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Residually Finite PSP-Groups.

A. MOHAMMADI HASSANABADI (*)

ABSTRACT - Let G be a group. If there exists an integer n &#x3E; 1 such that for each

n-tuple (Hl, ... , Hn ) of subgroups of G there is a non-identity permutation a
in Sn such that the two sets HI...Hn and Ha(1)... Ha(n) are equal, then G is said
to have the property of permutable subgroup products. This is a note to show
that a finitely generated residually finite group has the above property if and
only if it is finite-by-abelian.

1. - Introduction.

Groups with the property of permutable subgroup products are de-
noted by PSP. If n &#x3E; 1 is an integer then G is a PSPn group if for each
n-tuple ... , Hn ) of subgroups of G there is a permutation a # 1 in Sn
such that H1... Hn = HQ~ 1 ~ ... Ha(n). Thus PSP is the union of the classes
PSP n; n = 2, 3, ....

It was proved in [ 1 ] that a finitely generated residually soluble group
G is a PSP-group if and only if G is finite-by-abelian. But the ques-
tion (**) whether finitely generated residually finite groups have the

same property was left open. The result of this note is the following
which answers the above question affirmatively.

(*) Indirizzo dell’A.: Department of Mathematics, University of Isfahan,
Isfahan, Iran.

(**) The author thanks Professor Akbar Rhemtulla, of the Department of
Mathematical Sciences, University of Alberta for drawing his attention to this
question. He also would like to thank the Referee for his valuable sugge-
stions.
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THEOREM. Suppose that G is a f’initeLy generated residually finite
groups. Then G is a PSP-group if and only if G is finite-by-
abelian..

2. - Proof.

We first prove the following Lemma in which we use the notation of
[2] for twisted wreath products. We recall the definition of twisted
wreath product (compare Neumann [2]). Let A , B be finite groups and H
a subgroup of B, and suppose that a faithful action Q of H on A is given.
We may form the direct product F of B : H I copies of A, and define a
faithful action of B on F in such a way that B permutes transitively the
copies of A and H acts on the first of these copies according to the action
of a. The split extension of F by B with this action is the twisted wreath
product of A by B with respect to H; it will be denoted by Atwr (H) B and
reference to the action Q will be suppressed. The subgroup F is called the
base group of the twisted wreath product. If H = 1, the group becomes
the standard wreath product Awr B of A by B. We are concerned with
the case in which B is cyclic and A is an elementary abelian p-group for
some prime p, and H acts faithfully and irreducibly on A.

LEMMA. Let G = Atwr (H) B be the twisted wreath product of a fi-
nite elementary abelian group A and a finite cyclic group B with re-
spect to a subgroup H of B, where H acts on A irreducibly. If G is a

1 and ~n, then rrz  72n.

PROOF. Let B = (b) so that a right transversal to H in B can be cho-
sen to be ... , b m -1 ~ . Let G = BF, where T

for Then for all since for each
where ~’’=(~’~)~~(6~)=(~’~)~~ , and

T is the mapping of B to T that maps elements of B onto their coset re-
presentatives in T. Thus for ~=&#x26;B0z~ we have t b -1 =

= f( b i -1 )~ b Z -1 ~~ -1-1, if i ~ 1. Therefore Similarly At = Ai + 1 for
i = 1, 2 , ... , m - 1 and Am = Ao .

Now the proof follows from Lemma 2.1 of [I], since the conditions of
that Lemma are satisfied. We include the statement of Lemma 2.1 of [1]
for convenience.
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LEMMA 2.1 of [1]. Let G be the split extension of a finite abelian
group F of prime exponent p and a finite cyclic group (b). Suppose that
F is the direct sum Ao ® ... EDAm -1 1 of m subgroups each normalized by
~ b m ~ and Al =Ai+1 1 for all i = 1, 2, ... , m -1 and Am = Ao. If G is a
PSPn-group, n &#x3E; 1 then m  7 2n

PROOF OF THE THEOREM. Let G be a finitely generated residually fi-
nite PSP-group. By the Lemma and Theorem 4 of [4], G is soluble-by-fi-
nite. By the main theorem of [1] G is finite-by-abelian-by-finite. We can
assume that there is a torsion-free abelian normal subgroup A with GIA
finite.

Let g E G. Then g acts nilpotently on A by [3], Lemma 2. Since is
finite, it follows that [A , g ] = 1. Hence A ~ Z( G ), G/Z( G ) is finite and G’
is finite, as required.

The converse follows from the proof of the main result of [3].
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