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On a Method of Balasubramanian and Ramachandra
(on the Abelian Group Problem).

A. SANKARANARAYANAN - K. SRINIVAS (*)

ABSTRACT - Let a,, denote the number of non-isomorphic abelian groups of order
n. We consider

10
A@) = X a,= X Cia'li + E(x)
i=1

n<r

where E(x) is the error term. We study E(x) through the general method of
Balasubramanian and Ramachandra.

1. - Introduction.

In [3] R. Balasubramanian and K. Ramachandra developed a gener-
al method of proving £ results and also 2 ., 2 _ results. They applied it
to some arithmetical questions and in particular to the question of num-
ber of abelian groups of order < x. However, their method is not widely
known and certainly it deserves to be known widely. Since their proofs
are somewhat sketchy, we wish to explain their method with special
reference to the abelian group problem.

Let a, denote the number of non-isomorphic abelian groups of order
n. By standard arguments, we get the Dirichlet series identity

o

Fs)= 5 2 = 1 tks)
1 n k=1

n=
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valid for ¢ > 1. For x = 100 put

(1.1) Ax)= 2 a,.

nEr

An approximation to A(x) is

10 ,
> ijl/f

j=1

where C;x'/ is the residue at s = 1/j of

(‘”—3 I C(kS)).

S k=1

It is the aim of this paper to study the function
10 )

(1.2) E(x)=A(x) - 2 Cix'/l.
i=1

It is known that (see [7])
E(x) <%/ (log 2)® .

From the corollary of the following Theorem 1.1 and the mean-square
upper bound for E(x) due to D. R. Heath-Brown (see § 6), one can even
conjecture that

E(x) < x'/% (log x)'®

which is still far away. In (1.2) any constant greater than or equal to 6
will work in place of 10.
Let

E(u)

(1.3) M= T

ax
T<us<X®

where X = T? and T = T, (T, is a large positive constant).

Throughout this paper, A4,, A, A3, ... denote positive constants. »
is a small positive constant and [ is a large positive constant chosen such
that »l < 1/100. ¢ is a small positive constant. Let s, =1/6 + it and
8; = 1/10 + it, where t, is a fixed number such that T <, <27T. We
fix X = T2, We prove
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THEOREM 1.1. We have

00

(1.4) f Ew)
T

ul/6

2 d
e WX —,:;— > (log T)?

where the implied constant is effective.

COROLLARY. We have
(1.5) M>\1ogT.

ProoF OF THE COROLLARY. From the Theorem 1.1, we have

X100

(log T)? < j |M
T

wl/6

2
~u/x AU
U

<

fwxdu f B(u)
Y% /6
XlOO

X100

E(u) |? du 1
—u/X G%W =
<<Tj | — | ¢ u +0(T)
and this implies that
XIOO
E 2
(log T)? < J I (lu) du <K M?logT
/6 u
7

which proves the corollary.

THEOREM 1.2. There exist effective positive constants A, and A,
such that for all X = 10

E(uw)

) logx |72

loglog X

and

E(u)

max
XsusXAl( ul/10

)> exp

1/2
A, log X .
loglog X

REMARK. In Theorem 1.1 C; may be taken to be any fixed positive
constants whereas in Theorem 1.2, we have to take C; to be the con-
stants coming from the residues at s = 1/j.
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2. — Main tools.

We make use of the following two theorems in proving Theorems 1.1
and 1.2.

THEOREM 2.1. Let G(s)=1+ 2 b,/n® be analytic in (o =1/2,
n=2

T <t <2T) and there max |G(s)| < exp(T“). The series G(s) is as-
sumed to converge for at least one complex number s and we have also
assumed that b, s are complex numbers with |b, | < (nTY4. Then, we
have

s bl _logn 1

2T
it) |2 dt >
TI G(1/2+ )| dt n<T/i00+1 M logT  loglogT

1
T
where the implied constant is effective and depends on Az and A,.

REMARK. This theorem is due to K. Ramachandra (see [10]).In fact
he has improved this theorem (see[11]). For our purpose this one is
more than sufficient.

., THEOREM 22. If{c,} is a sequence of complex numbers such that
> mc, |? is convergent, then
n=1

T

J

0

© 2 ®©
> cnn-it\ dt= 5 e |*(T +O(m)
n=1 n=

where the implied constant is effective.

