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REND. SEM. MAT. UN1v. Papova, Vol. 101 (1999)

Approximation of Functions of Two Variables
by Some Operators in Weighted Spaces.

B. FIRLEJ - M. LESNIEWICZ - L. REMPULSKA (*)

ABSTRACT - We study some linear positive operators 7,5}, of the Szasz-Mirakjan
type in polynomial and exponential weighted spaces of continuous functions of
two variables. We give theorems on the degree of approximation, and theo-
rems of the Voronovskaja and Bernstein type for these operators. Similar re-
sults for functions of one variable are given in [3]-[8].

1. - Notation.

1.1. We take the following notation: N:= {1, 2, ...}, Ny :=NU {0},
R, :=[0, + ©), R¢=R, X R, and, for pe N, and x e Ry, let
1) wo(x) =1, wy(x):=1+z")' ifp=1.
For fixed p;, poe N, let
@) Wy, o (@, Y) 1= w,, (@) w,,(y), (2, y) eRE,

and let Cy,,, ,, be the space of all real-valued functions f defined on R§
such that w,, ,,(-, -) f(-, -) is uniformly continuous and bounded on R§
and the norm is given by

@ ”flll;m,pz = sup wp @, Y |flx,y)]|.
(x, y) e R§

Ci;p,  With the norm (8) is called the polynomial weighted space
([1D.

(*) Indirizzo degli AA.: Institute of Mathematics, Poznat University of Te-
chnology, Piotrowo 3A, 60965 Poznan, Poland.
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For feC;;,,, », we define the modulus of continuity

c @ o(f, Crpp ty8) = sup |y s G, Mispy e 8820,

0shst
0<oss

where A4, 5 f(x,y) =flx+h,y+95)—f(x,y). Moreover, for fixed
m, py, P2 € Ny, let CT*,, ,, be the space of all functions fe Cy;,, ,, having
the partial derivatives of the order <m belonging also to Cj;,,, p,-

1.2. Similarly as in [2] we define the exponential weighted space
Cs; q,, ¢,- Let for a fixed ¢>0
®) v(®):=e"%, xeR,,
and, for fixed q;, ¢» >0, let
(6) Vg, 0@, ¥) =0, (@) v, (), (%, y) eRS.

We denote by Cy; g, ¢,» 41> 92> 0 the space of all real-valued functions f
defined on R§ for which v, qz , ) f(-, -) is uniformly continuous and
bounded on R{ and the norm is glven by

) ”f”2 ma = SUP vy o (@, y) |2, y)|.
(x,y) eRE

Analogously as above we define the modulus of continuity w(f, C; 4, 4,
, ) of feCy, 4 and the class C3%y .

1.3. In this paper we introduce the following operators in the space
Ci;p,pe A0A Gy 1

{1} (- -1 3 %
® TULF ) 1+Smhny]§)amj<x>f( 0)

+ 2 2 Gy ()b, k<y>f(

2j 2k+1)
j=0 k=0 ’

(25 +2)/m
1 ]
> G () % f Fu, 0) du +

@ TE(fio,y) = —————
1+ sinhny j=o

2j/m
(2 +2)/m (2k+3)/n

+2 Bt @b [ [ w0 dudo,

2j/m (2k+1)/n
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for all m, neN and (x, y) € R¢, where

1 (max)?
10 ay i(x) 1= _ e Ny,
(10) (@) coshmax (25)! &M
1 (n )2k+1
1) b k(y) = y €Ny,

1+sinhny (2k+1)!°

and cosh x, sinhx, tanh « are the elementary hyperbolic functions.

From (8)-(11) we deduce that T}, m, ne N,neN, i=1, 2, are lin-
ear positive operators well-defined in every space Cy;,, ,, and Cy, g, -
Moreover,

12) Ti(1;x,y)=1, for m,neN, (x,y)eRE, i=1,2.

In Section 2 we shall give some auxiliary properties of T,{¢},. In Sect.
3 we shall give some approximation theorems, the Voronovskaja theorem
and the Bernstein inequality for these operators.

In this paper we shall denote by M,(a, b), k=1, 2, ..., the suitable
positive constants depending only on indicated parameters a, b.

1.4. The operators T}, are some analogues of the operators L%
considered for function f of one variable in the papers [3]-[8], i.e.

