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Convolution in (W}, ,)'-Space.

R. S. PAaTHAK - S. K. UPADHYAY (*)

ABSTRACT - A characterization of convolutors in (W}, ,)'-space is given using
the properties of the translate 7,: W}, ,— W} ,. Using the theory of Fouri-
er transform in these spaces, the Fourier transform of convolution is
studied.

1. - Introduction.

A characterization of convolution operators on the K{M,} space was
given by Swartz [9] generalizing the characterizations of the space O,
of Schwartz [8] and of convolutors on the spaces of distributions of ex-
ponential growth by Hausmi [5]. This chracterization naturally yields a
characterization for W), ,-space, which is a special case of K{M,} space.
A similar characterization of convolution operators in K, was given by
Sampson and Zielezny [10]. All these results are related to L *-
norms.

In terms of L? norms the spaces Wiy, Wiy ,, W7, W2 %P were de-
fined and their Fourier transforms were studied in[6]. We recall the
definition of the spaces Wi, Wi ,, W7 W2 %7 Let u(£) be a contin-
uous increasing function on [0, «] such that x#(0) =0, u(®) = «, and
for = 0 define an increasing convex continuous function M by

M(x) = j WEE, M(-x) = M).
0

(*) Indirizzo degli AA.: Department of Mathematics, Banaras Hindu Univer-
sity, Varanasi 221005, India.
MSC (1991): 46F12.
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Then M(0) =0, M(®) = o, and
(1) M(x; + 22) < M(,) + M(x).

Now the space W};(R) is defined as the set of all infinitely differen-
tiable functions @(x) (— © < x < ») satisfying

He 1/p

for each non-negative integer k& where the positive constants a and C; ,
depend upon &. Clearly W}, is a linear space. The space W}y can be re-
garded as the union of countably normed spaces W}, , of all complex
valued C~*-functions @ which for any 6 > 0 satisfy

+ 1/p
(3) (JIexp[M(a—é)xw"‘)(x)I"dx) <Cpsp k=0,1,2...

Let 2 be another increasing, continuous, convex function possessing
properties similar to those of M. Then W'? is defined to be the set of
all entire analytic functions &(z) (z = « + iy) satisfying the inequali-
ties

(4) (

The space W %7 is defined to be set of all those functions in W< ?
which satisfy the inequalities

©

8— +

1/p
|exp[—.Q(by)]z" ¢(z)|”dx) < Cy, p» k=0,1,2....

+ o 1/p
(5) ( J IeXp[-Q[(b+9)y]]z"¢(z)|”dx) < Cy, o, p -

In this paper the translate z,: W} , — Wi, , defined by 7, [®(x)] =
= @(x + h), h € R, is shown to be continuous, bounded and differentiable.
A characterization of convolutors in W}, , is given. Furthermore, by
using the theory of Fourier transform of fe (W} ,)', g€ (Wi ), 1/p +
+1/q =1, we show that

F(f+g)=F(f)-F(g) in (W /Py
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2. — Characterization theorems.

THEOREM 2.1.

(i) For each heR the function @ —1,P is continuous from
Wi, o into Wiy, .

(i) For a bounded subset A of Wl , and ¢>0, the set
{rx®@: |h| <&, PeA} is bounded in Wi ,.

Proor. For & e W}, , and ke R, we have

+
Ies 2l =( |

©

1/p
|exp [M[(a — 8)x]]7,[2® (x)]l"dw) =

xexp [M[(a — 6)(x + h)]] @® (x + h)|Pdx

©

1/p
|exp [M[(a — 8)x]] @ (x + h)|”dw) =

8 +

©

|exp [M[(a — 8)x] — Ml(a — 8)(x + h)]] X

8 — +

Now, using the convexity property (1), we get
(6) rul, <

P + 1/p
< exp[ — Ml(a - 6)h]]( j |exp[Ml(a — 8)(x + h)]]D@® (x + h)|P da
so that (i) and (ii) follow from inequality (6).

