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Absolute Irreducibility for Finitary Linear Groups.

FELIX LEINEN (*)

Let V be a vector space over the field K. We denote by FGL(V) the
group of all finitary linear transformations of V, ie., the group of all
K-isomorphisms g of V satisfying dimg[V, g] < «. Subgroups of
FGL(V) are said to be finitary linear. During the last few years, these
groups have been an area of intense and fruitful research, investigated
by V. V. Belyaev, J. 1. Hall, U. Meierfrankenfeld, R. E. Phillips,
0. Puglisi and B. A. F. Wehrfritz. Our aim here is it to carry over the
machinery of absolute irreducibility from linear groups to finitary
linear groups.

For every field extension L/K, there is a natural action of the gen-
eral linear group GL(V) on the L-space VX =L ®xV, which embeds
GL(V) into GL(V*). A subgroup G of GL(V) is said to be absolutely ir-
reducible if, for every field extension L/K, the vector space V’ is an ir-
reducible LG-module. We will extend [2, Theorem 1.19] literally to the
following result about finitary linear groups.

THEOREM. Let V be a vector space over the field K, and let G be an
irreducible subgroup of FGL(V). Then there exists a finite field exten-
sion L/K such that V is also a vector space over L, and such that V is
absolutely irreducible as LG-module. Here, the degree [L:K] of the
field extension is finite, and it divides the K-dimension of every finite-
dimensional L-subspace of V. Examples of L-subspaces are Cy(F) and
[V, F] for every finitely generated subgroup F of G.

Here, the finiteness of the degree [L : K] may be a small surprise. In
order to prove the Theorem, we will use the following Lemma, which is
a counterpart to [2, Corollary 1.18]. .
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LEMMA. Let V be a vector space over the field K. Then, for every
subgroup G of FGL(V), the following are equivalent.

(1) G 1is absolutely irreducible.
) VE is an irreducible K G-module.

() V is an irreducible KG-module, and Cgpg,(v)(KG) = K-idy.
Here, K denotes the algebraic closure of the field K.

Proor. For the proof of (2)=(3), let £ = Endg (V) where V = VX,
Let ¢ e Cg(KG) and 1 # g € G. Since Cy(g) is a proper ¢-invariant sub-
space of finite codimension in V, and since the field K is algebraically
closed, the K-endomorphism induced by ¢ on V /Cy(g) has an eigenval-
ue A€ K. It follows, that the image of ¢ — (A-idp) has non-zero codi-
mension in V, whence ¢ — (A-idy) is not surjective. But Cz (K G) is a di-
vision ring by Schur’s Lemma (2, 1.1]. Thus ¢ = A-idy and this shows
that C5 (K G) = K idy. We can now continue as in the proof of [2, Corol-
lary 1.18] in order to obtain (3) from (2).

For the proof of (3)=> (1), we first apply the Density Theorem [1,
p. 41, Theorem 2.1.2]: Under the hypothesis (3), the group algebra KG
acts densely on V, ie., whenever v,...,v, are linearly indepen-
dent vectors in V, and whenever w,, ..., w, are arbitrary vectors in V,
there exists some x € KG such that w; = v;x for 1 <i<mn. Let L/K
be a field extension of K. Suppose, that U is a non-trivial LG-sub-

module of V* and fix any non-trivial w e U. Then u = >, [;®v; for
i=1

suitable /;e L — {0} and a linearly independent subset {v,, ...,v,} of
V. Let w e V be arbitrary. Then by the Density Theorem, there exists
x € KG such that vz =w and v;2 =0 for 2 < ¢ < n. It follows, that
l,®we U. This shows, that U =V~ So V¥ must be an irreducible
LG-module. =

PROOF OF THE THEOREM. By Schur’s Lemma, 4 = Cgpg,(v) (KG) is a
division ring. Let L be a maximal subfield of A. Then, using the above
Lemma, we can follow the proof of [2, Theorem 1.19] in order to show,
that V is a vector space over the field L, and that V is absolutely irre-
ducible as LG-module. Clearly, dimgU = dim;U-[L : K] for every
finite-dimensional L-subspace U of V. Moreover, for every finitely gen-
erated subgroup F of G, the K-subspaces Cy(F') and [V, F] are L-invari-
ant. Finally the finiteness of dimg[V, F'] enforces the finiteness of
[L:K], and this completes the proof. =
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