< 2k
(13 LY (f; @) i= 2 a,, 1() f(—),
k=0 n

(2k+2)/m

14) L (f0) = D an k(@) = j Aty dt,
k=0 2

2k/n

a5 (=T LS @ f( 2k +1 )
1+sinhnxy k=0 n
f(O) o (2k +3)/n
W ooy SO n
W6 L ()= — o Db @) N Lm Ayt

xe Ry, neN. The operators L} are examined in [3]-[8] for functions
blonging to a polynomial or exponential weighted space (L{}, i=1, 2,
were introducend in [3]; Li#}, i =3, 4, were defined in [5]).



66 B. Firlej - M. Le$niewicz - L. Rempulska

By (10), (11) and (13)-(16) we have

1 Lt (1;2)=1 for all neN, xeR,, 1<i<4.

2. — Auxiliary results.

2.1. First we shall give some properties of the operators L{i} proved
in [3]-[8].

LeEmMmA 1 ([8], [5]). For all neN, xeR, and 1 <i<4 we have

r+1

LY t-a; )| < —, L (-2 a)<11 .
n

I | o

LEMMA 2 ([7]). For every fixed xye R, there exists a positive con-
stant M,(x,) such that for all ne N and 1 <i<4

LY ((t — ap)*; 20) < My (20)-m 2. u

LEMMA 3 ([7T]. For every fixed xye R, we have

) 0 #i=1,3,
lim nL{® (t — x5 20) = { 1fz
e 1 ifi=2,
1 if x>0,
lim nLit (t—xo;x0)={ zf 0
e 0 fx=0,
nli_r)I}OnLLi} ((t—20)59) =2 for1<i<4. m

LEMMA 4 ([3], [B]). For every fixed p e N, there exist positive con-
stants My(p) and M3(p) such that for all xe Ry, neN and 1<i<4

w, () LY ( ; x) < My (p),

wy(t)

(t—x)
wy(t)

rx+1

w, (x) L ( ; x) < M;(p)
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LeMMA 5 ([4], [6]). For every fixed q > 0 and r > q there exist posi-
tive constants M, (q,r), k=4,5 and a natural number mny>

> q(In(v/q)) ™" such that for all n>mny, xcRy and 1 <i<4

'U»,-(.’D) Lil:,'} ( x) S M4(qv 7‘),

'Uq
(t —x)?

Uy

rx+1

v,(a) LI ( ; w) < Mj(g, 1)

LEMMA 6 ([8]). For every fixed p, se N, there exist positive con-
stants Mg(s) and M,(p, s) such that for all ne N we have

das 1
dx® 1+ sinhnx

,ns
< Mg(s) ——, xeR,,
1 + sinhnx

sup w,(x) E a,, () < M;(p, s)n®,

xeRO

w, (2k/m)

1

w0, 2k + D) Mqp, )m’. m

xERo

LemMa 7 ([8]). For every fixed se Ny and r> q > 0 there exist a
positive constant Mg(q, r, 8) and a natural number ny > q(In(r/q))~!

such that for all n > n,

1
T \M b b s)
vy (2kim) (¢, 7, 8)m

WERO

1

———— =M s Iy 87
(@t Dy M@ mt, .

ds
sup v, (x) E | —b, (@)
zeRy dx?®
2.2. In this part we shall give some basic properties of the operators
T\},. From (8)-(16) we deduce that if feCy,, ,, P1, P2€N,, or fe
€Cy, g1, 00 Q1> G2 >0, and f(x, y) = fi(x) f(y) for (x, y) e R§, then

(18) TS (f; oy ) = LY (fi; 2) LB (5 ),
19) T3 (f; %, ) = L (fi; 2) LY (fos v),

for all (x, y) e R? and m, neN.
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Applying Lemmas 1-7 and (18), (19) and (1)-(6), we immediately ob-
tain the following two lemmas.

