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The Spectrum of the Transport Operator
with a Potential Term
under the Spatial Periodicity Condition.

MINORU TABATA (*) - NOBUOKI ESHIMA (**)

ABSTRACT - Under the spatial periodicity condition we deal with the transport
operator with a potential term in the space of square-integrable complex-
valued functions. The purpose of this paper is to prove that there exists a po-
sitive constant C such that, for each 6 € [0, 1), the intersection of {u € C;
Reu > —6C} and the spectrum of the transport operator is a finite set of
points which consists only of eigenvalues of the transport operator with finite
(algebraic) multiplicity.

1. - Introduction.

The transport equation describes the evolution of the density of
particles under certain conditions of rarefaction and interaction. In par-
ticular, if an external force F= —-V,¢(x) acts on the particles
(¢ = ¢(x) is an external-force potential), then the equation has the
form,

(1.1) af/ot = Bf,
where
1.2) =-A-v+K, A=V, -V, 9V,

(*) Indirizzo dell’A.: Department of Applied Mathematics, Faculty of Engi-
neering, Kobe University, Rokkodai Nada Kobe 657 Japan.
(**) Indirizzo dell’A.: Department of Information Science, Oita Medical Uni-
versity, Oita 879-55 Japan.
AMS Subject Classification: 45K05.
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f=f(t, %, ) is the unknown function of (¢, z, £) € [0, + ®) X R® X R®,
which represents the density of the particles at time ¢, at a point x, and
with a velocity £. v = v(x, §) is a multiplication operator. K is an inte-
gral operator of the form,

(13) (KA, N, )= [ K, & m)fit, @, m)dn.

neR3

The operator B is called the transport operator with a potential term.
We consider B in the space of square-integrable complex-valued funec-
tions of (x, £). We are concerned with the structure of the spectrum of
B in the case where ¢ = ¢(x) is not identically equal to a constant (see,
e.g., [16] for the details of (1.1) when ¢(x) = constant).

In [1], existence, uniqueness, dissipativity, and positivity results for
solutions of (1.1) have been proved under very general conditions.
However, there have been few studies on the structure of the spectrum
of B in the case where ¢ = ¢(x) is not identically equal to a constant.
Noting that (1.1) describes the evolution of the density of particles act-
ed upon by F = -V, ¢(x), we see that the structure of the spectrum of
B is closely connected to the behavior of solutions of the following sys-
tem of ordinary differential equations:

(SODE) do/dt =&  dEjdt = —Vo(x).

Hence, if we try to investigate the structure of the spectrum of B, we
need not only to study the operator B by methods in the theory of func-
tional analysis but also to investigate the behavior of the solutions of
(SODE) by methods in the theory of dynamical systems. However, in
general, the behavior of the solutions of (SODE) is very complicated.
Hence it is very difficult to investigate these subjects at the same time.
This is the reason for the difficulty encountered in trying to study
the structure of the spectrum of B (this difficulty will be discussed
again in §5).

Taking the difficulty into account, we reasonably conclude that
it is advisable to simplify the behavior of the solutions of (SODE)
by imposing some restrictive assumptions. For this reason, we will
impose the spatial periodicity condition in this paper, i.e., we assume
that all the functions considered are periodic with respect to the
space variable # and have the same period. The transport equation
with the spatial periodicity condition is essentially the same as that
in a 3-dimensional torus. Hence, by virtue of the periodicity condition,
we can regard that the solution x = x(f) of (SODE) is always contained
in the torus; the behavior of the solutions of (SODE) is simplified
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very much. This fact will play an essential role in the present
paper (see Remark 8.2).

We do not impose any restrictive assumptions on ¢ = ¢ (x). We only
assume that ¢ = ¢(x) is sufficiently smooth.

The main result of this paper is as follows: there exists a positive
constant C such that, for each 6 [0, 1), the intersection of {u e C;
Reu > —6C} and the spectrum of B is a finite set of points which con-
sists only of eigenvalues of B with finite (algebraic) multiplicity (see
Main Theorem in §3).

The present paper has 8 sections. §2 presents preliminaries. In §3
we will prove Main Theorem. In this proof, by making use of Lemma 3.2
and Theorem 3.3, we overcome the difficulty which is connected mainly
to the theory of functional analysis. Theorem 3.3 and Lemma 3.2 play an
essential role in this proof. In particular, Lemma 3.2 is a key lemma. In
§8 we prove Lemma 3.2. In §4-7 we prepare for the proof. The purpose
of §4 is to obtain estimates for the operator A = — A4 — v. In §5 we dis-
cuss Lemma 3.2 and the difficulty encountered in trying to prove Lem-
ma 3.2. In order to prove Lemma 3.2, we need to investigate the behav-
ior of the solutions to (SODE). The necessity for this investigation is
explained in §5. In §6-7 we obtain estimates for the rank of a Jacobian
matrix with respect to the solutions of (SODE). By making use of these
estimates, in §8 we prove Lemma 3.2.

REMARK 1.1. (i) The transport equation with the spatial periodici-
ty condition is essentially the same as that in a 3-dimensional torus, as
already mentioned above. Hereafter we will consider our problem in a
3-dimensional torus for simplicity. We denote the 3-dimensional torus
in which our problem is studied by £.

(ii) It must be noted that the subject of the present paper is close-
ly related not only to the theory of functional analysis but also to the the-
ory of dynamical systems. See [15, pp. 742-746 and pp. 754-756].

(iii) We can simplify the behavior of the solutions of (SODE) also
by imposing restrictive assumptions on ¢ = ¢ (x). In [15] we simplify
the behavior of the solutions of (SODE) by assuming that ¢ = ¢(x) is
spherically symmetrie.

(iv) For further details of (1.1), see, e.g., [2], [4], [9-11], and [17] in

addition to those presented in [1]. For the nonlinear Boltzmann equa-
tion with a potential term, see, e.g., [3] and [6-7].
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2. — Preliminaries.