REMARK. This theorem is due to H. L. Montgomery and R. C.
Vaughan [8]. For a simpler proof see [9].
3. — Some lemmas.

LEmMMA 3.1. We have

a,<LK.n.

ProOF. The proof is well-known to experts. For the sake of com-
pleteness we indicate the proof. Since F(s) is an infinite product of zeta-
functions and each of them has an Euler product, we first note that a, s
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are multiplicative. Now,

@3.1.1) ym = s 1
L A T T

where [; = 0 for j =1, 2, 3, ... in the above sum. Writing a(m) for a,n,
we get the generating function of a(m) from (3.1.1) to be

(3.1.2) Zoa(m)xm=(1—x)“(l—xz)‘l(l —x3)71...
for 0 < x < 1. Hence

313) a(m)x™< exp{— il log (1 — x"l)] =

=exp[ 2 z xmnz}:exp[ i L]

ng=1 nz(l —x"’z)
Since,
l-agm=NQ-x)(l+x+..+x™2 1)=(1-2)nz™ !,

we have

(3.14) g TLZ™)
ne (1 — )

From (3.1.3) and (3.1.4), we get

m d x _ n_
©.18)  a(m)s Se)(p[w»zzﬂ7L22(1—90)] exp(6 (l—x))'

From (3.1.5), by choosing # =1 —1/N, N =\/m, we get

( a?(N - 1)
38.1.6) a(m) <exp %

—mlog (1 — l/N)) <

o

2
< exp( ”6N + 2_31 7%) < exp {As (N + m/N)} = exp (24, Vm).
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Now, if n = p™ps= ... p/*, then

a a?m awm
@1y —= — me S
p™iln, p<2e P p™in, p>2c P
apw
< < AG ’

m; €

p™im, p<21/e P
since the other factor with p > 2'/¢ in (3.1.7) is bounded. Here Ag de-
pends on &. This proves the lemma.

LEMMA 3.2. For x >0, we have

2+ 1o
e‘l/”=§%t—i I 2 Mw)dw .

2 e
PrOOF. The proof is well known (see pp. 33 of [14]).

LEMMA 33. For Res=1/11 and T/2 <t <5T/2, we have
F(s)<TY.

ProoF. First we note that {(s)<<(|t|'~°+ 1)log |t| for |t]| =2,
o = 1/11. Therefore,

o

I1 &ks)

k=1

12 12
F(s)| = < IT |eks)| «< TT (T~ % log T) << T
k=1 k=1

which proves the lemma.

LEMMA 34. Let G(s)=1+ 22 b, /n® be absolutely convergent in

Res > A; and there max |G(s)| < T“s. G(s) may have poles only on the
real line. We assume that b,s are complex numbers with |b,| <
< (nTY. Then, for T <t <2T, we have
G(sp) = 2 —I-)-:L- e ™Y + O(T ~4/7)
n 0

n=1

where Y = T*4%,

ProoF. First of all, we note that for a;, <o <a,, |t| =1, we
have

(8.4.1) | Mo + it)| < e 4wl



On a method of Balasubramanian and Ramachandra ete. 141

where A;, depends on a; and a,. With w = u + iv, from Lemma 3.2, we
have

5 b
342) 3 —mewy=_L Gls, + w) Y* I(w) duw .
n=1 n% 2m

Rew=A47+1

In (r.h.s) of (3.4.2),we break off the portion |v| = (log T')* which con-
tributes an error O(Y4"+le -4n®eD’) In the remaining portion,we
move the line of integration to Re(sy + w) = 1/7. We notice that there
is only one pole inside the rectangle (-1/42<wu<A;+1, |v| <
< (log T)?) at w = 0 which comes from the I' function. The residue at
w =0 is G(sy). The horizontal portions contribute an error

A +1
(3.4.3) E}r; J G(og+u+i(t+(og T)D)) Y** WD’ Ny + i(log T)2) du =
~1/42

=0( TAsyAr+1, — Az (log T)? ).
The vertical portion is

3.4.4) ﬁ [ ea/r+it+oy-verin-1/a2+wdv =

|v] < (log T)?

