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REND. SEM. MAT. UNIv. PADOVA, Vol. 101 (1999)

Generalized Solutions of Time Dependent
Impulsive Control Systems (*).

CHANG EoN SHIN - Ryu J1 HYUN (**)

ABSTRACT - This paper is concerned with the impulsive Cauchy problem

a(t) =f(¢, ©) + g, ) w(t), tel0,T], a(0)=%

where u is a possibly discontinuous control function and the vector fields f,
g: RXR"+—R" are measurable in ¢ and Lipschitz continuous in x. If g is
smooth w.r.t. the variable « and satisfies ||g(t, ) — g(s, )|l < ¢(t) — ¢(s), for
some increasing function ¢ and every s <t, we show that the above Cauchy
problem is well posed as u ranges in the space L'(d¢).

1. Introduction.

Consider the Cauchy problem for an impulsive control system of the
form
(L1) x@) =f¢, x) +9¢, ) w(t), tel0,T], x(0)=%eR",

where u is a scalar control function and the dot denotes a derivative
w.r.t. time. We assume that the vector fields f, g: RxR"—R" are
bounded, measurable in ¢ and Lipschitz continuous in «, so that

(1.2) |fG, )| <M, |g¢,x)|sM,
(*) This work was supported by BSRI-97-1412.

(**) Indirizzo dell’A: Department of Mathematics, Sogang University, Mapo-
gu Shinsudong 1, Seoul, Korea, 121-742.
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for some constants M, L. Under these conditions, for any continuously
differentiable scalar function %, the right hand side of (1.1) is measur-
able in ¢ and Lipschitz in x. Therefore, a well known theorem of
Carathéodory [1] provides the existence and uniqueness of the corre-
sponding solution t—x(f, ). Aim of this paper is to show that, under
suitable assumptions on g, the map u—x(T, ) can be continuously ex-
tended to a much larger space of (possibly discontinuous) control func-
tions. Besides (1.2)-(1.3), let g be twice continuously differentiable w.r.t.
x, say

14 g, )le=

n

isgp[lg(t, x) |+ igl

n

dg(t, x)

i

Fy(t, )
O; Ox;

]sM.

i,i=1

Moreover, we shall assume that the total variation of g w.r.t. time is
bounded:

(1.5) lgtt, ) —g(s, e <o) —¢(s), 0<s<t<T

for some non-decreasing function ¢. Observe that, if » is a @ function,
the solution of (1.1) is not affected by changing g on a set of times of mea-
sure zero. For simplicity, we shall thus assume that both g and ¢ are
right continuous functions of time. By possibly replacing ¢ with

0 if ¢<0,
p)={1+t+ot) if 0<t<T,
2+T+¢(T) if t=T,

it is not restrictive to assume that

16)  ¢0+)—p(0-)=1, HT+)-¢(T-)=1, ¢@) =1 ae..

By (1.6), the positive Radon measure d¢ contains an atom at { =0 and at
t =T, and satisfies d¢ = dx, where dx denotes the standard Lebesgue
measure. We can now state the main result of this paper.

THEOREM 1.1. Consider a set of bounded, measurable control func-
tions of the form U={w:[0, T1—>[-M,, M;]1|ueC}. For ueU, call
x(t, u) the corresponding solution of the Cauchy problem (1.1). Then,
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under the assumptions (1.2)-(1.6), the map u+—>x(T, u) satisfies
T
(1.7) |#(T, w) = (T, v) | < C [ |u(t) - o(t) | dg(2),
0

for some constant C and all u, veU.

As a consequence, the map 2(7', %) can be uniquely extended by con-
tinuity to the closure of U in the space L'(d¢). This provides a natural
definition of solution of (1.1) also for a discontinuous control u,

x(T, u)inli_)ng‘> (T, v,),

where {v, },>1 is any bounded sequence of ¢ functions, tending to % in
the space L!(dg¢).

REMARK 1.2. In the case where g is a piecewise smooth function of
t, «, with finitely many jumps at times 0 =t, <%, <... <t,=T, one can
always construct a function ¢ such that (1.5) holds. Indeed, for suitable
constants C;, C,, one can take

@(t)=C,t + Cy-sup {k; t, <t}.