FuncrioN Spaces. By B(X) (C(X) respectively) we denote the set
of all bounded (compact respectively) linear operators in a Banach
space X. We consider the transport operator B in the space of square-
integrable functions of (x, £) € 2 X R?, i.e., in L2(Q X R?), as already
mentioned in §1 (see Remark 1.1, (i)). Write ||-|| as the norm of L2(Q x
X R®). Write || - || as the norm of operators of B(L2(2 X R?)).

AssuMpTiONS. We will impose assumptions on v, K and ¢ (see
(1.2)-(1.3)).

ASSUMPTION v. v = v(x, §) is a real-valued continuous function of
(x, &) € 2 X R® such that vy < v(x, £) for any (x, £), where v, is a posi-
tive constant.

We define an operator-valued function K = K(x) as follows:

K@u)E = [ K@, &nuindn, =z,

neR®

where the kernel K(x, &, n) is that in (1.3).

AssumpTioN K. (i) K=K(x) is a continuous operator-valued
function from Q, to B(L2(R)).

(i) K(x) e C(L%(RD)) for each x € Q.
ASSUMPTION ¢p. ¢ = ¢(x) is a real-valued function defined in 2 which
have continuous partial derivatives of order up to and including 2.

REMARK 2.1. If mg' v(x, ) = 0, then we need to take an approach
X

similar to that in [15, ’pp. 742-746 and pp. 754-756]. However, by virtue
of Assumption v, we do not need to take such an approach in this

paper.
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OPERATORS. We consider the following operators (see (1.1)-(1.3)):
A=EV, -V, -V, =-A-v, B=A+K.

We denote the domain of an operator L by D(L). We define D(A) =
={v=2v, §) e L2(2 X R3); Ave L?*(2 X R®)}. We similarly define
D(A) = {v=v(x, &) e L2(Q2 X R?); Ave L?(Q X R®)}. Making use of
Assumption K, we deduce that K € B(L2(2 X R?)). Hence we can de-
fine D(B) = D(A).

SymMBOLS. We denote the Lebesgue measure of a set Y by meas Y.
In §7-8 the letter ¢ denotes some positive constant. We will use ¢ as a
generic constant replacing any other constants (such as ¢ or ¢?) by c.

From Assumption ¢ we see that the Cauchy problem for (SODE)
with initial data (x, £)(0) = (X, 5) € 2 x R? has a unique solution glob-
ally in time. We denote the solution by (x, &) = (x(t, X, B), £@t, X, 2)).
We denote by my; = my;(t, X, Z) the (7, j) component of the Jacobian
matrix,

J = J(t’ Xy E) = a(x(_t, X7 5)7 E(_t7 X’ E))/a(Xy g ’

i,j=1,...,6, ie, if 1=4,j=8, then my(t, X, 5)=0x;(~t, X, 5)/
/0X;.1f1 =i=3 and 4 =j =6, then m;(t, X, 5) = x;(~t, X, £)/0E; _5.
If4=i=6 and 1 =5 =3, then m;(t, X, 5) = 3§, _3(—t, X, 5)/3X;.
If 4=14,5 =6, then m;(t, X, &) =0&, _5(—t, X, 5)/05;_3. We easily
obtain the following equality:

2.1) det(J(t,X,E) =1, for each ({,X,5)eR X Q xR3,

where we denote the determinant of a square matrix M by
det (M).

By Q we denote the set of all the one-rank operators of the
form,

Mu(-, )N, &) = (ux, ), flx, ) g, &),
where the brackets (-, ) denote the inner product in L2(R}). f = f(=, &)
and g = g(x, &) are infinitely differentiable functions on 2, X R} which

satisfy the following conditions (cf. [14, p. 1836]): there exists r > 0 such
that, for each x € Q

(2.2) supp f(x, ), supp g(z,)c{&eR}; |&] =7}.
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Noting that 2, x {§eR}; |&| =7} is compact, we see that
2.3) max | flae, &), max lg@, ) < + .
X, Xy

LEMMA 22. The operator K can be approximated in B(LZ(Q X
X R®)) with a finite sum of operators of Q.

Proor. Noting that Q is compact, and applying Assumption
K, (i), we see that K = K(«) is uniformly continuous in . Hence, making
use of Assumption K, (ii), and performing calculations similar to those
in [12, p. 200, Theorem VI1.13], we can deduce that K= K(x) can be ap-
proximated in B(L%(R})) uniformly for x e 2 with operators of the

form, K,L:Kn(x)f_zl(l/)j,')K(x)wj, neN, where {y;=v;(8)}je~
i

is a complete orthonormal system of L?(R}). The brackets (-, -) denote
the inner product in L?(R}). Applying the Friedrichs’ mollifier to K, =
= K, (x), we obtain the present lemma.

3. — Main Theorem.

Define 6(6) = {ueC; Reu > —0v,}, 0 =0 =1, (see Assumption
v as for v(). The following theorem is the main result of the present
paper:

MAIN THEOREM. The intersection of 6(1) and the spectrum of B is
a discrete set of points {ui}ren which satisfies the following (i)-
(iii):

@) {srteen N (O) is a finite set for each 6 €[0, 1).

(i) The operator (u — B) is boundedly invertible for each u e
Eé(l)\{luk}keN' .

(iii) Each uy is a pole of (u — B)~! and an eigenvalue of B with fi-
nite algebraic multiplicity.

Proor. The following lemma will be proved in §4.

LEMMA 3.1. (u—A)"!is an analytic operator-valued function of
ueod(l).

