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Some Results of Gevrey and Analytic Regularity
for Semilinear Weakly Hyperbolic Equations
of Oleinik Type.

RENATO MANFRIN (*)

1. Introduction.

Consider the quasi-linear hyperbolic equation

QD) wy— X 3,(a;, @, u, V,u)d,u) = f(t, @, u, Vou),

=1
where the coefficients a;; and the nonlinear term f are real analytic
functions of all their arguments and assume that the strict hyperbolici-
ty condition

@) Aolglzsélai,,-s,-sjszlglz (R,

is satisfied for some 0 < Ay < A. Thanks to results obtained by S. Alin-
hac and G. Métivier (AM]) we know that every solution u(t, x), with
analytic initial data (0, x), u,(0, x), is also analytic as soon as it be-
longs to some Sobolev space H* for k > k(n) (see also[J1] for a more ac-
curate estimate of the regularity bound k(n); see[M3] for the linear
case). Later, it was proved by S. Spagnolo [S1],[S2] that a similar result
is also valid in the weakly hyperbolic case (that is, Ao =0 in (2.1)), at
least if we restrict ourselves to the subclass of the semilinear equations
of the form

n

(3.1) Uy — 2 8, (a;;(t, ®) 3,u) = f(t, x, u),

4,j=1

(*) Indirizzo dell’A.: D.C.A. - Istituto Universitario di Architettura, Tolenti-
ni, S. Croce 191, 30135 Venezia.
E-mail: manfrin@sabsns.sns.it, manfrin@pdmatl.math.unipd.it.
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where
(4.1) a;(t, ) = a; (¢, x)

and one of the following additional conditions is fulfilled:

i) the coefficients a;;(t, ) have the special form
(6.1) a;; (t, ) = b(t)-a;;(x);

ii) the solution w(t, x) is assumed to belong a priori to a Gevrey
class of order less than two.

We note that the Cauchy problem for a linear weakly hyperbolic
equation is well-posed in the space A(R}) of real analytic functions, pro-
vided the coefficients of the equations are analytic; but, for A1, = 0, the
linearized of (3.1) at a C* solution, is a weakly hyperbolic equation with
C~ coefficients, which could present the phenomena of non-existence or
non-uniqueness. An example of a Cauchy problem (in one space dimen-
sion) of the form

{ Uy = a(t) Uy, ,

©D w0, 2) = up@), (0, ) = @),
with a(t) =0, a(t) e C*, uy(x), u, (x) € C, without local solution, was
constructed in [CS] (see also [CJS1]). A similar problem arises if we add
a lower order term to the linear part of eq. (3.1) (see[N3]). Thus, in the
weakly hyperbolic case, it is likely that some other assumptions are
necessary in order to prove the analytic regularity of the sol-
utions.

Furthermore, the Cauchy problem for a second order weakly hyper-
bolic linear equation (with smooth coefficients) is well-posed in the
Gevrey class y©® for s <2 (see in particular[M2] and the results
in[J2], [N1],[N2],[CDS], [CJS2], [S3],[0T], [C],[D]); hence, it is natural
to ask whether the Gevrey regularity for eq. (3.1) holds.

On the other hand, O. Oleinik (see[0O1]) proved the well-posedness
in C* of the Cauchy problem for any weakly hyperbolic linear equation
of the form

(11)  L(uw)=uy— il(aﬁ(t, ) Uy, )y +

L) =

+ '21 bi(t, @) ug, + by (¢, T)uy + ¢, @)u = g(t, @),
i<
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where the coefficients are C* functions satisfying (4.1), such that

.M3

@.1) 0
2’.]

laijgigjs/‘l'glz (VEeR™)

and for positive constants A, B >0, VEe R"
n 2
8.1) B'(‘Zlbj(ta W)Ej) SA- D, 0) &+ 200 ;(t, ®)EE;.
Jj= iJ i

Thus it is natural to pose the question whether a result of analytic
regularity (or, more generally, of Gevrey regularity), similar to those
proved in[S1] and [S2], may hold for eq. (3.1) under the Oleinik’s condi-
tion (8.1), instead of the assumptions i) or ii) of[S2].

In this paper, we consider a real solution, u(t, x): [0, T) X R; — R,
of the semilinear equation

(CRY L(w) =f(, 2, w),

where L(u) is the linear weakly hyperbolic operator defined in (7.1),
which satisfies (2'.1), (4.1) and (8.1). Fixed s = 1, we suppose that

(10.1) aij, bj, atbo, ce CO ([0, T), '}’(s) (Rz)) ,
while the nonlinear term, f(¢, x, ): [0, T) X R} X R, — R, satisfies
1w feC°([0, T); y(R; X R,)).

Under these hypotheses, we are able to answer the previous questions
and more precisely, we prove the following result.

THEOREM 1. Consider eq. (9.1), under the assumptions (2'.1), (4.1),
(8.1), (10.1) and (11.1). Then a solution u(t, x): [0, T) X R} — R of class
C? belongs to C*([0, T); y®(R)) as soon as

(12.1) w0, ),  u(0,2) ey (RY).

REMARK. We give a direct proof of Thm.1 only in the case s > 1.
Indeed in the conclusive part of the proof (see §5), in order to localize
our result (see Prop. 1), we use functions with compact support. On the
other hand, for the analytic case (s = 1), we can resort to Thm. 2 of [S2]
(see condition ii) above). In fact, applying our result, we first demon-
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strate that the solution wu(t, x) belongs to C2([0, T); y® (R?)) for any
s > 1, thus wu(t, ) satisfies the hypotheses of Thm.2 of[S2].

Moreover, we can also apply the methods of §5 in the analytic case,
using a suitable sequence of C* compactly supported functions {x}
instead of a fixed y e y*(R") N C5 (R™) (if s > 1). See Remark 5.

REMARK. We observe that the Oleinik condition (8.1) works only if
the linear operator L takes the form (7.1), which is not preserved (in
general) by coordinate transformations. Hence, we cannot apply in our
proof the same geometric techniques used in[AM] (see Lemma 2.2 and
3.1) in order to prove the analytic regularity of the solution.

Some Remarks and Notations.

We denote by ¥ (R?), with s = 1, the space of Gevrey functions of
order s, that is the space of C* functions v(x) such that

|ID¢v(x)| < CxAl' |a|’® aeN", zxekK,

for all compact sets K c R . Besides, throughout this work we will con-
sider the spaces y{(R?) and y{*k (R?), defined in the obvious way.

Now, we will consider some aspects of the Cauchy problem for
eq. (9.1).

First of all, by defining,

u(t, x) = u(t, x) — uy(x) — tu, (x),
(13.1) ~
{f(t, €, ) =f(¢, @, v+ up + tuy) — L(ug () + tu, (x),

where u, () and u, (x) are the initial data of u(Z, ), we can confine our-
selves to a particular case of Thm. 1, namely:

(14.1) L@)=f(t,», @),  @0,2x)=1&0,z)=0.

Indeed, the nonlinear term f(t, x, v) satisfies the same hypotheses of
f@, z, v).

Assuming u(t, x) e C2([0, T); H*(R")), (with k sufficiently large)
and taking the initial data in y{}(R?), we can prove that
C%([0, T); y3(R?)). See Prop. 1.

Taking s =1 in the statement of Thm. 1, we obtain the of analytic
regularity. Moreover, if the coefficients are analytic in the variable ¢
one can also derive the analyticity in ¢ of the solution (¢, x), by apply-
ing the classic Cauchy-Kovalewski theorem.
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It is sufficient to assume that Oleinik’s condition (8.1) holds only lo-
cally in [0, T) X R?. That is for any compact set K c [0, T) X R} there
exist constants A = Ak, B = Bg such that (8.1) holds for all £e R".

An essential step in the proof of Thm. 1, is that the eq. (9.1) has the
uniqueness property. For a detailed proof of the local C* well-posed-
ness of the Cauchy problem for eq. (9.1), we refer to [DM] (see also the
proof of the Sobolev estimates in Appendix A).

Finally, applying Thm. 1 and C”-well posedness proved in[DM], it
follows the that the Cauchy problem for eq. (7.1) and (9.1) is well-posed
in the Gevrey classes y® of order s = 1; see Prop.1 of §4 for more
details.

This is the layout of the paper: in §2 and §3 we prove the basic
Gevrey estimates for the linear and nonlinear equations respectively; in
§ 4 we introduce the Gevrey-energies and prove a result of global regu-
larity in the space y {3 (R") (see Prop. 1); in §5 we prove the statement
of Thm. 1 (localizing the result of the previous section). Finally in the
Appendix A, we give the local estimates of the H*-norms and prove the
C* regularity of the solution.

Acknowledgments. We would like to thank S. Spagnolo for many
useful discussions about the subject of this paper.