REMARK 1.3. Our results can be extended to systems of the
form

x =f(, x, u)+g(t, x, u)u.

Indeed, the dependence on # is easily removed by introducing an addi-
tional coordinate x, = u, with 2, = .

In the case where the vector fields f, g do not depend on time, sol-
utions of the impulsive Cauchy problem (1.1) were studied in [2]. For a
special class of Lagrangean systems with piecewise continuous depen-
dence on a time-like variable, the impulsive control problem was recently
considered in [6]. The present approach is simpler than [6], since it does
not require any smoothing approximation of the vector field g.

The proof of Theorem 1.1 is given in the next two sections. We first
introduce a suitable definition of solution of (1.1), valid when % lies in the
set

U ={u:[0, T1—[—-M;, M,]|u is piecewise constant and all

of its jumps occur at times ¢t # 0, T where ¢ is continuous}.
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For weU’, we show that the inequality (1.7) holds, hence the map
u—>x(T, u) can be continuously extended to the closure of U’ in the
space L' (d¢). When u e C, this continuous extension coincides with the
usual Carathéodory definition. Since the closures of U and U’ coincide,
the result will be proved.

2. Definition of generalized solutions and preliminary lemmas.

Let k:[0, T]1 X R*—R" be a (time dependent) vector field, and fix a
time 7€ [0, T]. Denote by t—exp {tk(z)} & the solution of the Cauchy
problem

2.1 o(t) =k(z, 2(t)), «(0)=4&.

We assume that for every « e R®, the map ¢t—k(t, x) is measurable and
for every te [0, T], the map x—k(t, x) is continuously differentiable.
Moreover, denote by t— D(t, k(t), Z) the fundamental matrix solution of
the linear differential equation

2.2) v(t) = D, k(z, exp {tk(t)} Z)-v(t),

with @(0, k(t), £) the identity matrix. Here D, k(z, -) represents the
Jacobian matrix of first order partial derivatives of k(z, -) with respect
to x.

The matrix &(t, k(t), £) has the following properties.

LEMMA 2.1. Let M, be a constant such that
| D, k(z, exp {tk(v)} &) w| < M |w|

for every &, weR", 1[0, T] and |t| <M;. Then |D(¢, k(z), &) -w| <
< |w|eMltl,

Proor. Since d/dt|D(t, k(7), T)-w| < My | D(¢, k(v), 2)-w|, by
Gronwall’s inequality |®(t, k(1), &) -w| < |w|eM2!!. =

LEMMA 2.2. Let k be twice continuously differentiable w.r.t. x and
let T [0, T]. Suppose that for any x, yeR"

|k(T, @) —k(t, y) | < L|x—y|
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and |[k(t, -)|le < M. Then for any 0 <t<M, and x,, x,, weR",
| D(t, k(7), 1) w — D(E, k(z), B ) w| < nBMM, |2 — @y | |w]| e2LM+ MM

Proor. Let 7e[0,T] and «;, «,, weR*. We put v ()=
= @(t, k(t), 1 )-w and v, (t) = B, k(r), 23)-w. For i=1 and 2, v;(¢)
is the value at time ¢ of the solution of the linear differential equa-
tion

0;(t) = D k(z, exp {tk(t)} x;)-v;(t), v;(0)=w.
Observing that for any v, x, yeR",
| D, k(z, x)-v| <n?M|v|
and
| D, k(z, 2)-v — D k(z, y)-v|<n*M|x—y| |v|,

due to Lemma 2.1
d

— (@) — )| =
dt|1() 2 (D) |

< |D,k(r, exp {tk(r)} ;) v,(t) — D k(z, exp {tk(z)} p)-va(t) | <
< |D,k(r, exp {tk(t)} ) v (t) — D, k(z, exp {tk(t)} 1) -v(t) | +
+| Dy k(z, exp {tk(z)} 1) v2(t) — D, k(z, exp {tk(r)} ) v () | <
< n2M|v1(t) — ()| + n?’lel — | |w| o LM +n2MM;
Gronwall’s inequality implies that
|01 (8) = va(t) | < n2 MM, |2y — 5 | |,w|eLM1+2n2MM1' -

