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Characterization Properties for Starlike
and Convex Functions Involving a Class
of Fractional Integral Operators (*).

R. K. RAINA (**) - MAMTA BOLIA (*¥**)

ABSTRACT - This paper studies the characterization properties satisfied by a class
of fractional integrals of certain analytic functions in the open unit disk to be
starlike or convex. Further characterization theorems associated with the
Hadamard product (or convolution) are also investigated

1. - Introduction.

A new class of fractional integral operators with a particular case of
Fox’s H-function in the kernal was introduced by Kiryakova [4] and [5]
(see also [3]). Subsequently, this generalized fractional integral opera-
tor was extended and studied in a wider context on MecBride spaces
F, , and F; , by Raina and Saigo [9] (see also [12]). Recently, several
classes of distortion theorems have been obtained involving certain
fractional integral operators by Srivastava, Saigo and Owa [15]. Distor-
tion inequalities associated with the new class of fractional integral
operators [56] have very recently been considered by Raina and Bo-
lia [10].

This paper is devoted to studying the sufficiency conditions satis-
fied by a class of fractional integral operators (defined by eq. (5) below)
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of certain analytic functions in the open unit disk to be starlike or con-
vex. Further characterization properties associated with the
Hadamard product (or convolution) are also considered. The class of
fractional integral operators incorporates several well-known integral
operators like; the Riemann-Liouville operator, Kober fractional inte-
gral, Erdélyi fractional integral, Love fractional integral, Saigo frac-
tional integral and their various generalizations. One may refer to[9]
for comprehensive details of these above special cases. The results of
this paper are widely applicable to several fractional integral operators
including the one discussed in [7]. i

The paper is organised as follows: Section 2 gives preliminary de-
tails and definitions of starlike and convex analytic functions, and gen-
eralized fractional integral operators. In Section 3 we state first the
results which are required in our sequel and then establish our main
characterization properties in the form of Theorems 1 and 2. Lastly,
Section 4 considers the characterization properties associated with the
Hadamard product.

2. — Preliminaries and definitions.

Let T(n) denote the class of functions of the form
6)) fR) =2+ X az* (neN),
k=n+1

which are analytic in the unit disk U = {z: |z| < 1}. Then a function
f(z) e T(n) is said to be in the class S(n) if and only if

zf' (z)

Further, a function f(z) € T(n) is said to be in the class K(n) if and
only if
zf " ( z)
f (=)

3 Re{1+ }>O (zel).

It is easily verified that
) fR)e K(n)<=zf'(z)eS(n) (VneN),

and that S(1) and K(1) are the well known classes of starlike and con-
vex functions.

We give now below the definition of a class of fractional integral op-
erators [3] and [4] (see also [5],[9] and [12]):
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DEELINITION. Let meN, B,eR, and vy, 0,eC, Vbk=1, ..., m;
with >, Re(d,) > 0. Then the integral operator
K=1

'I(Ym)y(ém)f(z) — I(yl' ooy Ym ) (01, myém)f(z) —

Bm)m B, s Bm)im
— _]; Jsz,O[L (Yk+6k+1_1/ﬂk71/ﬁk)l,m
% 0 ’ # (Yk+1_1//3k7 l/ﬂk)l,m

for >, 6,>0;
. 1

f@adt,

®)

=f(z), 0;=..=06,=0,

\

is said to be a multiple fractional integral operator of Riemann-Liou-
ville type of multiorder 6 = (4, ..., §,,). Here and elsewhere, the set
of nonnegative integers is denoted by N-R means the real field and
R, =(0, ), and C denotes the complex number field.

The H-function involving in (5) is a special case of Fox’s H!{"-func-
tion [2] (see also[8, Sect. 8.3]) which is defined as follows:

Let m,n, p,qe N such that 0sm <gq,0<n <p, and a;, b;e C

and a;,8;eR, (j=1, ..., q¢;1=1, ..., p). The H-function occurring in
the paper is defined by ([2, p.408]):

(a;, a]’)l,p] _
(b, Bid,q

-1 5 i =/—
= o LJ 0(s)z® ds, ) 1,

®) Hp 2] = Hpw [z

where

@ o(s) = —— I ,
i T =b;+B;s) I1 (@ = a;9)
J=m+ j=n+

the contour L is suitably chosen and an empty product, if it occurs, is
taken to be one. The details of this function may be found in[1], [6,
Chapter 1], [8, Sect. 8.3] and [14, Chapter 2]. The symbol (1), denotes
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the usual Pochhammer symbol

A =

ra+k) (1, ifk=0,
A  |k(k+1)..(A+k—-1), VkeN.