2. Global Gevrey estimates for linear equations L(u) = g(t, x).

In this section we shall derive the energy estimates for the linear
Cauchy problem:

O L =wu— 2 CHICEL ) +

%]

+ 21 b (t, @) uy, + by (t, 2)u, + c(t, ¥)u = g(t, @),
j=1n

@ w0, x)=up(x),  u(0,2)=1u(x),

provided eq. (1) satisfies the condition of weak hyperbolicity, to be pre-
cise a; ;(t, @) = a; ; (¢, @),

@ AEE = Sa;t DEE=0  1>0),

)

and the Oleinik’s condition holds, ensuring the well posedness in C* of
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the linear eq. (1) (see[O1]): for the constants A, B> 0
n 2
@) B-(, 1bj(t, x)gj) SA-Ya;;(t, ©)E&+ 230 ;(t, ©) &,
J= 2y ¥

for all (¢, x) e R, X R", £ e R". Concerning the coefficients of the linear
operator in (1) we assume that a;;(¢, ), b; (¢, ®), c(t, x), 0,by (2, x), as
function of the variable x € R", belong to some Gevrey class of order
s =1, more precisely we will take the coefficients in C°([0, T7;
y$. (R™)). Hence, the following upper bounds hold

®) |82w(t, ©)| < CoAl |a]?  (aeN™),

for w = a,, b;, ;by, ¢ and for some constants Cy, 4, = 0. Finally
we require that the initial data wuy(x), u,;(x) and g(t, ) should
belong to H~ (R}). Taking these assumptions into account and
defining

(6) g(t, @) = g(t, @) — L(ug (x) + tu, (x)) ,

we shall restrict ourselves to the case:

1) L= 3 @2, +

L=
+ 2 bi(t, @) uy, + by (t, ©)u, + c(t, ®)u = §(t, x),
j=1

@) wu0,2)=0, (0, 2) =0.
We introduce the following definitions:

G.=[0,z]xR* (z>0),

[, vle, = [ ult, ®)o(t, @) dwdt,
G,

(U, V)= y = f w(t, ©)v(r, ) dx
R"L

and we use the customary notations D* = 35}- ... 9;». Moreover, in the
foregoing proof we shall adopt the convention of implicit summation
over repeated indices.
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Let u(t, x) be a regular solution of (1'), (2') on [0, T') X R". Given 7
(0 <7 <T), we define the function

) w(t, x) = Ju(o, uw)do,
t
and for j = 1 we introduce the j-th energies of a solution (¢, x) to Pb.

(1), (2') by setting
® Ei)= 2 E,(v), (721

(1 _]"

9 Fi()=E (v); Fj(r)— 2 E’(t)+ E E,s(t), (722)

a —]— _]_
where,

(10) E,(r)=[D%u, D°ue™®], +5*[D*w, D“wej“]G' , (Ja|=j-1),

(11) Ez(v) =[DPuy, DPu, ™1, (1Bl =5 -2),

with 6 > 0 a constant which will be chosen in the proof of Lemma 1. In
order to estimate E, we observe that D%w(r, x) = 0 Va € N*, thus

d

az -

E,= (D¢, Due’®),_, + 2j2[D°w, D*u(r)e’®]g, <

<|1+ $(1—e)|-(D%u, Due™),., + 2 [Dw, D*we],,
hence we have to estimate
(13) -&d; [D°u, D*ue®]; = (D%u, D uei®),_, .
To this end, using the fact that

w, = —u, u(0, ) = u;(0,2) =0

and integrating by parts, we have the following identities (see
also[01],[DM]):

(14) [D°uy, D*we'™]g =

= %(D“u,D“uej“)t=,+ [D“uej‘”,jzezD“w - ngD“u ,
[e
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(15)  [(@;;D*uy,)y, D*we™ ], =
- % (aijDawxn Dawxi)t=0 - % [(jeaij + ataij)Dawwi’ Daw"’j ejm]G' ’

16)  [D*(byu;), Dewe’® ]z, =
= - [D*(3,byw), D*we™ g, + [D*(byu)e’™, D*u — j6Dw]s, ,
a7 [b;D%u,, D we™]; =
= —[3,,b;D%u, D*we’™ g, — [b;D*w,,, D ue™Jg, .

Defining,

as Ao=—,ji=

1

O, (as;9,), B, =j§'1 b; 3,

1

and applying the operator D* to each term of (1'), we find
(19) (& +Ay+ By)D*u + D*(byu, + cu) = K, + I'y, + D°§

where
(20) K,=A,D%u —D*Ayu,
21) I',=ByD*u — D®*Byu.

Hence from the equality

(22) [(& + Ay + By)Du + D*(byu; + cu), D*we'®];, =
=[K,+T,+D*g, D*we®];_,

using the identities (14), (15), (16), (17) we have »

(23) % (D%*u, D*ue’®),_, = — [D“ueﬂ”,jZGzD“w - %jGDau] -
G,

— £ [(j6ay; + 8,0)) D*w,,, D*w,, ™15, -
— 2(ayD%w,,, Dw, ), o ~ [D*(Byu) e, D = 6D w]g, +
+[8,b;D°u, D*we®];, + [b;Dw,,, D*ue®]; +

+[D*((3;by — c)u), D*we* 1, + [K, + ', + D°g, D we™]; .
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Since B > 0 we can estimate the last term in (17) as follow:
(24) [b;D°w,, Due®]g <
< B 1s,D°w, , b,Dw, 1, + L [D*u, D°ue™®];, .
2 i i * 2B *
Moreover, integrating by parts we have

A 17] )
@5) [D%u, Déwe® s = %(D"w, Dew),_o + % [Dew, Déwei® ],

hence, from (3), (5), (23) and taking the Olienik’s condition into account,
we obtain

26) -;—(D"u, D uei®y,_, <
< % (3§60 + B~' + CyA¢)[D%u, D uei®]; —
- % (j36°% — Co Ao D w, D*we™ s —
- 2 (j6 = AlayDw,, D*w,, 1o, ~ [D*(Bou)ei™, D —j0D wlg, +
+[D*((8;by — ¢)u), D°we'* g + [K, + I', + D*g, D*we'®];_,
thus, assuming 6 =1 + 3\/ 2CyA,, we have
1+ l(1 —e )< 2
6
and from (10), (12) and (26) it follows that
1 d

@7 5 T-Ba< (30 + B+ CoAo)Du, Due™ls,

~ 27°6*[Dw, D*we™ g, ~ (j6 ~ Ala; D w,,, D w,, g, -
—2[D*(byu) €™, D*u — j6D*wlg, + 2[D*((8,by — c)u), D we®]; +

+2[K,+ I, + D*g, D*we®]g_ .
We can now prove the following estimate.

LEMMA 1. Let u(t, x) be a regular solution of (1'), (2') (to be pre-
cise, we can assume u(t, x) e C2([0, T); H* (R"))); then, there exists
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0y = A, such that for 6 = 6, and A > Ay, the following inequality

holds

(28)

Jj- 1(A691/2)j h-\/Eh )
“\E; +

<O o
By< GG+ 1Y 2 G T 10 1 27

DO =
3

+2 D [D°G,D°we®l;.  (j=1)

la| =j-1

where C =C(n, A, B, Cy, Ay, A, 0,1,8), 0=s— 1.

ProorF. We will use here Lemma 2.2 and 2.3 of [D] (see also [AS] for
the case s = 1). Taking assumption (5) into account and applying Lem-
ma 2.3 of [D], we easily obtain that for any A4 > A, there exists a con-
stant Cl = Cl (n, Co, Ao, A) such that

(29) ( ) [D“(bou),D“(bou)e""‘]c,)”z,

al=j-1

( 2 [D*((3by — cyw), D*((8rby ~ ©) ) ef‘"]G:)l/2 <

la| =j-1

h_
<Cl(]_1)'sh20/1]h's ( IE [Dﬂu Dﬂuejot] )1/2

Hence, observing that

30)

Im};h[D‘f’u,Dﬂuejm](;lse”"“”"’E’hH, 0<h<j-1)

and taking C, = (2 + 6) C;, we deduce the following estimate

@31

2 [D*(byu)e’®, D*u — jOD*wlg, +

al=j-1

+[D*((8,by — c)u), Dwe'®]g <

j-1 (Ae"’/z)] h- 1%\/_

SG(j-DF Z W

In order to continue we must now estimate the term

(32)

2 [Ka+ra’Dawej9t]G-r’

la| =j-1
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we define

(33) B= 3 (J)@rayD*ru,,

[y|>1,y<a
thus, writing

(34) [K,+T,, D*we®]; =
= 21 a,[8,,a;D* " Mru,, D w, e + (K, + T, D*we®]g_,
=

where for a,21, a-1,=(ay,...,a,—1,...,a,), we can consider
separately the terms of (32) of order <j — 1 and those of order j. Using
now Lemma 2.2 of [D] (in particular the estimates of the terms 1, I1,,)
and taking (5) into account, for any arbitrary A4 > A, we can find a con-
stant C; = C3(n, Cy, Ay, A) such that

(35) ( S (Rat T (Bo+ T JG,)”Zs

al=j-

j-1 (Ae()t/Z)j—h—l

<C(j+ 1)
GG+ h§=:0 W+ 1)° (h + 2)°

VE) ;1.

Hence, from (10) and (35) we have

(36) Y [K,+T,, Dwe™]; <

la| =j-1

j-1 (AeOr/z)j—h—l

<Gy (j+ 17
O+ 2 GG TG 2

VEi+1VE;.