When u € U', the corresponding generalized solution x(t, ») of (1.1)
can be defined in a straightforward manner. Indeed, let # have jumps at
points ¢;, with 0 <t; <... <t,<T. In this case, x(f, u) is the function
which solves the differential equation

2.3) x(t) = f(¢, ()
on each subinterval ]t;_,, t;[, together with the boundary conditions
24) «20)=%, ot +)=exp{(ult;+)—ult;—))gt;) }xt; ),

i=1,...,m.
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To study the continuous dependence of these solutions on the control
ueU', it is convenient to introduce an alternative representation, in
terms of a new variable £, which will remove the discontinuities due to
the jumps in «.

Choose points ¢; with ¢; =0, ¢, ,; = T, such that ¢; <t; < ¢; ., for each
i=1, ..., n.Since u is constant outside the points ¢;, on each subinterval
I, =[c;, c; +1], the function x(¢, ) provides a solution to

(2.5) () =f(@, @) + glt;, @) u), c;<t<ciy.

Defining the auxiliary variable &(¢) =exp{—u(?) g(t;))} «(t), it is
known [2,3] that £ is an absolutely continuous function which satis-
fies

(2.6) Et)=F*(, t;, &t), w(t)), ae. on [c;, civ1],
where F*:[0, T] x [0, T] X R" X R—R" is defined by
@7 F*(@t,7,& u) =D(—u, g(v), exp{ug(r)} &-f(t, exp{ugx)} &) .

For u e U', the corresponding solution ¢t—x(f, ) can thus be obtained
by setting

2.8) x(t, u) = exp{u(t) gt} &t, u), tel;

where t—&(t, u) is the piecewise continuous function such that

2.9) Et)=F*(t,t;, &¢), u(t)), tel;
2.10) {5(0) =exp{-u(0)g(t,)} T,
' E(c;+) = exp{ —ulc;) g(t)} (exp {u(c;) 9(t;_ 1)} E(c; ) .

The main advantage of the representation (2.9)-(2.10) is the following.
The total variation of %, and hence of x, can be arbitrarily large. On the
other hand, the total variation of & is related to the total variation of g,
which by (1.5) is bounded in terms of ¢. For this reason, it is convenient
to study the solution of (1.1) in terms of the variable &, which is much
better behaved than « or x.

From now on, we assume that f and g satisfy all the hypotheses in
Theorem 1.1. The following lemma shows that the map F'* defined in
(2.7) is Lipschitz continuous w.r.t. both variables &, u.
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LEMMA 2.3. There exists L; >0 such that for any t, te[0, T], &;,
EgERn and |u1 I , I’LLZ l ng,

(211) IF*(tv T, 51) ul)_F*(t7 T, 527 uZ)l $L1(|§1—§2| + |u1_u2|)
ProOF. By (1.4), we can easily see that for any §, weR" and |{| <

<M, |D,g(z, exp {tg()} &)-w| <n*M|w|. By Lemma 2.1 and Lemma
2.2,

|F*(t, 7, &1, w) —F*(@, 7, &z, uy) | S
< | D(— uy, 9(2), exp{u19(v)} &) ft, exp {u 9(v)} &) —
— D(—uy, g(1), exp{u; ()} £2)-f(¢, exp{urg()} &£1)| +
+|D(— uy, 9(z), exp{u,9(v)} £2)-ft, exp {us 9(0)} &1) — .
—D(—uy, (1), exp{u9(0)} §2)-f(t, exp {u 9(0)} &2)| <
S,n3M2M162LM1+2n2MM1 |6, — &, | + LelM+n®MM; |&, - &5 | =
=C |81 6|
and
|F*(t, 7, &2, uy) —F*(t, 7, &2, Up) | S