The following lemma is the key lemma, which will be proved in §5-8:

LEMMA 82. L=L(u)=Ku—-A)"' is an analytic operator-
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valued function of u € 6(1) which satisfies the following (i)-(ii) for each
0el0,1):

() If u € 6(0), then L*(u) e C(L%(2 X R?)),
@ [IL* (Wl -0 as |u| = + =, ped®).
The following theorem can be proved in the same way as [13, p. 107,

Theorem XIII.13] and [12, p. 201, Theorem VI.14]:

THEOREM 3.3. Let D be a domain of C (i.e., a connected open sub-
set of C). Let f = f(u) be an analytic operator-valued function of u € D
such that f(u) e C(L2(2 X R®)) for each u e D. Then, either

G (1 —f(u) ! exists for no weD,
or

(i) (1 = f(u)) ! exists for all u € D\S, where S is a discrete subset
of D (i.e., a set which has no accumulation point in D). In this case,
(1 = f(u)) "' is meromorphic in D and analytic in D\S. For each u € S,
the coefficients of the negative terms of the Laurent series at u € S are
finite rank operators.

Let u € 6(0), 0 = 6 < 1, in what follows. Making use of Lemma 3.1,
we can set up

(u=B)'=(u-A)T1-L)".

Applying the following equalities:
I-LYI+L+L*+L»I-LY'=1I,
I-LH Y +L+L2+L3»1I-L)=1I,

we see that

(u—B) '=(u-A)'J+L+L2+L3»I-L"".

Applying Assumption K, Lemmas 3.1-32 and Theorem 3.3 with

(f(w), D) = (L*(u), 6(0)),0 = 6 < 1, to this equality, and making use of
the results in [8, pp. 180-181], we can obtain the Main Theorem.

REMARK 3.4. In §5 we will explain the reason for considering the
4-th power L*(u) in Lemma 3.2 in place of L(u). In order to inspect
L*(u), we need to investigate the behavior of the solutions of (SODE).
The necessity for this investigation will also be discussed in §5.
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4. — The Operator A.

ProoF OF LEMMA 3.1. We easily see that A generates a strongly
continuous semigroup. The semigroup e¢* has the form,

(4-1) (etAf('a ))(Xy E) =f(x(_t; X7 E)a E( —tr X1 E))e(t’ X9 E)»

t
where e(t, X, £) = exp| - j v@(—s, X, 5), E(—s, X, E))ds|.
0

Making use of Assumption v, we see that
4.2) e(t, X, Z) = exp(—vyt), t=0.
Applying (2.1) and (4.2) to the Laplace transformation of (4.1),
@3) (u—A)"f(, )X, E)=

+

= [ R, t, X, ©)f@@(~t, X, ), &(~t, X, D)dt,
0

we can obtain the present lemma, where
Ru,t, X, E)=e(t, X, &) exp(—ut).
In view of (4.3), we define the following operator:

44 R, MG, X, &) =

= [ Ru, t, X, 5)f(x(—t, X, E), E(—t, X, E))dt,
teM

where M ¢ [0, + ®) is a Lebesgue measurable set. We can obtain the
following lemma in the same way as [14, Lemma 3.2, (i)]:

LEmMMA 41. If f=Reu+vy>0 and M cl[0, + ), then

IR(u, M)|| = J exp (—pBt)dt.

teM

REMARK 4.2. Note that R(u,[0, + ®))=(u—A)"!, and that
R(u, *) is an additive set function. Making use of Lemma 4.1, we can
make an approximation of (u —A)~! with operators of the form
R(u,[0, T], 1 =T < + . We will make use of this result in the next
section.
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5. — Discussion on Lemma 3.2.

If Lemma 3.2 is proved, then we can complete the proof of the Main
Theorem. In this section we will discuss Lemma 3.2. The purpose of
§6-8 is to prove Lemma 3.2.

Let us explain the reason for considering the 4-th power L*(u) in
place of L(u). If we were able to prove the following (5.1)-(5.2), then we
could more easily obtain the Main Theorem (see §3 for 6(6)):

(5.1) L(u) e C(L2(2 xR?) if ued@ and 0=6<1,
62) |ILW||—0 as |u| > +o,uedd), for each 0=6<1.

However, inspecting the integrand of (4.3), we see that L(u) has the
form,

(63 LWut, N, &) =

= j KX, 5, n)R(u, t, X, pu@(—t, X, n), E(—t, X, n)) dtdy .

neR3,t20

Inspecting the form of the integrand in (5.3), we can reasonably con-
clude that it is nearly impossible to prove that L(u) satisfies estimates
such as (5.1)-(5.2). However, reviewing the calculations performed in [5,
p. 46], we recognize the possibility that a power L"(u), n € N, may sat-
isfy estimates such as (5.1)-(5.2). If a power L"(u), » € N, satisfies such
estimates, then we can prove the Main Theorem, as already performed
in §3, under the difficult circumstances stated above. This is the reason
for considering the 4-th power L*(u) in place of L(u).

Next we will look for estimates which imply Lemma 3.2. Let us con-
struct operators with which we can make an approximation of L*(u).

By ﬁ A; we denote the product A,,A,, _ A4, of the operators 4;,
j=1

j=
j=1,..., m. Consider operators of the form,

4
(64) G(u, T) Ejll {kR(x,[0, T)},

where ©€6(0),0=60<1,1=T= +x,and k;eQ,j=1,...,4. Let
6 €[0, 1) be fixed. Making use of Lemma 4.1 and Remark 4.2, we see
that G(u, T) > G(u, + ©) in B(L2(2 x R?) as T — + © uniformly
for u € 6(0). Furthermore, applying Lemma 4.1 and Lemma 2.2, we can
make an approximation of L*(u) with a finite sum of operators of the
form (56.4) with T = + o uniformly for u € 6(6). Therefore Lemma 3.2
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can be derived from the following conditions:
(65) G(u, T)e C(L*(Q x R?))
if uedd), 0=0<1, and 1=T< +x;
(56) |IGu, D=0 as |u| >+, pedd),
for each 0 = 6<1 and for each 1 =T < + 0.

Consequently we have only to show (5.5)-(5.6), which will be proved in
§8.