©

= O(TASY’I/“ZI |[(—1/42 + )| dv) =
0

=0 TAsY—1/42( f |1(41/42 + )| )
0

| —1/42 + ]
1 ©
= 0| T4y -1 jdv + je-vadv =
0 1

— O(TAsY—1/42) R
Since Y = T*%4s, the lemma follows from (3.4.2) to (3.4.4).

COROLLARY. We have, with X = T?%,

Flss)= 2 —we %+ 0(T ).
1 n

n=
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PRrOOF In the Lemma 3.4, we can take Ag = 4 by the proof of Lemma
3.3. By Lemma 3.1, we have a, <<, n¢. Hence, by fixing X = T?° > Y =
= T*%4s  the corollary follows.

LEMMA 85. IfT<y<2T and 5/6 <pB <1, then
T

J

T8

dt

Dy -n/x
> e ™ t2<<1

n<y n%

ProoF. From Theorem 2.2, we get,

s O, -n/x
n<y n®

T

/

2 dt

T
S O owx| O 1 J 2dt<<
2 28
t T .

n<y n %

Ly ——-lanlze‘Z”/X(T—TﬁJrO( DK T2+ %+
T2 2y nl/3 " 3

since a,, <, n° and e *"X < 1. By choosing 8 = 5/6 + ¢/2 (for ¢ a small
positive constant < 1/3), the lemma follows.

LEMMA 3.6. We have

1 2T 3 6

7 | ( 11 c<1—kso))( 11 C(kSO))
T ; k=1 k=4

where the implied constant is effective.

2
dt>logT

Proor. First of all, we note that
2

3 6
3.6.1) ’( kI;II &1 - kso))( kI=]4 Eksy ))

2

6
( I &1 —l@)( 1 cucso))
k=1 k=4

We notice that,we can define k{V, k{2, ..., in the following way with
Rew sufficiently large,

§5/6 +w)= 2 kPn,  {(2/3+2w)= Elkéz)n"”,
n=1 n=

G1/2+3w)= 2 k®n", &2/3+4w)= 2 kPn",
n=1 n=1

©

e@5/6 +5w)= > kPn"", and I(1+6w)= 2 k&nv.
1 n=1

n=
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Hence, we find that k> =1 for j = 1, 2, 3, 4, 5, 6; kY’ = 0 for every n
and for every j =1, 2, 3, 4, 5, 6; and

1
n

(3.6.2) k,(ﬁ) = for every n. -

For Rew large, let h, be defined by

[ fref- & v e vm))- 5 2

From (3.6.2), we find that h,: = L and hence by Theorem 2.1, we

have o \/ﬁ

2T

|
T

2
dt >

3 6
( IT c(1 - ksO))( I1 Z;(kSO))
k=1 k=4

logn 1
>> 21— + >
nsET:/IOO [P | ( logT  loglogT ) >

log n® 1
2(1 -
> 2 |hs| (1 Tog T + )»

n3 < T/1000 loglog T
> > 1l log” 1 >log T
s logT  loglog T g

which proves the lemma.

LEMMA 3.7. Let 1/2 < < 1. We have

T
| |F(so)|2-‘:—§ > (log TY: .

T8

Proor. We have
0 6
(3.7.1) F(sy) = I_I E(kso) =( l__I C(kSo))H(So)

where H(sy) = H &(ksy). We notice that H(sy) >> 1. Also from the func-
tional equation of zeta-function, we have

3.7.2) Eksg) = x(ksy) E(1 — ksg)
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with

(3.7.3) x(ksq) ~ |t| /2 k6

and hence, we get

3 6
8.7.4) F(sy) = H(so)( klel ((ksg)E(1 — ksy )))( kll C(kso)).

Therefore, we obtain from Lemma 3.6

3.7.5)

=

2T
j |F(se)|2dt >
T

2

2((3/2 - 1/6 3k 2T
) 1 dt>> Tlog T

>T e f

T
T

3 6
( IT e —kSO))( I1 C(kSO))
k=1 k=4

Now, from (3.7.5), we have

2U

2U
dt 1 2
3.7.6 F L - F(sy)|*dt>1log U.
(3.7.6) Ujl ()" % 4U2Ujl 8] g

\

Since, U = T? and there are at least > (log T) intervals of the type
(U, 20) in (T?, T), the lemma now follows from (3.7.6).