< | (= uy, g(v), exp{u;9(0)} £2)-f(¢, exp {u19(v)} &2) —
—D(—uy, g(7), exp {u19(v)} &2)-f(¢, exp {u29(0)} &2)| +
+| D(—uy, 9(v), exp {u19(0)} £2)-f(¢, exp {uz9(v)} £2) -
— ®(—uy, 9(v), exp {ug(1)} &2)f(¢, exp{upg(v)} £2)| +
+|D(—uy, g(v), exp{us9(v)} &2)f(¢, exp {uzg(v)} &2) -
— D(— up, g(1), exp{u9(0)} £2)-f(¢, exp {uz9(v)} &2)| <
< LMe™" MM |y — us | +n3M3M1eLM“LZ”ZI‘W1 |uy —ug | +
+n2M2e™ MM |y —uy | = Cy |y — |

where C, = n3M2M, e2LM+2n* MMy | [ o LMy +n*MM, and Cy=
= o MMy (9,3 N3 N, @ LM+ MMy L [N + 2 M?). Thus (2.11) holds for
Ll = Cl + Cg. L
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LEMMA 24. Let ZeR" and 0 <t,<715,<T. Then for any teR,
(2.12) |exp {tg(r,)} & — exp {tg(z2)} &| < "1l (¢p(z5) — Pp(z1))|t] .

Proor. Replacing ¢ with —¢, it is not restrictive to assume ¢ > 0. Ob-
serving that

d . -
= |exp {tg(z,)} & — exp {tg(r2)} &| <

< |g(zy, exp {tg(r1)} &) — g(v2, exp {tg(z2)} &)| <
< |g(zy, exp {tg(r1)} &) — g(z,, exp{tg(z,)} &) | +
+|9(zy, exp {tg(r2)} &) — g(v2, exp {tg(z,)} ¥)| <
s L|exp {tg(r1)} & — exp {tg(r2)} &| + (¢(72) — p(71)) ,
Gronwall’s inequality implies
|lexp {tg(z1)} & — exp {tg(r,)} &| <™l (p(r5) — p(z 1)) [t] . ®

Let ¢y, t,e[0, T] and p, q, ve R". From (1.4) and (1.5), we can easily
see that

(2-13) |(ng(t1v p) - ng(tZ’ P))?J| s n2 |¢(t2) - ¢(tl) | I’UI ’

(2.14) lg(ti, p) —g(t, @) | <n*M|p —q|,
@.15) . | D2 g(ty, p)-v| < n*M|v|

and

(2.16) |(D.g(t1, p) — Dog(ty, @))-v| <n*M|p—q| |v].

We define a map

kt;, t)=9;,(1-1)g+1p), 7e€[0,1], 1i=1,2.
Then k is differentiable w.r.t. 7 and we have
@17)  |g(ts, p) — 9(ts, @) — 9(t1, P) + 9(t1, @) | =

1

ji(k(tm T)_k(tly T))d'[ =
dt

0

= |k(tz, 1) = k(tz, 0) —k(t1, 1) +k(%y, 0)| =
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1
I(ng(tz,(l—r)q+rp)-(p—q)—ng(t1,(1—r)q+rp)~(p—q))dr <
0

<n®|g(t) — ¢t |- gl .
In the similar way, we have that
2.18)  |(Dyg(ts, ) — Do g(te, @) — Dog(ty, p) + Dog(ty, @))-v| <
<n®|¢(t;) — ¢t) | |p—q| |v].
PROPOSITION 2.5. Let xy, Yo € R” and let t, and t, be points on [0, T1.
Define a map K:[-M,, M;]—-R" by
(2190 K(s) =
= exp { —sg(tz) exp {sg(t)} @ — exp{ —s9(t2) } exp {sg(t:1)} %o -
Then there exists B; > 0 such that for any se[-M,, M,],
(2.20) |K(s) | < |2 — yo |eBr1#) — 0@,