LEMMA 8. For every fixed p;, poe N, there exists a positive con-
stant My(p1, p2) such that for all m,neN and i=1, 2

< My(py,s p2)-

1; p1, p2

T
T\ wp, (2, 2)
Consequently,

”Tribl,}n(f; ) ')“1; D1, D2 s MQ(pD p2)”f”1, P15 D2

Jor every feCy;p, 1,y my,neN and i =1, 2. This inequality and (8)-(11)
show that T, m, neN,i=1, 2, is a linear positive operator from the
space Cy; . p, 0 Cyp pyy D1, D2€Ny. W

LEMMA 9. For every fixed q,, g2 > 0 and r, > q;, 72 > q; there exist
a positive constant M= M,(q., 2, 71, 12) and natural numbers my
and Ny,

(2 -1 To -1
(20) My > (3] ln _ y Mo > (3 ln -_ y
b q:

such that for all m >my, n>ny and 1 =1, 2

Téf}n(——l———; ) )
’ v‘hﬂh(t’ z)

Consequently, for every feCs, g g mM>my, n>n and i=1,2, we
have

3
2im,m S M5

”Trﬁzl,}n(f; y ')”2; 71, T2 s Mfﬁ ”f”z, q1, Q2
From this and by (8)-(11) it follows that T,ﬁfy}n, 1=1, 2, is a linear posi-

tive operator from the space Cy; qy, qz into Cy, ,,, ,, provided that m > m,
and n>mny. W

Applying the above lemmas, we shall prove the following
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LEMMA 10. Suppose that (x,, ¥,) is a fixed point in RE and ¢ is a
given function with some space Ci;p,, p,» P1, P2€ Ny, and @(2o, yo) = 0.
Then

21 Jim {7, (p(t, 2 @, 90) =0, i=1,2.

Proor. Let i=1. By (8) we have for every ne N

22)  wy,, 5, (@0, Yo) | TALS (@(t, 2); %o, Yo)| <

Wy, po (Toy Yo) <= 27
< L0 Vo) Sy ¢(_f,0)|+
1+ sinhny, i=0 n
SR 27 2k+1
Py o ) D D () b, o) w(i, )\ =
j=0 k=0 n n

:=An(x03 yO) +Bn(x09 yO)

We shall prove that nli_r)rgg A(xy, ¢o) =0 = nli_r)rgo B, (g, y,). First let x>0

and ¥y, > 0. Choose ¢ > 0. By the properties of ¢ there exist two positive
constant M;; and J = d(¢) such that

(23) Wy, p(t, 2) @, 2)| <My for all (t,2)eR¢,

24)  wy, ¢, 2) et 2)| < for |t —uy| <96, |2—y,| <9,

4 M

where Mg* = My(p,, po) is a fixed positive constant given in Lemma 8.
By (23), (2), (13) and Lemma 4 we get

Wy, s (%0s Yo) ia @) 1 <
Py 0 07 B ——

An(x ’ ) < . =
0y Yo w0, (23/0)

1+ sinhny, j=0

< Muwpl(xo) 74 ( 1 ;.’L'Q) < My My (p,)

< - £ —— for neN,
1 + sinh ny, wy, (1) 1 + sinh ny,
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which gives nl'_u)rgo A, (2, Yo) =0. In the case B, we write

B, (29, Yo) = wp,, p, (%o, ?/0){ ) E 2 +
|2j/m—x| <8 |(2k+1)/n—1yo| <b

+ X 2+ >+ :
|2im—z0| <6 |@k+1m—yo| =6 |%m-ig| 26 |@k+Lim—yo| <O  |2/m—zo| 26 |@k+1)n—yo| =5

27 +1
( ], 2k )l :=SI+SZ+S3+S4.
n n

a'n ](900) bn k(yO)

Using (24) and Lemma 8, we get

€ SRR 2] 2k+1\\!
S < mg;‘wm,pz(xo’ ?/0)];) Z n, (%) by k(?/o)( P1s Pz( n’ )) <
€ 1 1 £
< T ——;- - <— for all neN.
4 M Wy, p, (L, 2) Lip,pe 4

Since |(2k +1)/n — yo| = 6 implies 1 < ((2k + 1)/n — y,)* S ~%, so we get
by (23), (2) and (18)

Sy < Myywy, (%0, %) 2 > 1) by 1 (Yo)-

|2jm =] <8 [(2k+1)/m—yo| =6

275 2k+1 1 M i \\ !
(nn(Z ) < e Syt [ Z)) )
2k +1 2 2k+1\\1
.[wm(yo)|<2k+1)/§n"—yo|zab"'k(y°)( n —yo) (w”z( n )) ]S

Mll 1 (z—y0)2
< it L3 | —22, .
< 52 Iw () L, ( pl(t) )] [w (%o) ( 0 (2) ,?/0)]

Using Lemma 4, we obtain for ne N

Yot+1 yo+1

nd?