Let us inspect the integration kernel of G(u, T'). Write (x4, §4) €
e 2 X R® as the variables of G(u, T)u, ie., G(u, T)u = (G(u, T)-
“u(-, )N(xy, E4). Iterating calculations in obtaining (5.3), we obtain

6.7 (Gu, TYul, NNy, &) = J Gu(xy, & )dtdn,
0St ST, |nj| SR,j=1,..,4

where dt = dt,---dty, dyp = dn, --dn,, and

68 G =G(u, xq, E45 Mg, ta, M3, b3, M2, b2y M1, b)) =

4
Ej[[l{kj(xj, &, ) R(u, t;, x;, 1)}

(%, £;),7 =0, ..., 3, are defined inductively by the following equalities:
69 wi=w(—ti1, %1, M41) =81, %1, M),
j=0,...,8.

ki(x;, E;,m;), j=1,...,4, denote the integration kernels of k;e Q,
) =1, ..., 4, respectively, ie.,

(k]f(a ))(x]5 E]) = jk](x], E]’ ”])f(x]a "])d”]’ ]= 1, 14-

R >0 is a constant so large that for any xeQ supp k;(z, -, *),
j=1,...,4, are contained in {&; |£| = R} X {n; |n| = R}. In (5.7), for
convenience, we extend the interval of integration with respect to ¢
from [0, T') to [0, T].

From (2.3), we see that max |k;(x;, &, 7)) =S¢, j=1,...,4,

Tj» 65> Nj

where c;, j =1, ..., 4, are some positive constants. Applying these in-
equalities and (4.2), we deduce that if ¢, 20,5 =1, ...,4, and u € 6(0),
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0=<6<1, then

(5-10) |G(,uy x47 §4y ure t4) 7]3’ t37 7’2’ t2’ 771’ tl)l é
4
= _l_[l{cjexp( —(1-0)vot)}.
j=

Making use of the conservation law of energy, ¢(x,) + |&o|?/2 =
= ¢(x;) + |n1|?/2,weseethatif |n;| = R,then |§,| = (4ma§>2(|¢(x)| +

+ R?)2  where R is the constant defined above. Noting that &, is a func-
tion of w, = (x4, N4, t4, 13, t3, 12, ta, N1, t1), recalling the definition of
R, and noting that G contains k, (x,, &, 171), we see that if w, satisfies
the inequality, |&,| > (4 max |¢(x)| + R?)'Z, then

(511) G(/,t, Ly, E4;”4»t4’ 773’t3! N2, t2v 771»t1)=0-
We will make use of (5.10)-(5.11) in §8.

REMARK 5.1. (i) We have obtained the integration kernel of
G(u, T) in (5.7). However the true character of the integration kernel
is still obscure. We need to extract the integration kernel explicitly.
Note that u = u(:, -) contains (x,, £,) as variable in (5.7), and that
(29, &o) is a function of w; = (x4, 14, L4, N3, t3, N2, t2, N1, t1). By in-
specting (5.7)-(56.9), we recognize the need to study the rank of the Jaco-
bian matrix,

J= J(wl) = a(x01 50)/8(7747 t47 UET t3’ N2, t27 M1, t1)1

in order to extract the kernel. For this purpose we need to first calcu-
late the rank of the Jacobian matrix J =J(¢, X, Z), (see §2 for
J =J(t, X, £)). This is the reason why we need to investigate the be-
havior of the solutions of (SODE).

(ii) We can prove Lemma 3.2 also by the method in [14]. However,
the method in [14] is very complicated. The method in the present pa-
per is much simpler than that in [14]. In [14, Lemma 8.2] we consider
j(wy) = 3wy, £9)/I(n4, ..., n1). In this paper we consider J = J(w,) in
place of j(w,). This approach represents the difference between the
method in the present paper and that in [14].

6. — Estimates for the rank of a Jacobian matrix.

The main result of this section is Lemma 6.1, which deals with the
rank of J = J(¢, X, £). Lemma 6.3 will be employed in § 7 in order to cal-
culate the rank of J = J(w,) (see Remark 5.1, (i)).
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We denote the i-th row vectors of J = J(t, X, E) by J; = J;(t, X, 5),
ie, we define J;,=J;(t, X, E) = (my, ..., mg), t=1,...,6, (see §2

for mij).
Let b, j =1, ..., N, be linearly independent vectors in R*. We or-
thogonalize these vectors, ie., we define b; ,, j=1,..., N, as follows

(we do not normalize them):

by, =by,

bm+1,J. = bm+l __kgl(bm+1'bk,J.)bk,_L/|bk,J. |2 ’ m = 17 ~~-’N_ 1.

LEMMA 6.1. Let 1 =r,T < + o, There exists a positive constant
6.1 such that if (X,E)eD(r)={(X,5)eQ XR? |E| =7} and if
te[0, T, then

6_5/2exp(_506'1t) = |Ji,l (t, Xy E)I = |Jz(tv X7 E)I = 61/2 exp(c6.lt)’
1=1,...,6.

REMARK 6.2. The constant cg; is independent of (¢, X, Z). We will
make use of this fact in the next section.

Proor orF LEmMA 6.1. Let (¢, X, E)e[0, T] X D(r) in what fol-
lows. Differentiating both sides of (SODE) with respect to X and Z, and
applying Assumption ¢, we have

(6.1) |/, X, B)] = |J(0, X, E)]| exp(cg t), t20,
where |-| denotes a norm of matrices defined as follows: |(a;)| =
= (l}; |a,~j|2)1/2. C; Is some positive constant dependent on
sup | % ¢ (x)/dx;dx;| but independent of (¢, X, E). We easily
f)le)félln] T',}ll’ez,f?ollowing inequalities and equalities:
| @2, B)| = |4, X, 5| =|JE X, 5], i=1,..,6,
|J1, 10 (8 X, )| -+ |J6 1 (4, X, B)| = |det (J(¢, X, B))],
|70, X, B)| = 6.
Combining these, (2.1) and (6.1), we obtain the lemma.