LEMMA 3.8. For T <y < 2T, we have

T
T8

for all B with 5/6 < < 1.

Ju_“e_“/XdA(u) ‘ Q;‘,_ & J’ (1u6) —u/x AU
J t2 1wl

U

Proor. First, we note that, we can write
10 ]
(3.8.1) Alw) = > Cjul/f + E(u)
j=1

where C; may be taken to be any fixed positive constants. Therefore, we
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get

3.82) ju ~s0g %X JA(n) =
Y

0 ©

0 O
=2 G Jul/j‘s"“le‘“/xdu+Ju‘s°e‘“/XdE(u)=
=1 y y

10 ] Jul/] so—1 —u/Xdu+y~soE(y)e y/X
]—1

© °°E —s9, —u/X
+5[Byu sl " Xdu + | —(u—)u—X-e——du=Jl+J2 + 5+ J,. (say)

By considering the real part and the imaginary part separately, from
the second Mean-Value Theorem of calculus, it follows that

©

0 C. ,
(383) ReJ,= > —LRe jul/f-so-le-“/xdu =
i=1 ] ;

&

0 C _
= > -LlevXRe Jul/f‘gf’"ldu =
= ;

e —T/X( g T(l/j - 1/6))
i=t - -1/6
0 T o(T )

and hence we have J, = O(T ~'/¢). Therefore we have
. d

3.84) [1a:12 t—j = O(T~'B),
3

We choose our y from [T, 2T in such a way that |y “*E(y)e %X |is
minimum.Therefore we obtain

(385) |y *E(y)e ¥X|2<

oT
Slj E(u)
T

/6

E(u)
wl/6

—2u/x AU
u

—2u/Xd « J’l
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and hence we have

—u/x AU

(3.86) J|J |2iii<<j| Bw) C

/6

Now,

T
@81 [ |2 % <<j Ey+ntw) qrnroxgy, | g
o o : n= 0(y+’n+u)3+1

°° Ey+mn+u)

2
= OW dt | du <

-(y+n+u)/X

<<J f

« I| E(u)

w1/

E(u)

wl/6

2 _
e u/X
U

——-(T T + O(w)) du < f ’

(In the second step we have used j fdu | < j | £ |? du, the third step
0

0
by Theorem 22 and the fourth step by the inequality » =y = T).
Now,

hd 2
o E(u)e “Xdu ’ dt =

T
dt
(3.8.8) J a5 < 2
T8

2

& Ely+n+ (y+n+u)
M - dtldu =

e”
n=0 (y +mn+ u)

= 1 f
xrr# J\

_ E(u)
- X278 yj wl/6

2e ~2WX(T — T? + O(w)) du <

E
« | 2w
T2ﬂ ul/G

e -u/X
U

du .

(Here also, we have used as before, Theorem 2.2, u =2y = T and e % <
<a~2 for a>0)
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Since,

T
I|J1+J2+J3+J4|2dt & 2 f| |2 4

T8

the lemma follows from (3.8.4), (3.8.6), (3.8.7) and (3.8.8).

b

t2

LEMMA 3.9. We have

_ 3 logT \'/2
_ > —= :
[P0l = max,, [F/10 + )] Texp|4\/3 ( loglogT)

REMARK. This follows from a theorem of R. Balasubramanian and
K. Ramachandra (see[2]). The constant 3/4 appearing in the r.h.s of the
inequality is due to R. Balasubramanian (see[1]).

ProoF. Let s =1/10 + it. Then

5 10 )
(89.1) |F(s)| = ‘( kr=ll x(ks)¢(1 —ks))( k[=[6 C(ks))( kgu C(ks))

5 10 ©
~t ( I1 C(l—k§))( I1 C(kS))( [1 C(kS)) | ~ t|Gy(8)H, (3)]
k=1 k=6 k=11

where for Rew large, we define

392 G (w)= ( kl‘ill (1 _ ko kw))( I ;(.k_ + kw))

10 =6\ 10
and
(3.9.3) Hi(s) = (klf[u C(ks)).
First of all, we note that H,(s)>>1. Let e,, ¢;(n) be defined by
(3.94) Gy (w) = 2 -
and
(3.9.5) Gl = 3 A

n=1 nY
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As in Lemma 3.6, clearly we have e, = 0,

396) e,= 3 0} ndninioniPud i ng/ nd o) "t <

2 10 _
nmng ...nyp ="n

< XY 1< > 1<dy(n)sn®

nlnzz...nll8=n npNeMNg ..M =N
and hence
3.9.7) St <Ay,
n=1 N
Therefore, we have
e;(n) = e:(n) ® J .

