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The Kazandzidis Supercongruences.
A Simple Proof and an Application.

ALAIN ROBERT - MAXIME ZUBER (*)

ABSTRACT - Let p be an odd prime and =, k, non-negative integers. The following
supercongruences

np n n
N

3 (™ mod 2nk-n—-k)-|"|Zs (p=3)
3k| \k k p==h

involving binomial coefficients, are due to G. S. Kazandzidis [1, 2, 3]. We pro-
pose here a simple proof based on well-known properties of the p-adic Morita
gamma function I',. At the same time, we present an application leading to a
new supercongruence concerning the Legendre polynomials. We would like
to thank D. Barsky for reading carefully a first draft of this proof and for
pointing out an inaccuracy in the argument and the referee for some im-
provements in the presentation.

1. Proof of the supercongruences.

Let us start with the following observation by L. van Hamme
[4, p. 116, Ex. 39.D]

" np| [[n) _ r,(np)
kpl/\k] TI,kp)-T,((n—k)p)
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The right member of (1) expresses (:ﬁ) / (:) as a quotient of p-adic
units. Furthermore, the fonction I', satisfies the inequality
|T@) - T, < |e~y| (=,yeZ,).
Since I',(0) = 1, it follows that
[Tp(@)— 1| < |2| (xeZ,).

This implies that the p-adic logarithm of I', is well-defined on p Z,.
Thus, in order to compute the quotient

I, (np)
r,(kp)-T,((n-k)p)’

we shall study the function
fx):=log I, (x)
on pZ, or more precisely the expression

r,(x+y) )

Ty —j@) = fly) =log| ———————
fe +y) - fle) - f(y) °g(r,,(x)-Fp(y)

Notice that the following equality holds

. r'y(x+y) )
I'y(x)-T'p(y)

_ 1y r,(x+y)
Iy(x)-I',(y)

Now, from the identity [4, p. 109]
Fpy@) I,(1-2)=(-1*®,  (xeZ,, 1<R)<p, R(x)=2x mod P),
it follows that, for x e PZ,
ry(x) rp(l-—2)=-1
and therefore

I,@) Ty(~x)=1.
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In other words, the function f = log I, is odd on p Z, . Moreover it is
analytic on pZ, [4, Lemma 58.1, p. 177] and admits the expansion

A
log I, () = Aot — Oy ——2" g0+l
0g Ip(@) = 4o 2‘1 2n(2n + 1)

with coefficients 4, defined by
Ao = I x "dey (m=1).
A

Observe that this expansion defines the function f(x) on {xze
eC,: |*| < |p|}. From this we deduce that

)
2 — — — _©n 2n+1_ ,.2n+1__ ) 2n+1
@) fle+y)—f@—-fy) nzal S @ntD) {(+y) x Yy

(the linear term vanishes!). The first term of the sum is
2,1 A’l
— —— (3x%y +3ay?®) = —aylx +y) — .
5.g 3Ty +3ay7) Yty S

An estimate of A, (depending on the prime p) will be given below.
The second term of the sum in (2) is

A A
- 4—25 wy(x +y) 5@ +ay +y?) = — IZ ay(x +y) (@ + oy + y%).
It belongs to pZAsxy(x + y) Z, provided x, y e pZ, and p = 2.
For the next terms, we use the factorization
@+yy—o -y =xy-@+y) oy (jodd=3),

in which a;(x, y) € Z[x, y] denotes a homogenous polynomial of degree
j — 8. This follows from the fact that x’ + y’ is divisible by « + y when j
is odd
xl + yl
x+y

=gl Tl Py + L4y

Hence, if  and y are both in pZ,, then the following inequality
holds

o/ +y — (@ +yY| <|ey@+y] |p) >
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LEMMA 1. For any prime p the number p- 4, belongs to Z,. More
precisely, for n =2 we have

An - b2n € Zp ,
(here by, € (1/p)Z, denotes the 2n-th Bernoulli number), whereas

rM(p)eZ, for p>3,

11(3)E§Z3 for p=3.

ProoF. Recall the definition

Ap= Jx-Z"d,x:: m ~ Y i,

£ == p) 1<i<pl, pri

Now, both terms of the congruence
Y it= ¥ i modp’Z,

1si<pl,pri 1<si<pl,pri

represent the same element in the group (Z/p’Z)* of units of Z/p’ Z.
In the field Q,, this leads to the congruence

1 1
— X dittm== > i?medZ,.
P’ 1<i<pl,pri Pl 1<i<pi, pri
Taking the limit j —» « we obtain
A =Al:= j 22" dz mod Z,.
zx

But it is possible to compute A, explicitely

Ay = Ix‘”‘dx - I x?"dx = by, — I (py)2"d(py).