Ifa;,j=1,..., N, are linearly independent vectors of RY N, Me
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e N, then we define W(a,, ..., ay) = rlnin N |aj, . |. If those vectors are
J=1,

linearly dependent, then we define W(ay, ..., ay) = 0. Let b; = b;(2),

j=1,..., N, be RM-vector-valued functions of z € D, where D is a do-

main of R™, m € N. If ess inf W(b, (2), ..., by (z)) > 0, then we say that
zeD

b, =b;(2),j =1, ..., N, are uniformly linearly independent for almost
all zeD.
We will make use of the following lemma in the next section.

LEMMA 63. () Let1 =r, T < + « be constants. The 6-dimension-
al vectors J, = J;(t, X, B), 1 =1, ..., 6, are uniformly linearly indepen-
dent for almost all (t, X, E) € [0, T1 X D(r) and are uniformly bound-
ed in [0, T] X D(r). See Lemma 6.1 for D(r).

(i) Let D be a domain of R¥, Ne N. Let M = M(z) be a 3 X 6-
matrix-valued, Lebesgue measurable function of z e D whose row vec-
tors are uniformly linearly independent for almost all ze D and are
essentially bounded in D. Let n be an integer such that 4 =n = 6. Let
wWj)=v(j;2), j=1,...,n, be 6-dimensional-column-vector-valued,
Lebesgue measurable functions of z € D which are uniformly linearly
independent for almost all ze D and are essentially bounded in D.
Then we can choose (n — 3) vectors from M(z)v(j; 2),j=1,...,n, for
z e D almost everywhere so that those (n — 3) vectors are uniformly
linearly independent for almost all ze D, ie, so that there exist
Lebesgue measurable, integer-valued functions L,=L,(z), k=
=1,...,n — 3, such that

1) Ly(z)e{1,...,n} for each k=1,...,n -3,
@) Li(z) # Li(2) if i #j, i,j=1,...,n— 3,

B) M(2)v(Li(2); 2), k=1, ...,n— 3, are uniformly linearly
independent for almost all ze D.

REMARK 6.4. Let » be an integer such that 4 =n =6. If M is a
3 X 6 matrix whose row vectors are linearly independent, and if v,
j=1,...,n, are linearly independent 6-dimensional column vectors,
then we can choose (n — 38) vectors from Mv;,j = 1, ..., n, so that those
(n — 3) vectors are linearly independent. Lemma 6.3,(ii) is an extension
of this result.

ProOF OF LEMMA 6.3. (i) follows from Lemma 6.1 immediately.
Let us prove (ii) when n» = 6. We can prove (ii) when » =4, 5 in the
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same way. Define
H={(ny, ng, ng); mpe{l,...,6}, k=1,2,8, n; <my<mg}.

The number of elements of H is equal to ¢C; = 20. We number the ele-
ments of H from 1 to 20, and denote them by (n;;, n;2, nj3),7 =1, ..., 20,
in numerical order.

Let 6 > 0 be a sufficiently small constant, and define @; = ®;(9),
j=1,...,20, as follows:

@;(0) = {z e D; W(M(z)v(n;; 2), M(2)v(njp; 2), M(z)v(n; 2)) Z 6},
ji=1,...,20.

We define ¥;=¥;(9), j=1,...,20, as follows: ¥, =®,, ¥, = ®;\
\(@,U--U®;_y),j=2,...,20. Note that ¥, and ¥; are disjoint if
i;)tj, and that jfjl v, =jfjl ®;. We define L, = L(2), k=1,2,3, in
jlle v, asﬂt)'ollows: if ze ¥;, then Ly (2)=ny, k=1,2,3, j=1, ..., 20.

If D\jy1 ®;(0) is a null set for some 6 > 0, then we can complete the

proof. We will prove this condition by contradiction. Suppose that
20

D\ ‘U1 ®;(0) is not a null set for any 6 > 0. Making use of this assump-
j=

tion and the conditions of the present lemma, we see that there exists a
sequence {2,},.nCD which satisfies the following conditions:

(62) sup |[M(z,)] <+, supl|v;z,)| <+, [=1,..,6,
6.3) irr}fW(ml(zn), mo(2,), Mg (2,)) >0, irygf Ww(1;z,), ..., v(6;2,))>0,

(6.4) WM (z,)v(njs; 2,), M(2,) v(njz; 2,), M(2,) (s ; 2,)) — 0
asn— +o, j=1,...,20,

where we denote by m; = m;(z) the k-th row vector of M(z), k=
=1, 2, 3. By (6.2), we can choose a subsequence of {2z, }, ., denoted by
the same symbol {z,}, .~ again, so that M(z,) and v(l; 2,),l =1, ..., 6,
converge as m— + o. Therefore, from (6.3), we deduce that

lim M(z,) is a 83 X 6 matrix whose row vectors are linearly indepen-

n— + ®

dent and that lim wv(l;2,),l=1,...,6, are linearly independent 6-di-

n— + o

mensional vectors. However, it follows from (6.4) that the rank of
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lim M(z,)v(;z,),l=1,...,6,is smaller than 3. This is a contradic-
n-— + o©

tion (see Remark 6.4).

7. — Estimates for some Jacobian.

The purpose of this section is to calculate the rank of J = J(w,) by
making use of Lemma 6.3. The main result of this section is Lemma 7.4,
which will be employed in §8 in order to prove (5.5)-(5.6).

Let » and T be positive constants. Write Q;=Q;(r,T), j=
=1, 2, 3, 4, as the sets of all vectors of the following forms respect-
ively:

w; = (x47 N4, t4’ UEY) t37 N2, t27 N1, t1)1 Wa = (964, N4, t47 13, t3v N2, t2)a
w3 = (Zq, N4, Ly, N3, t3), @4 = (T, N4, ),

where ;e 2, |n;| =r,n;e R}, 0=¢ =T,j=1,...,4. We can regard
(x;,&;),7=0,...,3, in (5.9) as functions of w;,,€ 2;,,,57=0,...,3,
respectively. By x; ;, #; ; we denote the j-th component of x;, ;€ R3
respectively, j =1, 2, 3, that is,

= (%1, %2, Ti3)y  Ni= (i1, Ni 2> Ni3)-

Let c;e R™,j=1,...,N, and ¢ > 0. By Ul(c,, ..., cy; €) we denote
the set of all x € R™ whose distance from the subspace spanned by c;,
j=1,...,N, is greater than or equal to e.