Finally, we have to estimate the first term in the right side of (34). In-
tegrating by parts (for a, = 1) we find the identity

37 [8,,a;; D 1y, D wy e g, = =8} 4,0;;D° 1w, D*w,, 15 +
+085, 5,50 " u, D" w, . €% g, + (9, 0i;D%%, D T, 6],

now, integrating by parts again, we deduce the estimate

38)  [8,,a;; D™ 1y, Dy € ]g, <

<[ 40;0;;D* " 1w, D we™™ Jg, + (8%, @;; D~ l'luxj, D*we™], —
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a-1 a-1 jot — -1 -1 7ot
—[33,,xﬂxiai,-D "u, D "Wy, € I, [32,,,,,’ ;D u,, D° Wy, € g, +
+Lpeu, Deue®lg + 116, a; Dy, , 8, ai; D% w,, €]
E[ U, ue G, 92 x,,a'ij ac,:c] (L wx i € G, »

hence, multiplying by a, in (38) and summing over 1 <y <=, |a| =
=4 — 1, we have

(39) > 2 a,[8,,a;;D% " "u,, Dw, 6] <

lal =j-19=1

<V + VE DV +

1 -1 -1 jot
5 | IZ 1 21 a [a aijDa "wxia:j’ ax,, a'ijDa "’w:cizj e’ ]G,
af=3—-1n

where C; = Cy(n, Cy, Ay, 0, 7, ). It remains to estimate the last term
in (39). Using the condition of weak hyperbolicity we can apply the fol-
lowing inequality, due to Oleinik (see[02] Lemma 4):

(40) ( > 3, a,,b,,) <Cm) sup [Dlayli-- > aybyby,,
i,j=1 l'sail,iszn 4,5,p=1

which holds for every » X n symmetric matrix [b;;]. Thus, for a, =1
we obtain

41) 2 [a”aijz)a-1 Waizy» Oy Wij D™ MWy, €] <

’L]"

7
-1 -1, jot
S CS . Z l[aijDa "w:cimps D wa:_,:v,, e’ ]G, ’
L1 P=

where C; = C5(n, Cy, Ay, 8) = C(n) Cy2° A%. Now, from (41) we deduce
that

(42) Z Z a [a a”Da l :c,a:, az,,aijDa—l"wxixj ejm]G,S

lal =j-19=1

< n205j 2 [aijD“’wxi, D“'wxj em]gt .

lal=j-1
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Taking (27), (39) and (42) into account, we define

“3) 0, = max{A + n2Cs, 1 + V2Co Ao},

then, for 6 = 6, we have

4 2 X EIa”[a%aijDa—l,,uwDawxjejet]ct_

lal=j-1n=

- 2 (jO—A)[aijDawxivDawzj ejm](},s

lal =j -1
<2C,(jVE; + VE;- ) VE;

hence, using (27), (381), (36), (44) we easily obtain that estimate (28)
holds. Q.E.D.

In order to estimate Eﬂ (1), we observe that

45) E";E}g(r) = % [DPu,, DPu, e 15 = (DPu,, DPu, &), _, ,

moreover, using the fact that «(0, x) = »,(0, x) = 0, integrating by
parts we, have the following identities:

46) [DPuy, DPu, ) =

= % (DPu,, DPu, e®),_, — %[Dﬂuw DPu, e®]g_,
@D [(a;;DPuy,),, DPu, €], =
= 5 (i6as; + 8,0;) Dy, Dty €™, = 5 (ai; D1y, DPry ),

Now, applying the operator D? to each term of (1'), with the same nota-
tions as before, if follows that

48) (8?+A0)D'3u+Dﬂ(B0u+bout+cu)=Kﬁ+Dﬂ§,
hence, from the equality
(49) [(5% + Ao)Dﬂu + Dﬂ(Bou + bout + cu), Dﬂut ejm]G' =

= [Kﬁ + Dﬂ.aa Dﬂut ejot]G, ’
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using the identities (46), (47) we have

(50) %(Dﬂutv Dﬁut ejm)t=r=
17] . . )
= %[Dﬂut, DPuy, g, + %[(Jﬂaﬁ + 8ya;;) DPuy;, DPu, e 15, —
- %(aijuﬁu’xi’ Dﬂuxj ejOt)t=t - [Dﬁ(BOu + bOut + cu), Dﬂut ejm]Gt +

+[Kﬂ + Dﬂg, Dﬂ’ll,t em]gl .
Now, defining

(51) Em= 3 E@, (=2
Bl=j-2

we are in a position to prove the following Lemma.

LEMMA 2. With the same hypotheses and motations of Lemma 1,
for any A > Ay we can find a constant C = C(n, Cy, Ay, A, 0, 1, 8)
such that for j = 2 the following estimate holds:

]22 (Ae()r/Z)] h— I‘IF;L+1\/7+

R

(52)

DO |

diE'( )< (JF +(j -1

j-2 or/2y —h -1
Ae )
+it* ( ) VE) 11 VE ) [D?g, DPu, e ],

n=0 R¥(h +1)°(h + 2)° 1Bl = ]—
where o0 = s — 1.
ProoF. It is easy to see that for j = 2 we have
(53) " =2]._2[( j6ai; + 8,;;) DPuy,, DPu, e’ 15 < Cs(n, Cy, Ay, 0)JE;
moreover, using Lemma 2.3 of [D] we deduce that for any A > A, there
exists a constant C; = C;(n, Cy, Ay, A) such that

(54) ( S [DP(Byu + cu), D? (Byu + cu) e 1 )‘/2

1Bl=j-2

6c/2)j~h =1

IS (Ae
< Cilg = 2 S

VEh+1’
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(55) (I S DP (o), Dﬂ(bou»ef“](;,)“zs

Bl=j-
j-2 (Aeet/Z)j—h—Z —
< Cr(j—2)F ;;—:o R — VE}, +2.

Finally, applying Lemma 2.2 of [D], for A > A, we can find a constant
Cs = Cg(n, Cy, Ay, A) such that

ot \1/2
(56) (Iﬂlz s, Ky & ]G,) <

=]‘_
scsj( p) [—(ai]-Dﬁuxi>xj,Dﬂuefmla,)”z+

Bl =7-2

j-2 )
. Ai—k-1 ~ 1/2
1 DPu, DPue®) |2,
+ Gl hgo W (h + 17 (h + 2)° (wz: LD, Diue ]"')

now, integrating by parts the first term in the right side of (56) and
using (3), we have

(57) | 2 2[_(aijDﬁuzi)a:j7 Dﬂuejm]G,'=

=j-

B 1Bl =j z[aifDﬂuxi7 Dﬂu‘”j ejot]G’ <
iy

l/

n .
i X X [DPu,, DPu, e®)g, < nAE;
1Bl =j-2i=1

hence, we deduce that

58 Ky, K e, )2 <
(58) (Iﬂlg‘—z[ 5, Kg e ]G,)

j-2 (Aeer/2)j—h—1
k=0 h*(h + 1)°(h + 2)°

VEj 1.

Taking inequalities (563), (54), (565), (58) into account and recalling the
definitions (8), (9) we obtain the estimate (52). Q.E.D.

< Cg j(nA) 2 \JE; + Cgj¥*

Putting together the results of Lemma 1 and Lemma 2, we have the
following estimate:

LEMMA 3. Let u(t, x) be a regular solution of (1'), (2') (we as-
sume u(t, x) e C2([0, T); H* (R™)) as before); them, taking 0, as in
Lemma 1 (see (43)), for any 0 = 0, and A > A, there exists a constant



180 Renato Manfrin
C=C(n,A, B, Cy, Ay, A, 0, t,8) such that

j-1 6t/2Yi—h
Ae VF
iﬁyst!S(jH)ahZ (e "1\ JF+

1
(69) 2 dr =0 h*(h +1)°(h + 2)°

+2 > [Dag‘,Dawef“]G,+lﬂ2 [Dfg, DPu, ™),  (j=22).

la] =j-1 |=j-2

PROOF. Observing that F,(r) =E,(r) and that F;(zr) =E;(r) +
+ E;(1), for j =2, the proof follows immediately from (28) and
(52). Q.E.D.

3. Gevrey estimates for the semilinear equation L(u) = g(t, x) +
+f (@&, %, w).

As seen in the introduction, we can confine ourselves to the case of
Pb. (14.1). Hence, we consider here a regular solution u(t, ) of the fol-
lowing semilinear Cauchy problem

(60) L(u) =g(t, x) + f(t, x, u), (0, x) = u,(0,2) =0,

where L(u) is defined as in (1) and satisfies hypotheses (3), (4) and (5);
the function g(t, x): [0, T]1 X R® — R belongs to C°([0, T]; y {3 (R™)),
with y{%(R") the space defined by the condition

wx) e y$M(R")«3C,, 4,20: [[D*v(@)|2pmy < C, A} ||’ (VaeN).

As to the nonlinear term, we shall assume that f(¢, , u): [0, T] X
X R" X R — R belongs to the space C° ([0, T1; - (R™*1)) and vanishes
for u = 0; more precisely, f(t, x, ) will satisfy the following assump-
tions:
61) ft,x,0=0, VY, x) [0, TI X R",
|D2sf(¢, x, w)| < C;M!* P¥ |a|l*v!* in [0, TIXR" X R,

for some constants C¢, M, P = 0. Introducing the notations

(62) &i(f)= | IE' I[D“f—Da‘,’f, Dwe®lg, (j=1),

al =j-

(63) Ej(f)=]ﬂ2 2[Dﬂf—fo,Df’utef‘”lc,, (j=2),

=j-
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and taking 6 = 6,, A > A,, we can rewrite the estimate (59) (for eq.
(60)) in the following form

d

1
(64) 2 4 F;<

S ey VR

<CFG+1)
CirG+ 1 & e+ 1+ 27
+2 3 [D%+D2f, D"wel, +

al|=j-1

VFj+28(f)+ §(f) +

+ lZ [DPg + DEf, DPu, e®);.  (j=2).
1Bl =7 -2

To begin with, thanks to the assumptions on g(f, ) we have
(65) ID*g(t, Mez@n < CoMy! |a|?,

for the constants C, M, = 0, hence, we easily deduce that for I >
> M, e¢”/* there exists a constant C, = 0, such that

66) 2 > [D%g, Dwe®]g +

lal =j-1

+ 3 [DPg, DPu, g < C, o5 \/F;.
1Bl =5-2

Moreover, using (61), we have
(67) |Dgf(t, x, w)| < C;M ! L|a|? |u|

thus, proceeding in the same way as in the estimate (66), we find
that

6 2 > 1[Da‘p’f(t,ﬂc,u),D"we”"]G,Jr

la| =j-

o > [DEf(t, x, w), DPu, ¢ < Coomhjt* \VF,\/F;,
j—2

-
for the constants C;= 0 and 91> Me®/2.
Estimates for 8;(f) and Ej( ).