So < My My(py) M3(py) ——— = My5(p1, p2)
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Analogously we obtain

xo+1
Ss < Myy(py, p2) — >
no
(29 + 1)(yo + 1)
,nZ 64
It is obvious that for a fixed (x,, o) € R and for given positive numbers
€, 0, M (py, p;) with 12 < k < 14 there exist natural numbers n,, 1y, ng

such that

Sy < Myy(p1, p2) eN.

)

Yo+ 1

€

My (py, P2) ——— < — for n>mn,,

12(P1s Do) o2 2 1

x0+1 &€

M ) — < - for n > n,,

13(P1, P2) o2 2 Ty
X+ 1 +1

M4 (py, pz)-(—o—M <% for n>ng.

n2o* 4

Hence there exists a natural number %4, n, = max {n,, ny, ng}, such that
S, < % for all n>mn, and 1<k<4,

which implies
B, (29, Yo) <€ for all n>ny,
ie. nli_{rgo B, (xy, ¥o) =0. Combining these, we obtain (21) for i=1 and

2o >0, ¥y >0 from (22). Now let xy-yo = 0. From the assumption on ¢
and from (10), (11) it follows that

A,(0,0)=0=B,(0,0) forneN,

and for 2y =0, y,>0

4,00, o) = % 19(0, 0],
B0, 10 = 0 u) 2 b 00, 252 .
If >0, yo=0, then B, (xy, 0) =0 and
A, 0) =w,,1<x0>§0 G, (o) (p(% , 0) l
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for ne N . Now arguing as in the case B,,(«y, ¥o) With 24> 0, >0, we obtain
nl_i_{lgo An(xO’ ?/0) =0 ’ n]lp}o Bn(x07 yO) =0

for every (xg, ¥o) such that xy-y,=0.

Thus the proof of (21) for i =1 and for every fixed (x,, ¥,) € R is
completed.

The proof of (21) for i =2 is identical.

Similar we can prove the following

LEMMA 11. Suppose that (o, o) is a fixed point in RE and ¢ is a
given function belonging to some space Cy;q 4, G1,q2>0, and
@(x9, Yo) =0. Then the assertion (21) holds.

3. — Main results.

3.1. In this section we shall estimate the degree of approximation of
functions belonging to Cy;,,, p, OF Cs, 4 4 by the operators T,{1,.

THEOREM 1. Suppose that geCy.,  ,, with some p;, p,e Ny. Then
there esists a positive constant M5(p;, pe) such that for all (x, y) € RE,
m,neN and 1=1,2

(25)  wy, (@, W) | TA (g5 @, y) —glx, y) | <

fx+1 “ y+1
1; p1, P2 Ay ;s p1, ps n '

Proor. We shall prove (25) only for i =1 because the proof of (25)
for ¢ =2 is analogous. Let i =1 and let (x, y) be a fixed point in RZ.
Then, for every (¢, 2) e R and geCY,,, ,,, we can write

< My5(p1, p2) [
aac

K

t
2] 2]
g(t, 2) —glx, y) = j —9(u, 2) du + f —g(x,v)dv.
. ou ; v
From this and by (12) we get for m, ne N

T (o(t, 2); , y) — g(x, y) =

t z
= Téﬁ%( fgu’(u, 2)du; @, ?/) + Triﬁ}n( fgv' (x, v) dv; x, y)
x Y
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and consequently

t

Jgu’(u, 2)du|; x, y)+

< Wpy, (X, Y) [Tvgtl}n(

Téﬁ}n( [9.@ v v, y)] =8, +S;.
y
By (3) it follows that

Y

ox

N

t
2] du
—g(u,2)du| = J————
L-[ 8ug( ) | l;PlvaIx w, (u, 2)

P1, P2

g 1 1
<= + |t — |
O s pu e\ Wy, py(E, 2) Wy, (@, 2) :
and analogously
"9 3 1
‘J—g(w,v)dv S”-ﬁ ( + )|z—y|,
;v Oy m,m\ wy, p(®, 2) Wy 5, (2, Y)

which by (1), (2), (8) and (18) imply

9
<|[|=X .
: T&‘%(M;x,y)+ﬂ$%(——|gl—;%y) <
T\ Wy, (85 2) N\ Wy, (@5 2)
g 1
- w, )L{’?} ; .
B 1115 py, p2 Y W, (2) Y
1 |t—x| 1
Aw, () LV —; ¢| + L ([t —2]; )t
w
41
S, < ‘@ w,, (y) LI M;y + L (e —y|; v}
Oy 15 p1, e W, (2)
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Using the Holder inequality, Lemma 1 and Lemma 4, we get by (13), (15)
and (17)