In the present section we demonstrate Lemmas 7.1-7.4. By making
use of Lemma 7.5, we prove Lemma 7.5 +1,j=1, 2, 3.

LEMMA 7.1. (i) ess sup |9(x3)/3(n4, ty)| < + o, where || is the

W4 €34

norm of matrices defined in Proof of Lemma 6.1.

(ii) Let € > 0. There exists a Lebesque-measurable, integer-
valued function G = G(w4) which satisfies the following conditions for
a.e. wye 94(8) = {w4 = (x4, /e t4) € 94; |774| P 8}.'

(1) G(Cl)4) € {1! L] 4}7
@) ey = |a(G(a)4), 4|,
where c; 1 18 a positive constant dependent on ¢ but independent of w 4.

By a(k, w,) we denote the k-th column vector of the Jacobian matrix
3(w3)/9(ny, ty), k=1, ..., 4.

REMARK. Lemma 7.1 deals with the rank of the Jacobian matrix
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9(x3)/3(n 4, ts). This lemma shows that we can choose one column vec-
tor from J(x3)/3(n4, ts) for w, e Q4 () almost everywhere so that the
essential infimum (in ,(¢)) of the norm of that column vector is
positive.

Proor oF LEMMA 7.1. We can obtain (i) easily. Let us prove (ii).
We introduce the following column vectors:

a;=%0,0,0,1,0,0), @;=%0,0,0,0,1,0), a3=%0,0,0,0,0,1),

ay="(—n41, —Naz, —Naz, OP(24)/0xs;, OP(24)/0%s2, OP(24)/Os3) ,

where the superseript ! denotes the transposition. We have already in-
troduced the following column vectors:

a(k, wg) = (3O 4x) (231, 32, ¥33), k=1,2,3,

a(4, wy) = (3/3ty) (@31, 32, ¥33).
We can easily obtain
(7.1) Ox(—-t, X, B)/ot=—-AX, E)x(—-t, X, E), for any (¢, X, 5),

where A(X, ) = £-Vy — Vy¢(X)-Vz. This equality will play a very
important role. By making use of (7.1), we see that

a(4, wg) = —A@g, 74) (23,1, 3,2, 3,3) -

Applying this and considering the definitions of the above column vec-
tors, we have

(7.2) alk, wg) = (3(x3)/0(2y, n) i, k=1,...,4,

where if 1 S4,j =8, then the (i,j) component of 3(x3)/d(xy, n4) is
equal to Oxs ; /0, ;. If 1 =1 =3 and 4 =j = 6, then the (¢, j) compo-
nent of 3(x3)/d(xy, n4) is equal to dxg ; /Inyg, ;3.

We easily deduce that

(73) ai-aj=(5,-j, i,j=1, 2,3,

where J; denotes the Kronecker’s delta. It follows immediately from
|74 ] 2 € that

(74) ase Ulay, az, as; €).

Hence we see that a;, j =1, ..., 4, are 6-dimensional vectors uniformly
linearly independent for almost all w, e 24(¢). By Assumption ¢, we
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easily see that a;, j =1, ..., 4, are uniformly bounded in ©,(¢). Apply-
ing these results, Lemma 6.3, (i) with (¢, X, E) = ({4, 24, 74), and Lem-
ma 6-31 (li) With (v(])a n, M) = (aj’ 4, a(x3)/a(x49 7]4)) to (7-2), we Ob‘
tain Lemma 7.1.

LEMMA 7.2. (i) ess sup | 3(x2)/0(n4, ts, 3, t3)] < + .

0)3593

(ii) Let € > 0. There exist Lebesgue-measurable, integer-valued
Sfunctions H; = H;(ws), j = 1, 2, such that for a.e.

w3 e Q3(e) = {ws = (4, N4, ta, N3, t3) € Qg ;
Wy = (g, N4, t4) € Ry(€), M3 € U(a(G(w4), w4); 3)},

1) Hjws)e{1,...,8},j=1,2,
(2) Hl((l)3) P Hg((l)3),

3) b(Hj(a)3), ws), j=1,2, are uniformly linearly indepen-
dent for a.e. w;e Q3(¢),

where a(-, w4) and G = G(w,) are those in Lemma 7.1. By b(k, w3) we
denote the k-th column vector of 3(x;)/3(ny, ts, N3, t3), k=1, ..., 8.

REMARK. Lemma 7.2 deals with the rank of the Jacobian matrix
3(x5)/3(n 4, ts, M3, t3). This lemma shows that we can choose two col-
umn vectors from the Jacobian matrix d(x;)/d(n4, ts, 73, t3) for wse
€ Q3 (¢) almost everywhere so that those column vectors are uniformly
linearly independent for almost all wse Q3(¢).

PrOOF OF LEMMA 7.2. We can obtain (i) easily. Let us prove (ii).
We introduce the following column vectors:

Bi="(0m3, 1 /M4, k> O%3,2/M4 1, O%33/3M4,%,0,0,0), k=1,2,3,
B4 ="(0x3 /Oy, O3 5 /3y, %3 3 /34, 0,0, 0),
Bs="0,0,0,1,0,0), B¢=%0,0,0,0,1,0), B,=%0,0,0,0,0,1),
Bs='(—m3,1, —7M32, —Ns3 3, OP(x3)/33 1, Op(3)/ O3 2, p(x3)/ I3, 3),

/39 =t(717 Y2, 73, 01 O, 0)’

where v ; is the j-th component of a(G(w,), w,),j = 1, 2, 3. We note that
for a.e. w,e Q,(¢) there exists ke {1, ...,4} such that 8, =8,. We
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have already introduced the following column vectors:
bk, w3) = (3/Mar) (a1, Xap, X23), £=1,2,8,
b(4, wg) = (8/3ty) (&3, Ta2, X3,
bk, w3) = (3/M3p-4) (X21, Ha2, X23), k=5,6,7,
b(8, ws) = (3/3t3) (a1, %22, T23) -
By making use of (7.1), we see that
b(8, w3) = —A(xs, 773)t(902,1, Tog, Lz3) .