THEOREM 2.2. For each ® e W} , the translate t,® is differen-
tiable in Wiy o, p = 1.

PRrOOF. From [6, p.734] we know that a function @ e W , is dif-
ferentiable in W} , space. Since 7, ® € Wi ,, it follows that 7, @ is dif-
ferentiable in W ,.

Now, we recall the definition of a convolute [3, p. 137].
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DEFINITION 2.3. Let V be any test function space and V' be its
dual. A generalized function fe V' is said to be a convolute if for each
PeV,f+PeV,and D, — 0implies that f* @, — 0 in the topology of V.
If fis a convolute and g € V, the convolution of f and g is given
by

(fxg, ®)=(g, f* D).

THEOREM 24. Let fe (Wl ,) and ®e Wy , then f*®e Wi,
where p,r=1 and b>a > 0.

Proor. From [6, p.734] we have
f= 3 polewMe- A 5®),  feLl.
=

Therefore for @ € Wi, , we have

oo

+ +
|( f* ®D)()| = jf(t)<p(x+t)dt| < j | f(t) Dz + t)| dt <

+
s 4[
—®

<

o

.En:OD(” [exp[MI(a — 6)t1] ()] D(x + 1) | dt <
i<

o

J

3 (~ 1 [exp[Mi(a - )11 ()] DY D(a + 1) | dt <

0

8 — +

©

s>

j=0

8+

lexp[(a — 8)1)] £;(¢) D d(x + t)| dt .

So that for 1/p + 1/q =1, we have

0

DL (fr D)) < 3 [ 1£® exp[Mi(a ~ )DL d(a + )| dt <
7= — 00

< éo 15l lexp [MI(a — )1 DESP Sl + B, <

< 3 150 lexe (M ~(a - 9o + 01 + Mi(a - )]

-exp [M[(a — 0)(x + )] DL d(x + t)||, <
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< exp[ - Mla— 6)w]]j§; 1£1l; llexp[MI(a — 6)(x + )IIDET? D + 1), <

<exp[ — Mi(a — 8)x]1C, D, , -
Therefore, for (b > a > 0), we have
lexp [MI(b — 8) x11DP (f* @)@)|| < Cy, n|Plls, yexp [ — MI(D — @) 211
Hence for »=1,
lexpIMI(b — &)2 11D (f* @)@, < Cy, n|@]s, p llexp — [ - MI(6 — @)1, .

In particular, taking » = p we have f* @ € W}, ;, b > a. Therefore fis a
convolute in (W})'.

THEOREM 2.5. Assume that b > a > 0. Then W} , is a dense sub-
space of Wiy , for 1< p < .

ProoF. Let u € Wiy , and @ e D(R) such that &(x) =0, d(x) =1
for |x| <1 and @&(x) =0 for |x| =2. Define @,(x) = D(x/v), ve
e N.

Set u, = @, -u. Then u, e D(R). It can be easily seen that u, — % in
W} .. Therefore D is dense in Wj; ,. Since D c (W}, ), it follows that
Wi » is dense in W} ,. Consequently, (Wi )’ ¢ (Wi, ).

3. - Fourier transform.

THEOREM 3.1. If fe (Wh o), ge Wk o), 1/p+1/g=1 then
frge Wy ), a<b and F(f+g) = F(f)-F(g) in W/,

ProOOF. From [6, p.734] we again have
) f= 5 DilexplMia - ull ], feL?
j=

and

!
(8) g= kEZ:OD"[exp [M(a — &)ullge(w)], greL”.
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Now,

[(exp [M[(a — &) u]] f;(w)) * (exp [M[(a — 8) ull g, (w)] (8) =

= I exp [Ml[(a — 8)(t — w)] £;(t — w) exp [M[(a — 6)ull g, () du <

o

< I exp [M[(a — 8)t1] f;(t — u) g (u) du

which is known to be an element in L", 1/r=1/p+1/q—1.
Since

L"c(Wy ), (exp [MI(a — 8)u]] f;(w)) * (exp [M[(a — 6)u]]l gi(u))
is an element of (Wy ;)', (a <b). Also, since (Wy, ;)" is closed with
respect to differentiation, hence the distributional derivative
D **[exp[M[(a — 8) ]l f;(u) * exp[M[(a — 6) ]l gi ()] is also an ele-
ment of (Wy ;)'. Furthermore f*g e (Wy, ) implies that F(f*g)e
e (W% /%) by Gel'fand and Shilov [4].