+1
Lt —2]; @) < {LI (¢ — 2% o) PR{LIM (15 2)} 2 < 4 T,
m

— 12
u ; x) swpl(x) Lygl}( 1 ; x) .
Wy, (1) Wy, (2)

t— 2 1/2
-[LJJ}(( “) x)} < Mo+ 2L
wy, (£) m

Wy, (%) Lrgl}(

and analogously

+1
L{f}(lz—yl;y)ﬂ\/l——,
n

z2— +1
ng(?/) L{n3} (‘I‘—?{‘I‘ H ?/) < My7(p2) yr- .
wy,(2) '

Consequently, for m, n e N, we obtain

2] r+1
S1 < Mis(py, p2) A \’ )
Ox 115 py, p2 m
g y+1
Sy < Myy(py, p2) || — .
Ay 15 p1, pe n

From these inequalities and (26), we obtain (25) for m, neN, (x, y) e R¢
and 7 =1. Thus the proof is completed. =

Arguing as in the proof of Theorem 1 and applying Lemma 5, we can
prove the following

THEOREM 2. Suppose that geC3,, o, with some q;, ¢:>0 and
rN>q, Te>¢qy. Then there exist a positive constant Msh=
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= My (qy, o, T172) and natural numbers my and ny satisfying the condi-
tions (20) such that for all (x,y)eRE, m>my, n>ny and i=1,2

Vr (@, ) | TS, (98, 2); %, ) — g2, y) <

< M5 % \/ +1+”§ y+1 .
ox I2; g1, g2 m oy 12, q1, a2 n

Applying the above theorems, we shall prove the main two theo-
rems.

THEOREM 3. For every fixed p;, p, € N, there exists a positive con-
stant My (py, p2) such that for every feCy,p p, (X, ¥) eRE, m,neN
and 1 =1, 2 there holds true

@D wy, (@, ) [T (fE, 2); 2, ) — f, 9) | <

x+1 f +1
SAlZl(phPZ)‘”(fy Cl;p,,pg;\/ m ’ yn )

ProoF. Let f, s be Steklov means of function feCy;,, ,, defined by
the formula

h O
28) fu,s(x, y) :=;—6fff(x+u,y+v)dudv, (x,y)eR§, b, 6>0.
0 0

From this it follows that

h O
1
fo s, ) — fl@, ) = %f jAu,,,ﬂw, y) dudv,
00
)
af (x )—IIA flx, y +v)dv
E h, o\, Y héo h, 0 Y ,

h
3 1
—fr, 0, y) = — JAo,af(x+u, y) du,
oy hdo
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which imply f; s CL.,, ,, for every fixed k, 6 >0 and moreover

(29) ”fh,é”f”l;pl,pgsw(f’ Cl;pl,pz; hv 6)r
3
(30) “'ﬁé <2h o (f, Cy; py. poi 1 0),
15 p1, P2
3
31) “'ﬁé <26 0(f, Cy; py. i 11s 0).
1; p1, P2

By (8)-(12) and (28)-(31) we can write
32)  wp, p@, ) | TS (f5 @, 9) = fla, ) | <
< wy, (@, P{| T (fE, 2) — £ 5, 2); 2, y)| +
+| TS5 (fo, 5ty 205 @, 9) = fo, 6@, ) | + | i, o (@, ) = fla, ) | } 1=
‘= A, + Ay + Ay,

for every fixed (x,y)eRZ, m,neN, >0 and i=1, 2.
Using Lemma 8 and (29), we get

Al SMQ(pl’ p2)||f_fh,6”1;p1,p2 sMﬁ)(plr p2) w(f’ Cl;pl,pg; h’ 6)

1; p1, P2 n

‘3fh,a /x+1 Hafha
ox W1;p1,pe

o e+l o |y+1
s2M15(p1’pZ)a)(fy Cl;pl,pz; h’ 6) h T+(§ T ,

A3 < o(f, Cy gy i B 0.