ProoOF. Let
pr=exp{sgt)} %o, pe=exp{—sg(tz)}pi,
g =exp{sg(t)} yo and gz=exp{—s9(t:)} 1.
Then
K(s) =p2— ¢z
and
K'(s) = —g(ty, p) + P(—s, g(t2), p1)-9(t1, p1) + 9(t2, ¢2) —
— (s, 9(ts), q1)-g(t, @) = —9(ts, p2) + 9(ts, q2) +
+@( -, g(ts), exp {sg(tz)} p2)-9(t1, exp{sg(tz)} pz) —
—®d(—s, g(ty), exp{sg(t2)} ¢2)-g(t1, exp {s9(t2)} ¢2) .
Define a map H:[-M,, M;]1—R" by
221)  H(s)=®(—s, g(ty), exp{sg(tz)} p2)-g(ts, exp {sg(t2)} p2) —
—D(—s, gty), exp {sg(tz)} g2)-9(t,, exp{sg(ta)} g2)
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Observing that for any p e R,

d

= D(— s, g(ty), exp {sg(t2)} p)-g(t1, exp {sg(t;)} p) =

= —®(—s, g(ty), exp {sg(ty)} p)-D,g(ts, exp {sg(tz)} p)-
g(ty, exp {sg(t)} p) + &(— s, g(t), exp {sg(t2)} p):
D, g(t;, exp {s9(t2)} p)-g(ts, exp {sg(t2)} p),
we have
222) H'(s)=D(-s, g(ty), exp{sg(tz)} pz)-
Lg(ts, ), gt1, )1 (exp {sg(t)} p2) —
—B(—s, g(t), exp {sg(t2)} q2)-[g(tz, -), g(t1, )1(exp {sg(t2)} =),

where [g(tz, -), 9(ti, ))(p) = D, g(t;, p)-g(ts, p) — Dy 9(ts, p)-g(t1, p). If
there exists B, > 0 such that

(2.23) |K'(8)| <Bs|pts) — o(t) |- |p2— g2 s
then by Gronwall’s inequality
(2.24) |K(s) | < |20 — 9o | P19 9@ |

where B; =M, -B,. We thus only have to show that inequality (2.23)
holds for some B, > 0. Since

(225) K'(s)=H(s) — g(tz, p2) + 9(tz, @2) =
=H(s) - (g(t1, p2) — 9(t1, ¢2)) +
+(g(ty, p2) — 9(t1, ) — 9(ta, P2) + 9(ta, ¢2)) =
= H(s) — H(0) + (g(t1, p2) — 9(t1, q2) — 9(tz, P2) + 9(ta, @2)) =

= [H'(dr + (gt p2) ~ g(h, 02) = 9tz Do) + 9(tar @)
0

and by (2.17)

lg(t1, o) — 9(t1, g2) — 9(ta, Do) + 9(te, q2) | S P |P(te) — p(t) |- P2 — @2 |
to claim inequality (2.23) we shall show that there exists Bs > 0 such that
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for any te[—M;, M]

(2.26) |H'(t)| S Bs |¢(tz) — ¢(t) | [Pz~ g2 | -

We fix re [—M,;, M;] and define maps v, v,:[—M;, M;]1—>R" by
v1(0) = D(0, g(t), exp{Tg(ts} p2)-[9(ts, ), g(ty, )1(exp {Tg(t:} p2)

and

v2(0) = D(0, g(ts), exp {Tg(t2)} g2)-[g(ts, ), g(t1, )1(exp {rg(t2)} g2) -

Then

2.27) H'(t) =v,(—7) = v( —7)

and v;, v, satisfy

do

d
(2.28) l_ v, (0) = D, g(ts, exp{og(ty)} ps)-v,(0),
v1(0) = [g(ta, *), 9(t1, )1(Ps),

do

d
(2.29) { — v3(0) = D, g(ts, exp{09(t)} g5)-v2(0),
v2(0) = [g(ts, ), 9(t1, )1gs),

where p; = exp {rg(t;)} p; and g3 = exp {7 9(2)} go. We compute a bound
for |v;(0) —v,(0)| to get