We recall here that, by Leibniz’ formula we have, for |a| >0,
(69) Df(t, >, u)=D;(t, x, u) +

- 4
(0) 2 ) B poy ph,
1svs |y \H v! ﬂ,+"_+ﬁr=ﬂ Bil...B,!

Lsa 0<|B;

+
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Since,
(a) <2l ang N
u |a = u|!|ul! Bil...Bt  [Bilt (B

if u=p,+...+p,, we deduce the following estimate for &;(f)

5 |D2 =8 £ty 7, W] |
al=i-1]|1<v=iu (G=1—=|u] )W

usa

a0 &)< G-

. Dew| e®
Bi+ ... +By=n IIBII! IﬂvI! ’ I I
0< I8:] G

Now, putting # = a — # and changing the order of summation over
the indices v, 4 and # we can rewrite the sum in the right hand side of
(70) in the following way

|D} 3, f(t, %, u)|

t<vslul<i-1Inl=i=1- | (G—1=|a])W

(71)

' |DPru| ... |DPru|
Bit...+B,=n lﬂll'lﬁvll
0<|Bil

1

, |D** T w| el
G

Defining the integers, h = |u| and k; = |B; |, for 1 < i < v, we observe
that

= > ,
ul =h B1+...+By=p h+..+th=h|B1]=k |By|=hy
0<|Bil 0<h;

moreover for every nonnegative symmetric function £ defined on a
symmetric set B¢ (N")”,

2 BBy uBISYv 2 E(BrynB)
B1, 5B es By B
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thus, we have

M) &(f)<(j- !

l<v<h<j-1|g|=j-1-h

|D;f8;f(t, x, w)| , |Dﬂ1u| . | DPru| |DFw| | <
(G—h—=DW  LiZeps3p=n |Brll B!
0<|ﬂi sﬂv Gr
s(j-M
1<sv<h<j—1|g=j-1-h
|D23 f(t, x, u)| ) 3 |DPru| ... |DPrul
G=h=DW " he Fh=np=m aT=h MR

O<h;<h,

|Dﬁ1+-~-+ﬂu+17w| el
GT
Taking (61) into account, since |7| =j —k — 1, it follows that

|D23, f(¢, ®, u)|
(G —h - 1!

< CfMj"“lP”(j —h = 1%y’
hence, substituting in (72) and changing the order of summation
again,

@) &(H<SG-DIG _ Z MR-k DIy

<svshs<j-

_ s s |DPru] ... | DPrul
bt Thy=hInl=joh-1 18Tk (BT =h hyl...hy

O<h;<h,

’

|Dﬂ1+---+ﬂv+r/w|eﬂ9t:|
Gr

Now, applying Schwartz’ inequality and the definition of E;(z) we
have

(74) > S [|DPru) ... |DPul|, | DAt thetny| i), <
|7l =j—h=1|By|=hy

< ( S [|DPu| ... |DPul, |DPrul ... |DPrul em](,.r)‘/z-

Inl=j—h—1\I1Bvl=hy
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( [DFi1+ - +Btngy Dﬂ1+...+ﬁ,+nwem]&)l/2 <
1By =hy

VE,; )
< ,J( > [|Dﬂ1u|...|Dﬁ"u|,|Dﬂ1u|...|Dﬁvu|f"‘]Gt)1/2- > 1,
J |Igvl=hv |'7|=j_h_1

hence, using the elementary estimate

n+k-—-1
n-1

[n| =k

] <k+11"1 (k=0

from (73) and (74) we deduce that

VE;

@) &)< (-G~

lsv<hs<j-1

MI=h=1PY (G — B = 1) lu(j — k)t :
hy+..+h,=h [B1l=hi... |By-1]=hy_1

O0<h;<h,
1/2
> |DPry| ... |DPru| |DPru| ... |DPul o9t
e R O E T P B L]

Since in (75)
j=(G-h-1D+m+..+h,_+h,+1)
we have

@ ! |E [|DP1u] ... |DPrul, |DPru| ... |DPru| e*]g, <
B, =h,

< eli—h-D6.. sup ||Dﬂ‘u(t, .)“%w PLT

0<ts<rt

. Sup "Dﬂv-lu(t’ .)“%\,° ehv—let |ﬁ IE_h [Dﬂvu, Dﬂvue(hv+1)0t]Gt .

0<st<rt

To estimate the L *-norm of DPiu(t, -), using the Sobolev embed-
ding theorem, we prove the following lemma:

LEMMA 4. Let u(t, x) be a regular function (to be precise in the
following we will assume wu(t, x) e C*([0, T); H* (R"))) such that
w(0, x) = 0, then defining for j = 1, F;(z) as in (8), (9) we can find a
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constant C = C(n) such that for any h = 0,
() Iﬂlz sup [|DPu(t, )|E- e <

=ho0stst
< C)(1 + hO)Fp 1 1(2) + Froyps1(0) + Fiy (1) + Froyp 12 (1)1,
where p =[n/2] + 1.
Proor. Using the Sobolev embedding theorem, we have

(78) sup |[DPu(t, H|f- e <

0sts<rt

C(n)[ sup [[DPu(t, )}z e + sup E ||D’7Dﬂu(t NE2 e™ ]

O0sts<srt osts<ct]|

Deriving with respect to t, the function t— ||DPu(t, -)|}2 e™®, we
find

@9 LIDPuct, e e =

=2 [ DPu,(t, x) DPult, z)dx + jO|DPut, |3 e
Rﬂ'

thus, integrating over [0, t] the terms in the right hand side of (79) and
using the assumption (0, x) = 0, we deduce the inequality

®0)  [IDPuct, |z ™ < [DPu,DPu, e g, + (1 + jO)D?u, DPue™]g, .

Clearly, in the right hand side of (80) we have an increasing function
of t; hence, summing for |B| =j it follows that

1) WE, sup [[DPuct, e e < | mZ [DPu;, DPu, 6], +
=J

=Jj0<t=<rt

+(1 +56) Iﬂ|2=j[1)ﬂu, Dfue®)g, < Fj,,(x) + (1 +jO)F;,,(2).

Now, (77) follows immediately from (78), applying (81) for j =k and
j=h + p, since

@ 3 w3 |DTDult, s e

Bl=hosts<zc Inl=p

<C'(n) ’ Z sup ||IDPu(t, )3z e® Q.E.D.

|=h+posts<zc
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To apply Lemma 4 to the estimate (76), we introduce the nota-
tions:

©3) @ =V1+h(VFu1(@+VFhip1 (D) +
+VFy.2(0) + \/Fh+p+2(T ’

thus, for 1 <i<wv—1, we have

(84) S sup |[DFutt, )|, emOP <
[Bil =hi 0st<z

S(1+h)™" 1)/2(| > sup |[DPut, )|E- e"i‘”)l/2 <

Bil=hio<ts<<t
S Cr(1+ )™~ V2r, (2)

where Cr = Cr(n) depends on the constant C(xn) of (77). Substituting in
(76), we obtain

& 3 .. 3 ( S [|D%ul ... |DPul,
Bil =k 1Bv-1l=hu-1\ |Bs]=h,
) 1/2 )
IDﬂluI...lDﬂ"u|e’“]G,) Sel~h-V&RN/R, . > -
1811 =M
- sup |[[IDPrudt, )|~ e™ @2 ... > sup |DAv-ru(t, |- -
o<tst [Byv-1l=hy_1 O0stsct

e -106/2) < p(j—h=1)61/2 Cr~ 1,

“VEu, + 1)1 + k)" V2T (1) ... (1 + k)"~ V2T, (7)

thus, we have the following estimate of &;(7):

VE;

®)  &(H<(G-DIG

(M"Y TETIPY(j — k= DIV — R IO

<)

)
>

1<vy

2 (n—l)/zﬂ (n—1)/2 Lhyy VEn 41
(hy+1) : (b, _1+1) —_—
hlgé..};:h;:h hy! h,_1! !
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By the same methods we can estimate &;(t), we finally obtain:
@) §(f) < (j— 200 \E; e

(M%) ~h=2P"(j—h=2)"V'W(j—h—1)""'Cp !
=]

rh Fh \/Eh +1
+1(n—1)/2_1“. (n—1)/2 v —1 v .
Lt D) Byt -1t il k!

REMARK 1. To conclude, we observe that, taking N, £,
(88) m>M-e*?, £>PCr,

we can find a constant C=C(n, M, P, Cr, 0, t), such that, for
j—h=0, v=0, the following inequalities hold

(89) (Me®2) ~h(j—h)" 'P*vCE 1< Cami~hev.
Hence, we can prove the following lemma.

