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An Extension of a Result of H. Hopf
to Kdhler Submanifolds of R".

MARIA J. FERREIRA (*) - MARCO RIGOLI (**) - RENATO TRIBUZY (***)

In the early fifties H. Hopf, [H], proved that a constant mean curva-
ture surface, homeomorphic to a sphere, immersed in Euclidean 3-space
is a standard round sphere.

As Wente has recently shown, [W], the topological assumption on
the Euler characteristic is an essential requirement.

Let M be a Kihler manifold of complex dimension m and let
f: M > R" be an isometric immersion. Considering the complexified
tangent and normal bundles of f we can split the second fundamental
tensor a according to type as a =a®?® + ¢V + a®?, We denote
with H the mean curvature vector.

It is trivial to see that, when M is a surface, the parallelism of H in
the normal bundle can be equivalently expressed by

) Viatb=o.

It looks thus quite natural to try to generalize the Hopf’s result to hi-
gher dimensional Kihler immersed submanifolds of R", under the as-
sumption (1) (see Corollary below).
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cias, Universidade’ de Lisboa, rua Ernesto de Vasconcelos, B.C. 1 Lisboa,
Portugal.

(**) Permanent address: Dipartimento di Matematica, Universita di Mila-
no, Via Saldini 50, Milano, Italy.

(***) Permanent address: Departamento de Matematica, ICE, Universidade
do Amazonas, 69000 Manaus, AM, Brazil.



12 Maria J. Ferreira - Marco Rigoli - Renato Tribuzy

In order to state our theorem we need to recall a further ingredient:
the notion of isotropy. This has been introduced (in the real case) by
Calabi, [C], and (in the complex case) by Eells and Wood, [EW], in their
work on minimal surfaces.

Let V represent the covariant derivative on the pull-back of the
trivial C"bundle over R™ and consider its type decomposition
V=va0 4 y0D=Vy 4V Let(,) denote the complex bilinear exten-
sion of the canonical inner product of R™.

We say that an isometric immersion f: M — S'c R" is second order
isotropic if

) (Vef, VPf)=0
fora+f=1and a,8<2.

THEOREM. Let M be a compact, connected, simply connected
Kéhler manifold with positive first Chern class C; (M). Let f: M — R"
be an isometric immersion such that V' ¢ = 0. Then M is isometric
to a Riemannian product M, X ... X M, of Kihler manifolds and f splits
into a product of immersions

@) f=AX.XfiiM=M;X..XM,—-R"X .. XR"=R"

where, for each l e {1, ...r}, f;: M;— R™ is minimal is some sphere and
second order isotropic.
As a consequence we have:

CorOLLARY. Under the same assumptions of the theorem one
has:

i) if M has codimension 1, then » =38 and f(M) is a round
2-sphere;

ii) if M has codimension 2, then either f(M) is the product of two
round 2-spheres in R® or f(M) is a round 2-sphere in R*

REMARK. If the codimension of M is at least 3 there are other
examples, beside round spheres, as we can see considering, for instance,
the Veronese surface in S*c R®.

ProoF (of the theorem). Consider the (symmetric) 2-form
o={(a®Y H)

We claim that o is a holomorphic section of @*T* M ™9, Indeed, let
1<4,4, k<m and let {2;} be local holomorphic coordinates on M. We
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then compute

5/ (8 _
52i<a(82j’ 3zk ), H>
) d d
<Va/a‘H a(az > < Va/az, )(G_zj’ B_zk)>+
d d
<Ha(va,aa 3_)>+<H {2, vai)>

We now use (1) and the Codazzi equations

BN 5
(Va/azia)( 3, 2, ) (Va/az’a)( %;’ 8zk)

7

to see that the first two terms in the above sum are zero. Furthermore,

since V preserves type and [i 0

% a_zj]EO we have

d

Vs, =— =0.

3/8z; az] 0

e 3 d
It follows that 8 ( 5, o
On the other hand, since C; (M) > 0, from Yau, [Y], we know the exi-
stence of a Kéhler metric on M with positive Ricei curvature. Using
then a Bochner type technique one proves the non existence of non zero

holomorphic sections of @ T* M ? (for instance, as in Kobayashi and
WU, [KW]). Hence

4) w=0.

We now follow [FT]. First of all observe that f: M — R" with M com-
pact and the parallelism of H imply that H is never zero. Secondly, (4)
and (1) imply that the Weingarten operator Ay defined on TM by

(ApX, Y) + (a(X, ), H)

), H) =0 proving our claim.

is parallel too. Therefore, the pointwise eigenspaces of Ay define paral-
lel distributions T, ..., T", orthogonal to each other, such that

TM=T'®..0T".
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Using de Rham’s decomposition theorem we deduce that M can be
written as a Riemannian product

M=M1X XM»,..

Furthermore, indicating with J the complex structure of M, (4) implies
J oAy = Ay oJ so that the subbundles T' are invariant with respect to
J. Therefore each factor M; is Kéhlerian.

To show that f can be written as a product of immersions as in (3) we
adapt a technique of Moore, [M]. For details see [FTI.

Minimality of f; in some sphere follows from the observation that the
mean curvature vector H; is parallel and the immersion is umbilical in
the direction of H,.

In order to check the second order isotropy of f; the only non trivial
point to verify is that

(V'2f;, V2fi) = 0.

But, if «; is the second fundamental tensor of f;, this is equivalent to
prove that the form

v =a”, af*?)

is identically null.
We proceed as we did for o to show that vy is a holomorphic section
of @ T*M™Y g0 that the condition C;(M) > 0 implies w =0. =

ProoF (of the Corollary).

i) Since M has codimension 1 and it is compact then M cannot
split into a product. It follows that f: M — S?™ c R®*™*! is a minimal iso-
metric immersion. Compactness of M implies that M is diffeomorphic to
S2™ but M is Kihler and thus m = 1..

ii) Suppose now that M has codimension 2. It follows from
a®9 q®9) =0 that the image of a'*?, Im a®?, is orthogonal to
Im a‘®? in the Hermitian inner product. According to the theorem we
have two possibilities: either f=f; X f; : M; X My — R® with f;(M;)
and f; (M) round 2-spheres in R, or f: M2™ — R?™*2 js minimal in so-
me sphere S?™*1cR?™*2, Let us consider this latter case. Observe
that dimg 7+ M ® C = 4. We claim that a®® = 0. Indeed

(2,0 — (0, 2)

dimg Im a dimg Im «

furtherfore Im a®® and Im a‘®? are orthogonal and therefore if
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a®9/ =0 we would have somewhere:
dimg Im a®9 + dimg a®2 4 dimg TL82m+1QC =6

contradiction.

Now observe that T+ M N TS?"*! is a parallel subbundle of T+ M
because it is orthogonal to the parallel vector field H and M has codi-
mension 2. Let v be a unitary smooth section of 7+ M N TS?™* !, Then
the Weingarten operator A, is parallel and trace A, = 0 because H is or-
thogonal to v. Moreover, since A, is parallel, the same argument used in
the proof of the theorem shows that either A, = 0 or f splits into a pro-
duct of factors. This latter alternative is not possible because of the co-
dimension assumption.

We can thus use a result of Erbacher, [E], on the reduction of codi-
mension, to have that f(M?™) is contained in some (affine) R?™*!. Hen-
ce f(M*™)cS? and from i) it follows that m=1. =
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