3.9.8) AL Vi Aoy i L T

n2 n=1 n2 n=1 "?,2
From (3.9.8) we get
3.9.9) ej(n) < n2Al; < (nT)ys

for 1 <j<AplogT. Also we havefor 1 <j< AglogT,

. L3k jlzo(h%) .
(3.9.10) Tznt%T|G{(s)|<<T1°~=‘ LT (log T)'* << T¥ < exp (T47).

Therefore from (3.9.7), (3.9.9) and (3.9.10), conditions for Theorem 2.1
are satisfied and hence we can apply this theorem to G7(s). Also, we
note that e;(n°) = d;(n)/Vn.

Now, from (3.9.1),

2T

2T
1 2j 2 1 Jeny|2
691 Tj ()|t > TY. o Tj |G (s)|2dt>>

logT  loglogT

. 1
>>T21( > |ej(n)|2(1— ogn 1 ))»
n < T/100

-ty logT loglog T
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From (3.9.11), it follows that
(8.9.12) |F(1/10 + ity)| >

1/25
>>T( > |d"(n)lz(l—logner 1 ))/]»
n<TYS

n logT loglogT

d(’ﬂ 2 \1/2j
> —T_ Z lj—)l_ .
(loglog T)/% \ wervs ™

From [1], since the maximum over 1 <j < A;5log T of the second factor
of (r.h.s) of (3.9.12) occurs only when j = (log T')° where ¢ is a small posi-

. . . 3 logT \'/2
tive constant and the maximum is = exp{—— Tozloa T , the
lemma follows. 4\/5 0g 108

LemMmA 3.10. For T <y, < 2T, we have

2 a,m ~S1g -n/X &, T9/10 te

n <Y

ProoF. Follows from the fact that a, <<, n® and e ¥« 1 for n < y,
and X = 729,

LEmMaA 3.11. We have

1/2
e‘””%»exp[ 3 ( logT ) ]

oo

)

REMARK. This is the key theorem to deduce the £, and £ _ re-
sults, namely Theorem 1.2

E)

w /10

41/5 \ loglog T

Proor. First of all, we note that as before the corollary to the Lem-
ma 3.4, we can have

(3111) F(Sl) = 2 ann_sle*"/x + O(T—1/2).
n=1

Therefore from Lemmas 3.9 and 3.10, we have

o 3 logT \/2
(8.11.2) > a,m e X Tex —(—————) .
— P15 | Toglog T
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Now as before, we have

o

6113 S a,n e "X = j u="e "X dA(u) =

n>iy ot

e 10
_ Ju”sle‘“/xd( d cjuww(u)) -
j=1
_ 8 G [ tgwgy [u=stevXapu) =

10
= Z Jul/] 8 -1 —“/Xdu + Y1 le(yl )e C’II/X

ZE(u)u e " vX

+SIJE(u)u‘“1‘le_“/Xdu+J < du=K, + K, + K + K, .
)

Using the second Mean-value theorem of calculus, as before we get

8 G [ 1
(3.11.4) Ki=2 —= ul/"sl‘le"“/xdu=0(—).
i=1J % T

We choose our y; such that |y;* E(y,)e %/X| is minimum. Hence we
obtain

@115) K, < |y E(y)e x| <

<l {| Bw Al ~u/x Q%
TTJ wt/10 w1/ u -
Now, since T < ¢, < 2T, we have
E(u ) d
- ~s-1gp-u/X -u/X QU
(3.11.6) K3_sle(u)u n-lgu/ du<<Tj| T | e RS
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Also, we have

_..l i -8 , ~u/X _1_ 3 E(u) -u/X
BILT) K= % jE(u)u o du << ” i | ¢ <
Y1 T
| E(w) _ du
< W s
J‘ wl/10 /]

From (3.11.2) to (3.11.7), we obtain
T
|

and hence the lemma.