LEMMA 5. Let u(t, x) be a regular solution of Pb. (60); then, tak-
ing 0 = 6, (as in Lemma 3), and

(90) I > max {Ag, M, M,}-e%?,  £>PCr\0

we can find a constant C=C(n,A,B,M,M,, P, C;, Cy, Cy, Ay,
m, £, 0,r,s), such that for j =1 the following estimate holds

]5:1 mj—h VFh+1

+ Co 5" +
o BEh + 1° (h + 2)° J

(91) % VF, < e (j+ 1)

re(-2t > i her[(j - k- W
-1

3 Ty Th., VEu.

b+ Th=h b! T Rh,_y! R
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where o =s— 1, and T, is defined for h =0, by

VFyio+ vfh+p+2

(1 + h)12

92 TW=Q+r)"2| VFyi1+ \Fhipsr+

’

with p = [n/2] + 1.
ProoF. To begin with, we put together (64), (66), (68) and the esti-
mates (86), (87) for §;(r) and ;‘Ej(r); thus, we obtain an expression which

can be divided by \/E Then, taking (90) into account, and proceeding
in the same way as in Remark 1, the estimate (91) follows immediate-
ly. Q.E.D.

4. Estimates for the energy of Gevrey type.

Following [S2] (see also[J1]), we define the energy functions

J—
"(’) Jks F,m), (N2k+1)

©3) &¥(r)= o+ E

where o(z) is a certain strictly positive, decreasing function which
will be defined in the following; £ = 0 is an integer greater than or
equal to

n—1

_[n
(94) k0=[2]+3+ -

Differentiating (93) termwise, we have

N j—k-1 :
d N ’ Qj 'ks—a]_k ’
95 — &' =p' + - F. +
(95) dr e j=k+1 (j—l)!sj J ¢ !
N Q )] k
+ Eklﬂ MVFY, (Nzk+1).
j=

In order to estimate (&8)', we shall introduce (91) into (95). We obtain
the following terms

N
96) IN=c¢ X oy Famijk,
j=k+1

N i-1 i~ h
. " VF,
N = Jokiks(j+1)° el
€0 ¢ 2, WG 2 e B
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N i~k j ~
oy =k mi ke
98) IIIVN=c ——— jhs o2 - '
(98) j=§+1 (j—-1r° 1svs§sj—l [(j=h=-DW]™°

Ly Th., VEh.

bt ih=h B! h,_q!  h!
O0<h;<h,

Estimate of IV.

We remark that, for te N, ¢ =1

(99) D oijk< ok, it Osés%
j=1

hence, taking

N

.1 1
(100) o mm'z,zm],

we obtain the estimate:

N
(101) I"=Co™* 3 (oM)j* < ek, s, Mo.

j=k+1
Estimate of IT".

To estimate IIY we introduce the notation
(102) VF() = max F(v), (=1,
moreover, in the following we indicate with c(k) various constants
(which may depend also on I, £, s) obtained applying inequalities like
(99). Now, if (100) holds, we find the estimate
(103) IIVN = ecck) VT +

%gl 3n_h F%+1 k jé i i oks
+e k. igmijh (G +1)° <
A F )ty @ 4, O u D

=1 h+1-k

N
< edk)oVF + cok) X 2 (h+ 19 \F,, .

i<k hP
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Estimate of ITIV.
To estimate IIIV we put
(104) IIIY = 1y + iy
where IIIV groups all the terms in which h, <k, and III{' the terms

with h, = k.
For the terms of III}' we have

(105) Th,$4(hv+1)n/2 Vyhv+p+2S4kn/2 V&’k+p+lv (lSiSv—l)

hence, we easily deduce that

Ty, Tu-1 VE

1 o T ——— < £ (/ Y

(06) hl+h§-|_:hhv=kh hl! hv_I! hv! ‘El( t7"’(5"‘}"*‘].) ’
O<h;<h,<

for the constant £, = £, (k). Thus, using (106) and observing that for
020,1svshsj-1,

(j—h=DIse _

(-1
we can estimate III{ with
N . .
an e 3 ohTeTE X MTHEL) (VFhipir)
J=kKk+ svshsjy-

Now, we consider separately the terms in (107) in which & <k and
those with & = k; if (100) holds, it follows that

(108) IIIY < Cc(k)o \/effk+p+1(1 + \/5k+p+1)k_2+
(V5k+p+l) (Q*‘m)jjkss

1svshsN-1 mh k j=h+1
h=2k

S e6'("5)9\/31k+p+1(]- + \/ffk+p+1)k_2+

N h=1 i
+Gc(k)h_§k:+lgh"‘h’“ 2_‘,1(.,@.,@1)”(\/:7“,,“)”.

As before, we consider separately the terms with v < k and the terms
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v 2 k. We have

109) IHIY < Cek)o\/Frrpr1(1+VFrips ) 2+
N-1 N
+cc(k) Zk(-ﬁo@l)y( V5k+p+1)vQ_kh > thksv

=v+1

hence, if (100) holds, we deduce that
N-1 N
110 3 (e&)(VFirpe) o™ 2 e"h¢s

N-1
<ck)o Ezlk (L) (\/Frsps1) 0 K+ 1)

Finally, assuming

1
(111) (S )
2LL VFrip+1
we have
(112) I < CCk)o\/ TFr+p+1

where C(k) = C(k, s, M, LLy, \/Fr4p+1)-

To estimate IIIY¥ we introduce the following notations

Q()’

n(j) = i*VF;(x), forjzk+1;

(113)
==+, forl<j<k,

moreover, we remark that, for h,, ..., h, = 1,

(j—h—1)h .. k1

(114) G=DF v v’<1, (h=h1+---+h,,$j—1)
hence
N .
) myse 3 gteoe .
J=k+1 1svs<hs<j-1

3 T, Tw., VFn
T+
< h,

T R
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Recalling the definition of T, (see (92)), and observing that, for
r=1

VFh +r h; + 1) h,+ 1)
VBT b < (R + 1) 0% Pty )lfh +r>k,

(116) e Gt
117 \/f";_ k< (b + 1) ohi” lkﬁ, if1<h+r<k,
we easily find that taking ¢ <1 and

(94) k>k05p+2+n2_81,

then, there exists a constant £, = £,(k, V&) (which does not depend
on h;), such that

T,
ki <

__l
hit* © 4

R

(118)

2
21 +9) + i+ p ) <

L
< T"[n(h,-+1)+r](h,~+2)+77(hi+p+1)+17(hi+p+2)]

for 1 <i<wv - 1. Since in (115), h, = k = p + 2, we have

hence, having &' = 5(1) + ... + (N), it follows that

(1200 o' * X Lo Doy VFhor
¢ B h, 113 h,1°

b3t \/F, T Ia
2 hy+1 -k Z b p hy-1  h,-1
= Q v 1 —_— v <

o™ ... o
b=k h,® Bt thy1=h-h, B! h,_{¥
0<h;<h,
h-v+1 ‘/Fh +1
< 2 __”—th—k.ce;—l(glv)v—l.

b=k h,!®
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Thus, we have

N

a2y Hi¥<e X jk-o-2 E (:mg)f‘”-

j=k+1 1

=/

h—
<j

n=
B

h-v+1
£‘V(£ SN)V 1 2

Q VFhv+1

h,!?
Moreover, taking into account that

ks — o
1 <V

(hv+l)ks_a = hks—a

(122)

b

since k; < h, for 1 <1 < v, changing the order of summation it follows
that,

123) II¥<e §=)k o C hy + 1y o Frr-

where €= £(&, £,, k, 8) satisfies
ov-—1 —-1,,ks—
iz erey iyl

Changing again the order of summation, we have

N i—h v
(124) '_; jks—u——2 2 M((‘;N)V_ls

hence, using an inequality like (99), if (100) holds, the last sum in (124)
can be estimated by

(125) c(k)oh*—o-2
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thus, summing over h we easily see that

N j—k-1 k—l

(126) I} < Ce(k) 2 o ot jh-o\/F- Q

j=k+1 (J

EV(aN)V].

v=0

Taking the estimates of IV, II", III", into account we can prove the fol-
lowing lemma.

LEMMA 6. With the same hypotheses of Lemma 5, let u(t, x) be a
regular solution to Pb. (60) (more precisely, we assume u(t, x)e
e C2([0, T); H* (R™))) and assume estimate (91) holds; then, taking

=[n/2]1 +8 + (n — 1)/2s and defining for N >k, the energies func-
tions:

N
V()=o) + 2 "W P VE@, (0<t<T)

j=k+1

where o(t) is a strictly positive function satisfying,

1 1 1

2’ 200 208, \/Ferpai(D)

= [n/2] + 1) (with £ = £, (k) defined as in (106)), we can find two
onst(mts C=C(e, M, L, s, k, Ferp+1) £ =22k, F) (which do not
depend on N), such that the following inequality holds

(127) o(7) € 0¢(7) = min

]_k _ N—k—l~
OV F{——0 +@+C X (&),

j=k+1(j—1F J y=0
where F;, for j 21 is defined as in (102).