z A P2,

. 1
Since d(py) = |p|dy = -z;dy
1
/1,'L=(1—p2"_1)'b2n5b2ne —Z, mode
p

[4, p. 177). In particular pA, € Z, which implies that |pi,| <1. =
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The preceding estimates let appear that the first term

xy(x +y) - Z, for p >3,

xy(x + )'11 1
- — €
y Y 2 xy(x+y)-gzs for p =3,

in the sum of (2), prevails over all other terms. In fact, the second
one

A
—Zzzx;y(:v +y)- (2% + wy + y?)

already belongs to p®A,xy(x + y)*Z, (p = 3) and since pA, € Z, it is al-
ways an element of p-xy(x + y)-Z,. Notice that the denominator of 1,
and b, is equal to 30. Hence for p > 5 the second term even belongs to
pZay(x +y)-Z,.

In order to say something relevant about the next terms

'17'/ 2n

——n pm-2 .
oman i P G2 @/py/p)ay(@ +y)

appearing in the sum, let us state the following lemma.

LEMMA 2. For n = 2 we have

'1" .m2n -2
2n(2n + 1)

P <1.

ProOF. The case m = 2 has been treated before. Let us write

1

Prn 2n -3 .
2n(2n + 1)

A’” 2n -2 p
2n(2n + 1)

- . < 2n -3
2n(2n + 1) P

=

p

and discuss the exponent of |p| in this last expression. Recall that
ord,(n!) =(m — S, (n))/(p —1) < (n —1)/(p — 1) (where S,(n) is the
sum of the digits in the base p representation of n). Thus

2n —3 2n -3
ord, S 2= ord, —p——)>2n—3—— 2n =z2n—-3
2n(2n + 1) 2n +1)! p—1

if p = 8. This proves the assertion for » = 8 while for n = 2 we need
only examine |p/(4-5)| <1 forp=3. =
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Finally, taking
x=kp, y=m-—-k)p, x+ty=mnp,

(all in pZ, if n and k are integers) we obtain the supercongruences of
Kazandzidis.

2. Application to Legendre polynomials.

The Legendre polynomials P, (&) can be defined as coefficients of
the generating function

= =3 P&

V1-2&x +x2 >0

Carrying out the substitution & = 1 + 2¢, we obtain [5] the following
explicit formula for the polynomial P, (1 + 2t)

P(1+2t)= ("’) (n * k)t".

o\k k

These polynomials verify remarkable congruences: the so-called
congruences of Honda [6,7] which can be stated as follows

1) P, _1(1+2t)=P,_,(1+2tP) mod npZ,[t] (n=1),
2) P, (1+2t)=P,(1+2t°) mod npZ,[t] (n=0).
Now let Q,(t) € Z[t] be the polynomials defined by
Q.):=P,(1+2)+P,_;(1+2t) (n=1),
so that, by the Honda congruences, we have
Qup (1) = Q, (t) mod np Z,[1t].

Using the results of Kazandzidis, we shall establish that the last ex-
pression is actually a supercongruence. More precisely, one can
state:

THEOREM. For p odd and for all integers n = 1 the following poly-
nomial supercongruence holds

Qrp (V) = @, (t7) mod n2p®Z,[t].
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Proor. Using the explicit formula for P,(1 + 2t), we find

_ & (mp\[mp k), " [mp =1\ [mp +k—1) ,
an(t)_Qn(tp)_kgo(k)( k )t+k§=:0 k k :
2w\ [n+k k_n—l n—-1\[n+k-1 %
-

np
an (t) - Qn (tp) = kgﬂqktk )

Now put

then, for the coefficient q,, we get

a) =0
b) If k=1 is prime to p, then

R
) )
A
I Y e

=)

gr = 0 mod n2p%Z

c¢) Now the coefficient q,;, with k <n, is
np\[np +kp) [n n+k + np—1\[np +kp—1 3
Ot = kp kp k k kp kp
n—1\[n+k—-1) 2n | np + kp n\[n+k
k k n+k |\kp|\ kp kI\ & ||

and therefore
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By virtue of Kazandzidis supercongruences, there exist two p-adic
integers u, v € Z, such that

A

[(n Z k) +vp?(n + k) kn (n Z k)] _ nsz (:) (n I-: k) =

= 2n’p? [u(n —k) (:) (n Z’_C ; 1) + vk (:) (n Z k)] mod n3p?Z, =
ST S .

=0 mod n®p?Z, .

This congruence is even stronger than the one we had to establish.

d) Finally, once again with the help of Kazandzidis, we treat the
term gq,,

2 2 2n
qnp=(np)—(n)EOmodeZn-n-n( )Zp50m0d2n3pzZp.
np n n

This concludes the proof of the theorem. m

In this proof we have used the identities

A\[A+B+2 . A \[A+B+1 _p A+l A\[A+B+1
B/\ B+1 B+1 B B+1\B B ’

N R

A+B
B
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