E(u)

w1/10

o —u/2x QU du > Texp[ logT )1/2]

3
4\/5 ( loglog T

LEMMA 3.12. For T< U <X we have

1 P logT \2
- I A18 —_—
U J loglog T

where Ag is a certain fixed positive constant < 3/(4 V5).

du > exp

1/10

Proor. First of all, we note that

| B
CRLAIN u%

X100 X100

b

—ufex QU o -x% )4 u_ X du x>
e % Le J U0 g U Le

since, E(u) = O(u) and e "®<<a "2 for @ > 0. Since, there can be <<log T
intervals of the type (U, 2U) in the interval [T, X®], we have

1/2
—ujex du > 3 logT
€ u exp ( 4\/5 loglog T

from Lemma 3.11. Since 72%® > [J > T, ¢ ~*/?X < 1, the lemma now fol-
lows from (3.12.2).

U E(u)

8.12.2) 110
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4. — Proof of the Theorem 1.1.

From Lemmas 3.7 and 34, for T <y < 2T, we get

T
Gog 7" << [ Pl 5 <<J| gt oy | 2
T8
T a 2 a d
<<J' S I gomx| g | 3 Ong-ux +O(T 1y t.
. n<y N ne>y N

Note that, we have used |a + b+ c|2<9(|a|®+ |b]|%2+ |c|?). From
Lemma 3.5 the above inequality implies that

T 2
a, _ dt
log T)? < S I
(log T) ;! ngy nSOe v
"o dt E(w) d
<<f Ju %0g “/XdA(u)l <<” ~ *"/XTM
T8 Y

(the last step follows by Lemma 3.8) and hence the Theorem 1.1.

5. — Proof of the Theorem 1.2.

Let0 < a;<nU,T < U< X' We fix » = 1/3000 and [ = 20.We de-
fine a set R to be

E
51) R= ulU—nlUSus2U+17lUWith\ ffﬁg <
U
logU \'/2
sgexP(Alg(_—loglogU)

where A;g is the same as in Lemma 3.12. Let
Z1=U—a1—a2—...—al,
Z2=2U+a1+a2+...+al,

F(s)

— (8+9/10) __ rz(s+9/10)
s(s + 9/10) {22 4 b
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From Perron’s formula,we have

2+ i
1 N
. —_— F(s)—ds =
(56.2) Py J (s) S ds

2-—iw

A +0)+ A —0)
o 2

=A(u) or A(u) + O(u®)

according as % is not an integer or # is an integer.
Of course, we have

10
(5.3) A(w) = 3 Cu'V + E(w)
=

where C;u'/ is the residue at s = 1/j of ( u?s 11 C(is)). Hence from (5.2)
and (5.3), we have j=1

2+io

Eu) = - j P&y % ds — 3 Cull
2mi ) ) i=1 7
or
1 2+ 10 R 10 '
(5.4) 5= | & %ds— 3 Cu' + 0w
2m o e s j=1

according as % is not an integer or u is an integer.
Let RC denote the complement set of R. From Lemma 3.12, we
have

logU \'/2 1 20 By l
_WsY <1 s
(5.5) exp (AIS( loglog U ) U UJ VT du
nU  nqUZ
1 E(u)
) UnU) oJ'WOJ'z! /10 duda,...da; .

From (5.5),it follows that there exists a positive constant A,q(= A5 —
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— ¢) such that
logU 2\ _
(5.6) exp (Alg ( log log U ) <

nU U

1
< Ty Oj Jj

0 RC

E(u)

w1/10

’ duda;...da;.