PROOF. Assuming k =[n/2]+ 3 + (n —1)/2s, if condition (127)
holds, then we can apply the estimates of the terms IV, ITV and the esti-
mate of the term III"N = IIIY + III{'; hence (128) follows immediately,
introducing (101), (103), (112), (126) into (95). Q.E.D.
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REMARK 2. Since F;(0) =0Vj =1, for all N >k, we have

129) &V(0)=(0) and E ¥

<o’ e )
o . 0'(0) + Co(0)

T=

Defining, for 0 < 7 < T, the nondecreasing function

k+p+1
130  y@o) = 2~[1 + oM+ B+ L8 (1 + 3 Fj(r)) ,
i=
clearly (see (102), (127)), we have
(131) ﬁ < min [QO(T), %]

Then, we define o(z), the solution of the linear differential equa-
tion,

o +3Co+y' (1)0 =0,
(132) k+1

0(0) = e{ =+ DU},
hence, we find

1
(k+Dy(r)

thus, o(7) satisfies (127) and estimate (128) holds. Now, thanks to (129)
and (132), it follows that

(133)  o(1) = exp{ —(k + DI3Cr + y(0)]} <

(134) &¥(0)=exp{—(k+1)y(0)}, and %sn <0 for N>k;

=0

moreover, assuming & (r) < 1/2 £ and applying (128), we have the fol-
lowing estimate

135 =8V <

~ AL j—k ~
<o +C+ 2 —.——j"s‘”\/ﬁ{]—.g’+3eg]<0.

Thus, taking o(t) as in (132) and using (131), (134) and (135) it is easy to
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deduce that

(136) N <L for0<t<T,

2£
for any N > k.

REMARK 3. Fixed s =1, assume that f(x, u): Ry X R, —> R be-
longs to y{*. (R: X R,) and vanishes for » =0, that is

f(x,0)=0,
(137)
|D2 3 f(x, w)| < C;M1*IL” |a|vl* .

Given u(x) e y¥3(R}), which satisfies the estimates
(138) IDfu@)p=,  [Dfu@)|z< C.K'* |alt®,

we consider the composite function f(x, w(x)): R — R. We will prove
that f(x, u(x)) € y 3 (RY).
Taking into account of (138), for §; + ... + 8, = u, we have

(139) |DPru...DPrul < CiK“ (B, ¥ ... |B, |,

then, applying Leibniz’ formula (69) and estimates (114),

—_ 1o 1o 14
(140) o — ]! |f9al||"’ it v°<1, (foro=s-1,|8;]=1)

we easily find that
(141)  |D%f (@, w(@))|2 < C;C, LM '*! |a |t +

+Clalr S MleHEWECY- 31,
1<sv<|u| Bit...+By=n
u<a 0<|Bil

Now, observe that
(142) S 1< > ( > 1)( > 1),
Br1t..+By=u hit+..th,=lul\ |1l =M 1By =hy
0< 8, 0<h

and

1] < (2h)" 1, (h; > 0)

n + hi -
(143) 1= [
1B:

n—1
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hence,
(144) > 1s
Br1t...+By=u
0<|Bil
(n-1)
szv(n—l) Z (hl ...h,,)"_1$2”("“1) ( | l )vn <
byt ...+ hy=|u| Bt k=g VY
0<hy 0<h;
- - _ i} || —1
< 9vn-1 gn=Diul/e. 2 1<2®-D gn=Dlul/e.
Byt .. ¥ by = |yl v—1
<h
since,
__1 v
(145) _ (Il and hl...hvs(—li‘—l) <ellle,
By + oo+ by = |u) v — v

0< |h;|
Now, introducing (144) into (141) and summing for 1 <wv < |u|, we
have

(146) Zl(z”“LCu>”[ =2""1LC,-(1+2" " 'LC,) -1,

1svs<|u

lu| - 1’
v—1
thus,

147 |ID*f(x, w@))|pz < C;C, LM ! |a|t* -

E K# e(n—l)lul/e(l + 2”‘1LCM)|"| -1

1+2m- 1.
p<a M 4l

Now, to complete the estimate of the y{3-norm of the function
f@, x, u(x)), note that for h = 1,

Z h|/4|= ha,+1_1 han+l_1
et h-1 " h-1 '

(148)

where a = (a4, ..., a,) e N" Q.E.D.

Finally, we observe that in the same way, we can prove that if
ft, 2, w)eC'([0, T); y &L (RPXR,)) and u(t, x)eC°([0, T); y 3 (R})),
then the composite function f(¢, , u(x)) belongs to C°([0, T); y 3 (RY)).

We are in a position to prove the following.



198 Renato Manfrin

PROPOSITION 1. Assume the hypotheses of Lemma 5 and Lemma 6
hold, then the solution wu(t, x) of Pb. (60), satisfies

(149)  u(t,") and (¢, ) ey R, Vte[0,T).

ProoF. Defining o(7) as in (132), thanks to Remark 2, the energies
&V (1) are uniformly bounded on [0, T). More precisely, from the defini-
tion of &§V(zr) and the estimate (136), if follows that

18 k—Jj
150  VE® < VF@ %“’L, forjzk+1,

7*

hence, from estimate (81) of the proof of Lemma 4, we deduce that
u(t, ) € y{ because

151) X sup [Du(t, E:e® < Fjip(x) + (1+5O)Fjiy(2).

la|=j 0st<t

To prove that u,(t, -) € y*, we observe that

(152) d_F (r) — — E' (7) = €% - 2 e (z, e, forj=2,
B=j-2

hence, the thesis follows introducing the upper bounds (150) into esti-
mates (28) and (59) with

(153) g, ») = g(¢, x) + f (¢, x, u(x)),
and applying the result of Remark 3.

Continuity in Gevrey classes for s = 1.

To prove that the solution of Pb. (60), wu(f, x), belongs to
C' ([0, T); y$}(R})), we can restrict ourselves to proving the continuity
of u(t, x) for t = 0. Hence, recalling that «(0, x) = u;(0, ) = 0, we have
to show that u(t, ), u(t, ) =0 in y{3(R") when t— 0.

Taking o(7) as in (132), thanks to the results of Remark 2 (see in par-
ticular estimate (185)), we find that VN = k + 1,

N

.7
(154) éi > "(3) FVED =L@ -0’0 < o',
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thus we have,

N
(155 0< D

j=k+1

i—k
Q(t.z, J®VFi(m)<0(0)-o(x), VYN=k+1

hence, applying the same estimates of the proof of Prop. 1 and
Remark 3, we can easily prove that

u(t, -), u(t,)—>0, iny® ast—>0".

Using estimates like (155), by standard arguments, we can prove the
continuity from the right and from the left in [0, 7) of the functions
u(t, ) and wu;(t, x). Finally, we recall that the transformation

t'=—t, x' =

does not preserve the Oleinik’s condition, hence, in some sense, the con-
tinuity from the right, does not imply the continuity from the left (see
also the Remarks after Thm. 1).

5. — Regularity in Gevrey classes of order s = 1.

Let wu(t, ) e C?([0, T); Hy.(R?)) be a solution of the semilinear
equation

(156) L(u) =g(t, x) + f(t, x, u),

where the linear operator L(u), defined as in (1), satisfies the condition
of weak hyperbolicity (3),

®) AEP =S 0t mEE=0  1>0),
¥

and the Oleinik’s condition (4). Now, we take the coefficients of the lin-
ear differential operator L, and the function g(¢, x) in the space
C°([0, T); y(R™)); more precisely we assume that the upper bounds
(5) and (65) hold only locally, that is

(157) |82w(t, x)| < CxAg' |a|® Y, 2)eK,

for w = a;, b;, 3;by, C, g and for all compact sets Kc [0, T) X R" and
aeN".

Finally, we take f(t,x, w):[0,T)X R X R,—~R a function of
C°([0, T); y (R X R,)) which vanishes for = 0; hence, f(t, x, u)
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satisfies the following assumptions:

61" ft,2,00=0, V(i x)el0,T) xRz,
|Dgas, f(t, @, u)| < Co MH' Ly |a|¥vt®, V(i 2,u)eK',

for all compact sets K' c[0, T) X R; X R, and a e N".
Fixed ;e R" and 7y, A' € R such that

A'>A,  0<r<TVA',

we consider the close backward cone @ = Q(xy, 7y) of [0, T') X R} de-
fined by

(158) r(t) =1y — tVA' (osts %)
(159) Bi={xeR": |x—xy| <)},
(160) Q(aco,ro)={(t,x)eRth”:xeBt,OSts %]

Moreover, for any ee R, 0 < ¢ < 1y, we define the domain
. 2 2 To — €
(161) Q5=[(t,x). Vei+ e —ay|*—rt) <0,0st< },

observe that, taking in [0, T') X R} the induced topology, for 0 < ¢; <
< e <1y, we have Q°cc@°®!, and

E

Qccint{Q}, U @:=int{Q}.
<e<mn
In the following two lemmas, we will assume s > 1 and we shall see
that it is possible to find a weakly hyperbolic operator

4L,j=

(162) Le=&— X 9,(af;0,) + .21 bf 3, + b§ 3, + c*
1 Jj=

satisfying the Oleinik’s condition (4) and the upper bounds (5), and two
continuous functions, f¢(t, x, u) and g°(t, x) which satisfy the esti-
mate (61) and (65), such that the semilinear equation

(163) Lé(u) =g, ) + f°(L, @, u)
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has a global solution u‘(t, x) e C*([0, ©); H* (R")), with

(164) ut(t, )| =ut,x)

b
€

Q€
hence, the reqularity of u(t, x), in the domain Q°, follows from the reg-
ularity of u®(t, x) (thanks to Prop. 1).

