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Functional Differential Equations
of Mixed Type in Banach Spaces.

Cur BAOTONG (*)

1. Introduction.

In the last few year the fundamental theory of functional differen-
tial equations with a single delay in a Banach space has undergone in-
tensive development (see[1,2]). The fundamental theory of functional
differential equations of mixed type, however, is still in a initial stage of
development [3-8]. In this paper, we consider the functional differential
equation of mixed type of the form

Q) x'@®) =1, 2(@), ¢ + (1), ¢t — (1)) ae. in (a,B),

in a Banach space B.

Let B = (B, ||-|) be a Banach space, » = 0, s > 0 are constants and
—o <a<pf <+, Assume that f: [a, 8] X B X B X B— B satisfies
the conditions:

(@) f(-, x, y, z) is strongly measurable for all fixed x, ¥, z € B and

B
there exist x,, ¥, 2o € B such that Illf(t, To, Yo, 20)||dEt < ®;

(b) there exist nonnegative constants a, b and ¢ such that
£t %, y,2) = f@, %, 7, Dl <allx - 7| +blly — 7l +clz-z|,

for all x,y, 2,%,y,2€B and t e (a, B); and

(¢) t(t) is continuous and r < 7(f) <s.

(*) Indirizzo dell’A.: Department of Mathematics, Binzhou Normal College,
Shandong 256604, People’s Republic of China.
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We consider the equation (1) with two boundary conditions:

{x(t)=¢(t), tela-s,al,

@ o) =w(t), telB B+s), EP<w,

where
pe®={¢:[a—s,al>B|¢p is Bocher integrable function},
pyed={y:[B,B+s)—B|y is Bocher integrable function},

DEFINITION. x: [a — s, 8 + s) —> B is a solution of the Problem (1)
(2), if x(t) is continuous on [a, B) and satisfies (1) and (2).
Let

a={x:[a—-s,B+s)— B|x(t) is continuous on [a, B)
and satisfies (2)},

a4, ={xed| sup exp[—Atl|a(t)|] < »} for each 1=0.
B

ast<

It is easy to see that « is a solution of the problem (1), (2) if and only
if « is a fixed point of the operato 7, defined on @ by

@ Tx@®)=

¢(t), te[a—s, a]r
p@), telf,p+s), <o,

i
o(@) + [ flu, aw), o + vw), aw ~ t@))du,  te(a,B).

2. Existence and uniqueness.

THEOREM 1 (Existence and uniqueness). Let (a),(b) and (¢) hold
and s <! = — a. If there exists a A = 0 such that
l ] 4

4) D(a,b,c, A) =aJe"“‘du +b j edu + c J e Mdu<1,

0 r—1

2 2r—s

then, for each x, € @, the iterates T"x,,where T: d; — @, is defined by
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(8), converge in the metric ¢; of @; defined by
5) 0:(x,T) = sup 5{6 |\ a(t) — z2(2)||}

ast<
to a solution of the problem (1) (2), which is unique in @,.

PROOF. Let x e @, then sup e *|x(t)| < » and x(t) is continu-

a<t<pB
ous on [a, B) and satisfies (2). Hence Ta(t) is continuous on [a, ) and
satisfies (2).
From (3), for each 1 > 0 and any t € [a, ), we have that

e M || Ta(t)|| <

B
Jf(tr Lo Yo zo)dt

a

Se ™ +e M <

B
Tx(t) — If(t, 2o, Yo, %) dt

<e Mp(a)| +e*

t
ff(u, x(u), 2(u + t(u)), a(u — o(w))) du —

+

t
- Jf(u, Lo Yo, Z())du

B
Jf(tv Los Yo, zo)dt

a

+e M

+e <e M|p(a)| +

B
If(u» %o, Yo, 20) du
¢

a

[ ¢ ¢ t
+e M aj [|oe(w)|| du + bI |le(w + (w))]| du + cJ oo — z(u)|| du] +

+e M (t - a)allao || + bllyo [l + cllzo ) + 26~

B
Jf(t’ Los Yo, zo)dtH-

Note that x € @, ¢ and y are Bocher integrable functions, so \n;e can ob-
tain that

sup e M| Ta(t)| < .
B

ast<

For 4 =0, using (a) and x € A, ie. sup [[Tx(t)| < , we have Tx e
€ dy. So T(a;) ca@, for each A =0.2<t<8
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Now we define
B={y:[a—s,B+s)—>(0, »)|y(t) is continuous in [a, B),
yt)=0 for te[a—s,a) and te[B, B+ s)}
and
Wy(t)=0 fortela—s,a)and tel[B,B+5),
Wy(t) =

t t t
= afy(u)du + be(u + v(u)) du + cjy(u — t(u))du for tela,B),

then the operator W maps the set B into itself. We can prove that
[Wyll, < D(a, b, ¢, A)||lyll, for any y e B and each A =0,

where

lyl, = gt:gﬁ{e‘“y(t)} for any ye B,

and
T2 — Tz| < W(||lx(t) — 2(t)|[) for any x,ZTe @, and tela, B).
Thus from (5) we have that
0;,(Tx, Tx) < D(a, b, c, 1) 0, (x, X), x,xed,.