Applying this and considering the definitions of the above column vec-
tors, we have

(7.5) b(k, w3) = (3(x2)/(x3, n3)) Brs k=1,...,8,

where if 1 =14,j =3, then the (¢, ) component of 3(x,)/d(xs, n3) is
equal to dx, ;/Oxs ;. If 1 =4 =3 and 4 =j = 6, then the (4, j) compo-
nent of 3(wx,)/d(w3, n73) is equal to Oz ; /I3 ;3.

We easily deduce that

(76) ,Bi'ﬂj=(5ij, ?:=5, 6, 7,9, j=5, 6,7
It follows immediately from 73 e U(a(G(w,), w,); €) that

(7.7) Bse UBs, Be, B1, Bo; €).

Making use of Lemma 7.1, (i), and (7.6)-(7.7), we see that B;, j =
=5, ..., 9, are 6-dimensional vectors uniformly linearly independent for
almost all wse Q3(¢). By Assumption ¢ and Lemma 7.1, (i), we easily
see that B8;, j=5,...,9, are essentially bounded in 3(e). Applying
these results, Lemma 6.3, (i) with (¢, X, Z) = (3, x5, #73), and Lemma
6.3, (i) with (v(j), n, M) = (B, +4, 5, 3(w3)/3(x3, 73)), We see that we
can choose two vectors from b(k, ws), k=5, ..., 9, for wse R3(¢) al-
most everywhere so that those vectors are uniformly linearly indepen-
dent for almost all wse R3(¢), where b(9, ws) = (3(x2)/3(x3, 113)) Bo-
Recalling the definition of 8y, we obtain Lemma 7.2.

LEMMA 7.3. (i) ess sup |3(x,)/3(n4, ts, 3, 3, M2y t)] < + 0.

wge Rz
(ii) Let € > 0. There exist Lebesgue-measurable, integer-valued
functions I; = I;(ws), j =1, 2, 3, such that for a.e.

wo e Qy(e) = {wo = (X4, N4, ta, N3, b3, N2, ta) € 2o 5
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w3z = (x47 /e t4) N3, t3)€ 93 (8)7 N2€ U(b(Hl ((03), Cl)3), b(H2(w3)v w3)) 6)}1
€)) Ij(a)z) € {1, ey 12} for3=1,2,3,
) Ii(wg) #= Ii(wy) f 1 #7,

3) cj(wy), wp), j =1, 2,3, are uniformly linearly indepen-
dent for a.e. wye Qy(¢),

where b(-, w3) and H; = H;j(w3), j = 1, 2, are those in Lemma 7.2. By
c(k, ;) we denote the k-th column vector of 3(x,)/d(ny4, ts, N3,
t37 N2, t2), k= 19 ceey 12.

REMARK. Lemma 7.3 deals with the rank of the Jacobian matrix
0(x,)/3(n4, ts, N3, ts, N2, tz). This lemma shows that we can choose 3
column vectors from the Jacobian matrix 9(x,)/3(n4, ts, N3, t3, N2, ts)
for w, € Q5 (&) almost everywhere so that those column vectors are uni-
formly linearly independent for almost all w, € R, (¢). By making use of
Lemma 7.2, we can obtain Lemma 7.3 in the same way as that in obtain-
ing Lemma 7.2 from Lemma 7.1. Hence we will omit the proof.

Noting that if w;e Q;(¢), then w;,,eR; (¢e), j=2,3, we
decompose ;= Q;(r, T) into four disjoint subsets as follows:

4
Q,=N()U (.UZSj(e)), where
is

S4(e) = {w; = (%4, N4, ts, N3, t3, N2, t2, M1, t1) € 213
ws = (4, 14, ts) & Ly (&)},

S3(e) = {1 = (X4, 14, ta, M3, b3, N2, ta, N1, ) € 215
0y = (X4, N4, ty) € Ry(e), w3 = (X4, M4, ty, N3, t3) & L3 (&)},

Sy (e) = {wy = (¥, N4, ta, M3, tg, N2y tay N1y t) € Q1 ;
w3 =(%y, Ny, ty, N3, t3) € Rz (e), w5 = (24, N4, ty, N3, t3, N2, t2) & La(e)},

N(e) = {w1 = (%4, N4, ta; N3, t3, N2y ba, M1, ) € 215
s = (X4, M4, ta, N3, t3, N2, t2) € Ry ()}
Write £(i), i=1,...,15, as ;, j=1,...,4, k=1,2,3, t;,5 =2, 3,4,

respectively.

LEMMA 74. (i) For any ¢ >0,
meas{nje R®; w1 = (%4, N4, ta, M3, by, N2, b2, N1y t1)ESj(8)} Sce/ 71,
j=2’ 3’47

where ¢ depends on r but is independent of T and €.
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(i) Let € > 0. There exist Lebesgue-measurable, integer-valued
functions K; = K;(w), 1 =1, ..., 6, such that for a.e. w;e N(¢),

(1) Ki(wl) € {1, ceey 15},
@) Ki(wy) # Kj(wy) if 1 #,
3 essAiIfﬂ)’ |det (K(wy))| >0,

w1 €

where K(w;) = 3(xy, £0)/3(E(K; (1)), ..., EKs(@1))).