Thus, the proof of Thm. 1 is complete.

REMARK 4. It is easy to see that the analytic hypersurface

(165) GQEE[(t,x):\/82+ loo —z|2—rt)=0,0st< 22|,

\//TT

is a nmon-characteristic hypersurface, for any linear differential opera-
tor L, of the form

(166) Ly=L- 3 8,058)  (g=na),
)=

if

16D A -DIEP> Dyt DEES0  (VER™)
]

(see[M1], chapter 4, for a more detailed proof).

REMARK 5. We shall restrict ourselves to the case s > 1 because
we are forced to use functions with compact support. To consider the
analytic case it is sufficient to recall the Remark after Thm. 1, where we
obtain the analytic regularity applying Thm. 2 of[S2]. On the other
hand when s = 1, we can resort to a family {yy }v > of suitable C* com-
pactly supported functions satisfying the conditions

|D*xn(t, )| <CleINlel | if |a| <N,

where C does not depend on N (see Lemma 2.2 of [H], see also [AM]).
More precisely, to estimate the Gevrey energy &', we can take a func-
tion like ¥ +m, With a fixed integer m, and then, we apply the same
techniques of the case s > 1. See the proof below.

Construction of the linear operator L°® for s > 1.

We recall that, contrary to the analytic functions, y ® (R"™), for s > 1,
contains fairly large class of C* functions with compact support. Thus,
we can find 7ey®(R) a non-decreasing function (' =0), such
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that

nh)y=0 ifh<0, O0<ngh)<l fO<h<l,

(168) nh)y=1 if h=1.

Then, for ¢, u e R, with 0 < £ <7y, 0 < u, we define

Ve + | —x, 2—1‘(t))
U

where u > 0 will be chosen sufficiently small, such that the function

(Ix—x0| —'r(t))
1-79 I —

(169) 5., 2) = 7]( V(t, x) e [0, ) X R",

is compactly supported in [0, ') X R™. Clearly, we have

=0, O0<n.(tx)<1l V(,x)el[0, ©) X R"\Q*.
QL‘
Taking into account of (168), for 0 < ¢ < r,, we define

a70) 7., )

171) L,=L- ’1—2_}1 Z_:l 9 (1:9:,),

The differential operator L, satisfies the Oleinik’s condition (4),

since
Vel + o —ao |2 = r®) | VA
7 U

moreover, thanks to the assumptions (168) on #n(k), for any ¢; e R, 0 <
< g < ¢, L, is astrictly hyperbolic operatorin [0, T) X R"\@®!, since we
have

173) Qfccint{Q°'} cQ° ccint {Q(xy, 1)} -

Fixed, for example, ¢, = ¢/2, we set

(172) at”e(ty x)=’7’( = 07

A'—4
2

(174) afi(t, ®) = a;;(t, 2)(1 — 5., (¢, ®) + 6] n.(t, ),

(176) c*(t, ) = c(t, )1 — n,, (¢, x),
(where 67 =10if i #j, and 6= 1), and then we define L°® as in (162).
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Now, we easily see that

A"+ A

am Eit |§|22§;aij(t, 2)EE 20  (VEeRM,

thus 3Q° is a non-characteristic hypersurface for L? (see [M1]); besides,
the Oleinik’s condition holds, since

(178) L¢ =L,, ,
Qsl QE[
and
179) 0< inf #u.t, x).
(t, 2) ¢ Q%1

Finally, we observe that taking u > 0 sufficiently small, the upper
bounds (5) hold for suitable chosen Cy, A, since the coefficients a;, b/,
o,b§, ¢, and V,n, are Gevrey functions compactly supported in
[0, T) x R". Q.E.D.

In the same way, we define

Ety = t’ (1- £ t, ’
(150) {g( x) = g(t, x)-(1 - 7., )

FQt, xz,u)=f(t, 2, u)-1-n,t ),

clearly, g°(t, x) satisfies the condition (65).
To go on, we must show that the equation

(181) Le(v) = g°(t, x) + F(t, x, v)

admits a solution v(t, x), defined in a neighborhood of Q°f such

that v(t, x) e C2((0, T,); Hy. ), for some T, e R, (ry — &)/ VA' < T, < T,
and

(182) v(t, x) | =ul, x)

& &

Let ¢(t, ) ey ([0, T) X R™), such that 0 < ¢(t,2)<1, ¢=11in a
neighborhood of Q¢ for example we can take ¢(t, x) =1 — . (%, ®).
Then, for any e R, 0 <1t < (r)—¢)/ \/)7 , we consider the Cauchy
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problem P,, defined by,

Le(w) =g, x) + F(1, x, v),
u(t, ) = u(t, x) (1, x), v, (T, ) = u, (7, ) (7, ),

(183) {

for t=r.

REMARK 6. For any 0 < 7 < (r, — £)/ \/4', the Cauchy problem P,,
has a unique local solution v* (¢, ), such that

(184) v'(t, x) e C*([z, T(P,)); Hy (R")),

where, T(P,) — t > 0 is the life-span of the regular solution (see [DM]).
Moreover, using the fact that w(t, x)o(t, x), u:(t, x)@(t, x) e
e C%([0, T); H* (R™)), we can easily find a positive lower bound, say
T', for the life-span of the problems {P,}o<; <, - ¢z, that is

(185) 0<T' < inf TP, —1.
0s7<(rg—e)/ VA’

Using (185) and the finite speed of propagation property (see Appendix
A), we can prove the following Lemma.

LEMMA 7. There exists an open neighborhood U* of Q¢ in [0, T) X
X R", such that the eq. (181) has a solution v(t, x) e C2([0, T,); Hyy.)
(with (ro — €)/ VA' < T. < T), defined in U U [0, T') X R", which sat-
isfies (182).

PrROOF. Thanks to Remark 6 and (185), the solution v°(¢, ) of the
Cauchy problem P, is defined in the stripe [0, T(P,)) X R", with
T(P,) > T'>0. Now, if T’ > (ry—¢)/VA', there is nothing else to
prove. In the other case, fixed 7,

’

(186) -Tz— <1, <T',

we consider the solution v*! (¢, ) of problem P, ; taking (177) into ac-
count, and the finite speed of propagation property (see (3a)), it is easy
to see that v°(¢, ) = v™(¢, x) in the open conic section

187" D(z,, T') =

={t,x):t,<t<T', |x—a] <Q(r1)—(t‘T1)\’l,;l}’
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where o(7), for 0 <7< (r) — ¢)/ \/}7, is defined by

(188) o(r) = Vr(r)? — €.

Hence, we can define o(t, x) for 0 <t <7, + T', setting

u(t, x) = v°(t, x), for (t,x)e[0,T')XR",

(189)
v(t, x) = v (t, x), for (¢, x)eD(ry,1,+T'),
where D(t;, 7, + T') is defined as in (187).
Clearly, proceeding in this way, we can define the solution v(¢, x) in
a neighborhood U*® of @°. Moreover, since

, g¢(t, x)

’

Qe

=g(, x)
(190) Q¢

’

ft, x, u) \ =F(t, x, u)
QE

Qt‘
equality (182) holds. Q.E.D.

Construction of f°(t, x, w) and u®(t, x).

To begin with, we observe that the function v(f, ), obtained in
(189), is a local solution of the Cauchy problem Py,

Li(w) =g, x) + Ft, x, v),

@ { (0, @) = u(0, ) $(0, ),  ,(0, ®) = u, (0, x) (0, x),

defined in the open set U U [0, T') X R". Now, it is easy to find a non-
characteristic hypersurface, for the operator L¢, defined by

(192) t=pBx), Vx e R"
such that B(x) e y®@(R"), B(x) =0, Bx) =0 for |x — x| =710+ 1,
v )
and (B(x),x)eU‘U[0,T') X R", Vx e R"

In this way, Q°cc {(t, x): 0 <t < B(x)} and L° is a strictly hyperbolic
operator in the set {t = B(x)}, since (179) holds for any ¢, <.
Taking w(k) € y* (R) such that,

(194) why=1forh<1, yh)=0forh=2,

(193)  Bx) >
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we observe that for any u > 0 sufficiently small, the function v(¢, x) is
also a local solution of the problem

L) = g°(t, @) + F(¢, x, v)- «/»( _’3(”)),

U
»(0, x) = u(0, £) 9(0, ),  v,(0, ®) = %, (0, 2) $(0, x),

(195)

since, y((t — B(x))/u) =1 for t < + B(x). Now, we take 0 < i < iy,
choosing z, such that

(196) {#,2):0<st<2uy+px)}cUUI[0,T')xR",
and we will define,

(197) £t @, u) = F(t, @, u)- w( —f (w))

Then we perform the transformation of variables
(198) t'=t - Bx), ' =z,

this transformation and its inverse are smooth in all R; X R}, moreover
we have,

ag —2L-2L -5 2
i at'

1<i<n), £ =2
3, 5, ( 1< n)

hence, substituting these expressions into (195), we find that the
function
wt',a') =it +fx’), x')

is a local solution (defined at least in the stripe [0, %) X R") of the
Cauchy problem

(200a) Lt(w)=gt' + Bx'), =’ )+ FQ + B’ @', w): w(t:)
u

(200b)  w(0, ') =v(B(x'), x'), wy (0, ") = v, (B(x'), "),

where L°¢ is the linear differential operator, obtained from L¢, by the
transformation (198)-(199); that is, taking L®= L*°(t, x, J;, 0,,),

LesLet,a', 0y, 0y) =L@t + B’ ), &', 8y, Oy — B, O
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Besides, L¢ is strictly hyperbolic for ¢’ = 0 (see[M1]), and the initial
data (2000), v(8(x'), z') and v,(B(x'), '), belong to Cy (R").
To conclude, we need the following lemma.