If there is a sign change in the integrand of the r.h.s of (5.6), we are
through. On the contrary, if we assume that there is no sign change in
the integrand of r.h.s of (5.6), then definitely we can add our set E to the
integral of r.h.s of (5.6) and hence we will be having the following in-
equality,

1/2
6T ex (A%(ﬁg.v_) )

loglog U
B ””ZzE( )
U("U)l 1/10 du dal dal .
From (5.4), we have
nU 23
E(u)
68 o U)’ j j j —pduda,...da;=

U nU2Z 2+i0

i -y 10 .
1 JJ I ZL J F(s) ds_Equ1/1—1/10+0(ue—1/1o) .
0 Z T j=1

UnUY ; 1 ot

‘duda;...da; = Ks + Kg + K; (say),
(5-9) K7=O

since the term O(u®~ /1) is zero unless u is a positive integer.
Now,

1 'IU r]U Zz
(5.100 Kg= — > Cui=0dyda, ...da; =
) 6 UnU) 0'[ J ZJ- (]_1 1---00

1 U nUf 0 C;
= —_-— - (1/j+9/10) _ r7(1/j+9/10)
UaUy JI (]21 Aoy 2 4 })dal“'dal-
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Now,
U qU Zy 2+
_ 1 L us—l/l() _
G.11) K= Tl Oj ...Ojle ZM.%L F(s) Y ——dsduda,...da, =
1 U U 1 2+4w
= W OI Of EEZ_!m st dal...dal=
1 U U 1 2 4 X100
= | = + Zdsda,...da;.
U(qU) J of 2mi 24},([000 Vs Itlj;xm
We note that,
R
(5.12) — Zdsda;...da;=
U(nU) 0«[ 0.[ 2mi Vs |t|J’>X’°°°
-0 (nUY (L +2)U)® _0( U? )
U(?]U)l X 1000 XIOOO :

In the first integral appearing in the r.h.s of (5.11), we move the line of
integration to o =21/220. By Cauchy’s theorem, since we have the
poles of F(s) at s=1/j for j =1,2,3...10, we get

1 nu nU 1 2 + ix1000
%13) —]m—— | ...| =— Zdsda,...da,=
U(nU) J OJ 271 2—1;!1000
1 U C.
“wwr ) (E AT o7a0) B0} das .. da =
0
nUu U ) 21/220 ~ X100
- = Zdsda,...da; —
U(qUy 0,[ J 271 2—1')!1000
1 nU U 1 21/220 + ix 1000
ey | = Zdsday...da; —
i I Iz ; f 1 .
uaquy [ [ em st20 o
1 U qU 1 9 4 ix1000
" Gl [ ]5s | 2Zdsdar..da.

0 0 21/220 + iX 1000
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We note that as before, we can have
(5.14) F(s) << (|t| +2)¥

for o = 21/220.
From (5.14), we see that

U U 21/220 + iX 100
1

(5.15) U(;U)’ [|s= | Zdsday..da;=

0 0 21/220 — iX1000

21/220 + X100

__ 1 1
U(nU)l 2mi

21/220 — iX1000

. F(S)((2U+ an)s+9/10+l _ (U— l?]U)8+9/10+l)dS B
s(s +9/10)(s +9/10 + 1)...(s + 9/10 + 1)

[7L+9/10+21/220
UnU)

1000

’° (t +2)"dt L[ it
OJ (21/220)(21/220 + 9/10) ... (21/220 + 9/10 + 1) II jivz

0

_ 1
- 0( [y1/220 )’

1 U qU 1 2 + X100
(516) ——— jj—— j Zdsda,...do, =
2m
UnU) 0 0 n21/220+iX‘°°°
2 + X100

- _L_.L
UnU) 2m

21/220 + X100

F(s)(2U + WUy + 910+ _ (U — IgU)* + 910+ 1) dg
s(s + 9/10)(s + 9/10 + 1)...(s + 9/10 + 1)

Ul + 3X10000 UZXwOOO
= O U(?]U)lXIOOO(l +2) = ( XlO{}O(l +2) )
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and similarly to (5.16),we obtain,

) 2U  qU 1 21/220 — ix1000 {72 X 10000
61 oo Oj...oj 5 2_1-!1000 stdal...dale(——leHz) )

We note that T < U < X'%; X = T72%; 5 = 1/3000; | = 20. Hence, from
(5.7) to (5.13) and (5.15) to (5.17), we obtain that

logU |2
exp (A20 ( —log lOg U ) (¢

_1
/220

which is a contradiction. This proves the theorem.

6. — Concluding remarks.
In [12] E. Richert has proved the following two theorems.