(2.30)  |v1(0) —v2(0) | = | D, g(ty, p3)-9(tz, p3) — Dy 9(t2, p3)-g(t1, P3) —
~D,g(t1, q3)-9(tz, q3) + Dz g(t2, g3)-9(t1, ¢3) | =

= | (D, 9(t1, ps) — D, g(ts, p3))-(g(tz, Ps) — 9(ts, g3)) +

+(D,g(tz, g3) — Dy g(ts, ps))-(9(ty, ps) — 9(tz, p3)) +

+(Dog(t1, ps) — Dog(ts, P3) — Dpg(ti, q3) + Dpg(ts, g3))-9(t2, g3) +
+D,g(ts, g3) (9t2, P3) — 9(t1, Ps) — 9(ts, g5) + 9(ty, g3))| <

<4AnM|p(ty) — oty | |ps — gz | < 4n* Me™ |p(ty) — () | |2 — G2 | -
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By considering —o instead of o, we assume that o=0. Observing
that

@31)  |v(0) | < |v(0)|e" Mo <
<|Dyg(t1, ps)-g(tz, ps) — Dug(tz, ps)-glty, ps) [e™ 2 <
< |D,y9(t1, p3)-g(ta, ps) — Dyg(ts, ps)-g(ts, Ps) | +
+|D,g(ts, P3)-g(tz, Ps) — Dypglta, p3)-g(ti, ps) ) ™ M <
<2n2Me™ MM | (ty) — p(t,) |,
we have a bound for |v;(0) —vq(0)| as

|v1(0) —v(0) | =

f(ng(tz, exp {n9(ty)} p3)-v1(n) — D,g(ts, exp {ng(tz)} g3)-v1(n) +
0

+D,g(ts, exp{ng(tz)} g3)-v:1(n) —
=D, g(ty, exp{ng(t)} g3)-v2(n)) dn + (v,(0) — v,(0)) | <

< [n®Mlexp{ng(t)} ps — exp {ng(t:)} g5 | |v:(m) | dy +
0

+jn2M|vl(n)—v2(n)|dn+ |9,(0) — v,(0) | <
0
<205 M2M,; e+ MMy gty — (b)) | o — go | +
+4nt Meli |p(ts) — d(t) | | P2 — g2 | + fnlevl(ﬂ) —vy(n) | dn.
0

By Gronwall’s inequality,
(2.32) |v,(0) —v2(0) | < Bg |p2 — q2 | |P(t2) — ¢(%y) | for any 0 < o< M,
where By = (215 M2 M, e2LMi+n* MMy | gp 4 JfolMi)on* MMy By (2.27),

(2.33) |H' (1) | S B |p2 = g2 | |9(t2) — ¢(t1) | .
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We thus have that for any se[—-M;, M,]

(2.34) SBy|pe—qz | |9(t) —o(t) |,

fH'(r) dr
0

where B, = BsM,. By (2.25)
|K'(8)| < B |ps— g2 | |9(t) — p(t1) |,

where B,=B,+n2% As a consequence, the proposition is
proved. ®

3. Proof of the theorem.

Before proving that (1.7) holds for u, v € U, we show that it holds for
u,ve U . Let u, ve U'. Recall that the generalized solutions x(¢, %) and
2(t, v) can be defined in terms of (2.8)-(2.10). Assume that either % or v
jumps at ¢; where

0<t<tp<..<t,<T,

moreover, we may assume that 4 and v are left continuous since ¢ is con-
T
tinuous at each ¢; and the integral I |u(t) — v(t) | dg(t) is not affected by

0
changing the value |u(t;) —v(t;)|. Let ¢;=0 and d,=T. We choose
Ciy di—-le (ti—-l’ tl] with < d'i—l for i = 2, ey M. Define the time inter-
vals I, =[¢;, d;],1=1, ..., n. Since u and v are left continuous, it is not
restrictive to assume that d;_, =t;. Define

X(t) = exp { —u(t) g()} (¢, ),
Y(t) = exp { —v(t) g(t)} x(t, v).
Since
| (T, u) — (T, v) | = |exp {u(T) g(T)} X(T) — exp {o(T) g(T)} Y(T) |,

we need to estimate the increase of |X(¢;) — Y(t;)| as ¢ increases. On
each interval I;, we define