Hence T is contractive with respect to g; by (4). Since @, is complete in
this metric, the Banach’s contractive mapping theorem implies that the
iterates T"xy, xy € d;, converge in (d,, ;) to a unique fixed point of T,
ie. to a unique solution of the problem (1), (2) in @;.

CoROLLARY 1. Let (@) and (b) hold, and (f) = » = const > 0. If
there exists 4 = 0 such that

l r l
—Au Au —Au
(6) aoje du +b Ile du+cTJ'e du<1,

2r —

then the problem (1), (2) has an unique solution in @,.

ExaMPLE. Consider the Lecornu’s equations [4, 6]
) ') =ax(t+ 1)+ bx(t — 1)
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where a and b are constants and t(¢) = 1. The conditions (a) and (b) are
venﬁed By the Corollary 1 and (6), if there exists a 4 = 0 such that

|a| j e*du + |b| I ~# du < 1, then the problem (7), (2) has a unique

solutlon in @, for r=s=1.

COROLLARY 2. Let the hypotheses of the Theorem 1 hold and S <
< o, then the problem (1), (2) has a bounded solution on [a, ).

PRrOOF. Since 8 < o, then @; = @, for all A = 0. Hence the problem
(1), (2) has a unique solution in d, by the Theorem 1, and the solution is
bounded.

3. Dependence on the boundary equations.

THEOREM 2 (Dependence). Let all conditions of the Theorem 1
hold. Suppose that {¢,}c®, {y,}cy,

|Wn—ﬂW‘J|WAD—mebaO o e,

B+s

lvw= vl = [ lpu-wldt—0, n—<w,
B

and ¢, (a) — ¢(a) as n — ». Let x, (f) be the solution of the equation
(1) with the boundary conditions

®n

z,(t)=¢,0), tela-s,al,
{xn(t)=wn(t), telB,B+s), ifp<wx,

n =1, 2, .... Then the sequence {x,(t)} of the solutions of the problem
1), (8), (=1, 2, ...) has the following properties:

@) if B < «, then x,(t) > x(t) as » — o uniformly on [a, B);

(ii) if 8 = o, then x,(t) - 2(t) as n — o uniformly on the com-
pact intervals of [a, ).
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Proor. Let
@, = {x: [a — s, B + s) > B|x(t) is continuous on [a, B)
and satisfies (8), },
Ay ={red,|sup e xit)| < »} for each 120,
n=1,2, ..., and we define the operators T,:
Oy Tuw,(t) =

¢n(t)y te[a - S, a].v
'/’n(t), tE[ﬂ,ﬂ+8), if/3<°°a

t
Pl + [ (2, ), 2, (u + 1), 7w =T du,  tela, B),

for n =1, 2, ... . Similarly to the proof of the Theorem 1, we can prove
that T, (@,,) c d,; and the operator T, has a unique fixed point for each
n. Hence for each n the problem (1), (6), has a unique solution in
Qi

Let x € @, be the fixed point of T and «, € d,; be the fixed point of
T, for each n, then we have that

0,(x, x,) <M,e */(1 - D(a,b,c, 1) for all n,

where M, = Const. = 0 and nlgnw M, = 0. Thus from nl'_n)qe 0,(x,2,) =0,

it is easy to prove our results.

4. Remarks.

REMARK 1. The above results can be estended naturally to the
problem involving several arguments

(10) 2’ (@) =f(¢, 2(t), 2@ + 7, (1)), 2t + 12()), ..., 2 + 7, (1)),
x(t - Tl(t))a x(t —Tg (t))9 ceey x(t - Tm(t))) a.e. in (a’ﬁ)y

where 7,(t) >0 (¢ =1, 2, ..., m) are continuous, and the exist nonnega-
tive constants r; and s; (1 = 1, 2, ..., m) such that 0 < r; < 7,(¢) < s; and
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also to functional differential equation of mixed type of the form
x’(t) =f(t) x(t)’ x(t + Tl(t))y x(t + 1"2(t))7 seey x(t + Tp(t))y
w(t - hl (t))v x(t - h2(t))y ceey x(t - h'q(t))) a.e. in (a’ 13)7

where p and ¢ are positive numbers, 7;(f) and h;(t) are nonnegative
continuous functions.

REMARK 2. The equations
(11) z'(t) = f(t, 2(t), x(g(t) 1), x(h(t)t)) ae. in (a, ®),
and
x' (t) = f(¢, x(t), 2(g; (D) 1), (g2 (D)D), ..., 2(g, (D)),

w(hl (t) t)’ x(h2 (t) t)v sy x(hq (t) t)) a.e. in (ay ® ) ’

where g, h,9; (i=1,2,...,p) and k; (j=1,2, ..., q) are continuous,
andg>1,9;>1,0<h<1,0<h; <1 for each ¢ and j, are of type (10)
too.

In fact, let £ = e¥, X(y) = x(e?), then we have that from (11)

X'(y) = x'(e¥)e¥ = e¥fle¥, w(e?), a(e! * 8", oy +loghte))) &

Py, X(y), X(y + log g(e¥)), X(y + log h(e?))) ae.

where log (e?) > 0, log h(e?) < 0.
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