LEmMmA 8. Let a(t, x, 6;, 0,,) be a linear differential operator,
strictly hyperbolic with respect to the variable t; given ay(t, x),
a, (L, x, u) reqular functions such that,

(201)  ao(t, ) e C°([0, ©); H*(R"));  a;(t,2,00=0 (¥, 2),

),

where the initial data, @y (x), p,(x) € Cy (R") and y(h) is defined as in
(194). Then, there exists uy > 0, such that (202) has a unique regular
global solution for all 0 < u < pu,.

consider, for u > 0 the Cauchy problem,

a(t, x, O;, 9x)u = ay(t, ) + a, (¢, x, u)-w(

|~

(202)
w0, x) = @o(x), (0, ) = @, (x),

PrOOF. Since the perturbing term y(t/u), does not depend on the
variable x, we can obtain (using merely the classical energy estimates
and the regularity of a,(t, x, #)) a positive lower bound for the life-
span of the regular solution, say 7'*, which does not depend on u.
Hence, taking

*

(203) O<y\%—,

the solution, which we know to exist in [0, T*) X R", can be extended
to all [0, ©») X R", since the eq. (202) becomes linear for t=
=2/3T*. Q.E.D.

Applying Lemma 8 to eq. (200a) we deduce that for u > 0 sufficient-
ly small, Pb. (200a), (200b) has global solution w(t', x') e C2([0, «);
H* (R")) such that

(204) wit',z')=vt"+px'),x") for0<t' <u,

hence, going back (using the inverse transformation) to (195), we imme-
diately see that, Pb. (195) has global smooth solution %° (¢, x); more-
over, thanks to hypotheses (194) on y(k) we have

(205) ut(t, x) =o(t, x)

{t<B@ +7) {t<p@ +a)
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hence, u¢(t, x) satisfies (164). Finally, observe that %°(t, x)e CZ([0, »);
H" (R™)) is a global solution of the problem,

Li(w)y=9°¢, ) + f° (¢, =, v),

(195") {?}(0, x) = (0, x)¢(0, x), 'Ut(oy x) = ut(()’ x)¢(0’ ®),

and, without loss of generality, we can suppose that f* (¢, x, ) defined
as in (197), satisfies the upper bounds (61).
This completes the proof of Thm. 1. Q.E.D.

Appendix A.

Assuming u(t, ) a solution of class C? of eq. (9.1), we will prove that
u(t, ) € C*. To this end, we need some local estimates of the H*-norms
of the solution, at least in the linear case; then, we can obtain a priori
upper bounds for the solution of the nonlinear equation which lead (by
standard arguments) to the C” regularity.

Local Sobolev estimates.
As is known, the linear Cauchy problem for eq. (7.1), namely
(la) L(u) =g, x), w0, x)=1u(x), u(0,x)=1u(x)

where u, (x), %, (x) e H*(R™) and g(t, x) € C°([0, T); H*(R")), for some
k = 2, has a unique solution (see[01]),

(2a) u(t, ) e C*((0, T); H*"*(R*)), i=0,1,2

enjoying the finite speed of propagation property, with speed for
0<t<T not greater than VA (see (2.1)), that is to say, fixed
(ty, x9) € (0, T) X R", the bahavior of the solution in the backward cone

Ba)  Qhy, @) = {(t, @):0<t<ty, |x—a]| <(ty—1t)VA}

depends only on the behavior of g(¢, x) in Q(,, x,) and of the behavior
of the initial data in the open disk { |& — 29 | < t,V}. Furthermore, we
have the estimate

da)  [u)lfEr s + e Ol -1 gy <

12
< Co®) - { ot sy + i [ + [ (o)l s
0
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where C;(t) is a continuous nondecreasing function which depends only
on the coefficients of the linear operator L(u) (see[DM] for a detailed
proof).
Now, we prove that a local form of the estimate (4a) holds.
Fixed i € R", 7o > 0 (with 7,/ /A < T), we consider the backward
cone Q = Q(xy, ry) of [0, T) X R™ defined by

r(t) =1, — t\A (0St< —%)

(5a) {B,={xeR": |x—2x,| <r®)},

Qo 79) = |(t, x) e R, x R*: @ e B,, 0 <t < —L |
Vi

\

Taking n(k) € Cy (R) such that
6a) nh)=1forh<1, 0snh)<1, nh)=0for h =2,

we define for 0St<r0/\/z, 020,

o —r()
nt) |

(Ta) (¢, 0) = 77(4(10 +1)

Now, for functions g(¢, x) defined on Q(x,, ), making use of the spher-
ical polar coordinate representation in R}, with the origin in the point
Lo,

(80') x=(¢’9)=(¢19--~9¢n—1v9) (Q=|m_x0|)7

where 020, —a<¢y<um 0< ¢y, ..., ¢9,_1 <7, we define (see[A],
Thm. 4.26) the extension Eg(t, x) defined on [0, r,/ VA) X R" of the
function g(¢, x), setting for 0 <t <7/ VA,

Eg(t, 9,0 =9, ¢,0), if 0spo<r(),
(90,) k+1

Egt, ¢, 0 =mi(t, 0)- 2 ;90 ¢,(j+ D) ~jo), if e=7(®),
f=
where, i, ..., {1 4+1 € R satisfy the linear equation

k+1
2 (=)rgi=1 form=0,..,k
i=1
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If g(t, x)e C°([0, 7o/ VA); C*(B,)), then it is easily verified that
Eg(t, x) € C°([0, 1,/ V/A); C*(R™)). Moreover, from the definition of
the extension operator E, we can easily deduce that

]
100 [Bgtt, s < 92 ®-lgtt, iwesy (ost<7‘;),

where

(11a) @ (t) = @k, 7o, 4, 7, 1): lO, ﬂ)—) — [0, »)

Vi

is a continuous nondecreasing function (which does not depend on x;).

Hence, the above inequality, (10a), extends to function g(t, x) e
e C°([0, ro/V/A); H*(B,)). Finally, we observe that if g(t,x)e
e C°([0, 7,/ VA); HE.(R™)), then the function Eg(t,x) belongs to
C° ([0, 7/ VA); H*(R™)).

Now, let u(t, ) e C°([0, T); H:.(R™)) be a solution of Pb. (la),
with initial data wug(x), u;(x)e HY.(R") and g(t, x) e C°([0, T);
H}.(R"™)). Then, we consider the Cauchy problem

(12a) L(v) =Eg(t,x), v(0,x)=FEuy(x), v,(0,x)=FEu,(x)

for 0t < /\/I where the extension Eu,, Eu, of the initial data are
defined in the obvious way. Hence, the unique solution v(¢, ) of (12a)
belongs to C°([0, v,/ VA); H*(R*)) and satisfies (4a) on [0, 7/ VA).
Besides, thanks to the finite speed of propagation property,

(13a) u(t, x) = u(t, x)

Qxo, 70)

I
Q(zg, 79)

thus, using (4a), (10a) and (13a), we deduce that

(14a) (@), + lue Ol -1(8,) < Ce(®) @i (8)?

t
’(||uo”§1’=(30)+ l[oer I 8o + I ||9(S)l[§,k(33)ds). QE.D.
0
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The C* regularity for the monlinear equation.

Assuming w(t, x) be a solution of class C? of the semi-linear
eq. (9.1), on the backward cone Q(x,, 7y), such that

(15a) sup |u(t, )| = Cyy py < ©,

0> 70
(t, x) e Q(xo, 70)

we shall see that

16a) u(t, "), u,(t, -) are C* functions on B, (0 <t< %)

We sketch here the proof (referring to[S2], step 3 and step 4, for
more details). Writing,

ft, x, u) =g(t, x) +ft, x, u),

where f(t, x, 0) = 0, using Leibniz’ formula (see (69)) and the interpola-
tions’s inequality of Gagliardo and Nirenberg, we have

- k
A7a) FC, ult, Mo,y < @@ lut, ks, '2‘41 [[ee(t, ‘)"2;(13,)

0=st< ro/\/z) where @, (t): [0, 'ro/\/Z)—> [0, ©), is a continuous
nondecreasing function (which depends on the constants of the Gagliar-
do and Nirenberg’s inequalities for the domain B;). Hence, from (14a)
and (17a), we deduce

¢
(18a) ”u(t)"%f‘(B,) s Ci () (Pk(t)2 '(”%”%I"(Bo) + ”"M”%I"(Bo) + J ”g(s)”%f"(Bg)dS +
0

t

+@ 21+ sup |u(t, x)[PE-D J "“(3)”%1"(3,)‘13)
Q(ag, m9) 0

thus, for k = 2, applying Gronwall’ inequality,

(19a) ()l s,y < i (2 (0 <t< —TL),

Vi

where v, (t) = p(k, 1o, A, 7, Uy, U1, g,f, Cs,ry» t) is a continuous non-
decreasing function on [0, 7,/ \/I).
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In this way, we find a priori upper bounds for the H*-norms of
the solution on the domain B; which easily lead to the C® regularity of
u(t, -) and wu, (¢, -). Q.E.D.
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