3. - Chracterization properties.
We first introduce a class of fractional integral operators as
follows:
The fractional integral operator R((g:));’iz'") f(z) is defined by
m [ (B, +y;+d;+1)
(Ym)>(0m) - J J J (Ym), (8m)
@ R(ﬁm);m f@) H l IB;+y;+1) I(ﬂm‘);m f@),

j=1

where me N, B;,0,eR, and y;e R, Vj =1, ..., m; such that
9 min{l+8;+y;+6;,1+B;+y;}>0 (Vj=1,..,m),
and 7 is a positive integer so chosen that

m

(10)

In order to establish the characterization properties satisfied by the
operator (8) of certain analytic functions, we require the following
results:

LEMMA 1. If the function f(z) defined by (1) satisfies
(11) > kla|<1 (neN),
k=n+1
then f(z) € S(n). The equality in (11) is attained by the ﬁmction

k
(12) gl(z)=z+% k=n+1;neN).

LEMMA 2. If the function f(z) defined by (1) satisfies

(13) > klag|<1 (neN),
k=n+1
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then f(z) e K(n). The equality in (13) is attained by the fumction
k
14 gz(z)=z+%2— (k=n+1;neN).

Lemmas 1 and 2 stated in[7, p.420] are easy consequences of the
corresponding results due to Silverman [13].

LEMMA 3[5, p.261]. Let

(15) y;> - -1, 8,20, Vji=1,..,m.
Bi
Then the operator I((g;"));'ﬁsm) maps the class 3¢, (G) into itself preserv-

ing the power functions f(z) = 2P up to a constant multiplier, name-
ly:

m | I(p/Bj+y;+1)
16) Igmym (2P} = L P, p=zpu.
a8 Iy im 127} jl;ll Tp/B;+7;+06;+ D | i

We prove now the following:

THEOREM 1. Under the conditions stated in (8), (9), and (10), let
the function f(z) defined by (1) satisfy

® m (/3+’y+6+1) .
an Skl <[]
k=n+1 J (ﬂj+yj+1)nﬁj

} (neN).

Then

RImom f(2) € S(n).

ProOOF. Applying suitably Lemma 3, we have from (1) and (8):
(18) RI™O™f2) =2+ 2 yk)az*,
ma k=n+1
where

m B+ 7+ V-1
19 k) =
( ) w( ) jl;Il (ﬂj+)’j+6j+ 1)(k—1)ﬂj

(k=zn+1;neN).
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The function ¥ (k) is a non-increasing function of %, since we observe
that

j=1

m [ (Bj+7j+ Dy,

200 0<ylk)<ypmn+1)=]] (ﬂ,~+y,-+6,~+1)nﬂ,.} (neN),

under the conditions stated in (8), (9), and (10). Now (17) and (20)
gives

o

21) > kyk)|a| <yn+1) X kla| <1.
k=n+1 k=n+1

Therefore, by Lemma 1, we conclude that
RmOm f(2) € S(n),
and the theorem is proved.

REMARK 1. A function f(z) satisfying (17) can be considered to be
of the form

m (ﬂ+‘y+6+1) _ )
@) g =z+ L [[| L L LT
kj=1| Bj+ v+ Du-vg

k

(kzn+1;neN,zel).

In an analogous manner, we can prove with the help of Lemma 2 the
following result which characterizes the class K(n):

THEOREM 2. Under the constraints stated in (8), (9) and (10), let
the function f(z) defined by (1) satisfy

23 k? < !
) k=%+1 o] jH ‘ Bj+ 7+ D,

] (neN).

Then

R mf(z) e K(n).

REMARK 2. A function f(2) satisfying (23) can be considered to be



Characterization properties involving fractional operators 67

of the form

k

1 m [ Bityi+di+ Dy ng
24 R)=z+ —
( ) g4( ) =2 k2 jl;Il (ﬂ] + Vi + 1)(k-l)ﬁj

(kzn+1;neN,zel).

4, - Characterization properties associated with the Hadamard
product.

Let f;(2) e T, (i =1, 2) be given by
(25) fik)=z+ 2 a;;2* (neN).
k=m+1
Then the Hadamard product or convolution

(26) firf)@D=2+ 3 auamuzt  @meN).

