(&, £ /(2p)
for every neA,;)

[rerg (V)= [rere |V + [1ere V|
A Ay Az

<clE, ;)( jmvujrgm)
Ay Ay

<cl(§, HN(E) + N,(8) .

From now on we will take r=1r(§) (see (3.3)); in this way
B,(&, 8B8%r) cH\B4(0, r)c R, for large d(£). Using this fact we ob-
tain

() - +
sup N, (D) = C(||V”L‘72(H\Bd(0, ren t ”V”L‘H(H\Bd(o, rE)) —>
teBy(&, 2r()
by means of (3.7) and (3.5). Hence there exists B, > R such that, for
d(&) > R,, we have (see (3.12))

1
By(&, (&) By(&, 2r(&))
1 1
= EIr(g)(é') + 3 I I'e|Viu
By (&, 2Br(E)\Ba(&, (&)
M

1
S EL(&)(E) + 2 Gy
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by assumption (3.4). From (3.11) and (3.13) we finally get, for d(&§) >
> RO)

1

(4
“"IT <
5 ® &)

Cc
_—t ——.
r(EY?  rEy

This estimate and (3.10) allow us to conclude that

u(§>=0( as d(E)—> + o

d(&y )
since r(§) =d(&) /(4B8%) and s<Q/p. ™

ProoF oF THEOREM 1.1. To prove the first part of the statement we
only need to obtain (3.4) for s = Q/p and then use Lemma 3.1. If p =
=Q/(Q —2) we have (for large d(&))

CQ < C
J I'e|Viu= J ——dQ_2 |Vlu\—r(§)Q—ZJ|V|u
Ba(&,2Br )\ Bal&, 7(©) Ba&,26rONBAET ) H
d\Sy d\S, d\S, d\S,
< —Vllgallul
< 2 ullgiq - 2)
r(gy T

and then (3.4) holds.

We now suppose p > Q/(Q — 2). For every exponent te]l, + [ we
shall denote by t'=1/(f — 1) the conjugate exponent of {. Since Ve
e L19%(Q) there exists ¢ < @2 such that Q/(Q — 2) = (Q/2)’ <¢' <pand
Ve L%(Q). Moreover @ —2—s=Q —2— (Q/p) >0. Hence

1
(plq")

Q—2—sq,> Q-2-Q/p —1- QR -2) >1_q_'=
Q Q-2 p p
and then (see (2.4))

1

(p/q")
e <L H\BAO, D).
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We can now obtain (3.4). For large d(£) we have

Cc U
re|Vius f V] —2
(&)’ ag-2—
By(&,28r )\ Ba(§, (&) Ba(&,2Br (ED\Ba(&,r(8)

<

(g)s Vg Cloe Tl g™ =22 | o pe, 1)

<
(E)S ()

Let us now prove the second part of the theorem. We know that u e
eLnN LY@ Pforap e[1, Q/(Q — 2)[. By means of Lemma 3.1 we only
need to prove that (3.4) holds for s = Q/p,. For every tel0, Q/p;[ we
set

<

[ldg~ (@22’ ”L(P/‘I)(H\Bd(o y S

oty =Q-2+t- PHe~2)

and we claim that (3.4) holds for s = o(t) if (3.4) holds for s =t. Indeed,
by Lemma 3.1, if (8.4) holds for s =¢ then

3.14) u(€) = O( ), as d(&)— + o ;

1
d(&)
therefore, for large d(&),

|V|u\WHV||Q,2( ] uwe—m—mum)@—zve

Bay(&,2Br ()\Ba(&,r(8) By(&,2r(£)
1-(p(Q -2))/Q @-2/Q ¢
———— |l = = (H\B4(0, ( )))”u”p1 s
(g)Q 2 \Bq(0, r(§ (E)g(t)

(by means of (3.14) and (3.3)).
Since u e LY@~2(Q), (3.4) holds for s = Q — 2 (see the beginning of
the proof); moreover if we set

{t1=Q—2
b1 =0(t)

it is easy to see that ¢, /7 (Q/p;). Henceforth (3.4) holds for every se
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€]0, Q/p;[. In particular if we choose ¢ < @/2 such that Ve L(Q) and we
set

_QUp-Q+2
1-pi/q’

we have 0 < 7 < Q/p; and then (3.4) holds for s = . Hence, by Lemma 3.1,

(3.15) m9=o( ), as d(£)— + .

A&y

We are now able to prove (3.4) for s = Q/p;. In fact we have (for large

d(&))

f I'e|V|ius

‘_ 1/q'
9 —PigyP1
E)Q 2” ||q( U u )
Ba(§, 26r()\Ba(&, (&) Ba(&, 2pr(&)

-m/q '
(gﬁ ——az Mo, vy il

[4 c
s n =
»,.(;;-)Q—ZH(I—WQ ) »,.(;::)Q/pl

(by means of (3.15) and (3.3)). =

Proor oF THEOREM 1.3. We set

f*{ |V|lw in Q
0 in H\Q

and we define w: H—R,

w(&) = (T xf)&) = [[E o) flm) dn.
H
Then w = 0 and — £Lw = f weakly in H. In particular u S w in QU { = }
and — Lu < |V]|u=— Lw in Q. Hence
(3.16) Osu<w in Q
by the weak maximum principle for £. Moreover if te]l, Q/2[ and fe
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e L'(H) then

8.17) weL V=27 ()
and
(3.18) Vewe LV-1Q7 (7

(see [RS], Proposition B, p. 264).
Since Ve L'?2(Q) there exists ¢, €]1, Q2[ such that Ve L%(Q) N
NLY2(Q). We now fix qgelq;, Q/2[ and we set ¢’ =¢/(q— 1) and

If pelq’, + ] and ueL?(Q) then feL'(H) for t=(1/q+1/p)7},
since

[ 1Vl < 11V yelet e = IV s
Q

Moreover tell, glcll, @2[ and then we get weL 27 (H)=
=LY+ (H) (see(8.17)) and alsou e L P+ 97 (Q) (see (3.16)). We know
a priori that u e L  (2); hence we can iterate the process above and get
we L9 (H). Since gelq;, Q2[ is arbitrary, we finally obtain

3.19) weL?(H) Vpe] Q?2 , +oo[.

Moreover, using (3.18) one can easily see that w e S,,.(H). Hence w is a

nonnegative weak solution of

{ -Lws |Vlw in H
wesloc(H)

(see (8.16)). It follows that

w(§)=0( ) as d(§) = + o, Vs<@Q-2,

A&y

by means of (3.19) and Theorem 1.1. Again by (3.16) we finally get our
statement. =
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