Now, let @ e W2 /%, Then,

(F(f*g)(x), D)) = ((f*g)(u), FIPNu)) =

n 1
= <j§0 2 D*H[exp[Mi(a ~ )ull f(w)]»
* [exp [M[(a — 8) ull g, (w)], F[¢](?4)> =
n ! .
= <j§,0 k§=‘,0(—1)“"[eXp [M[(a — 6)w]] f;(w)] *
*exp [M[(a — 6)u]] g (), D’ +"I"'[<1>](u)> =
n ! .
= <,~§‘0 k§=)0( —1)**[exp[M[(a — 6)ul] f;(w)] *

*exp [M[(a — 6)ullgi (), FI(—1) **a? +"d>](u)> =
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n l
= <j§o kgo(i)"“‘w"”‘F[exp Ml(a - &)ullfi]
Flexp [MI(a — 8)]ulg; ], ¢(x)> =
= < ano(i)"fo[eXp Mi(a - 8)u]l ]
i

l
+ 2 (i x* Flexp [Ml(a — O)ullgi], ¢<x)> -

3

= <F[j§0Dj [exp [M[(a - 6)u]]J§(u)]]’

!
-F[jgoD"[exp [Ml(a — 8)ul] gk(u)]], <1><w)> = (F(f)-F(g), ®).
DEFINITION 3.1. fe (W} )’ is said to belong (O)' c (Wj,,)" if for
all ge (W o)', fxge (Wi )"

THEOREM 32. If fe (OF) and ge(Wh.a)', then F(f+*g)=F(f)-
-F(g) in the sense of equality in (W< 1/*P)

PROOF. Let @ € W2 /%P then we have
(F(fxg)), D)) = ((f*g)t), FIDIL)) = ( f(x),(9(t), FI PN + 1))).

Since fe (0F) c (Wl o)’ c(Wh. ), and (g(t), FI®])(x + t)) belongs to
W » by Theorem 2.4, then right-hand side is meaningful. Now, using
(8) we have

(g(t), FIPNx + 1)) = < ﬁ‘,ODj [exp [MI(a — 6)t11g;(t)], FIPNx + t)> =
i<
= <j§:30[( —1Y exp[Ml(a — 8)t1lg;(®)], D FI PN + t)> =

= < ﬁlo( —1) exp [M[(a — 0)(u — x)]] g; (u — ), D{;F[<D](u)> =
i<
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= < ﬁ)o exp [M[(a — 8)(u — x)]1g;(u — ), FIG) y’ ¢](u)> =
i

= < ﬁo(i)j exp [Ml(a — 6)(u — x)]1g;(u — x), F[yjd)](u)> =
i

- ﬁo(i)f(wn(yw)])(x),
P

where ¥ = exp[M[(a — 6)(u — ®)]1g; (w — x)]. Then the last expression
equals

,ﬁ()(zn)-"(i)f (F(FT®D) * Fly 61(x) = jio(zn)-m)fm‘(m-yfqb](x).
1= =
Therefore,

(F(g*f), ) = (f(2),{g(t), FIPNx + 1)) =

= <f(x), io(zm-"F(ﬁm (i)Y y’ ¢)(m>> =
-
= <F(f), ,io(i)f(zm-"ﬁv'[vf] y <1>> =
i
= <F(f), ,iﬂ(i)ﬂ' (2m) "y Flexp [Mi(a — 6)x1lg; ()], <1>> =
=

= <F(f )-F[éOD"" [exp[MI(a - 6)x]gj(x)]]], ‘P> =(F(f)-F(g), ®).
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