X;(t) =exp{ —u(t) g(t))} x(t, w), Yi(t)=exp{—0v(t)g(t)} 2(t, v).
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By (2.6), on the interval I;, X; and Y, satisfy the differential equa-
tions

X,(t) = F*(@t, t;, X;(0), u(®)), Yi(t) =F*(, t;, Yi(t), (),

respectively. Due to Lemma 2.3, on the interval [¢;, ¢;,,] we have
d
BD  — X0 - Yi®] S L(|Xi®) = Yilt) | + [uct) = o®) )

We thus have an estimate by Gronwall’s inequality
B2) | Xittir)—-Yitis)|s

b1
< |Xit) — Yilty) | e 79+ Lie [ Ju(s) —o(s) | ds.

t

Next, we estimate the difference between

| X(ti 1) =Y )| and | X;(i0) — Yi(tie )| -

If we put xy = X;(t;,1) and y, = Y;(¢;, 1), then

B3) X)) -Yir) =
= |exp { —u(t;+1) 9(t;+ 1)} exp {wu(t;i+1) gt} o —
—exp{—v(t;+1) 9t 1)} exp{v(ti 1) gt} o | <
< exp { —u(ti+1) g(ti+ 1)} exp {ulti 1) g(t:)} o —
—exp{ —ult;+1) g(t;+ 1)} exp {ulti, ) 9t} yo | +
+|exp { —u(t;+1) 9(ti 1)} exp {ulti+1) 9t} yo +
—exp{—v(t;i+1) 9t 1) yexp{v(ti+1) g(t)} yo |=E1 + E;.

If in (3.3) Ey<C3(gp(t; 1) — o(t))|ultis1) — v(ti+1) | for some C3>0,
then by Proposition 2.5

B4) X))~ Yty | <

tit1

< | Xi(tiv1) — Yi(tisq) | eB1@ie0 — 9@ 4 Oy f |u(s) — v(s) | dp(s).
i
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By (3.2) and (3.4),

(B5) | X(tiyy) — Yt | <
ts1

< B (@i 1)~ () | X(t) - Y(¢;) |eL1(ti+1‘ti)+LleLlT I |u(s) —v(s) | ds |+
b

b+t

+C; [ |uts) = o(s) | dp(s).
t

Observing that on the interval [0, ¢;] equation (1.1) is x =f(t, x),
x(ty, u) = x(t;, v) and

(3.6) | X(t) — Y(t) | < M|u(0) —v(0)] .
Due to (8.5) and (3.6), we can use the induction to obtain
| X(T) - Y(T) | < eB1 @M —oO)+InT | X(t) — Y(&) | +

T
+ Ly T+ BOD =00 [[3(s) —u(s) | d(s) +
0

T
+CaeBl(¢<T>—¢<o»+L1TI |u(s) — v(s) | ds < eBr @D - o)+ InT.
0

T
| M| u(0) — v(0) | + (L™ + cg)jm(s) —u(s) | d¢(s)) <
0
T
< 04( [luts) = o(s) d¢(s>),
0

where C,=eBt@D-¢ON+ILT (A4 1, elT +(Cy). We can estimate
|o(T, u) — (T, v) | :

|2(T, u) — (T, v) | = |exp {w(T) g(T)} X(T) — exp {w(T) g(T)} Y(T) | <
< |exp {w(T) g(T)} X(T) — exp {u(T) g(T)} Y(T) | +
+|exp {w(T) g(T)} Y(T) — exp {«(T) g(T)} Y(T) | <
T
<e™ | X(T)-Y(T) |+ M|uw(T) —u(T) | < C5I |u(s) —v(s) | dp(s),
0

where Cs = C,e™™1 + M. Hence (1.7) holds for u, veU'.
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Now we need to show that, in (3.3), E,<Cs(¢p(t;s1)—
— @) |u(t;+1) —v(t;+1) | for some constant C3>0. By Lemma 2.4,