A

Ay < My5(py, pz)[

Hence, from (32) it follows that

wplypz(x’ y) I T’ry’,}n(f! X, ?/) _f(x’ ?/) l <

< M (p1, p2) o(f, Cl;pl,pz;h’d)[l_i_h—l \ x;;l +o \ y:?:l ]

Now, for every fixed (x,y) e R, m, neN and i=1, 2, setting
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h=\(x+1)/m and 6=\ (y+1)/m we obtain the desired estima-
tions (27). =

THEOREM 4. Suppose that feCy, 4 4 With some q;, ¢2>0 and let
r>qy, 72>¢qy. Then there exist a positive constant M=
= M3 (qy, Qo, 11, T2) and natural numbers my and n, satisfying the condi-
tions (20) such that for all (x,y) e RE, m>my, n>ng and i=1, 2

B3) vy, (@, ) | T (f; @, ) — fla, y) | <

r+1 y+1
stﬁ(U(f, CZ;ql,qz; \/—‘m—v\/ n )

Proor. Analogously as in the proof of Theorem 3 we use the Steklov
means fj, s of fe Cy, , 4, defined by (28). By (5)-(7) and (28) and by our as-
sumptions, we have

(34) ”f_fh, 4} ”2; r, T = Hf—fh, 6“2; q1, Q2 S w(f’ CZ; a1, q2? h, 6)»

W, s
35 ' ’ <2h " o(f, Cy.y o by 0),
#) ox 2,41, ¢ o(f, 2541, Q2 )
¥, s
36 l ’ <207 'o(f, Cyy ik, 0),
o oy g, e olfs Coiar,

for h, 6 > 0. Arguing as in the proof of Theorem 3 and using Lemma 9
and (34)-(36), we obtain for (x, y) e RE¢, m>my, n>mng, h, >0 and
i=1,2

Vpy, @, ) [T (F @, ) = fla, y) | <

1 +1
S Mo, Cay g i by {1+ 01| 2= 451 [L T2 1
m n

where Mz = My (qy, g2, 71, 72) = const > 0. Setting £ =\/(x + 1)/m and

0 ="\ (y + 1)/n (as in the proof of Theorem 3), we obtain the desired in-
equality (33). =

Theorem 3 and Theorem 4 imply the following

COROLLARY 1. Let feCy,p p, 07 f€Cyy, 4 with some py, p;e N,
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and qy, g2 > 0. Then for every (x,y) eRE and i=1, 2
37 lim T.(f; ¢, y) =fx, ).

m,n

Moreover, the assertion (37) holds uniformly on every rectangle 0 < x <
<a,0<y<b

3.2. In this part we shall give the Voronovskaja type theorem for the
operators T{%}.

THEOREM 5. Assume that feC%, ,, with some p,, p;eN,. Then
for every (x,y)eR% :=={(x,y):2>0,y>0} and i=1, 2 we have

38 lim n{T{h(f; z, y) - flw, )} =

o8

4;(x,y)+£;y(x,y>+{° gi=1,
2 fiCe, ) +f)(w,y) fi=2.

PROOF. Let (x, 7o) be a fixed point in R%. Then, by the Taylor for-
mula for feCE,, ,,, we have for every (¢, z) e Rf

S, 2) = [y, Yo) + 1 (20, Yo )& — %) + f (X0, Yo)(z — Yo) +
1
+E{ e (0, Yo)(t =20+ 217, (0, Yo )t —20)(Z—Yo) + Sy, (X0, Yo) (2 — 02} +

+ (¢, 2; @, Yo){(t —@o)* + (2 — o)},

where y(-, -5 o, Yo) =Y(, ) €Cy;p, pyand  lim  y(2, 25 2o, o) = 0.
(t, 2) = (20, yo)

From this and by (12) we get for every neN and i =1, 2

T3, (f(t, 2); @, Yo) = F(@o, Yo) + £ (o, Yo) T (¢ — w3 %0, Yo) +
. 1 .
+1; (%0, Yo) T (2 — Yo; 20, Yo) + E{ (0, Yo) T, (8 — x0)%; o, Yo) +

+2f3, (2o, Yo) T,(% ((t — 20)(2 — ¥0); 2o, Yo) +

+im (@0, Yo) T (2 — o) @0, %0)} +

+ 0, (y(t, 2) V(= 20)* + (2 = 50)%; 20, o) -
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But by (17)-(19) we have for ke N

LY ((t— )5 m9) ifi=1,

T ((t — 20)*; @0, Yo) =
m 0773 %o> Yo LB (¢ —m); @) Hi=2,

L3 (z-y) ) fi=1,

T3 (2 — 40)?; 20, Yo) =
HEETRI T I L (e -y m) i i=2,

LU (t—; 20) LY (z—yp5 99)  if =1,

T8, ((t—20)(2 = %0); %o, Yo) =
) 0 YoJ; %o, Yo LY (t — @o; o) LM (2 — o o) If 1=2.