We recall here the following result due to Ruscheweyh and
Sheil-Small [11]:

LEMMA 4. Let g(z), h(z) be analytic in U and satisfy the condi-
tion
9(0) =h(0)=0.
Suppose also that

@7 9(z) [11+_—‘2”:h(z)] 20 (zeU-{0}),

Jor a and b on the unit circle. Then, for a function F(z) analytic in U
and satisfying the inequality:

Re{F(z)} >0 (zel),

(28) Re [ (g * Fh)(2)

G @) ]>0 (zel).

By making use of Lemma 4, we prove the following:
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THEOREM 3. Let the conditions stated in (8), (9) and (10) kold, and
suppose that the function f(z) defined by (1) is such that f(z) e S(n) and
satisfies

29) w(z)*[le_-";)—’;Ef(z)] 20 (zeU-1{0}),
for a and b on the unit circle, where
5 oom Bj+vi+ Du-p .
- ; N).
B0) w(z)=2 k:%"ﬂj:l B +7,+8,% Dy, 2 (neN)

then RQ™: ™ f(z) € S(n) also.
ProoF. We observe from (18) and (30) that
B RGm"f() =

=2+ Z

k=n+1j=1

m [ B+ v+ D -1y

k:
(Bj+y;+6;+ Du-1g, ]a"z (w* f)(z).

This gives

ARG VAR 2w ) (2) _ (o )R

. _
@2 RO fz) (W f)R) (w=f)(@)

By putting g(z) = w(2), k(z) = f(z), and F(z) = 2f'(z)/f(2) in Lemma 4
above, we find that

2RI o f(2))

(Ym) (Om)

33) Re

] >0=>RJ™ % f(z) e S(n).

THEOREM 4. Under the conditions stated in (8), (9) and (10), if the
Junction f(z) defined by (1) is such that fe K(n) and

34) w(z) * [%%I—)z—z—zf’(z)} 20 (zeU-{0}),

for a and b on the unit circle, where w(z) is given by (30), then

R((gﬁ);’izm)f (2) e K(n) also.
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ProoF. From (4) and Theorem (3), it follows that
f(z) e K(n)<zf' (2) e S(n)

=RJ™ ) af ' (2) e S(n)

< (w*2f’' (2)) € S(n)
< z2w=* f) (2) e S(n)
< 2(w* f)(z) € K(n)
<RI f(z) e K(n),
which proves Theorem 4.
Our next characterization property uses the following result:

LEMMA 5 (Ruscheweyh and Sheil-Small [11]). Let g(2) be convex
and let h(z) be starlike in U. Then for each function F(z) analytic in U
satisfies the inequality:

Re{F(z)} >0 (zel),

(35) Re[ (g * Fh)(2)

T ]>0 (ze U).

THEOREM 5. Under the conditions (8), (9) and (10),
f(z) € S(n) and w(z) € K(n)=>{RI™" f(2)} e S(n),
where w(z) is given by (30).

PRrRoOOF. The theorem which is based upon Lemma 5 above can be
proved analogously to Theorem 3.

Lastly, we also have the following:
THEOREM 6. Under the conditions (8), (9) and (10),
f(z) € K(n) and w(z) e K(n)=>RJm:m f(2) € K(n),
where w(z) is given by (30).

REMARK 3. It is observed that the function w(z) defined by (30)
can be expressed in terms of the generalized hypergeometric function
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s 1F [6, D.43]:

~ m Bi+vjt+1), )
36)  w()=z+ Il [(5j+yj+6j+1)n

j=1

1, Bty +n+1, .., Butyvmtn+l ;
' z
mAlEmlg ty + 0+ n+1, o, Bt Yt O, A+

which converges absolutely in U. Furlr'bther more, the series ,,,1F,, in

(36) converges also for z=1 when X J,> 1.
i=1
Several classes of characterization properties for various fractional
integral operators of certain analytic functions can be derived from the
results given in this paper. For instance, by noting the connection ([12,
p- 142]) that

0,7 -8)(-8,
I((l, 171); Zﬁ)( B a+ﬂ)f(z) — I(;I,’zﬁ’ yf(z)’

where I&’f’ 7 denotes the Saigo operator (see [9]), the results of the pa-
per [7] would follow from the corresponding results presented in this
paper.
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