lexp {u(t; +1) 9(t:)} %o —
—exp {((t;+1) — vt 1)) 9t 1)} exp {vt; 1) 9D} %o | <
< e?Mi(p(t;, 1) — o)) | ult; s 1) — vt 1) |
and
|exp { —u(t;+1) 9(ti+ 1)} exp {u(ti+1) 9t} yo —
—exp { = v(t;+1) g(ti+ 1)} exp {v(ti 1) 9t} 9o | =
= |exp { —u(t;+1) 9(t; 4 1)} exp{uti 1) 9(t:)} yo —
—exp{ —u(ti+1) 9ti+ 1)} exp {(ut;s1) — v(ti41)) 9 )}
exp {v(ti+1) 9t} 4o | < ™M (@t 1) — o(t)) |ult; ) — vty 1) | -

Therefore Ey < C3(p(ti+1) — ¢(t:)) |u(ti+1) — v(ti11) | for Cy =3,

Next, we claim that (1.7) holds for %, v € U. Suppose that for any w e
€ U, there exists a sequence {w, } in U’ such that w, —w in L'(d¢) and
(T, w,) > «(T, w) as n— . For » and v € U, we have sequences {u, }
and {v,} so that u,—u, v,—v in L'(d¢), =T, u,) —>=(T, u) and
(T, v,) > 2(T, v) as n— . We thus have that for any ne N

BN (T, u)—2(T,v)|<
< |o(T, w) — (T, uw,) | + |(T, v) — (T, v,) | + |(T, u,) — (T, v,) | <

T
< |(T, w) — (T, u,) | + |o(T, v) — (T, v,) | + Cf|un(s) —v,(8) | dep(s)
0
and take n— o« in (3.7) to get
T
|a(T, u) — (T, v) | < cj|u(s) —u(s) | dep(s).
0

Hence we only have to show that for any w e U, there exists a sequence
{w,} in U such that w,—w in L'(d¢) and (T, w,)—>x(T, w)
as n—o. Let we U. We can c%r(ls)truct a sequence {wy,} in U’ such that

w,—w in L'(dg) and w,(t) = > aix (), where I = [af", b'], I]' =
i=1
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=(al, bl] for i =2, ..., (n),

3.8 O=al'<bl=0a3<b<...<b¥wy-1=ny<biy=T
and
1
3.9 bl—al'< — .
2n
For neN and 1 =2, ..., 6(n), we choose c¢"e (a, b"). Put ¢/"=0 and

csnmy+1 = T. Define the time intervals J{* = [¢f, ¢3'] and J" = (¢*, ¢ 1]
for i=2, ..., 8(n).
Before proving that 7}_% x(T, w,) =x(T, w), we observe that for a

control function %, if the solution or the generalized solution of the in-
itial value problem

(8.10)  @(t) = f(t, @) + g(b, ) i(t)
for teJ!, i=1,...,6(n) and x(0)=7

exists, then we denote by ¥, (t, @) the solution or the generalized sol-
ution of equation (3.10) corresponding to a control function w. If we U,
then y,(t, w) is the usual solution of (3.10). If &(¢, w) is the solution of
the differential equation such that on each interval J,

&(cl) = exp { —w(c/") g(b")} yu(cl, W),
then y, (t, w) also satisfies that
(3.12) Yn(t, w) = exp {w(t) g(b")} &, w), teld!.

On the other hand, if weU’, then y,(t, w) is inductively defined by
(8.11) and (3.12), in this case y,(t, w) = x(t, w) is the generalized sol-
ution of (1.1) corresponding to .

Simple computation yields that

3.13) nlm Yu(T, w) = (T, w),

when we take y,(f, w) as a usual Carathéodory solution of (3.10) corre-
sponding to w. By Theorem 5 in [2],

8.14) nljmo | Y (T, wy) — Yu(T, w)| =0,
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when ¥, (¢, w) is defined by (3.11) and (3.12) corresponding to w. As a
consequence,

nli_l)rgo (T, w,) =T, w)
and (1.7) holds for u, veU. =
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