THEOREM 6.1. For any sequence of complex numbers g,, suppose
there holds

> gn=a+ O0(x'2-¢)

LEX

and suppose there exists a constant A, such that

> Imn = xlogx + Asyx + O(x*)

mn <z

then, a = 1/4.

THEOREM 6.2. Let [l be a natural number = 3. Let g,, be a sequence
of complex numbers for which there holds

Z Gn =+ O(x1/2—1/2l+s)

n<x

for every € > 0. Suppose that
> Gn e Gn = 2P, (loga) + O(x*)

nng.. NS T

s true, where P;_, is a polinomial of degree | — 1, then there holds
az=1/2-1/2L

In fact, the method of Balasubramanian and Ramachandra can be



158 A. Sankaranarayanan - K. Srinivas

applied to much more general situations. As a trivial extension of the
method described in the present paper, we have the following applica-
tion. If we define, for [ = 2

6.1) Aj(u) = > Uy - Oy, = M (u) + Ey(u)

nng.. MU

where M, () is the main term arising from the poles of F'(s) and E;(u)
is the error term. As in the previous method we write

71 l
6.2) Fl(s) = { kl;Il x(ks)}

=n+l1

(ﬁ;ﬂ—m%kﬁ amﬂa

We fix 0 = 1/D,. Here j; and D, are positive integers to be chosen such
that

_k 1 = ..

6.3) 1 D> 2 for every k=1, 2, ..., J;;

k 1 _ : .

(6.4) — == forevery k=j5,+1,5:+2,...;
D, 2

and for each fixed [, there exist positive integers j; and D, satisfying
the following inequality

Ui GiGitD |1

(6.5) 2 ) =5

Similarly, there exist positive integers j, and D, satisfying

_k 1 - ;o
(6.6) 1 D, > 2 for every k=1,2, ..., 52 ;
k 1 . .
6.7 — == forevery k=j,+1,5+2,...;
D, 2

and for each fixed [,

be _

lj2Gs + 1) >1
2 2D,

=

(6.8)

Note that here j;, Dy, j» and D, depend on l. Now, we can obtain,
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THEOREM 6.3. There exist effective positive constants Ag, Az and
A,y such that

E;(u)
w1/Dr1

> (log TY*2 ;

T<us<X®

E,(w) < —exola logX \'2|
X< ey wul/Pe P12 loglog X ’

E(u) > explA logX \2|
XD h wl/De D)z log log X ’

Here Ay and Ay depend on L

The method of Balasubramanian and Ramachandra for the solution
of ©Q problems and Q. problems can be applied in fairly general situa-
tions and gives explicit effective theorems like Theorem 1.1 and Lem-
ma 3.11. These give respectively the explicit effective £ theorems like
the corollary to Theorem 1.1 and explicit 2 . theorems like Theorem 1.2
respectively. However the Q. results are at present weaker than what
are generally expected.

In conclusion we would like to mention an important result of D. R.
Heath-Brown [5] namely

X
j (E(x))? dw << X3 (log X)®°
1

for X = 2. This result is however not connected with the general
method of Balasubramanian and Ramachandra. It must be mentioned
that the result

2X
j | E(a)e ~ V8 |2 dar << X(log X)?
X

for X = 2, (which is clearly equivalent to the above mentioned result of
D.R. Heath-Brown, in fact with 89 replaced by 2) was announced (with-
out proof) earlier by R. Balasubramanian and K. Ramachandra at the
end of their paper [3] but could not be substantiated. However Heath-
Brown’s proof is given in detail in his paper and is perfectly reli-
able.

In conclusion we would also like to add another remark about a pa-
per of Aleksandar Ivic [6] written a few years after the paper [3] of Bal-



160 A. Sankaranarayanan - K. Srinivas

asubramanian and Ramachandra. In his paper A.Ivic proves the
result

X
J (E(x))?da = 2(X*3log X)
1

by a different method. However the method of Balasubramanian and
Ramachandra is more powerful and yields much more as was evident in
their paper [3] and as is explained out in the present paper. Regarding
the method of [3] A. Ivic comments as follows: «A good technique of
this type has been recently introduced by Balasubramaman and Ra-
machandra in a very general context.
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