From these and by Lemma 1 and Lemma 3 we get

lim nT,{, (¢ — 2; @ )—{0 ifi=1,
N ® n,n 05 Lor Yo 1 lf’L=2,
lim nT{%, (2 — yo; )—{0 fi=1,
e R PR S
nli_r)rgonT,ffL((t—xo)z; %o, Yo) =X for i=1,2,
lim nT{%, (2 = 90)®; @0, %0) = Yo fori=1,2,

Jim w7, (= o)z = 9o); %, %) =0 for i=1,2.

Next, using the Holder inequality, we have for ne N and i =1, 2

T8, (ptt, 2 V=20 + 900" 0, 90)| <

< 2{T% (p2(t, 2); %o, Yo {TLL((t — )" + (2 — yo)*; o, Y0)}'%.

It is easily verified that for the function (-, ) = ¢?2(-, -) we can apply
Lemma 10. Hence

Tim T4 (p?(¢, 25 @0, Yo); @, %) =0 for i=1,2.

The linearity of T,ii}n and (17)-(19) and Lemma 2 imply that there exists a
positive constant Mos(xy, %) such that for every neN and i =1, 2

T (¢ — x0)* + (2 — Y0)*; %o, Yo) < Mas(X, Yo) 1 2,
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From the above it follows that

Tim {1, (p(t, 25 %o, Yo) V(E—0)* + (2= yo)*; 29, %) =0 for i=1,2.
Collecting these results, we immediately obtain (38). M

Reasoning as in the proof of Theorem 5 and using Lemmas 1 + 3 and
Lemma 11, we can prove

THEOREM 6. Let feC3. , ., with some g1, g2 > 0. The (38) holds for
every (x,y)eR? and i=1, 2.

3.3. Now we shall give the Bernstein type inequality for the opera-
tors T,{%,.

THEOREM 7. Suppose that feCi,p,, ,, With some p;, p,e N, and
81, 82 Ny. Then there exists a positive constant M=
= Mo (py, D2, S1, 82) Such that for all m, neN and i=1,2

Gt .
(39) v T3, (f; 2, y) 1

wslaySZ gM2>(lf.'»,'%‘()‘1/'?’82”f”l;p],pz'

s P1, P2

Proor. Let i=1 and sy, s,€ Ny. From (8)-(11) we deduce that
a31+sz

TS,
Ox 1 Oy * (i & 1) |
de 1 & dn 2j
: 1@ | lf(—i,0H+
dx® 1+ sinhny de® m
oS S| dn d= 2j 2k+1
3 3| @ | | 2500 |f( / )I\
J=0 k=0 de® d n
<] (e | [ 2 om0+
el |\ Tosinhny | |50 w,, (2 /m)

- 1
. ()| — 1.
* (]go | (@, ;@)™ wy, (25/m) )

wy, (2k +1)/n)

(2| —1-—)] =
k=0

= IIf”l;pl,pg{Zl(xy ?/) +ZZ(x’ ?/)}: (x, ?/) EI'E()Z’ m, nEN .
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But, using Lemma 6 and by (1), (2), we get

wpl,pz(x7 ?/) Zl(x’ y) SM27(p1» 81, 32) mslnsz’
Wy, 5 (X, Y) Zo(, Y) S Mog(py, 81, S2) m™ ' m 2,

for every (x, y) e RZ and m, ne N. Hence there exists a positive con-
stant Mgk = Mo (py, D2, 81, S2) such that for all m, neN and (x, y) e
e R

182

Sy TRRUs 2, ) | <Mgma i

wi’lvpz(x’ ?/)

which yields (39) for i=1. The proof of (39) for i=2 is identical. =
Analogously, applying Lemma 7, we can prove the following

THEOREM 8. Suppose that q,, qz, 71, T2, S1, So are fixed numbers
such that ¢, >r, >0, go>7,>0 and s;, sse Ny. Then exist a positive
constant Mgk = Myy(qi, q2, 71, T2, S1, S2) and natural numbers my and
ng satisfying the conditions (20) such that

Jor every feCy, 4 4 and for all m>my, n>ng and i=1, 2.

o +82
B 3y *

r o, <M
yTH T2
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