PrOOF. Recalling the definitions of S;(e), j =2, 3, 4, and that of
U(-; €), we easily obtain (i). Making use of Lemma 7.3, (ii), we can
choose three column vectors from 3(x,, 7,)/3(n4, ts, 13, t3, N2, ts) for
;€ N(¢) almost everywhere so that the three vectors are uniformly
linearly independent for almost all w,;e N(¢). We easily see that
these three vectors and the three column vectors of d(x;, 17,)/3(1n,)
are uniformly linearly independent for almost all w; e N(eg). Con-
sequently, we can choose six column vectors from F =
= 3(xy, 11)/9(n4, ts, M3, t3, N2, ta, n1) for w; € N(e) almost everywhere
so that those six vectors are uniformly linearly independent for almost
all w, e N(¢). By making use of Assumption ¢, we easily see that F is
uniformly bounded in Q,(r, T). Applying these results and Lemma
6.3, with (¢, X, &) = (t;, ;, 1) to the following equality:

3(xy, E0)/O(n4, ta, ms, t3, M2, ta, 1) =J (b1, @1, ) F,

and performing calculations similar to those in proving Lemma 6.3,(ii),
we can obtain (ii).

REMARK 7.5. It follows from Lemma 7.4 that we can choose 6 col-
umn vectors from J = J(w;) for w, € N(¢) almost everywhere so that
those column vectors are uniformly linearly independent for almost all
w,€ N(g). We have achieved the purpose mentioned in Remark 5.1, (i).

8. — Proof of (5.5)-(5.6).

Lemma 32 follows immediately from (5.5)-(5.6), as already men-
tioned in §5. Decompose G(u, T) as follows (recall (5.7)-(5.8)):

4
G(,u’ T) = kzl Gk, e(,uf T) ’

(Gk,e(/h T)u(, '))(x‘;, 54) = I wk,gGu(wo, Eo)dtdﬂ,k =1,...,4,

w12 (R, T)



The transport operator 231

where v, ., k=1,...,4, denote the characteristic functions of N(e),
Sy(e), k =2, 8, 4, respectively. R is the constant defined in §5. The
lemma below implies that G(u, T) is decomposed into the principal
part G, .(u, T) and the negligible parts G, .(u, T), k =2, 3, 4.

LEMMA 8.1 () For k=2, 3,4, and for each 0 =0 <1,

sup NGk, e (u, DI S ce®*.
ued(®,1sT< +w

() Let 1=T< +0,0=6<1, and ¢ >0. Then,
(1) Gy . (u, T)e C(LE(Q x R?)) if ue6(0),
@) ||Gy,e(u, || >0 as |u| =+, ued@).

Proor. Making use of Lemma 74, (i), and (5.10), we obtain (i).

We will make use of Lemma 74, (ii) in order to pick out the inte-
gration kernel of G; (4, T). Decompose £,=2,(R,T) into
3603 600 (;5P¢ = 3603 600) measurable disjoint subsets as follows: 2, =
= lyH-Ql,h where Q, ;= {w,e Q,; (K (wy), ..., Ksg(w,)) =1}, le H=

= {(ky, ..., k) e {1, ..., 15Y5; k; = k; if i # j}. K;(w1), j=1,..., 6, are
those in Lemma 7.4. Next we decompose I = (G, . (u, T)u(-, )) x4, &4)
as follows: I = lEHI,, where

L= [ v Gui, &didn.

wlef)l'l
Let l e H be fixed. Let us change the variables of I;. Removing
6 components which correspond to C(K;(w,)), ..., (Ks(w,)), I=
= (K;(wy), ..., Kg(w,)), from the 16-dimensional vector (7,4, t4, 773, t3,
Na, ta, M1, t1), we obtain a new 10-dimensional vector A; such that
dndt = di dE(K; (wy)) - dE(Ke(wy)) ,

where {(-) is that in Lemma 7.4. Changing the variables as follows:
(K (@1), ..., §(Kg(@1))) = (29, &), we deduce that

dﬂdt = |det(K(w1))| —ldlldxodgo ,

where K(w,) is that in Lemma 7.4, (ii). Substituting this in I;, we can
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pick out the integration kernel as follows:

I, = J Gyu(ay, &) dacgdé,

(%0, E)) e @ X R?
6[ =El(e’ M, T: Ly, ‘54, Lo, SO) = erl,eGldet(K(wl))l_ldll .

Let us obtain estimates for G,. Noting that G contains
ky(xy, &4, n4), and making use of (5.11), we see that there exists a com-
pact set M ¢ R® such that forany u € 6(8),0 =0<1,1 =T < + », and
e >0, (cf. [14, (8.4)D),

(8.1) supp Gy (e, s, T+ *y *y *) € Ry X Mg, X R, X My, .

Making use of Lemma 7.4, (i), (3) and (5.10), we conclude that for any
e>0and 0 =0 <1, (cf. [14, (8.5)]),

8.2) sup |G (e, p, T 4, &4, g, Eg)| < + 0.
2, &,i =04, ucd(O), 1ST< +w

Recalling that G contains exp (—ut;), j =1, ..., 4, and applying the Rie-
mann-Lebesgue theorem, we see that for any x;, §;,7=0,4,1=T<
<+o,0=60<1, and £>0, (cf. [14, (8.6)]),

(83) I—Gl(e’ /") T7 x4, 54’ xO) EO)I _)0 as I/.ll - + °°7 ,u Ed(0)-

Making use of the fact that @ is compact, we obtain (i) from
(8.1)-(8.3).

REMARK 8.2. The fact that Q is compact plays an essential role in
obtaining (ii) from (8.1)-(8.3). If Q is not compact, then we cannot obtain
(i) from (8.1)-(8.3).

Proor (56.5)-(5.6). (5.6) follows from Lemma 8.1, (i), (i), (2) imme-
diately. Making use of Lemma 8.1, (i), (ii), (1), we see that G(u, T) can
be approximated with the compact operator G; ,(u, T) in B(L?(R x
X R3?)) uniformly for 4 € 6(8) and T e [1, + ). Making use of this result
and [12, p. 200, Theorem VI.12, (a)], we obtain (5.5).
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